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Abstract

In this paper we present a comparison result to discuss the periodic boundary
value problem for neutral differential equation with piecewise constant delay.
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1. INTRODUCTION
In past few decades Neutral Differential Equations appeared in numerous models of
Biology, Physics, Engineering, Control Systems, Mechanics, etc. These models
turned out to be very useful in the situation where the system depends not only on the
present state but also on the past states. In most of these applications delay function is
either discrete or continuous. But there are some systems where the delay is piecewise
continuous as reported for the first time in [1], [2] and further developed in [3], [4],
[5].

This paper is concerned with the periodic boundary value problem (PBVP) of the
following typeis:

x ()= —Myx(t) — Mox([t]) — Mgx ([g]).t €T (1.1)
(@) = x(T), (1.2)
wheref = [0,T].x € € (J.E).M, = @ and M; M, = 0and [. ]is the greatest integer
function.

Let D denotethe class of all functions x: L —1} — E,where j = [0,T], satisfying
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1. x(—1) =x(0);

2. =x(tliscontinuous, for ¢ € J;

3. x (r) exists and is continuous on the intervals [w.n + 1), for n = ,1,2,....T — 2
andon [T — 1T},

where

F=[r+17T 2[T,and?= T.T =[T].

A function z:JIL{—1} = R, is said to be solution of (1. 1) and (1. 2), if x = pand

satisfies (1. 1) and (1. 2) with x (¢} = x. (flent = 1.2, .. T = 1.

2. MAINRESULT

In this section we present a comparison result for (1. 1) and (1. 2). Comparison
resultsare useful in studying differential equations and its various properties.

Let n € B™. such that T € (n,n + 1].Consider the space I on functions w:j — R

such that w- € C(J).w (£} exists and is continuouson [n —1,7),n =0,12,... = 1
and on[T — 1,T].

Theorem 2. 1. Supposethat w € D such that:

o (YD)w (£) + M yw(t) + Mow([s]) - Myw ([ = 0.t € ],
o (Y2)w(0)= wiT),

o (Y3) M, =M M,

- (vaftics] ] <

124

wherel, = @, and M., M; = O are constants. Then w{t] = 0.%t € [,

Proof: Let g(t) = [wit) =+ Myw([t])]e™F, ¢ € [. Then, by (Y1), for every t € j we

get

g (£) = M, @™ [wit) + Myw([e])] + e [w(t) + Myw([t])] (2.1)
Mo — M My M, o=

P e ] )
ey Gl ) .

Consider ¢t € [ — 1.1). fern= 1,Z,...T — 1, we can write
My — MMy [eelesstl — g
mﬂﬂqm—LﬁL—[ ][

:L"' .‘IF‘;irE .‘IF‘I--I
Fort=nwherenn = 1,2,..,7 — 1, we get

o 5 o= s - 2=

}' 2.3

. e
gln) = Ng(n—1) (2.4
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Where
M, — MM My —
N=11- |: - L E] ? -
:L n .‘wa .‘Il:‘lir-l
Consider ¢ & [ — 1,T] then we have,

. My = 0, M) [e™e5 T < g
WE?JEW[.T_L}{:L_[ TN EH M H
g a |

(2.5)
Fore=T
. M, = M, M [a¥T-T o g
q(T}Eq[_T‘—l}{l—[ = EH }
Now we are going to prove that it is not possible to have for every n = 1,2,.... T = 1,
q‘(‘.’fﬁ:' m (2 7)

Let us assume relation (2. 7) holds, then from relation (2. 2) we can say q (t) is
decreasing functionon [n — 1,1}, m = 1,2,...T — 1land on[T — 1,T].

Thus we have gt} =q(F-1}..=q(1)=q(0), ad which gives
wit) = eTw(T) = w(0) which contradicts condition (Y 2) of the theorem.
Therefore, we have g(k) = @ for some k = {012 ...7— 11From continuous
application of relation (2. 4) we get
glk +1) = Nglk) = g(k) = owhere{ = 1,2,..,7—1. In particular  when
t=7-k—1weget g(f — 1} = 0.From relation (2. 6) we get ¢{T) = € and using
(Y2) weget g(0) = 0,

Again from relation (2. 4) we get (1) =0 and g(r) = O, = 1.2 ... T — 1.From
relation (2. 6) we also get g(T") = ©. Hence we get g(t) = Ofor ¢t € [n— L1.n) where
n=12.,F—1and [T -1T]

Hence by relations (2. 4) and (2. 6) we get q(t) decreasing on every + € [n— 1,1),
n=12..'—1and on [I-1T7. Hence gl#) =0  for  every
t € [0.7]. Consequently we get wit) = 0.t € [

Hence the proof.

We apply this result to establish the solution of (1. 1), (1. 2). If & € Dis a solution of

PBVP (1. 1), (1. 2) then both x(z) and - x(#) satisfies the inequality (Y1) and (Y 2).
Hence we have the following corollaries.

Corollary 2. 2. The PBVP (1. 1) and (1. 2) has the unique solutionx(t) = @, if (Y3)
and (Y 4) holds.

Corollary 2. 3. Let x € I satisfying (Y1)and x = 2. If (Y3) and (Y4) are satisfied,
thenx(t) = 0, vt €.
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