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Abstract. We investigate zero temperature and finite temperature properties of the Bose Hubbard Model in the hard core
limit using Random Phase Approximation (RPA) and Cluster Mean Field Theory (CMFT). We show that our RPA
calculations are able to capture quantum and thermal fluctuations significantly better than CMFT.

INTRODUCTION

Superfluid (SF) to Mott Insulator (MI) quantum phase transition occurring in optical lattices has received great
interest since its theoretical prediction [1] and followed by its experimental realization [2, 3]. Techniques like
Density Matrix Renormalization Group, Quantum Monte Carlo, Mean field approximation etc have been used to
study the phase diagrams of ultra cold bosons in optical lattices quantitatively and qualitatively. Even with this,
direct comparison of theoretical results to that of experiments is difficult due to (i) restriction of lattice sites under
consideration because of exponential growth in the Hilbert space in theoretical calculations, (ii) presence of small
but finite thermal fluctuation in experiments and (iii) in-homogeneity in lattices. The quest to find technique which
can account for at least two of the above difficulties simultaneously forms a challenge for theoretical condensed
matter physicists.

The minimal model which describes bosons in such optical lattices is Bose Hubbard Model (BHM). When
repulsive interaction between two bosons on same site is infinite, this model is termed as Hard Core Bose Hubbard
Model (HC-BHM). This model has gained vast attention due to its analogs in spin and fermionic systems. The
overall phase diagram predicted by this model at zero temperature comprises of, (i) vacuum state: where all lattice
sites are empty, (ii) superfluid (SF): where bosons tunnel into neighboring lattice sites easily making
incommensurate boson filling per site and non-zero superfluid density and (iii) Mott Insulator (MI): where tunneling
of bosons costs infinite energy and hence there is exactly one boson localized per site. In presence of thermal
fluctuations, SF melts to Normal Bose liquid (NBL).

Aim of this letter is to solve this HC-BHM using two different methods: Random Phase Approximation (RPA)
[4] and Cluster Mean Field Theory (CMFT) [5] at zero and finite temperatures. Both of these techniques rely over
mean field approximation. CMFT, an extension of standard mean field theory (MFT), accounts for some of the
neglected fluctuations in MFT by increasing number of sites under consideration. Whereas RPA calculation
demands solving equation of motion for the Green’s function in terms of Standard Basis Operators [6] build over
single site MFT states. Our RPA results for HC-BHM are complete, in contrast to work done by A.S Sajna et.al [7]
for BHM, as we are able to investigate properties in deep SF phase.

In next section we present the model and the procedure used to solve HC-BHM using both the techniques. In
third section we unfold the results obtained followed by the conclusion in fourth section.

DAE Solid State Physics Symposium 2017
AIP Conf. Proc. 1942, 030005-1-030005-4; https://doi.org/10.1063/1.5028586
Published by AIP Publishing. 978-0-7354-1634-5/$30.00

030005-1



MODEL AND METHOD

Bose Hubbard Hamiltonian is defined as

= —tZ(a a, +hc)+—2n (n,=1)— ,uZn
< ()
where t is the hopping amplitude between nearest neighboring sites (i, j). a;' (a;) and n; are, respectively, the boson
creation (annihilation) and number operators at site i. U represent the onsite two body repulsion interaction between
bosons and u is the chemical potential which controls boson density in the system. When the repulsive interaction
strength is infinite (U — o), U term in equation (1) can be dropped restricting only zero or one boson per site. The
resultant Hamiltonian is termed as Hard Core Bose Hubbard Hamiltonian and defined as
—tZ(a a,+hc)- ,uZn )
<i,j>

This Hamiltonian is solved using RPA and CMFT as shown in following subsectlons.

Random Phase Approximation

We start with writing creation (annihilation) operators in model (2) in terms of an average value and fluctuations
over it, i.e. af =(a;}") + 8af (a; = (a;) + 8a;). Introducing superfluid order parameter 1; = (a;), which we treat
as a real quantity, model (1) can be re-written as H = ¥; HM"" —t¥; »(6ajf6a; + H.C.) where HM =
—zt(af + a)y; — un; + ztp? and z is the coordination number of the lattice. Energy scaling is done by
setting zt = 1. Mean field Hamiltonian HM" which is now a single site Hamiltonian is diagonalized in Fock’s basis
|0) and |1) (referring to zero and one boson state) to give eigen energies E, and eigenstates |ia) where a € 0,1
(corresponding to first (ground state) and second (excited state) eigenvectors) . We use these eigenstates to construct

the standard basis operator Li,, = |ia){ia’| and the Green function in terms of these operators is given
by G(m g B’(t) =—if(t) ([L‘a o (), Lﬁ ﬁ,(O)]). Here 6(t) is Heaviside step function. Solving equation of motion for

G '8! (t) within Random Phase Approximation and Fourier transforming it into momentum and energy space, we
get

1 -~
(w—E, + Ea’)Gaa’Bﬁ’(k' w) = Epaa’éaﬁ’aa’ﬁ + & Pyy’ Z Tara##IG##rﬁﬁl(k, w)
+ L By (Tmm’a’G ’a’BB’(k (‘)) T e w Gappp' (K, )) 3

where P,,, = (Laa) —(Lgiqw) and Py = (Lgg) is the occupational probability of state a. Thqpp = (Taa,ﬁﬁ,
ﬁﬁ,aa,) with T aa,ﬁﬂ, = (iala} |ia'}jBla;jB') and & = 23—y, cos(mk;). Solution of Eq. (3) can be written as

Gaa'p B'(k’ w) =Y, wA;(k()k) where w, (k) is the rt" excitation energy and A, (k) is corresponding spectral weight.
—Wr

It should be noted that both excitation energy and spectral weight are dependent on occupational probabilities P, [7]
-1
=3 )3 —— ¥ A () f (w,) where f(w) = (e®/T—1) s
the Bose distribution function. We have taken Boltzmann constant kz = 1. Using the self consistent solution to P,,
the superfluid order parameter ¥ = X 01 Py{@|@|a) is also obtained self consistently. From these solutions
superfluid density psr = [1|* and boson density p = Yye01 Po{alfila) are also calculated. Different phases are

identified in the following manner: superfluid phase corresponds if pgr # 0, vacuum is psr = 0 and p = 0, Mott
insulator pgr = 0 and p = 1 and Normal Bose Liquid state (NBL) when pgr = 0and 0 < p < 1.

which can be solved self consistently using the relation P,

Cluster Mean Field Theory

To solve HC-BHM using CMFT, whole lattice is partitioned into clusters with N, number of sites each. Each cluster
is decoupled from others using standard mean field approximation i.e., by approximating a{ra] + alaj =aty; + |

a;; —;; where i is the site belonging to edge of cluster under consideration and j to the nearest cluster. y; is
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the SF order parameter of site i. Hopping term inside the cluster is treated exactly. The resultant cluster Hamiltonian
is given as

N N ’ N
Hewster = —t ¥ 6. (afa; + a;af) =t 7 Xi(af ¥y + aghy — i) —u Xy 4.

First term represents hopping of bosons within cluster, whereas in second term ¥, runs over all sites which are
nearest neighbor to i and belonging to neighboring clusters. To match with our RPA results above, energy scaling is
done such that zt = 1. We solve HC™StT in following steps. First we construct the Hamiltonian matrix in Fock’s
basis [Ny, N,, ..., N¢) assuming initial guess for 1. Here |N;) € {0,1} and we dropped site index in the superfluid
order parameter due to homogeneity of the lattice. Diagonalizing this matrix, we obtain eigenvalues E,,

_Eq
eigenvectors |a) = 2Ny No. N CN1.N2---NC|N1' N,,..,Nc) and the partition functionZ =Y, ,e” T where we
_Ea C .
assume kz = 1. Superfluid order parameter is given by = ¥, e 7 (a|a|a)/Z which is solved self consistently.

E,
Further SF density pgr = |¥|? and boson density p = Y, e_Ta(alnla) /Z are calculated.

RESULTS

Here we discuss the results obtained by both methods. In CMFT calculations we choose cluster sizes of N, =
8 (2 X 2 X 2 cube) denoted by CMFT in plots. Single site Mean field theory (N; = 1) denoted by MFT is also
plotted for the sake of completeness. In FIGURE 1 we plot SF density psr versus chemical potential p at T=0. Inset
show boson density p for the same parameters. For < -1 (u>1), psrp =0 and p = 0 (p = 1) which shows a
vacuum (Mott Insulator) state. For —1 < p < 1, p is seen to increases as y increases from 0 to 1. Superfluid density
psr increases up to p = 0.5 and then reduces to zero smoothly. MFT shows maximum pgr = 0.25, and CMFT,
which accounts for some neglected quantum fluctuations from MFT shows psr = 0.241. Whereas RPA
predicts psp = 0.229. This shows RPA has captured quantum fluctuations better than CMFT.
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FIGURE 1. (Color online) SF density psg calculated by using MFT(black curve), CMFT(red) and RPA(blue) are plotted against
chemical potential p at 7=0 . (Inset) Boson density p is plotted against chemical potential p with same color coding. Calculated
p is almost same with all methods, whereas RPA shows reduction of pgg compared to that of CMFT and MFT.

In FIGURE 2(a) pgr for p = 0.5 is plotted against temperature T. For very low temperatures, RPA has captured
both quantum and thermal (small but finite) fluctuations better (reflected in reduction of pgr) than CMFT and MFT.
As T increases pgp decreases and vanishes, yielding a transition from SF to NBL. For p = 0.5, the critical
temperature T for SF-NBL transition is, respectively, equal to 0.425, 0.45 and 0.51 for RPA, CMFT and MFT.
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FIGURE 2. (Color online) (a) Calculated SF density psg by MFT (Black curve), CMFT (Red) and RPA (Blue) is plotted against
T. (b) Critical temperatures for SF to NBL transition predicted from MFT (Black), CMFT (Red) and RPA (Blue) calculations for
different boson densities p.

Using the transition temperature for different densities, we plot phase diagram for HC-BHM in FIGURE 2(b).
Overall phase diagram shows that critical temperatures for SF-NBL transition as predicted by RPA, are significantly
lesser compared to CMFT and MFT results.

CONCLUSION

We solved HC-BHM using two different methods; RPA and CMFT both build over mean field approximation.
RPA which relies on single site standard basis operators and assumes random phases of operators in correlation
functions has captured quantum and thermal fluctuations significantly better than CMFT which suffers exponential
growth in Hilbert space in order capture these fluctuations. Our results yield valuable insights and a starting point for
extending this RPA method for soft core and other Bose Hubbard Models.
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