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Chapter 1

Introduction

The era between 1905 to 1925 brought forward discoveries which defied our understanding

of nature and gave us an entirely new set of rules to study indistinguishable fundamental

particles [1,2]. According to it, a wave nature is associated with every particle, and wave-

length of it is inversely proportional to its momentum. When these particles are moving

very slowly or are very densely packed, their wavelengths are of the order of inter-particle

separation, and they can no longer be described just by classical Newtonian mechan-

ics. Wave nature associated with these particles along with the Heisenberg’s uncertainty

principle, have led us to an entirely new mechanics termed as ”Quantum Mechanics.”

Even though this mechanics gives a probabilistic interpretation of physical quantities, it

is considered as the most practical description of nature.

Statistically, quantum particles are classified into two categories: Fermions and

Bosons. The distribution functions for these are given by

f(Ei)F,B =
gi

e(Ei−µ)/kBT ± 1
(1.1)

where subscript F,B stands for Fermions and Bosons. gi is the degeneracy of energy

1
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level Ei, and µ is the chemical potential. kB is the Boltzmann constant, and T is the

temperature. Fermions distribute themselves at different energy levels according to Fermi-

Dirac statistics named after Enrico Fermi and Paul Dirac. They have half-integer quantum

spin degrees of freedom along with anti-symmetric wave functions associated with them.

They obey Pauli’s exclusion principle, where no two Fermions are allowed to share the

same quantum state. Some common examples of fermions are an electron, Helium-3 atom,

and Potassium-39 atoms. Bosons, by contrast, can share same quantum state and have

an integer spin along with symmetric wave function associated with it. They arrange

themselves at different energy levels according to Bose-Einstein statistics. Statistics for

this was first put forward by Satyendranath Bose [3] in contexts of photons, and further, it

was generalized for all particles with integer spin degrees of freedom by Albert Einstein [4].

Some common examples of Bosons are Photon, Helium-4 and Rubidium-87 atoms.

When an ideal non-interacting Bosonic gas is cooled below a certain critical tempera-

ture TC ; given by,

TC =
h2

2πkBm

(

n

ζ(3/2)

) 2
3

(1.2)

where h is the Plank’s constant, m represents the mass of the particle, n is the particles

density and ζ(3
2
) ≈ 2.6124 is the Riemann zeta function, it condenses into a single lowest

quantum mechanical state termed as Bose-Einstein Condensate (BEC). The peculiarity

of this state is that the individual wave functions of Bosons overlap to form a giant

macroscopic matter wave and it is a pure quantum statistical phenomenon. Although

this was predicted in 1925 [4], it took 70 evolutionary years to mark its first experimental
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observation [5–7]. Major hurdle encountered during these years was as follows. To have

higher TC high densities are desired, and as one lowers the temperature to reach TC , the

transition to liquid or solid phase would occur long before the formation of BEC. A very

prominent example of this is Helium-4. When Helium-4 is cooled below 2.47 Kelvins, it

undergoes a transition to a Super-Fluid (SF) phase where atomic wave functions overlap

giving zero resistance to its flow [8]. But due to high densities and interactions between

atoms, even at zero temperature, less than ten percent of the atoms will be occupying the

lowest quantum ground state. To avoid this behavior, very low densities of the order of

1014 atoms per cm3 are desired, which implies TC of the order of few hundred nano-kelvins!

Controlling the interactions between atoms via Feshbach resonance [9–11] and using series

of sophisticated cooling techniques like laser cooling [12] and evaporative cooling [13] for

very dilute gases, first experimental realization of pure BEC was done at JILA using

Rubidium-87 atoms [5] and at MIT using Sodium-27 atoms [6] in 1995. Figure 1.1 shows

the velocity distribution of 87Rb atoms. As the temperature is lowered from T > TC to

T < TC large number of atoms collapse into a state having a single velocity, which is a

characteristics of BEC. This revolutionary discovery was flagged with the Nobel Prize in

2001. After this BEC in single spin states of Alkali atoms like 7Li [7], 39K [14], Alkali

earth metals like 40Ca [15], 84Sr [16], Lanthanides 168Er [17], 170Yb [18], and mixture of

two different species like 87Rb -41K [19] were observed. Similarly using purely optical

traps, BEC in spin one atoms like 23Na [20] is also observed.

Study of such interacting quantum particles is the fascinating problem in condensed
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Figure 1.1: Velocity distribution of 87Rb atoms near TC . Colors correspond to number of
atoms at each velocity; Red for atoms having highest velocity to white for atoms having
lowest possible velocity. From left, first panel is for T > TC , second is T ≈ TC and third
is T < TC . Figure curtsy : Cornell E. (1996) [21].

matter physics [22]. A gram of any solid contains the number of quantum particles

more than there are stars present in our galaxy and it is impossible to study them by

solving infinite sets of coupled equations. Complexities like Coulomb interactions between

particles, presence of impurities, inhomogeneous potential in the background, etc. makes

the problem harder but leads many beautiful phenomena and rich physics which we cannot

guess just by studying few of the particles. Fortunately, we can rely on some simple

statistical methods combined with rules of quantum mechanics, which can be used to

predict the physical properties of the system. To use these methods, we have to start

with a model Hamiltonian which incorporates prominent interactions between particles

and perturbations from external fields. Most of such model Hamiltonians cannot be

solved analytically and requires approximations. Using such methods and understanding

the behavior of electrons moving in solids have led to many technological revolution which

guided us towards a better lifestyle. However, there are many cases where such methods
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predict entirely different results than practical outcomes. In these cases, it is difficult to

gauge whether the problem lies with the model Hamiltonian or the approximations used

to solve it. Such difficulties demand a platform where physical quantities of a system like

inter-particle interactions, external perturbations, dimensionality, etc. can be tuned in to

test the underlying modeled Hamiltonians and methods used to solve it.

In 1998 D. Jaksch and his group [23] proposed an influential idea where it can be

possible to convert weakly interacting BEC into a strongly interacting quantum state-

Mott Insulator(MI) by loading BEC on light induced periodic potential termed as Optical

lattice [24]. This optical potential is very similar to that of potential experienced by

valence electrons due to positive ions in a crystal lattice. Ultra-Cold atoms can be trapped

in such optical potential minima’s and quantum mechanical tunneling allows the atoms

to spread all over the lattice. When atoms are in BEC, this tunneling is dominant, and

there is a phase coherence between atoms at different sites. Increasing the potential depths

reduces the tunneling process, and energetically it is not favorable for an atom to tunnel

into neighboring sites which are already occupied. To minimize the energy the system

goes into a Mott Insulator state where each lattice site is occupied by a single atom. Due

to very feeble tunneling process, the atoms are localized at the lattice sites and phase

coherence between them is lost.

In the simplest form, optical lattice is a standing wave formed by the interference of

two monochromatic laser beams traveling in opposite directions. It has a period equal

to half of the laser wavelength. By using two or three such pairs of lasers in orthogonal
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directions, it is possible to form a perfectly periodic 2D and 3D spatial structure, as shown

in Fig. 1.2. The potential felt by cold atoms in 3D optical lattice is of the form

V (x, y, z) = V0
(

sin2(kx) + sin2(ky) + sin2(kz)
)

(1.3)

where V0 is the maximum trapping potential, and it depends on laser intensity and fre-

quency. k = 2π
λ
is the wave vector with λ as the wavelength of the laser beam.

Figure 1.2: (a) Two-dimensional and (b) three-dimensional optical lattice potentials cre-
ated by superimposing two and three pairs of lasers. In 2D optical lattice, the atoms are
confined in potentials shown by Grey colored tubes, whereas for three-dimensional case
in the Grey colored spheres. Figure curtsy: I.Bloch(2008) [24].

An optical lattice can trap cold atoms because the electric field of the lasers induce an

electric dipole moment on atoms due to AC Starc effect and this dipole moment interacts

back with the electric field of the laser. If the frequency of the laser used is more than

electronic transition frequency of the atom, atoms get pushed away from the regions of

maximum laser intensities in the standing wave. If the laser frequency is less than the

transition frequency, the atoms are pulled towards the maximum intensity regions. In

either case, the atoms get trapped in the dark or bright regions of the optical lattice,

and the magnitude of the trapping potential confining the atoms can be varied just by

changing the laser intensity. Such optical lattices are defect free; trapping potentials can

be tuned, as well as dimensionality can be changed from 0D to 3D.



7

Soon after D. Jaksch’s proposal, Greiner and group from Max Planck Institute for

Quantum Optics in Germany observed the SF to MI transition for the first time in BEC

of Rubidium-87 atoms [25]. Figure 1.3 shows the velocity distribution of atoms measured

using time of flight measurement, which marks the SF to MI transition. The trapping

potential is measured in terms of atomic recoil energy Er =
~
2k2

2m
. Initially, all the atoms are

in BEC state, and central maxima represent in Fig.1.3(a) atoms having lowest velocities

and phase coherence. When the periodic potential is switched on, atoms still in SF start

distributing themselves in the potential minima and Bragg peaks appear as seen from

Fig. 1.3(b-d). By increasing the lattice potential further, shown by Figs. 1.3(f-h), central

peak is diminished, and phase coherence is lost. This represents SF-MI transition. After

this, similar phase transition was also verified in 1D [26] and 2D [27]. With a mixture of

two degenerate BECs namely of 87Rb and 41K, the similar transition was observed by J.

Catani and co-workers in 3D [28].

Figure 1.3: Time of flight images of matter wave interference patterns. These are obtained
after suddenly releasing the atoms from an optical lattice potential with different poten-
tials. The trapping potentials V0 are: a) 0Er, b)3Er, c)7Er, d)10Er, e)13Er, f) 14Er, g)
16Er, and h)20Er. Figure curtsy: M. Greiner(2002) [25].
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The model which describes this transition is the Bose-Hubbard model [23,29]. Hamil-

tonian for which is given by

Ĥ = −J
∑

〈k,l〉
(â†kâl +H.C) +

U

2

∑

k

n̂k(n̂k − 1)−
∑

k

µkn̂k. (1.4)

Here the first term represents the kinetic energy associated with the hopping of bosons

between nearest-neighbor pairs of sites 〈k, l〉 with amplitude J , â†k(âk) is the boson cre-

ation(annihilation) operator at site k. U and n̂k = â†kâk are respectively on site interaction

strength and number operator at site i. µ is the chemical potential. In optical lattices

U/J ratio can be tuned as

U

J
=

√
8π

4

as
a
exp

(

2

√

V0
Er

)

(1.5)

where as is the s-wave scattering amplitude of atoms. a =
λ
2
denotes the lattice constant

with λ as the laser wavelength.

Variety of methods like site decoupled mean-field theory [23, 29], Bogoliubov the-

ory [30], perturbative theory [31], Cluster mean-field theory [32], Random Phase Approx-

imation [33–36], Monte Carlo(MC) simulations [37–42], Density Matrix Renormalization

Group (DMRG) studies [43] etc. have been used to study this model and the results are

in good agreement with the experiments.

Model (1.4) has many extensions. For example, when the on-site repulsion U is very

large; U → ∞; no two atoms are allowed on the same site, and the resultant model is

called Hard-Core BH model. In the usual experiments of optical lattice BEC of atoms

is prepared in Magneto-Optical trap (MOT) resulting in freezing spin degrees of freedom
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of atoms. By trapping the atoms in purely optical traps, spinor nature of atoms can

be preserved, leading to a magnetic behavior of SF and MI phases. The Hamiltonian

describing such spinor atoms in optical lattices is Spin-One BH model. When a mixture

of two BECs is loaded on an optical lattice, the inter and intra species interactions play an

important role in a phase transition. This situation has been experimentally observed [28].

The Hamiltonian which describes a mixture of BECs loaded on the optical lattice is called

a Two-Species BH model.

A seminal work by K. Sheshadri and group [33] has introduced a simple, transparent,

site-decoupled mean-field theory which gives the phase diagram of the BH model. This

study has also developed a random phase-approximation (RPA) calculation, which builds

on their mean-field theory to obtain the excitation spectra in SF and MI phases. It is seen

that the SF phase displays gap-less excitations, whereas gap develops in the MI phase.

These RPA calculations build over the mean-field states have been used to obtain spectral

weights of excitations and Density of States (DOS) in 2D [36]. However, a self-consistent

RPA approach, as suggested in Ref. [44], to study the effects of quantum and thermal

fluctuations in different phases of the BH model is lacking.

The site decoupled mean-field theory [29,33] converts BH model (1.4) into an effective

single site Hamiltonian by approximating hopping terms. As this theory concentrates

only on a single site, it cannot address issues like magnetic nature in spinor systems

and Quantum Entanglement [45] in the spin-1 Bose-Hubbard model. It is also known to

overestimate the critical interaction for the SF-MI phase transition.
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Cluster Mean Field Theory(CMFT) [32] an extension of standard site decoupled MFT

is recently being widely used to study phase transitions in various BH models [46–48]. This

theory concentrates on a cluster of sites rather than a single site, forming a bridge between

single site mean-field theory and heavy numerical methods like DMRG and Monte Carlo

simulations. Recently, this theory has been used to calculate Entanglement Entropy [48],

which can be measured in experiments [49].

1.1 Motivation

Experimental observation of BEC [5,7] and SF-MI transition [24,25] in the optical lattices

have opened new doorways to look at the quantum phase transitions. Study of such ultra-

cold atoms in optical lattices is the new hot topic which bypasses difficulties encountered in

solid state crystals by giving a transparent description of underlying model Hamiltonians.

With the advancement in experimental techniques, it is possible to study the spinor

bosons in the optical lattice, which combines superfluidity and magnetism. Also, SF-MI

transition in a mixture of Bosons loaded in an optical lattice is observed [28]. As the

experimental toolbox grows, it demands a stronger theoretical understanding of various

phases and underlying excitation spectra. Though quantum effects dominate in this phase

transitions, small but finite thermal fluctuations are also present in the experiments and

demands methods which can account for both the quantum as well as thermal fluctuations.

This requirement serves as the motivation for the present study.
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1.2 Objectives

Objective of this thesis are stated here. They are:

• Develop a finite temperature cluster mean-field theory for two and three dimensional

systems.

• To obtain excitations using Random Phase Approximation build over mean-field

states.

• Apply these methods to study the thermodynamics of various Bose-Hubbard models.

• Predict the experimental signatures of the superfluid to normal Bose liquid, Mott

insulator to superfluid/normal Bose liquid transitions.

1.3 Overview

We organize the thesis the following way. This chapter gives the introduction, motivation,

and objectives for the dissertation. Chapter two describe an introduction to the Spin

One Bose Hubbard model and the formulation of the zero temperature cluster mean-field

theory (CMFT) applied to this model. Using the CMFT calculations, magnetic properties

of SF and MI phases arising due to spin-dependent interactions are studied. We also

analyze the dependence of cluster size on critical interaction of the SF-MI transitions.

In Chapter three, we present the random phase approximation (RPA) for obtaining

excitation energies, its spectral weights, and the density of states of Bose Hubbard Models.

We apply RPA to hard-core, soft-core and two bosons Bose Hubbard models. The zero
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temperature excitation spectra serve as the basis for developing a self-consistent method

suggested in Ref. [44] to study ground state and finite temperature properties, which we

present in the following chapters. We also calculate the Mott gap within RPA from the

excitation spectra and compare with single site mean-field theory.

In Chapter four, we extend the RPA and CMFT calculations to finite temperatures to

study superfluid and Mott insulator to normal bose liquid (NBL) phase. In this chapter,

finite temperature CMFT is developed and applied to the spin-1 Bose Hubbard model.

We also establish finite temperature RPA within the first approximation, to study SF/MI

to NBL transitions in soft-core Bose Hubbard model by calculating the sound velocities

and momentum distributions.

We develop self-consistent RPA in Chapter five and demonstrate its applicability to

study SF-NBL phase transition in the hard-core Bose Hubbard model. We also compare

the result of self-consistent RPA with finite temperature CMFT.

We finally present the summary of our results and future outlook in Chapter six.



Chapter 2

Cluster Mean Field Theory applied
to Spin-1 Bose Hubbard Model

2.1 Introduction

In the experiments of optical lattice BEC of atoms is prepared in Magneto-Optical Traps

(MOT) resulting in freezing of spin degrees of freedom. When traps are purely optical [20],

Alkali atoms like 87Rb, 23Na and 30K having hyperfine spin F = 1, have spin degrees of

freedom, and thus, the interaction between atoms is spin dependent. The interaction

is ferromagnetic (e.g. 87Rb) or anti-ferromagnetic (e.g 23Na) depending upon scattering

lengths of singlet and quintuplet channels [50]. This interaction not only modifies the

nature of the phase diagram but also allows the study of superfluidity and magnetism.

A model which describes such spin full Bosons in an optical lattice is spin-1 Bose

Hubbard Model defined by

Ĥ = −J
∑

〈k,l〉,σ
(â†k,σâl,σ +H.C) +

U0

2

∑

k

n̂k(n̂k − 1)

+
U2

2

∑

k

(~F 2
k − 2n̂k)− µ

∑

k

n̂k (2.1)

where bosons with spin projection σ = {−1, 0, 1} can hop between nearest neighboring

13
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pairs of site 〈k, l〉 with amplitude J , â†k,σ(âk,σ) is the boson creation (annihilation) operator

for site k. Total number operator at site k is n̂k =
∑

σ n̂k,σ with n̂k,σ = â†k,σâk,σ.
~Fk =

(F x
k , F

y
k , F

z
k ) is the spin operator with F

α
k =

∑

σ,σ
′ â†k,σS

α
σ,σ′ âk,σ′ and Sα are the standard

spin-one matrices

Sx =
1√
2





0 1 0
1 0 1
0 1 0



 , Sy =
i√
2





0 −1 0
1 0 −1
0 1 0



 and Sz =





1 0 0
0 0 0
0 0 −1



 .

Using these matrices in the expression for ~F 2
k , we get

~F 2
k = n̂2

k,1 − 2n̂k,1n̂k,−1 + n̂2
k,−1 + n̂k,1 + n̂k,−1 + 2n̂k,0

+ 2n̂k,0n̂k,1 + 2n̂k,0n̂k,−1 + 2â†k,1â
†
k,−1âk,0âk,0 + 2â†k,0â

†
k,0âk,1âk,−1. (2.2)

The chemical potential µ controls the boson density. On-site interaction U0 and U2

arises due to the difference in the scattering lengths a0 and a2 of channels S = 0 and

S = 2 respectively and are equal to U0 = 4π~2(a0+2a2)/3M and U2 = 4π~2(a2−a0)/3M

where M is a mass of the atom. For 23Na, a0 = 49.4aB and a2 = 54.7aB with aB as Bohr

radius resulting U2 > 0. Whereas for 87Rb, a0 = (110± 4)aB and a2 = (107± 4)aB, so U2

can be negative [50].

Various techniques like mean-field methods [51, 52], variational Monte Carlo [53], an-

alytical [54, 55], Density Matrix Renormalization Group (DMRG) for 1D [56, 57], and

quantum Monte Carlo simulations in 1D [58] and 2D [59] have been used to study this

model. Overall phase diagram at zero temperature shows the MI phase with each lattice

site having commensurate boson filling when repulsion between atoms is large, and super-

fluid otherwise. The richness of the phases emerges due to their magnetic nature, and it
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depends on the sign and strength of spin-dependent interaction U2. When the interaction

is ferromagnetic, U2 < 0, the superfluid to Mott insulator transition is continuous. How-

ever, for anti-ferromagnetic interactions, U2 > 0, the even density Mott insulator phase is

found to be more stable than the odd density Mott insulator phase. The superfluid phase

is polar in nature and transition to even density Mott insulator phase is discontinuous due

to singlet formation. Mott phase has nematic behavior and a weakly first-order transition

to singlet state is predicted in even density Mott insulator with increase in spin dependent

interaction strength [54,59].

Quantum Entanglement [60], an intrinsic phenomenon, plays a vital role in the quan-

tum phase transitions and can be characterized by calculating bipartite Entanglement

Entropy(EE) [61]. Methods like exact diagonalization [62, 63], density matrix renormal-

ization group [64,65], time-evolving block decimation [66], the slave-boson approach [67],

and Monte Carlo simulation [68] have been used to calculate the von Neumann entropy

(i.e., first-order Rényi EE) and the Rényi EE to second-order in various BH systems.

Recently Rényi Entanglement Entropy has been experimentally measured to characterize

SF-MI transitions in the case of spinless bosons [49].

Single-site mean-field theory, numerically elementary when applied to spin-1 Bose

Hubbard model [52] predicts primary phase diagrams correctly. But it fails to predict the

magnetic nature of the different phases and calculate Entanglement Entropy. It is also

known to overestimate the critical interaction for superfluid to Mott insulator transition.

It is so desired to have a procedure which keeps the simplicity of the mean-field theory but



16

overcome some of its limitations. One such method is the cluster mean-field theory [32],

which has been widely used to study phase transitions in various BH models [46, 48].

This method concentrates on a cluster of sites rather than a single site, forming a bridge

between simple mean-field theory and heavy numerical methods like DMRG and Monte

Carlo simulations.

Below we apply the cluster mean-field theory to the spin-1 Bose Hubbard Model to

account for the different phases that originate due to ferromagnetic and anti-ferromagnetic

interactions and then, obtain the phase diagram for the 2D system. Also, use this CMFT

formalism to get the signature of Rényi EE to SF-MI transition in this model. The CMFT

formalism for the Spin-1 BH model is given in the next section, followed by results and

conclusions.

2.2 Cluster mean-field formalism

In the cluster mean-field framework, we partitioned the lattice into clusters with NC

number of sites each. Decoupling the clusters from its neighbours using standard mean-

field decoupling scheme i.e., â†k,σâl,σ + âk,σâ
†
l,σ ≈ â†k,σψl,σ + âk,σψ

∗
l,σ − ψ∗k,σψl,σ + â†l,σψk,σ +

âl,σψ
∗
k,σ−ψ∗l,σψk,σ where ψk,σ = 〈âk,σ〉 represents the superfluid order parameter with spin

components σ. As a result Hamiltonian (2.1) is given by

Ĥ =
∑

cluster

Ĥcluster (2.3)
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where

Ĥcluster = −J
Nc
∑

<k,l>,σ

(â†k,σâl,σ +H.C) +
U0

2

Nc
∑

k

n̂k(n̂k − 1)

+
U2

2

Nc
∑

k

(F̂ 2
k − 2n̂k)− µ

Nc
∑

k

n̂k

− t
Nc
∑

k,σ

′
∑

l

(â†k,σψl,σ + âk,σψ
∗
l,σ − ψ∗k,σψl,σ), (2.4)

where in
∑′

l, l runs over all sites which are nearest neighbor to site k and belongs to neigh-

boring clusters. We set the energy scale by choosing J = 1, as a result, all the physical

parameters considered are dimensionless. This Hamiltonian is solved self consistently for

the values of ψk,σ using the following procedures. Assuming initial values for the ψi,σ we

first construct the Hamiltonian matrix in Fock’s state basis {|N1,σ}; {N2,σ}; ...; {NC,σ}〉 ≡

|{N1〉} ⊗ {|N2〉} ⊗ ..., {|NC〉}. Here |{Ni}〉 ≡ |Ni,−1, Ni,0, Ni,1〉 with Ni,σ representing the

number of bosons with spin component σ at site i. We assumes values Ni,−1+Ni,0+Ni,1 =

0, 1, 2, ..., Nmax where Nmax is chosen sufficiently large so that ground state energy is prop-

erly converged. We then diagonalize Hamiltonian matrix to obtain the ground state energy

and the wave function given by |ΨGS〉 =
∑Nmax

N1;N2;...;NC
CN1,N2,...,NC

|N1, N2, ..., NC〉. We cal-

culate ψk,σ = 〈ΨGS|âk,σ|ΨGS〉 and solve it self consistently. Homogeneity of lattice makes

ψk,σ ≡ ψσ independent of lattice site. For the superfluid phase at least one value of ψσ

is non zero; whereas for Mott Insulator phase all components are zero and shows density

ρ =
∑

σ〈n̂σ〉 as an integer. Superfluid density is given by ρSF =
∑

σ|ψσ|2.

The magnetic properties of different phases of model (2.1) are studied by calculating

the local magnetic moment identifier 〈F 2〉 at a site [50] and the global (or cluster) magnetic
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moment identifier 〈F 2
TOT 〉 = 〈

(

∑NC

k Fk

)2

〉 . Order parameter which characterizes Nematic

order is

Qα,α = 〈F̂ 2
α,α −

1

3
F̂ 2〉 (2.5)

where (α = x, y, z). Spin isotropy exists if Qα,α = 0 for all α and indicate spin anisotropy

(characteristic of the nematic order) if Qα,α 6= 0. When the spin dependent interaction is

antiferromagnetic, the density of singlet pair is given by ρSD = 〈Â†SDÂSD〉 where singlet

creation operator A†SD = 1√
6
(2a†1a

†
−1 − a†0a

†
0). In this study, we choose cluster sizes of

NC = 1, 2 and 4 as shown in Fig. 2.1 for obtaining the phase diagram.

Figure 2.1: Clusters of sizes (a) NC = 1, (b) NC = 2 and (c) NC = 4 used for obtaining
the phase diagrams given in Figs. 2.5 and 2.8(d). Black solid circles represent sites, with
dashed black lines as hopping of bosons outside cluster approximated using mean-field
decoupling. Solid Back lines represent hopping within the cluster treated exactly.

To obtain a signature of the quantum entanglement in various phases of this model, we

calculate bipartite Entanglement Entropy(EE) [61]. Rényi EE is a bipartite entanglement

defined by separating the whole system into two subsystems, and its second-order form

can be measured in experiments. Denoting the two subsystems as A and B, the nth-order

Rényi EE is defined as
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Sn[A(B)] =
1

1− n
log[Tr(ρ̂nA(B))], (2.6)

where ρ̂nA(B) = TrB(A)(ρ̂AB) is the reduced density matrix of subsystem A(B) and ρ̂AB is

the density matrix of the whole system. If the two subsystems are entangled, ignoring

information about one subsystem will result in the other subsystem is being in a mixed

quantum state. In our work here we concentrate on the second order n = 2 Rényi EE,

S2[A(B)] = −log[Tr(ρ2A(B))].

In our cluster mean-field treatment, intra-cluster correlations are reserved, and we

consider intra-cluster bipartite entanglement. We calculate this for a cluster size ofNC = 2

to keep both the subsystems consisting of a single site. If subsystem A is one of the two

sites, then subsystem B is the remaining site. Therefore, the reduced density matrix for

the site A is ρA =
∑

N1N ′

1
(
∑

N2
C∗N1,N2

CN ′

1,N2
)|N1〉〈N ′

1|, and we calculate the second-order

Rényi EE S2 for different parameters. Results obtained for both U2 > 0 and U2 < 0 are

given below in subsections 2.3.1 and 2.3.2 respectively.

2.3 Results

2.3.1 Antiferromagnetic case: U2 > 0

We first consider the anti-ferromagnetic case U2 > 0. Here the superfluid phase is polar

(PSF) which has symmetry [U(1) × S2]/Z2 [52]. Since we have assumed ψσ to be real,

above symmetry allows ψσ only two possible set of values (i) ψ1 = ψ−1 6= 0, ψ0 = 0 or

(ii) ψ1 = ψ−1 = 0, ψ0 6= 0. This behaviour is evident from the Fig. 2.2(a) where we plot
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SF order parameters ψσ and boson densities ρσ as a function of chemical potential µ with

NC = 2 for the on-site interactions U0 = 21.8 and U2 = 0.03U0. From this figure, we infer

that superfluidity for these parameters is primarily due to bosons with spin component

σ = ±1. In the Fig. 2.2(b), we plot SF density ρSF and total boson density ρ for the

same set of parameters showing the transition from SF (where ρSF 6= 0) to a MI (where

ρSF = 0 and ρ = 1, 2) phase. The SF to MI(ρ = 2) transition is discontinuous, whereas

SF - MI(ρ = 1) transition shows very weak discontinuity. To understand the discontinuity

across SF - MI(ρ=1) transition, we plot, in Fig. 2.3, the ground state energy as function

of SF order parameter ψ± near the SF - MI(ρ=1) transition for different cluster sizes.

Since ψ0 = 0 in the polar superfluid phase, the ground state energy E0 is a function of

ψ±. The single site mean-field theory shows two symmetric energy minima in the energy

function yielding a continuous SF to MI transition. However, we observe a small third

minimum in the cluster mean-field theory calculations with cluster sizes 2 and 4 which

represent weakly first order transition.

In the Fig. 2.2(c), we plot singlet pair density ρSD, nematic order parameter QZZ ,

local magnetic moment identifier 〈F 2〉, and global magnetic moment identifier 〈F 2
TOT 〉.

Formation of singlets pairs commences when boson density ρ is more than one and in-

creases as we reach to MI(ρ = 2) phase. There is precisely one singlet pair at each site

in MI(ρ = 2) phase. With further increase in µ, superfluid nature of bosons suppresses

singlet pair formation initially, however, increases with density ρ. The nematic order pa-

rameter is finite everywhere except in the MI(ρ = 2) singlet phase. The global magnetic
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moment is seen to be nonzero in the SF phase while it is zero in MI phases. The local

magnetic moment is zero in MI(ρ = 2) phase due to singlet formation. Figure 2.2(d)

shows the calculated EE in SF and MI phases. This result indicates that the nematic

MI has large EE compared to all other phases. This observation can be understood as

follows. Even though bosons are localized in the MI phase, weak quantum mechanical

tunneling is possible to the nearby sites which are captured in the CMFT formalism, and

due to the antiferromagnetic interaction at a site, the cluster tends to minimize its total

magnetic moment. Because of this, each site is non-locally entangled with the nearby

sites resulting in a high EE. The calculated EE also shows discontinuity as one goes from

SF to the MI phase.

The superfluid density is plotted as a function of chemical potential µ in Fig. 2.4, for

cluster sizes NC = 1, 2 and 4 for U0 = 21.8, U2 = 0.03U0. With an increase in the cluster

size, the SF density decrease. Also, there is no MI phase predicted in the calculations

when NC = 1. However, when NC = 2 and 4, the fluctuations neglected in the calculation

with NC = 1, are included and pushes the system to the MI phases. The MI phases

correspond to the range of µ values for which the superfluid density vanishes. We analyze

similar plots for different values of U0 to yield the phase diagram plotted in Fig. 2.5. As the

cluster size increases, the critical onsite interaction UC
0 for the SF-MI transition decreases,

which are more significant for SF-Nematic MI phase transition compares to SF-singlet MI

transition. The single site mean-field calculations overestimate the superfluidity.

Another advantage of using CMFT is seen from Fig. 2.6 where we choose values of
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Figure 2.2: Plot of (a) superfluid order parameters ψσ, their boson densities ρσ, (b) super-
fluid density ρSF , boson density ρ, (c) Singlet pair density ρSD, nematic order parameter
QZZ , local magnetic moment 〈F 2〉, global magnetic moment 〈F 2

TOT 〉 identifiers, and (d)
Entanglement Entropy S2 for U2 = 0.03 U0 and U0 = 21.8 with NC = 2.
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Figure 2.3: Ground state energies E0 against SF order parameters ψ−1 = ψ1, ψ0 = 0 near
SF-MI(ρ = 1) transition for (a) NC = 1, (b) NC = 2 and (c) NC = 4 with U0 = 24 and µ
increases from Black line to Blue line across the transition.

U0 and µ in the deep MI(ρ = 2) phase and plot singlet pair density ρSD, nematic order

parameter QZZ , local magnetic moment identifier 〈F 2
i 〉, and global magnetic moment

identifier 〈F 2
TOT 〉 for different U2/U0 > 0 for NC = 1, 2 and 4. Single site mean-field

theory shows complete singlet formation for all values of U2/U0, whereas CMFT results

show that for small values of interaction U2/U0 nematic phase is preferred. As U2 increases,

singlet formation grows, and the nematic behavior vanishes. Similar behavior is also seen

for 〈F 2〉 and 〈F 2
TOT 〉. In single-site MFT a site is decoupled from its neighbors and for MI

phase all ψσ = 0, the tunneling of bosons to nearest sites is fully cut off yielding singlet

state for all U2/U0. However, in CMFT, weak tunneling of bosons inside the cluster favors

nematic order for small U2/U0. This crossover between nematic to singlet phase in ρ = 2

MI phase is first observed in the quantum Monte-Carlo simulations [59].
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Figure 2.4: SF density ρSF as a function of chemical potential µ for different values of
cluster size NC . (inset) Boson density ρ as function of chemical potential µ near unit
density.

2.3.2 Ferromagnetic case: U2 < 0

We perform a similar calculation for the case U2 < 0. Here the superfluid phase is

ferromagnetic(FSF) and has an order parameter manifold with symmetry group SO(3).

Assuming the superfluid order parameter to be real, we get ψ1 = ψ−1 6= 0, ψ0 =
√
2ψ1 [52].

Fig. 2.7(a) shows superfluid order parameters for U2/U0 = −0.03, U0 = 40 with NC =

2. Here superfluidity is due to all spin components. In figure 2.7(b) the SF density ρSF and

the total boson density ρ are plotted for the same set of parameters. We find the transition
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Figure 2.5: Phase diagram for U2 = 0.03 U0 obtained for different cluster size NC . As NC

increases both MI(ρ = 1) and MI(ρ = 2) lobes enlarge reducing critical UC
0 .

from the FSF to MI phase is continuous. In figure 2.7(c) local magnetic moment identifier

〈F 2〉, nematic order parameter QZZ , and global magnetic moment identifier 〈F 2
TOT 〉 are

plotted. The nematic order parameter is seen to be finite in FSF and MI phases due

to its magnetic nature. The global magnetic moment and the local magnetic moment

is maximized in FSF as well as in MI phases due to on-site ferromagnetic interactions.

Fig. 2.2(d) shows the calculated EE in FSF and MI phases. The EE S2 is continuous but

shows a discontinuity in its first derivative as one goes from FSF to Ferro MI phase.
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Figure 2.6: Plot of singlet density ρSD, nematic order parameter QZZ , local magnetic
moment 〈F 2〉, and global magnetic moment 〈F 2

TOT 〉 in ρ = 2 MI phase for varying U2/U0

for NC = 1, 2 and 4. Single site mean-field calculations show complete singlet formation
for all U2/U0 > 0 values . However, CMFT shows nematic behaviour for low values of
U2/U0 and as the interaction strength increases Mott phase makes a cross over to a singlet
phase.
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Figure 2.7: Plots of (a) superfluid order parameters ψσ, their boson densities ρσ (b)
superfluid density ρSF , boson density ρ (c) nematic order parameter QZZ , local magnetic
moment 〈F 2〉, global magnetic moment 〈F 2

TOT 〉, and (d) Entanglement Entropy S2 for
U2 = −0.03 U0 and U0 = 40 with NC = 2.

We plot superfluid density for different cluster sizes in Fig. 2.8(a) and (c). Since the

Ferro SF to MI transitions is continuous as seen from these figures, the fluctuations play

an important role near the phase boundaries. The superfluid density is reduced due to

these fluctuations and leads to observed enlargement of Mott lobes with cluster size. In
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Fig. 2.8(b) and (d) we plot the phase diagrams for different cluster sizes.

Figure 2.8: Plots of superfluid density ρS as function of chemical potential µ for different
values of cluster sizes NC near density (a)one and (c)two. (inset) Boson density ρ as
function of chemical potential µ. Phase diagram obtained for different cluster sizes NC

near density (b)one and (d)two.

The calculated critical value of UC
0 are given in the Table 2.1 for both U2 > 0 and

U2 < 0. Spin dependent on site interaction is kept |U2| = 0.03U0. The critical UC
0

decreasing with increasing NC .



29

NC

UC
0 (±0.1) for U2 > 0 UC

0 (±0.1) for U2 < 0
(ρ = 1) (ρ = 2) (ρ = 1) (ρ = 2)
PSF-MI PSF-MI FSF-MI FSF-MI

1 23.4 21.9 24.2 40.9
2 21.7 21.6 23.1 39.0
4 21.1 21.0 21.8 36.7

Table 2.1: Critical values of U0 for different NC

2.4 Conclusion

In this chapter, cluster mean-field theory is generalized for the spin-1 Bose-Hubbard model

to study various phases and phase transitions possible in the spin-1 BH model. In this

calculation, we consider cluster size up to 4 sites, and density ρ ≤ 3. Treating the tun-

neling between the sites inside a cluster exactly, CMFT allows to study magnetic phases

in addition to superfluid and Mott insulator phases. For anti-ferromagnetic interaction

(U0 > 0), the superfluid phase is polar, odd density Mott insulator is nematic and even

density Mott insulator is nematic (for low values of interaction U2) or singlet (for large val-

ues of interaction U2) and a continuous transition between them is seen. Phase transition

between PSF and Nematic MI was known to be a continuous transition from single site

mean-field theory, is seen to be a weakly first-order transition by using CMFT. For ferro-

magnetic interaction (U2 < 0), SF and MI phases are Ferromagnetic, and the transition

between them is continuous. Critical on-site interaction UC
0 for superfluid to Mott insula-

tor decreases with cluster size. These calculations are numerically less intense than Monte

Carlo simulation, but the results are qualitatively same [59]. Recently Rényi Entangle-

ment Entropy has been experimentally measured to characterize SF-MI transitions in case
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spinless bosons [49]. Calculated Renye’s EE shows that Nematic MI is a highly entangled

quantum state compared to all other phases of this model. This quantity can be a useful

tool to characterize PSF to nematic MI transition for this model. CMFT improves the

phase diagram, but we cannot get the information of excitation spectra in various phases

for that we use Random Phase Approximation studies given in the following chapter.



Chapter 3

Excitation spectra of Bose-Hubbard
models

3.1 Models

This chapter is devoted to studying the excitation spectra of Bose Hubbard models.

We consider here hard-core, soft-core and two species Bose Hubbard models and obtain

excitation spectra, its spectral weight and the density of states in each case. The hard-

core Bose Hubbard model is a limiting case of the BH model. It describes the scenario

where bosons interact via an infinite repulsion (i.e., U → ∞) when they are occupying

the same site [69], thereby limiting Hilbert’s space to two states per site. We discuss

this model on two grounds: (i) this model has gained vast attention as it can be mapped

onto spin and fermionic models [69–71] and (ii) the excitation spectra can be calculated

analytically within mean-field theory. The zero temperature phase diagram of this model

has been solved by using various analytical and numerical techniques [69–72]. The overall

phase diagram predicted by these studies yield i) vacuum state representing empty lattice

sites, ii) superfluid phase and iii) Mott Insulator phase where there is exactly one boson

localized at every lattice sites and tunneling costs infinite energy. At finite temperatures,

31
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the superfluid melts to a normal Bose liquid (NBL) phase.

The hard-core Bose Hubbard (HC-BH) model is same as Bose Hubbard model Eq.(1.4)

except that interaction U term is dropped by restricting maximum bosons occupying a

site to one. The resultant HC-BH Hamiltonian is defined as

HHC = −J
∑

〈k,l〉
(â†kâl +H.C.)− µ

∑

k

n̂k. (3.1)

When a mixture of two types of bosons is loaded on an optical lattice, theory and

experiments predict a rich collection of quantum phases. The model which describes this

situation is called Two-species BH (2BH) model. It is defined by the Hamiltonian:

H2BH = −Ja
∑

<k,l>

(â†kâl +H.C.)− Jb
∑

<k,l>

(b̂†kb̂l +H.C.)

+
Ua
2

∑

k

n̂ak(n̂ak − 1) +
Ub
2

∑

k

n̂bk(n̂bk − 1)

+Uab
∑

k

n̂akn̂bk − µa
∑

k

n̂ak − µb
∑

k

n̂bk; (3.2)

the first and second terms represent, respectively, the hopping of bosons of types a and b,

with hopping amplitudes Ja and Jb; here â
†
k, âk, and n̂ak ≡ â†kâk and b̂

†
k, b̂k, and n̂bk ≡ b̂†kb̂k

are, respectively, boson creation, annihilation, and number operators at the sites k for

the two bosonic species. The third and fourth terms account for the on-site interactions

of bosons of a given type, with energies Ua and Ub. These interaction parameters are

related to experiment: UM

zJM
=

√
8π
4z

aMs
a
exp(2

√

V0
Er
), where Er is the recoil energy, V0 the

strength of the optical lattice potential, aMs the s-wave scattering coefficient for bosons

of M type, M can be a or b. z is the coordination number of lattice under consideration.

The fifth term is the on-site interactions between bosons of types a and b with energy
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Uab. Experimentally it is possible to control the interactions between the two species of

bosons and also their hopping amplitudes. The two-species BH model is realized in an

optical lattice by changing the angle of the elliptical polarization light, which shifts the

lattices with respect to each other [23, 73, 74]. The two chemical-potential terms, µa and

µb control, respectively, the total number of bosons of species a and b. For simplicity, we

choose Ja = Jb = J and µa = µb = µ in our calculation.

For the calculation of excitation spectra and the density of state, we consider a 3-

dimensional hypercubic lattice geometry. Thus coordination number z = 6. We also scale

all the energies by setting zJ = 1, i.e., all the energies are measured in units of zJ .

3.2 Mean-field theory

We first discuss the single-site mean-field theory here for the sake of completeness and to

aid discussion on random phase approximation. The hopping term in the Bose Hubbard

models is quadratic in boson operators. The mean-field theory [23, 29, 33] decouple this

hopping terms yielding an effective one-site Hamiltonians, which is solved analytically or

numerically.

We begin with the hard-core Bose Hubbard model (3.1). We decouple the hopping

term in the following procedure

a†kal ≃ 〈a†k〉al + a†k〈al〉 − 〈a†k〉〈al〉 (3.3)

where 〈a†k〉 ≡ ψ serves as the SF order parameter which is site independent for the homo-

geneous system. We assume, without loss of generality, the superfluid order parameter is



34

a real quantity. The model (3.1) is then given by

HHC =
∑

k

HMF
HC, k (3.4)

where the single site mean-field Hamiltonian becomes

HMF
HC, k = −(â†k + âk)ψ − µn̂k + ψ2. (3.5)

This single site Hamiltonian matrix is first constructed in the Fock’s state |0̃〉 and |1̃〉,

corresponding to a state with zero and one boson. Diagonalizing the Hamiltonian matrix,

(see Appendix 7.1) we obtain the energy eigenvalues Eα and the eigenvectors |α〉 with

α = {0, 1}. Minimizing the ground state energy with respect to the order parameter,

we get energy and eigenstates to study the ground state properties of this model. The

resultant ground state E0 and the excited state E1 energies are given by

E0 = −µ+ 1

2
; E1 = −µ− 1

2
(3.6)

with eigenstates as

|0〉 =

√

1− µ

2
|0̃〉 +

√

1 + µ

2
|1̃〉

|1〉 =

√

1 + µ

2
|0̃〉 −

√

1− µ

2
|1̃〉. (3.7)

The superfluid order parameter which minimizes the ground state energy E0 is ψ =

√
1−µ2
2

.

The SF density is defined as ρSF = |ψ|2 = 1−µ2
4

and the boson density ρ = 〈n̂〉 = 1+µ
2

are

also calculated.

Similarly, using the mean-field approximation in Eq.(3.3), single site mean-field Hamil-
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tonian for the Soft-Core BH (SC-BH) model Eq. 1.4 is given by

ĤMF
SC, k = −(â†k + âk)ψ +

U

2
n̂k(n̂k − 1)− µn̂k + ψ2. (3.8)

Since the Hilbert space corresponding to this Hamiltonian is large, we solved it nu-

merically as follows. The Hamiltonian matrix is constructed in the Fock’s basis

|0̃〉, |1̃〉, |2̃〉 · · · |ñmax〉 for a initial guess of ψ. Here nmax is chosen to be large enough

for the proper convergence of the ground state energy. Diagonalizing this matrix numeri-

cally, we obtain energy eigenvalues Eα and the eigenvectors |α〉. We calculate the SF order

parameter from the ground state eigenvector and check for self-consistency. We repeat

this procedure until the self-consistency is satisfied. From the self-consistent ground state

eigenvector, we calculate the SF order parameter ψ, SF density ρSF = |ψ|2, and density

of bosons ρ, these quantities are site independent for a homogeneous system considered

here. Superfluid (Mott insulator) phase has finite (vanishing) SF density. Mott insulator

phase always has integer densities. The phase diagram in the U and µ plane consists of

Mott insulator lobes.

Similar procedure is repeated for the case of the 2BH model (3.2). The two hopping

terms are approximated using decoupling as

â†kâl ≃ 〈â†k〉âl + â†k〈âl〉 − 〈â†k〉〈âl〉,

b̂†kb̂l ≃ 〈b̂†k〉b̂l + b̂†k〈b̂l〉 − 〈b̂†k〉〈b̂l〉, (3.9)

where the superfluid order parameters for bosons of types a and b are ψa,k ≡ 〈ak〉 and

ψb,k ≡ 〈bk〉, respectively. The resultant single site mean-field Hamiltonian for Eq. (3.2) is
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given by

ĤMF
2BH, k =

Ua
2
n̂a,k(n̂a,k − 1)− µn̂a,k +

Ub
2
n̂b,k(n̂b,k − 1)− µn̂b,k + Uabn̂a,kn̂bk

−(ψaâ†k + ψ∗aâk) + ψ∗aψa − (ψbb̂
†
k + ψ∗b b̂k) + ψ∗bψb. (3.10)

For the homogeneous system, the SF order parameters are independent of k. We assume,

as done earlier, the SF order parameters are real quantities. This Hamiltonian is solved self

consistently for ψa and ψb by constructing the matrix in the Fock’s state basis |Na, Nb〉 ≡

|Na〉 ⊗ |Nb〉 where |Na〉 and |Nb〉 assumes values |0̃〉, |1̃〉, |2̃〉 · · · |Ñmax〉. This gives us

the energy eigenvalues Eα and the eigenvectors |α〉. Using ground state eigenvector, the

average densities for both species of bosons are calculated as ρa = 〈n̂a〉 and ρb = 〈n̂b〉.

The superfluid densities are given by ρaSF = |ψa|2 and ρbSF = |ψb|2.

3.3 Random Phase Approximation equations

In this section, a systematic method for developing the random phase approximation for

above discussed models is presented. This RPA calculations are based on Ref. [33] and are

build upon the mean-field energy eigenvalues Eα and the eigenstates |α〉 of the respective

models. The Standard Basis Operators(SBO) [44] is defined as Lkα,α′ = |k, α〉〈k, α′|. From

this, any single site operator Ôk is expressed as Ôk =
∑

αα′〈k, α|Ôk|k, α′〉Lkα,α′ .

The Hamiltonian of HC-BH model(3.1), SC-BH (1.4) model and 2BH model (3.2) are

written in the SBO form as

HM =
∑

k,α

EM
α L

M,k
α − 1

2

∑

<k,l>,αα′,ββ′

TM,kl
αα′,ββ′L

M,k
αα′ L

M,l
ββ′ , (3.11)
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where the superscript−M stands for the Hard-Core (HC), Soft-Core (SC) and Two

Species BH (2BH) model. For HC and SC case

TM,kl
αα′,ββ′ = 1

z

(

〈k, α|δâ†k|k, α′〉〈l, β|δâl|l, β′〉+ 〈k, α|δâk|k, α′〉〈l, β|δâ†l |l, β′〉
)

, (3.12)

and for 2BH model,

T 2BH,kl
αα′,ββ′ = 1

z

(

〈kα|δâ†k|kα′〉〈lβ|δâl|lβ′〉+ 〈kα|δâk|kα′〉〈lβ|δâ†l |lβ′〉 (3.13)

+〈kα|δb̂†k|kα′〉〈lβ|δb̂l|lβ′〉+ 〈kα|δb̂k|kα′〉〈lβ|δb̂†l |lβ′〉
)

.

To obtain the excitation spectra, we first introduce the Green’s function

GM,kl
αα′,ββ′(t, t

′) = −iθ(t− t′)〈[LM,k
αα′ (t);L

M,l
ββ′ (t

′)]〉, (3.14)

which is the amplitude for the kth site to flip between the states α and α′ at time t, given

that the lth site has flipped between states β and β′ at time t′. θ(t− t′) is a step function

defined as θ(t− t′) = 1 if t > t′ or θ(t− t′) = 0 if t < t′. The equation of motion for this

Green’s function, with t′ = 0, is

d

dt
GM,kl
αα′,ββ′(t) = −idθ(t)

dt

〈[

LM,k
αα′ (t), L

M,l
ββ′ (0)

]〉

−iθ(t)
〈[

d

dt
LM,k
αα′ (t), L

M,l
ββ′ (0)

]〉

. (3.15)

The second term on right hand side of above equation is solved using

−i d
dt
LM,k
αα′ (t) =

[

HM , LM,k
αα′ (t)

]

(3.16)

where we have set ~ = 1. Using Eq.(3.11),

[

HM , LM,k
αα′ (t)

]

=
∑

nν

EM
ν

[

LM,n
νν (t), LM,k

αα′ (t)
]

−1
2

∑

<m,n>νν′γγ′

TM,mn
νν′γγ′

[(

LM,m
νν′ (t)L

M,n
γγ′ (t)

)

, LM,k
αα′ (t)

]

(3.17)
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Using the commutation relation for SBO
[

Lkαα′ , Llββ′

]

= δklδα′βL
k
αβ′ − δklδβ′αL

k
βα′ in

Eq.(3.17), the Eq.(3.15) becomes (dropping the superscript-M for simplicity)

i
d

dt
Gkl
αα′,ββ′(t) = δ(t)δkl

(

δα′β

〈

Lkαβ′

〉

− δβ′α

〈

Lkβα′

〉

)

+iθ(t)(Eα − Eα′)
〈[

Lkαα′ , Llββ′

]〉

+
i

2
θ(t)

∑

<m,n>νν′γγ′

Tmnνν′γγ′

(

δnkδγ′α
〈[

Lmνν′(t)L
k
γα′(t), Llββ′(0)

]〉

−δnkδα′γ

〈[

Lmνν′(t)L
k
αγ′(t), L

l
ββ′(0)

]〉

+δmkδν′α
〈[

Lkνα′(t)Lnγγ′(t), L
l
ββ′(0)

]〉

−δmkδα′ν

〈[

Lkαν′(t)L
n
γγ′(t), L

l
ββ′(0)

]〉

)

. (3.18)

The equation of motion for two operator Green’s function in Eq.(3.18) contain three

operator Green’s functions. In order to close the above equation, Random Phase Ap-

proximation is used; i.e assuming phases of operators are independent of each other, the

thermal averages of products of operators are replaced by the products of their thermal

averages,

〈[

Lkαα′(t)Llγγ′(t), L
m
ββ′(0)

]〉

≈
〈

Lkαα′(t)
〉 〈[

Llγγ′(t), L
m
ββ′(0)

]〉

+
〈

Llγγ′(t)
〉 〈[

Lkαα′(t), Lmββ′(0)
]〉

. (3.19)

With this approximation, Eq.(3.18) becomes
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i
d

dt
Gkl
αα′,ββ′(t) = δ(t)δα′βδαβ′Pαα′ − (Eα − Eα′)Gkl

αα′,ββ′(t)

+
∑

νν′

(Pν′T̃ν′ν′ναG
kl
να′ββ′(t)− PνT̃ννα′ν′G

kl
αν′ββ′(t))

−Pαα′

∑

n

∑

νν′

T̃α′α,νν′G
nl
νν′,ββ′(t). (3.20)

where T̃αα′,ββ′ = T klαα′,ββ′+T lkββ′,αα′ and Pαα′ = Pα−Pα′ with Pα = 〈Lkα,α〉 being the occupa-

tional probability of |α〉 state. For obtaining the excitation spectra at zero temperature,

P0 = 1 and Pα 6=0 = 0. Fourier transforming Eq. (3.20) over space and time yields

(ω + Eα − Eα′)Gαα′,ββ′(q, ω) =
1

2π
Pαα′δαβ′δβα′

−Pαα′ǫq
∑

νν′

T̃α′α′,νν′Gνν′,ββ′(q, ω) (3.21)

where ǫq ≡ 2
∑

j=x,y,z cos(qj), and ω and q are, respectively, the frequency and wave vector

of the excitation. The poles of this Green’s function give us the different branches of the

excitation spectrum within the RPA for different models. Gαα′,ββ′(q, ω) can be solved

analytically for Hard-Core case whereas for Soft-Core and Two-Species BH models it has

to be solved numerically.

3.3.1 Excitations, Spectral weights and DOS for the Hard-Core
Bose Hubbard model

We introduce the single particle Green’s function gkl(t− t′) to obtain the Density of states

(DOS) of the HC BH model

gkl(t− t′) = −iθ(t− t′)〈[âk(t), â†l (t′)]〉, (3.22)
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which is re-written in term of the standard basis operator introduced in the earlier section.

In the frequency and momentum space it is given by

g(q, ω) =
∑

αα′, ββ′

〈k, α|âk|k, α′〉〈l, β|â†l |l, β′〉Gαα′,ββ′(q, ω). (3.23)

Using the mean-field energy eigenvalues (Eq. 3.6) and eigenvectors (Eq. 3.7) in

Eq. (3.21) for HC-BH case, the single particle Green’s function Eq. (3.22) in frequency

and momentum space reduces to

g(q, ω) =
Ap(q)

ω − ω(q)
+

Ah(q)

ω + ω(q)
(3.24)

where

Ap(q) =
1 + 2µ(µǫq − ω(q)) + µ2

4ω(q)
(3.25)

Ah(q) =
−1 + 2µ(µǫq − ω(q))− µ2

4ω(q)
(3.26)

and ω(q) =
√

1 + ǫq(1 + µ2) + µ2ǫ2q is the dispersion relation. Ap(q) (Ah(q)) represents

spectral weight for particle (hole) excitation. This equation is primarily the same as one

derived in Ref. [35], but by writing it in this form gives us a clear description of particle

and hole excitations as well as its spectral weights. The density of state for each of these

excitations is given by

Np,h(ω) = − 1

(2π)3

∫

qx

∫

qy

∫

qz

Im

(

Ap,h(q)

ω+ ± ωq

)

dqxdqydqz (3.27)

where Im() stands for imaginary part. A small complex part iδ is added to ω, i.e ω+ =

ω + iδ. This integration in the above equation is done numerically and the details are

given in the Appendix 7.2.
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3.3.2 Excitations, Spectral weights and DOS for Soft-Core BH
model

There are only two mean-field states present in the HC-BH model, and the calculation

of Green’s function Gαα′,ββ′(q, ω) from Eq. (3.21) is straight forward. However, for the

SC-BH model, the number of mean-field states are generally large, and Eq. (3.21) can’t

be inverted analytically to calculate Gαα′,ββ′(q, ω). We invert Eq. (3.21) to obtain the

Green’s function numerically using Schur factorization as described in the Appendix 7.3.

The resultant Green’s function is given by

Gαα′,ββ′(q, ω) =
∑

r

A′r(q)

ω − ωr(q)
. (3.28)

Here the summation over r runs over 2(N − 1) the excitations where N is the number

of mean-field states. Using this equation in the expression for the single particle Green’s

function

g(q, ω) =
∑

αα′, ββ′

〈kα|âk|kα′〉〈lβ|â†l |lβ′〉Gαα′,ββ′(q, ω) (3.29)

we get

g(q, ω) =
∑

r

Ar(q)

ω − ωr(q)
. (3.30)

Here ωr(q) is the r
th excitation and Ar(q) is the corresponding spectral weights. Density

of states for each of this excitation is obtained from

Nr(ω) = − 1

(2π)3

∫

qx

∫

qy

∫

qz

Im

(

Ar(q)

ω+ − ωr(q)

)

dqxdqydqz. (3.31)
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The momentum distribution function n(q) in the optical lattice is obtained from the above

single particle Green’s function using the relation

n(q) = 〈â†qâq〉 = − 1

π

∫ ∞

0

Im

(

∑

r

Ar(q)

ω+ − ωr(q)

)

dω

where the summation over r is taken for all the positive spectral weights. To map this

3D distribution function n(q) into 2D plots, the qz component is integrated out. i.e

n⊥(qx, qy) =

∫ π

−π
n(qx, qy, qz)dqz. (3.32)

In the optical lattice experiments, this column integrated momentum distribution is mea-

sured directly to mark the SF to MI phase transition.

3.3.3 Excitations, Spectral weights and DOS for Two-Species
BH model

Defining the single-particle Green’s functions for species a and b for the 2BH model

gaak,l(t) = −iθ(t)〈[âk(t), â†l (0)]〉 (3.33)

gbbk,l(t) = −iθ(t)〈[b̂k(t), b̂†l (0)]〉 (3.34)

we calculate them in terms of Gαα′,ββ′(q, ω) using relation

gaa(q, ω) =
∑

αα′, ββ′

〈kα|âk|kα′〉〈lβ|â†l |lβ′〉Gαα′,ββ′(q, ω), (3.35)

gbb(q, ω) =
∑

αα′, ββ′

〈kα|b̂k|kα′〉〈lβ|b̂†l |lβ′〉Gαα′,ββ′(q, ω). (3.36)

Solving Gαα′,ββ′(q, ω) as done in the previous section, we get

gaa(q, ω) =
∑

r

Ar(q)

ω − ωr(q)
, (3.37)

gbb(q, ω) =
∑

r

Br(q)

ω − ωr(q)
(3.38)
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were summation r runs over all excitations ωr(q) . Here Ar(q) and Br(q) are the spectral

weights for a species and b species respectively. The density of states of each of the

excitation ωr(q) for a and b species are given by

Na,r(ω) = − 1

(2π)3

∫

qx

∫

qy

∫

qz

Im

(

Ar(q)

ω+ − ωr(q)

)

dqxdqydqz, (3.39)

Nb,r(ω) = − 1

(2π)3

∫

qx

∫

qy

∫

qz

Im

(

Br(q)

ω+ − ωr(q)

)

dqxdqydqz (3.40)

and the total density of states is given by

Na(ω) =
∑

r

Na,r(ω) (3.41)

Nb(ω) =
∑

r

Nb,r(ω). (3.42)

We discuss the results in the following sections.

3.4 Results

In the results presented below, we assume the following. We consider a simple cubic

lattice for the calculation of the excitations, spectral weights, and density of states and

plot them along the high-symmetry directions in the reciprocal lattice. (see in Ref. [75]),

i.e, qx, qy, qz vary from Γ (qx = 0, qy = 0, qz = 0) to X (qx = π, qy = 0, qz = 0), from X

to T (qx = π, qy = π, qz = 0), from T to M (qx = π, qy = π, qz = π), and then back from

M to Γ. Also, in the plots, we show spectral weights and the corresponding DOS with

same color and symbols as the corresponding excitations. The excitations whose spectral

weights are zero are not shown in these plots.
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3.4.1 Hard-Core case

We first discuss the phase diagram of HC-BH model. The mean-field theory for this model

yields the average boson density ρ = 1+µ
2
, and the SF density ρSF =

1−µ2
4
. Since 0 ≤ ρ ≤ 1

for this model, the chemical potential obey −1 ≤ µ ≤ 1. We plot the SF density, and

boson density as a function of chemical potential µ in Fig. 3.1. For µ < −1, the site is

empty (ρ = 0) and for µ > 1 site is completely filled (ρ = 1). Bosons are in the SF phase

for µ from −1 to 1. The SF density is a measure of superfluidity, and it increases with

density (or µ) initially to reach a maximum at ρ = 0.5 (µ = 0). With increase in density

ρ further, superfluidity decreases and vanishes at ρ = 1 (µ = 1).

Figure 3.1: The SF density ρSF and boson density ρ plotted against µ. Directions of
arrows show scale to follow.

We plot the excitations for µ = −0.75, µ = 0, and µ = 0.75 in Figs. 3.2(a), (c), and (e)

along with the corresponding spectral weights in Figs. 3.2(b), (d) and (f). Positive energy
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region (ω(q) > 0) represents particle excitations, and negative energy region represents the

hole excitations. In all the cases, the excitation spectra show symmetric gapless particle

and hole excitations. It should be noted that the spectral weights for particle (hole)

excitations are positive (negative). At µ = −0.75, average boson density is ρ = 0.125,

and the spectral weight for the particle excitation is higher in magnitude compared to

spectral weight for the hole excitation. This behavior is because it is viable here to excite

the system by adding a particle than by removing it. For µ = 0, ρ = 0.5 and spectral

weights for particle and hole excitations are equal in magnitude, which implies that it is

equally feasible to excite the system via particle or hole excitation. For µ = 0.75, spectral

weight for hole excitation is dominant compared to particle excitation as it is easy to

remove a particle to create an excitation than adding it. We calculate the sound velocity

of the excitation using the relation υS = limq→0
∂ω(q)
∂q

and plot it in Fig. 3.3. We see that

υS is directly proportional to SF density.

We plot, in Fig. 3.4, the contribution to the density of states from the excitations

given in the Fig. 3.2. The DOS N(ω) is negative for ω < 0 and is positive for ω > 0.

However, the number of particle N(ω)fB(ω) is always positive. The Bose distribution

function fB(ω) (see Eq.(1.1) in Chapter. 1) is negative for ω < 0. The spectral weights of

excitations are reflected in the calculated DOS. The DOS for the hole excitation is seen to

be lower compared to particle excitation for µ = −0.75. For µ = 0 particle and hole DOS

are equal in magnitude, whereas for µ = 0.75 DOS for the hole excitation is dominant

compared to the particle excitation.
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Figure 3.2: Excitations in (a), (c) and (e) along with corresponding spectral weights in
(b), (d) and (f) for µ = −0.75, µ = 0, and µ = 0.75, respectively.

Figure 3.3: Sound velocity υS as a function of the chemical potential µ.
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Figure 3.4: Calculated DOS for the excitations shown in Fig. 3.2. Contribution from
particle (hole) excitation is given in Red (Black).
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3.4.2 Soft-Core case

In this case also, we first obtain the phase diagram from the mean-field Hamiltonian

Eq.(3.8). The mean-field calculation is performed, keeping up to a maximum of 6 states

per site. We plot the superfluid order parameter ψ and boson density ρ in Fig. 3.5 for

few values of U . For U = 4, ψ is non-zero for all the values of µ, implying the system

has only superfluid phase. However, for U = 6, ψ vanishes between 2 ≤ µ ≤ 3 and in the

same region, ρ = 1. This behavior represents MI phase with density ρ = 1. By increasing

U to 11 formation of MI phase with density ρ = 2 is also seen between 14.3 ≤ µ ≤ 17.7.

Performing such calculations for all values of U and identifying the region where MI phases

appear we get the phase diagram plotted in Fig. 3.6. The phase diagram is consists of lobes

representing Mott insulator phases and superfluid phase outside these lobes. In this figure,

we also show a few representative points in blue and red stars. We present the excitations

and the momentum distribution functions below for the parameters represented by these

stars.

Figure 3.7(a) shows excitation spectra in the SF phase for the parameters U = 11 and

µ = 0.5 (represented by blue star (i) in the Fig. 3.6). There is a gapless particle(hole) exci-

tation represented by Blue(Red) color plots. A gaped particle excitation (Magenta color)

is also possible. The spectral weights are plotted in Fig. 3.7(b). The spectral weights for

the gapless excitations diverge to infinity at the Γ point, implying such gapless excitations

are most feasible in the long wavelength limits, and it attributes to the superfluid nature

of bosons. Note that the magnitude of spectral weight for gapless particle excitation is
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Figure 3.5: (a) Plots of SF order parameter ψ and (b) boson density ρ as function of
chemical potential µ for different values of U .
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Figure 3.6: Mean field phase diagram of the model (3.8). Blue stars (i),(ii) and (iii) are
the representative points where excitations spectra are obtained. Red stars marked as
(a1), (a2), (a3) and (a4) are the parameters for which momentum distribution functions
are calculated below.
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seen to be lower than that for the hole excitation. We calculate density of states for each

of these excitations using Eq. (3.31) and plot them in Fig. 3.7(c). The behavior of the

excitations and their spectral weights are reflected in the DOS. i.e., DOS for the gapless

particle is low compared to the hole excitation. Since the parameters we have chosen here

lie in the SF region just below the SF-MI phase boundary, it is more feasible to excite the

system by creating a hole rather than by adding a particle.

Figure 3.7: (a) Excitation spectra for parameters represented by point (i) in Fig .3.6.
(b) represents corresponding spectral weights. (c) Calculated DOS for excitations in
(a). Excitation, corresponding spectral weights and contribution to the DOS from these
excitations are represented by same color and symbols.

Figure 3.8(a) shows excitation spectra in the MI phase for the parameters U = 11
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and µ = 2 (this point is represented by blue star (ii) in the Fig. 3.6). In the MI phase,

all the excitations show a gap. The hole excitation (represented by Red color) has a gap

of ∆h = 0.7, and the particle excitation (represented by Magenta color) have a gap of

∆p = 6.7. The spectral weights of these excitations plotted in Fig. 3.8(b) do not diverge

at the Γ point. Calculated DOS plotted in Fig. 3.8(c) also show a gap of ∆h = 0.7 and

∆p = 6.7 for hole and particle excitations. The gap ∆p represents the energy needed to

add a particle to generate an excitation and is equal to the difference in the chemical

potential between the point (blue star (ii)) in the phase diagram and the upper edge of

the MI lobe. Similarly, ∆h represents the energy needed to add a hole to generate the

excitation and is equal to the difference in the chemical potential from the lower edge of

the MI lobe to the point blue star (ii). Therefore the total gap, called Mott insulator gap

is ∆ = ∆p + ∆h. This gap obtained from RPA excitation spectra matches with that of

mean-field results.

Figures 3.9(a) and (b) show excitation spectra and the weights in the SF phase for

the parameters U = 11 and µ = 10. This set of parameters represented by the point (iii)

in the Fig. 3.6 just above the MI lobe. There are two gaped excitations (represented by

Black and Olive color) along with a pair of gapless particle-hole excitations (represented

by Blue and Red). Spectral weights for the gapless hole excitation is seen to be lower in

magnitude compared to the particle excitation. Calculated DOS also reflects this behavior;

the gapless hole excitation has the lowest magnitude and gapless particle excitation. The

point we have chosen for the calculation here lie in the SF region just above the SF-MI
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Figure 3.8: (a) Excitation spectra for point (ii) in Fig. 3.6. (b) represents corresponding
spectral weights. (c) Calculated DOS for excitations in (a).
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phase boundary. So it is more feasible to excite by adding a particle rather than creating

a hole.

Figure 3.9: (a) Excitation spectra for parameters represented by point (iii) in the Fig .3.6.
(b) Represents corresponding spectral weights and (c) calculated DOS for excitations in
(a).

The sound velocity υS is calculated from the excitation spectra and is plotted against

µ in Fig. 3.10 for the same set of parameters as given in the Fig. 3.5. Comparing Figs. 3.10

and 3.5 we find υS is finite (zero) in the SF (MI) phase. This behavior imply excitations

can propagate only in the SF phases and finite gap in the MI phase restricts sound wave
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propagation.

Figure 3.10: Sound velocity υS is plotted against µ. The superfluid order parameter ψ
and density ρ are plotted in the Fig. 3.5 for same set of parameters.

We calculate the column integrated momentum distribution function n⊥(q) for pa-

rameters shown by red stars in the Fig 3.6 and plot them in form of 3-D surface plots in

Fig. 3.11. In these plots, we have kept the density ρ = 1 and study the n⊥(q) across the

SF to MI transition by increasing the onsite interaction U . The Fig. 3.11(a), for U = 4,

shows that the n⊥(q) shows a sharp peak near q = 0. This form of n⊥(q) attributes to the

SF nature of bosons. As U is increased to U = 5 (the system is still in the SF phase but

with lower superfluid density), n⊥(q) spreads to larger values of q. With further increase

in U (Fig. 3.11(c)), bosons go into MI phase, and the central peak at q = 0 in n⊥(q) is not

sharp. And further increase in U (Fig. 3.11(d)) the system is in the deep Mott insulator
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Figure 3.11: n⊥(qx, qy) plotted across SF-MI transition for the parameters marked as
(a1),(a2),(a3) and (a4) in Fig. 3.6.
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phase and n⊥(q) is almost flat with no peak at q = 0. This behavior of n⊥(q) plots are

qualitatively similar to the experimental results given in Fig. (1.3) using time of flight

measurements.

3.4.3 Two-Species Bose Hubbard model

In this section, we present representative results from the calculations of excitation spectra

using RPA for different phases of the 2BH model. There are three different sets of phases

possible for this model: (i) both species are in the superfluid phase (SF-SF), (ii) both

species are in the Mott insulator phase (MI-MI), and (iii) one species in the superfluid

while the other species is in the Mott insulator phase (SF-MI) or (MI-SF). In addition

we consider three different sets of parameters: (i) on-site interaction between the species

Uab = 0, (ii) Uab > 0, and (iii) Uab < 0. We present these results in the following three

subsections 3.4.3, 3.4.3, and 3.4.3 respectively.

(i) Uab = 0

We choose Ub = 0.7 Ua and plot the mean-field phase diagram of model (3.2) near unit

density in the Fig. 3.12. The phase diagram is consists of three phases, as represented

in the figure. We mark the phase where both species are in the superfluid (outside the

lobe marked by the black line) as a-SF, b-SF. The region marked as a-MI, b-SF stands for

the phase where a-species is in the Mott insulator while b-species in the superfluid. This

region falls inside the lobe marked with black line and outside the lobe marked with the

red line. Since Ua > Ub, we will not get the scenario where a-species is in the superfluid
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and b-species in the Mott insulator when the densities ρa and ρb are near unity. Finally,

the region inside the red line lobe is the phase where both species are in the Mott insulator

phase. We choose three specific points in the phase diagram to calculate the excitation

spectra. We mark them with black dots (I), (II), and (III). Dotted lines (IV) and (V) are

along ρa = 1 and ρb = 1 densities.

Figure 3.12: The mean-field phase diagram of model (3.2. The phase boundaries for a
and b-species bosons are represented by black solid and red dotted lines, respectively.
Here Ub = 0.7 Ua and Uab = 0 with densities ρa and ρb are near unity. Black square dots
(I), (II), and (III) are the representative points where excitation spectra are calculated.
Dotted lines (IV) and (V) are along ρa = 1 and ρb = 1 densities.

First, we consider the excitation spectra for the parameters represented by the point

(I) in Fig. 3.12. For these parameters, both species of bosons are in the SF phase with
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ρa = 0.96 and ρb = 1.12. We plot the RPA excitation spectra in the Fig. 3.13(i), the

corresponding spectral weights in the Figs. 3.13(ii) and 3.13(iii) for a and b-species

respectively. Excitation spectra indicate two gapless particle (represented by Navy color

lines with left triangles and Olive line with diamonds) and hole (Magenta line with down

triangles and Blue with line up triangles) excitations. The spectral weight plotted in

the Figs. 3.13(ii) and 3.13(iii) show that a and b-species choose a pair of particle-hole

excitation uniquely, i.e., excitations represented by navy color line with left triangles and

blue line with up triangles for the a−species; and olive line with diamonds and magenta

line with down triangles for the b−species. These gapless excitations and their diverging

spectral weights near Γ point show superfluid behavior of these bosons. Further, there are

four gapped particle excitations (represented by a violet line with right triangles, purple

line with hexagons, wine line with stars, and dark yellow line with pentagons) along with

two gapped hole excitations (black line with square and red line with circles) out of which

a and b-species choose one hole and two particle excitations each. High energy excitations

appear dispersion-less and have small spectral weights.

The DOS for the excitations shown in the Fig. 3.13 are plotted in the Figs. 3.14(i)

and 3.14(ii) for a and b species respectively. These DOS reflects the spectral weights

calculated for these excitations. Since the density for a species ρa = 0.96, it is easy to

excite the system by creating a hole than adding a particle indicating higher DOS for

gapless hole excitations. However, for b species, ρb = 1.12 allows ease in adding a particle

than creating a hole showing higher DOS for gapless particle excitation.
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Figure 3.13: Plots of excitation energy ω(q) (i) along with the corresponding spectral
weights (ii) for a−species and (iii) b−-species as function of the wave number q (from Γ
to X, from X to T , then from T toM and finallyM to Γ, for a simple square lattice [75])
for the BH model with two species of bosons for parameters represented by the point (I)
in Fig. 3.12.
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Figure 3.14: DOS for a and b species of bosons respectively in (i) and (ii) for the excitations
plotted in Fig. 3.13. We have maintained same colours for lines and symbols in these
figures to easily identify the excitation which contribute to the DOS.
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Figure 3.15: Plots of (i) excitation energy ω(q) along with the corresponding spectral
weights (ii) for a− species and (iii) b− species for parameters represented by point (II) in
Fig. 3.12. These excitations have finite gap since both species are in the MI phase.
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The point (II) in Fig. 3.12 mark both species in the Mott insulator phase. The

excitation spectra and the spectral weights correspond to this point are shown in Fig. 3.15.

All the particle-hole excitations have gaps, and their corresponding spectral weights are

finite near the Γ point. This gap attributes MI nature of bosons. For a species, hole

excitation (Black squares) has lower gap compared to the particle excitation (Magenta

down triangles) as the chemical potential µ chosen here is near to lower edge of its MI

lobe. However, for b species µ is almost at the center of its MI lobe making the gap for

the particle excitation (Blue up triangles) and the hole excitation (Red circles) same.

The density of states for the excitations shown Fig. 3.15(i) are plotted in Figs. 3.16(i)

and 3.16(ii) for a and b species of bosons respectively. DOS indicates gaps in the particle-

hole excitations, as shown in the Fig. 3.15. We represent the gap in the Mott insulator

phase for a and b species as ∆a and ∆b respectively and is given by ∆a(b) = ω
a(b)
p (q =

0)−ωa(b)h (q = 0) where ω
a(b)
p (q = 0) (ω

a(b)
h (q = 0)) is the gap in the particle (hole) excitation

for a(b) species of bosons. We now compare the gap in the Mott insulator calculated from

RPA with that obtained from mean-field theory ∆MF
a(b) . For this purpose we plot, for the

same parameters (i.e Uab = 0, Ub = 0.7Ua and Ua = 10), superfluid order parameters ψa,

ψb (represented by Black solid lines) and boson densities ρa and ρb (represented by Red

dashed lines) against chemical potential µ in panel (iii) and (iv) of Fig. 3.16. The Mott

insulator phase is the region between µ−a(b) and µ
+
a(b) where ψa(b) = 0 and ρa(b) = 1. In

this plots µ = 3 corresponds to the point (II) in the Fig. 3.12 for which the DOS are

plotted in the Figs. 3.16(i) and 3.16(ii). We thus align ω = 0 in the upper panels of the
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Fig. 3.16 with µ = 3 in the lower panels. The vertical dotted lines are drawn to compare

the gaps obtained from RPA and mean-field theory. We find ω
a(b)
p (q = 0) = µ+

a(b) and

ω
a(b)
h (q = 0) = µ−a(b). Thus ∆a(b) = ∆MF

a(b) ≡ µ+
a(b) − µ−a(b). This is in the expected line since

Uab = 0 and there is no energy exchange take place between a and b species of bosons.

However, as soon as we allow interaction between a and b species of bosons, this trivial

scenario changes as discussed in the following sections.

The excitation spectra and its spectral weights are plotted in Fig .3.17 for the param-

eters represented by the point (III) in Fig. 3.12. At point (III), the chemical potential

µ = 6 and a−species of bosons are in the MI phase, while b-species are in the superfluid

phase with density ρb = 1.31. The gapless particle-hole excitations present here are of

b−species while the excitations for a-species have a gap. The corresponding DOS for a

and b species are shown in Fig. 3.18(i) and Fig. 3.19 respectively. As done in the previous

section, we compare the Mott insulator gap calculated from RPA and mean-field theory

here. We plot ψa and ρa for different chemical potential in the Fig. 3.18(ii). We align

µ = 6 in the lower panel with ω = 0 in the upper panel. These plots then show that

Mott insulator gap for a-species obtained from RPA matches with that calculated from

mean-field results. For the b-species, the gapless density of states in the particle sector is

dominant compares to hole sector since the superfluid phase is just above its MI lobe and

it is easy to excite by adding a particle than creating a hole.

We calculate the sound velocity υS in a superfluid phase from the slope of the lowest

gapless excitation spectrum near the point Γ [33]. Since Uab = 0 here, the excitations are
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Figure 3.16: DOS for a and b species in (i) and (ii) for excitations plotted in Fig. 3.15.
Lower panel (iii) and (iv), show SF order parameters ψa and ψb (represented by Black
solid lines) along boson densities ρa and ρb (represented by Red dashed lines) plotted
against chemical potential µ. In these plots (lower panels) µ = 3 (corresponds to point
(II) in the Fig 3.12) is aligned with excitation energy ω = 0 of DOS plots (upper panels).
Vertical dotted lines shows that gap for particle/hole excitations from RPA are matching
with mean-field results. This is done to compare the Mott insulator gap obtained from
RPA with that calculated from mean-field theory.
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Figure 3.17: Plots of (i) excitation energy ω(q) along with the corresponding spectral
weights (ii) for a−species and (iii) b−species for parameters represented by point(III) in
Fig. 3.12. These plots show excitation spectra for the a-species which is in the MI phase
have gap and the b-species in the SF phase have are gapless excitation.
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Figure 3.18: (i) Plots for DOS for a-species for excitations shown in Fig. 3.17. (ii) ψa
and ρa is plotted against µ to compare the Mott insulator gap calculated from RPA and
mean-field theory.

Figure 3.19: DOS for b−species corresponding to excitation spectra in Fig. 3.17).
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unique for a and b-species and so is the sound velocities. In Fig. 3.20, we show how the

corresponding sound velocities behave as a function of µ. Here sound velocity for a(b)-

species is denoted by υaS (υ
b
S). As expected, sound velocities are non-zero in the superfluid

phase and vanish in the MI phase.

Figure 3.20: (i) Sound velocity uaS corresponding to a−species is plotted along with ψa
against µ. (ii) Sound velocity ubS, corresponding to b−species is plotted along with ψb
against µ.
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Finally we compare the Mott insulator gap ∆a(b) calculated from RPA and mean-field

theory in Fig. 3.21 along the ρa = 1 and ρb = 1 densities represented by lines (IV) and

(V) in the Fig. 3.12. As we expect, the gap is zero in the SF phases (for bosons of types a

and b) and finite in the MI phases. The gap calculated from RPA and mean-field theory

matches. This scenario however, differs when Uab is finite as discussed below.

Figure 3.21: Comparison of Mott insulator gaps obtained using RPA (Red circles) and
mean-field theory(MFT)(Black squares) are shown against Ua along ρa = 1 density rep-
resented by lines (IV) in Fig. 3.12 for a−species. (Inset) shows the same for b−species of
bosons along ρb = 1 density represented by lines (V) in Fig. 3.12.
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(ii) Uab > 0

The phase diagram of model (3.2) is given in Fig. 3.22 for Ub = 0.7Ua and Uab = 0.2Ua.

Comparing this phase diagram with that for the case Uab = 0 (Fig. 3.12) we find that

the mean-field critical Ua for the superfluid to MI transition remain same, but the phase

diagram is shifted towards higher chemical potential due to the repulsion between a and

b-species of bosons.

Figure 3.22: Mean field phase diagrams of model (3.2) for Ub = 0.7Ua and Uab = 0.2Ua
near unit density. The black solid and red dotted lines respectively represent the phase
boundary between superfluid and Mott insulator for a-species and b-species. Black square
dots (I), (II) and (III) are the representative points where we calculate excitations, their
spectral weights and DOS. Dotted lines (IV) and (V) are along ρa = 1 and ρb = 1 densities.

Figure 3.23 shows excitation spectra for the parameters represented by the point (I)
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in the Fig. 3.23. The spectral weights for these excitations are given in the Figs. 3.24 and

3.25 respectively for a and b-species. The low energy gapless (represented by Magenta

Down triangles, Olive diamonds, Navy left triangles, and Violet left triangles) and gapped

(Blue up triangles and Purple hexagons) excitations are present for both, a and b- species

as they are interacting with each other via Uab. Higher gapped excitations are seen to

be unique either for a or b-species. The DOS presented in the Figs. 3.26 and 3.27 reflect

these observations. In all these figures, line and symbol color are the same for a given

excitation, its spectral weight and its contribution to DOS.

Figure 3.23: Plots of excitation energy ω(q) versus the wave number q for the parameter
represented by the point (I) in Fig. 3.22.
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Figure 3.24: Plots of spectral weights for a−species versus the wave number q for the
excitations in Fig. 3.23. (inset) Shows small spectral weights for few excitations.

The excitations and its spectral weights are plotted in Fig. 3.28 for the parameters

represented by point(II) in Fig. 3.22. Here both species are in the Mott insulator phase.

So all the excitations have a gap, and the particle-hole excitations are unique for a−species

(Magenta down triangles and Black squares) and b−species (Blue up triangles and Red

circles). Corresponding to this, plots of DOS are shown in Fig. 3.29(i) and Fig. 3.29(ii)

respectively for a and b-species.

We now compare the Mott insulator gap calculated from RPA and mean-field theory.

We plot ψa (ψb) and ρa (ρb) in Fig. 3.29(iii) and Fig. 3.29(iv) and align ω = 0 in the upper

panel of Fig. 3.29 with µ = 5 in the lower panel as done in the previous section. What we

observe in this case is that for the b−species of bosons, Mott insulator gap obtained from
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Figure 3.25: Plots of spectral weights for b−species versus the wave number q for the
excitations in Fig. 3.23. (inset) Shows small spectral weights for few excitations.

RPA matches with that obtained from mean-field theory, i.e., ∆b ≡ ωbp(q = 0) − ωbh(q =

0) = ∆MF
b ≡ µ+

b − µ−b . However, for the a−species, the Mott insulator gap calculated

from RPA ∆a is lower than the gap ∆MF
a from mean-field theory. In the mean-field

calculations, there is no hopping of atoms to the nearest sites in the MI phase since the

quantum tunneling of bosons is suppressed completely as ψa = 0 and ψb = 0. However,

in the RPA calculations, the quantum fluctuations due to the tunneling are included to

some extent. Because of this, when the system is excited by adding a a−species boson, it

can transfer some energy to the b−species through Uab allowing b-species to hop between

the sites with ease as Ub < Ua. The transfer of energy between a and b-species of bosons

causes a reduction of the Mott insulator gap for the a-species. No such gain in energy is
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Figure 3.26: (i) DOS corresponding to each excitations in the Fig. 3.23 for a−species. (ii)
Total DOS for a−species.
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Figure 3.27: (i) DOS corresponding to each excitations in the Fig. 3.23 for b−species. (ii)
Total DOS for b−species.
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possible for the b−species since Ua > Ub. Thus we conclude ∆a < ∆MF
a and ∆b = ∆MF

b .

Figure 3.28: (i) Plots of excitation energy ω(q) along with the corresponding spectral
weights (ii) for a and (iii) b-species of bosons for different wave number q for parameters
represented by point(II) in Fig. 3.22. Both species are in the Mott insulator phase and
thus have gap in the excitation spectra.

We now calculate the excitation spectra for the case where a-species of bosons are

in the MI and b-species of bosons are in the SF phase. The parameters correspond to

this situation is represented by the point (III) in Fig. 3.22. We plot the excitations and

its spectral weights in Fig. 3.30, and the DOS for these excitations in Fig. 3.31(i) and

Fig. 3.32 respectively for a and b-species of bosons.
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Figure 3.29: DOS for a and b-species in (i) and (ii) for the excitations plotted in the
Fig. 3.28. Plots in the lower panel (iii) and (iv) show SF order parameters ψa and ψb
(represented by Black solid lines) along with boson densities ρa and ρb (represented by
Red dashed lines) as a function of chemical potential µ. We align lower panel plots at
µ = 5 with the upper panel plots at ω = 0 for the comparison of Mott insulator gaps.
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We compare the Mott gap calculated from RPA and mean-field theory in Fig. 3.31.

The Mott insulator gap for a−species of bosons ∆a is smaller than the gap obtained from

the mean-field theory. The excitation energy for a a-species of a boson is reduced due to

the possibility of transferring the energy to b-species of bosons through the interaction

Uab, and thus reduces the Mott gap. Finally we plot, in Fig. 3.33, the Mott gaps from

RPA ∆ and mean-field theory ∆MF for parameters represented by lines (IV) and (V) in

Fig. 3.22. We find ∆a < ∆MF
a , but ∆b = ∆MF

b .

In Fig. 3.34, we show how the sound velocity behaves in this case. When both the

species are in the SF phase, the gapless excitations are not specific for a or b-species of

bosons. However, there are two gapless excitations, which leads to two sound velocities

corresponding to two different modes of propagation of excitations, represented by υS1

and υS2. When a−species is in MI phase and b−species is in the SF, the sound velocity

corresponds to the b−species of bosons.

(iii) Uab < 0

Phase diagram of model (3.2) is shown in Fig. 3.35 for the case Uab = −0.2Ua and

Ub = 0.7Ua. The excitation spectra are calculated in two cases here: (i) When both

species are in the Mott insulator phase represented by the point (I) in the Fig. 3.35,

and (ii) when a-species is in the Mott phase and b-species in the superfluid, the point

represented by (II). We do not consider the case when both species are in the superfluid

because the excitation spectra and other results are similar to the case Uab = 0.2. We

plot the excitation spectra and its spectral weights for the parameters represented by the
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Figure 3.30: (i) Plots of excitation energy ω(q) along with the corresponding spectral
weights (ii) for a−species and (iii) b−species of bosons for parameters represented by
point (III) in Fig. 3.22. These plots show excitation spectra for a-species, which is in the
MI phase have gap while that of b-species is gapless.
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Figure 3.31: (i) Plots for DOS for a−species from the excitations in Fig. 3.30. (ii) ψa and
ρa plotted against µ to compare Mott gap with mean-field results.

Figure 3.32: Plots for DOS for b−species corresponding to excitations in Fig. 3.30.
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Figure 3.33: Comparison of total Mott insulator gap (∆) obtained using RPA (Red circles)
and Mean Field Theory (MFT)(Black squares) is shown against Ua along ρa = 1 density
represented by lines (IV) in Fig. 3.22 for a−species. (Inset) shows ∆ obtained for b−species
of bosons along ρb = 1 density represented by lines (V) in Fig. 3.22.
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Figure 3.34: (i) ψa and ψb are plotted against µ to map the SF and MI phases. When
both the species are in the SF phase (psia 6= 0 and psib 6= 0), gapless excitations are not
specific for a or b-species of bosons leading to two sound velocities represented by υS1 and
υS2. When ψa = 0, and ψb 6= 0 a−type of boson is in the MI phase and b-species in the
SF phase and υS2 represents sound velocity corresponding to b-species.



83

point (I) in Fig. 3.36. The corresponding density of states for these excitations is shown

in Fig. 3.37. We also plot the superfluid order parameter and bosons densities in the

lower panel of Fig. 3.37 to compare Mott gap calculated from RPA and mean-field theory.

We find the Mott gap calculated from RPA is larger compared to the mean-field gap.

To excite the system by adding a a-species of boson in the MI phase, the a bosons have

to overcome the attractive energy Uab binding the a−species with b−species. Only after

breaking this bond a−species will be allowed to tunnel quantum mechanically to nearest

neighbors. Due to this, a−species Mott gap is higher than the mean-field gap.

Excitation spectra for parameters represented by point (II), when a-species is in the MI

and b-species is in the SF phase, is shown in Fig .3.38. The density of state corresponding

to these excitations are shown in Fig. 3.39 and 3.40 for a− and b− species respectively.

We compare the Mott gap obtained from RPA with that of mean-field studies in

Fig. 3.41. Inset shows that these two gaps are same for the b−species of boson, whereas

for a-species RPA predicts a higher gap than that from MFT.

Sound velocity is plotted in Fig. 3.42 for Uab = −0.2Ua, Ub = 0.7Ua and Ua = 10.

This shows similar results as in the Uab > 0 case.

3.5 Conclusions

In this chapter, the excitation spectra for representative parameters in all phases of the

hard-core, soft-core, and two-species Bose Hubbard models are studied using Random

Phase Approximation (RPA). These RPA calculations are built on the mean-field states
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Figure 3.35: The mean-field phase diagrams of model (3.2) for a and b type of species
(represented by Black solid and Red dotted lines respectively) with Ub = 0.7Ua and
Uab = −0.2Ua near unit density. Black square dots (I) and (II) are the representative
points where we have calculated excitations, their spectral weights and DOS. Dotted lines
(III) and (IV) are along ρa = 1 and ρb = 1 densities.
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Figure 3.36: (i) Plots of excitation energy ω(q) along with the corresponding spectral
weights (ii) for a− and (iii) b− species versus the wave number q for parameters repre-
sented by point(I) in Fig. 3.35. These plots show excitation spectra have gap as both
species are in the MI phase.
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Figure 3.37: The density of states for a and b-species in (i) and (ii) respectively for the
excitations plotted in Fig. 3.36. Lower panel (iii) and (iv) show SF order parameters ψa
and ψb (represented by Black solid lines) along boson densities ρa and ρb (represented
by Red dashed lines) plotted against chemical potential µ. The two panels allow us to
compare the Mott gap calculated from RPA and mean-field theory.
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Figure 3.38: (i) Plots of excitation energy ω(q) along with the corresponding spectral
weights (ii) for a− and (iii) b− species versus the wave number q for parameters repre-
sented by point(III) in Fig. 3.35. These plots show excitation spectra for a-species with
gap and for b-species gapless.
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Figure 3.39: (i) Plots for DOS for a−species corresponding to the excitations in Fig. 3.38.
(ii) ψa and ρa is plotted against µ to compare Mott gaps calculated from RPA and mean-
field theory.

Figure 3.40: Plots for DOS for b−type of species corresponding to the excitations in
Fig. 3.39.
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Figure 3.41: Comparison of Mott gap calculated from RPA (Red circles) and Mean Field
Theory (MFT)(Black squares). These gaps are calculated for parameters along the line
(III) in Fig. 3.22 for a−species. (Inset) shows Mott gaps for b−species of bosons along
ρb = 1 density represented by lines (IV) in Fig. 3.35.
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Figure 3.42: (i) ψa and ψb are plotted against µ to map the SF and MI phases. (ii) υS1
and υS2 represents two sound velocities.
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of the models. Thus, it extends the RPA studies initiated in Ref. [33] for the simple

BH model and continued, e.g., in Refs. [35, 36, 76]. We have extended this formalism to

calculate not only excitation spectra but its spectral weights and the density of states for

each excitation. This formalism provides a transparent description of the contribution of

each excitation in the SF and the MI phases occurring in these models. Such studies yield

a variety of interesting results, as discussed in detail in the previous sections. In particular,

RPA excitation spectra show apparent gaps in MI phases and are gapless in all SF phases.

From these spectra, we study the dependence of the (a) sound velocity υS, (b) momentum

distribution n⊥(q) and (c) Mott insulator gap ∆ on the parameters of these models as well

as across the SF-MI transition. For the soft-core BH model, the Mott gap obtained from

RPA and single site MFT is the same. However, in the two-species Bose Hubbard model,

the Mott gap calculated from RPA differ from that obtained from MFT whenever there

is an interspecies interaction. Mott gap derived from RPA is higher (lower) than single

site MFT for interspecies interaction Uab > 0 (Uab < 0). The momentum distribution

obtained from single-particle Green’s function qualitatively agrees with experiments to

identify the SF-MI transition. After studying the ground state properties, we now move

on to understand the finite temperature properties of these phases.



Chapter 4

Finite temperature studies of
Bose-Hubbard models

In the previous two chapters, we studied the zero temperature properties of various BH

models using CMFT and RPA and phase transition between superfluid and Mott insulator

phases driven by the quantum fluctuations. In experimental systems of ultra-cold atoms,

however, temperatures are low (≈ 10−9K) but finite, and thermal fluctuations do exist

and play a significant role in the critical quantum region. It is thus interesting to study

the effects of the thermal and quantum fluctuations in the SF and MI phases. In the

finite temperature, we expect Normal Bose Liquid phase in addition to superfluid and

Mott insulator phases.

In the last chapter, we had obtained the low energy excitation spectra using RPA.

At zero temperatures, the system remains in the ground state, and these excitations are

unpopulated. However, at non-zero temperatures, these excitations are populated, and

ground state properties must be calculated taking the occupation of the excited states. We

calculate the occupational probabilities at finite temperatures in two different approaches:

(i) Using RPA (ii) using CMFT. In both cases, we study the SF(MI)-NBL transitions. We

92
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organize this chapter in the following manner: In the Section 4.1, we discuss, for the soft-

core Bose Hubbard model in 3-dimension, the calculation of the occupation probabilities

for each excitation within RPA. Further, we study phase transitions between magnetic

SF/MI and NBL in the 2-dimensional spin-1 model by developing a finite temperature

CMFT in Section 4.2. The conclusions are given in the Section 4.3.

4.1 Mean field formalism and RPA equations

In this section, we first describe the calculation of occupation probabilities in the finite

temperature single site MFT. We first obtain the eigenstates | α〉 and eigenvalues Eα of

single-site mean-field Bose Hubbard model Eq. 3.8 following the descriptions given in the

previous chapters. Then the partition function is given by

Z =
∑

α

e−
Eα
T (4.1)

Here T is the temperature and we take Boltzman’s constant kB = 1. The occupational

probability of any mean-field state |α〉 is given by

Pα =
e−

Eα
T

Z . (4.2)

At finite temperatures, thermal averages of any operator is given by

〈Ô〉 =
∑

α

Pα〈α|Ô|α.〉. (4.3)

We determine finite temperature SF order parameter ψ = 〈â〉 and solve above equations

self consistently. This procedure ensures the minimization on Free Energy F = −T ln(Z).

We calculate the boson density ρ = 〈n̂〉 and compressibility κ = dρ
dµ
from the self-consistent
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solution. Superfluid order parameter ψ, density ρ, and compressibility κ are used to

identify the phases and the transition between them. The superfluid phase has non-

zero ψ and κ while, the Mott insulator phase has to vanish ψ and κ. The NBL phase

has vanishing ψ, but finite κ. The incompressible Mott phase is expected to melt to a

compressible NBL phase with an increase in thermal fluctuations.

The approach described above, however, does not take into account the low lying

excitations. To include them, we proceed to follow RPA calculations. After obtaining

ψ, ρ, Eα, |α〉 and Pα from finite temperature single site MFT, the RPA equation 3.20

obtained in Chapter 3 becomes

(ω − Eα + Eα′)Gαα′ββ′(q, ω) = δα′βδαβ′Pαα′

−Pαα′ǫq
∑

νν′

T̃α′ανν′Gνν′ββ′(q, ω)

−
∑

νν′

PνT̃ννα′ν′Gαν′ββ′(q, ω)

+
∑

νν′

PνT̃ννν′αGν′α′ββ′(q, ω). (4.4)

Note that this Green’s function equation is a coupled equation of N(N − 1) Green’s

functions. We solve these coupled Green’s function equation as described in the Appendix

7.3 to obtain the single particle Green’s function

g(q, ω) =
∑

r

Ar(q)

ω − ωr(q)
. (4.5)

Here the summation r runs over all branches of excitations ωr(q) with Ar(q) being its

spectral weight. To study the SF-NBL transition at finite temperature, we calculate

the sound velocity υS = dω(q)
dq

|q→0 from the gapless excitations. We also calculate the
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momentum distribution n⊥(qx, qy) (see Eq. 3.32) across the SF-NBL phase transition.

The results obtained for soft-core Bose Hubbard model are presented below.

Figure. 4.1 shows the transition of the SF phase to NBL phase with the temperature,

keeping density fixed at ρ = 0.5, 1.0 and 1.5. Superfluid order parameter ψ, which is

nonzero initially in the superfluid decreases monotonously as temperature T increases and

vanishes in the NBL phase. The sound velocity behaves similarly. However, compressibil-

ity κ remain finite in both phases but shows a discontinuity at the transition temperature.

Figure. 4.2 shows the phase transition from MI to NBL as the temperature is increased.

At T = 0, system is in the MI phase, i.e ψ = 0, ρ = 1 and κ = 0. With the increase in

temperature κ increases smoothly showing that the MI phase is melting to an NBL phase.

This MI-NBL transition is more like a crossover, and we cannot identify the transition

point.

The momentum distribution functions calculated (using the Eq.(3.32)) for U = 4 at

density fixed to ρ = 1 for T = 0, T = 0.9 and T = 1.1 are shown in Figure. 4.3. For

T = 0 and 0.9, the system is in the superfluid phase, and n⊥(q) has the characteristic

peak at q = 0. As one progresses from SF to NBL by increasing the thermal fluctuations,

n⊥(q) spreads to higher values of q, and the central peak decreases. By increasing the

temperature further, the central peak at q = 0 disappears and the system goes to the NBL

phase marking the SF to NBL phase transition. The momentum distribution functions

calculated for U = 11 at two temperatures T = 0 and T = 1.1 is plotted in the Fig. 4.3.

The system is in the MI phase when T = 0. We see the momentum distribution function
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Figure 4.1: SF order parameter ψ, sound velocity υS and compressibility κ against tem-
perature T for U = 4 at fixed Boson densities (a)ρ = 0.5, (b)ρ = 1 and (c)ρ = 1.5. These
densities are fixed within an error of ±0.001.

Figure 4.2: The compressibility κ against T for U = 11 and fixed density ρ = 1.
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is spread to higher q and that there is no characteristic peak at q = 0. We see similar

behavior when the system is in the NBL phase at T = 1.1 pointing, the transition from

the MI to NBL is a cross over.

Figure 4.3: Column integrated momentum distribution n⊥ at (a)T = 0, (b)T = 0.9 and
(c)T = 1.1 for or U = 4 and density fixed to ρ = 1.

Figure 4.4: Column integrated momentum distribution n⊥ at (a)T = 0 and (b)T = 1.1
for density fixed to ρ = 1.
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4.2 Finite temperature CMFT studies of Spin-1 BH

model

In the second chapter using CMFT, we were able to study the magnetic properties in the

SF as well as in the MI phases of Spin-1 BH model correctly. In this section, we extend

the CMFT formalism to finite temperatures. We describe the formalism below.

The cluster mean-field Hamiltonian is given by (Eq. 2.4)

Ĥcluster = −J
Nc
∑

<k,l>,σ

(â†k,σâl,σ +H.C) +
U0

2

Nc
∑

k

n̂k(n̂k − 1)

+
U2

2

Nc
∑

k

(F̂ 2
k − 2n̂k)− µ

Nc
∑

k

n̂k

− t
Nc
∑

k,σ

′
∑

l

(â†k,σψl,σ + âk,σψ
∗
l,σ − ψ∗k,σψl,σ). (4.6)

We construct the cluster Hamiltonian matrix in the Fock’s basis of the cluster with

an initial guess for ψk,σ. Diagonalizing the Hamiltonian matrix we get the eigenvalues Eα

and eigenvectors |α〉. The partition function is given by

Z =
∑

α

e−
Eα
T .

The occupation probabilities of each of the cluster mean-field state |α〉 at any temperature

is then equal to

Pα =
1

Z e
−Eα

T .

The thermal averages of any operator is given by

〈Ô〉 =
∑

α

Pα〈α|Ô|α.〉.
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Using these equations, we calculate new SF order parameters ψσ = 〈âσ〉 and iterate

above procedure until the order parameters are obtained self-consistently. This procedure

ensures the minimization on Free Energy F (ψ1, ψ0, ψ−1) = −T ln(Z). Using the self-

consistent eigenstates and eigen values we calculate superfluid density ρSF =
∑

σ |ψσ|2,

and total boson density ρ =
∑

σ ρσ where ρσ = 〈n̂σ〉. We also calculate the Nematic order

parameter Qzz = 〈F̂ 2
z,z − 1

3
F̂ 2〉, singlet density ρSD = 〈Â†SDÂSD〉 where singlet creation

operator A†SD = 1√
6
(2a†1a

†
−1 − a†0a

†
0), local magnetic moment 〈F 2〉, and global magnetic

moment 〈F 2
TOT 〉 to study the magnetic properties of SF and MI phases. Compressibility

κ = ∂ρ
∂µ

is calculated to study transition to NBL. The superfluid and the MI phases

undergo a transition to a normal Bose liquid phase as temperature is increased. This

NBL is characterized by ρSF = 0 and κ 6= 0. In this study, we restrict ourself for the

cluster size NC = 2 and present the results below.

4.2.1 Anti-Ferromagnetic case

First, we discuss the anti-ferromagnetic case U2 > 0. The zero temperature phase diagram

for U2 = 0.03U0 has been given in Fig. 2.5. We choose U0 = 24 to study the finite

temperature phase diagram. For this on-site interaction U0, the model (2.4) has PSF,

Nematic MI(ρ = 1), and singlet MI(ρ = 2) phases. Figure 4.5 shows the evolution of the

SF order parameters and the boson densities as a function of temperature in the Polar SF

phase at fixed density ρ = 1.5. At T = 0, we have ψ1 = ψ−1 6= 0 and ψ0 = 0 depicting the

polar nature of the SF phase. The existence of small but non-zero ρ0 in the polar superfluid

implies that bosons with spin component σ = 0 are in the NBL state. With the increase in
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temperature, ψ±1 decreases, and vanishes at the SF to NBL transition. The ψ0 however,

remain zero. Thus, the polar nature of the SF phase persists even at finite temperatures.

It is interesting to note that ρ0 increases on the expense of decrease in ρ±1 with increase

in the temperature and ρ1 = ρ0 = ρ−1 in the NBL phase. The compressibility κ shows

a maximum at the SF-NBL transition and has no discontinuity seen in the spinless case.

Figure 4.6 shows the comparison of ρSF calculated from the single site (NC = 1) and

two sites cluster (NC = 2) cluster mean-field theory keeping fixed density ρ = 1.5 for

various temperature. For all temperatures, we find ρSF from NC = 2 cluster is lower than

single site result. This behavior is expected since CMFT includes some of the quantum

fluctuations neglected in the single site mean-field calculations. As T increases, the SF

density decreases and vanishes in the NBL phase. The critical temperature for SF-NBL

transition is lower in the CMFT (TCNC=2) than the single site mean-field theory (T
C
NC=1).

This result implies that CMFT has incorporated quantum as well as thermal fluctuations

better than the single-site mean-field theory.

We plot, in Figs. 4.7(a) and (b) respectively for densities ρ = 1 and ρ = 2, the

compressibility κ calculated using NC = 1 and NC = 2 mean-field theories for different

temperatures to study the transition from MI to NBL. In either case, starting from the

MI phases at zero temperature, the compressibility increases with temperature, and the

MI phase makes a cross over to NBL. The cluster size is seen to have no prominent effect

on this crossover. It is interesting to notice that Nematic MI(ρ = 1) and singlet MI(ρ = 2)

phases melt to NBL phase at the same rates.
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Figure 4.5: Variation of SF order parameters (ψ1, ψ0, ψ−1), boson densities ρ1, ρ−1 and ρ0,
and compressibility κ with temperature T for NC = 2 and ρ = 1.5. The compressibility
κ plot has its scale in the right-side axis.

Figure 4.6: Superfluid density ρSF calculated from the single site (NC = 1) and
cluster mean-field theory (NC = 2) for different T . CMFT predicts lower critical
temperature(TCNC=2) for the SF-NBL transition.
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Figure 4.7: Compressibility κ is plotted against T starting from (a) Nematic MI(ρ = 1)
phase and (b) singlet MI(ρ = 2) phase for cluster sizes NC = 1 and NC = 2. The
compressibility calculations are done by keeping densities fixed, i.e ρ = 1 and ρ = 2 in (a)
and (b) respectively.

Figure 4.8 shows the total magnetization of cluster 〈F 2
TOT 〉 as a function of T in

the MI(ρ = 1) phase for different ratio of U2/U0. At zero temperature cluster lowers

its energy by minimizing the global magnetization, and this state is predicted to be

maximally entangled via quantum fluctuations (Fig. 2.2). For a small ratio of U2/U0,

small thermal fluctuations are sufficient to break this anti-ferromagnetic arrangement

and 〈F 2
TOT 〉 increases abruptly. For higher U2/U0 values; however, the antiferromagnetic

coupling is stronger and higher values of temperature are needed to maximize 〈F 2
TOT 〉.

Other parameters like the magnetic moment of site 〈F 2〉 and Nematic order parameter

QZZ do not change significantly inside the ρ = 1 Mott insulator.

In the Figs 4.9(a)-(d) 〈F 2〉, ρSD, 〈F 2
TOT 〉 and QZZ are plotted as a function of tem-

peratures for different U2/U0 ratios in the MI(ρ = 2) phase. With the increase in thermal

fluctuations, the singlet pairs start breaking and ρSD decreases. This behavior leads to
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Figure 4.8: Global magnetization of cluster 〈F 2
TOT 〉 plotted against T in the MI(ρ = 1)

phase for different U2/U0 ratios.

an increase in Nematic order parameter, local and global magnetization.

We now obtain the finite temperature phase diagram of spin-1 Bose Hubbard model.

For this purpose we keep U0 = 24 and U2 = 0.03U0. The superfluid density ρSF , boson den-

sity ρ and compressibility κ are plotted in Figs. 4.10(a-d) for temperatures T = 0, 0.2, 0.8,

and 1.5 respectively. For the same parameters, singlet density ρSD, Nematic order QZZ ,

local magnetic moment identifier 〈F 2〉, and global magnetic moment identifier 〈F 2
TOT 〉 are

plotted in Figs. 4.11(a-d). We observe the following. At T = 0, the compressibility κ is

non-zero in polar SF phase but zero in MI phases. It has a jump at the SF-MI phase

transition. For small temperatures, for example, T = 0.2, κ is very small in the MI phases

compared to that in polar SF phase. However, the Mott region with a density of ρ = 1
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Figure 4.9: Magnetic moment of a site, singlet density, magnetization of cluster and
Nematic order as a function of T for different U2/U0 ratios in MI(ρ = 2) phase.

is enlarged. The thermal fluctuations break the highly entangled Anti-Ferro magnetic

arrangement of the spins in the cluster in the MI(ρ = 1), whereas no such changes are

seen in the SF and singlet MI(ρ = 2) phases at this temperature. Also, κ shows a notable

jump at polar SF to MI(ρ = 1) transition. For higher temperatures, say T = 0.5 the SF

density in polar SF phase is reduced, and an NBL phase is seen to emerge between the

polar SF and MI(ρ = 1) phases. The thermal fluctuations present here reduces the singlet

density slightly in the MI(ρ = 2) and increases the local and magnetic moment. With

further increase in temperature to T = 1.5, SF density is seen to reduce further, and the

NBL phase emerges at the boundaries of polar SF and MI transition. The singlet pairing

in MI(ρ = 2) is greatly reduced due to the thermal fluctuations.
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Figure 4.10: The superfluid density ρSF , boson density ρ, and compressibility κ plotted
against chemical potential µ for cluster size NC = 2 at temperatures (a) T = 0, (b)
T = 0.2, (c) T = 0.8, and (d) T = 1.5. We keep U0 = 24 and U2/U0 = 0.03. Direction of
arrows indicate scale to follow.
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Figure 4.11: The singlet pair density ρSD, Nematic order parameter QZZ , local magnetic
moment identifier 〈F 2〉, and 〈F 2

TOT 〉 plotted against chemical potential µ for cluster size
NC = 2 at temperatures (a) T = 0, (b) T = 0.2, (c) T = 0.8, and (d) T = 1.5 keeping
U0 = 24 and U2/U0 = 0.03.
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We plot the phase diagram in the µ-T plane for U0 = 24 and U2 = 0.03 U0 in Fig. 4.12.

The MI to NBL transition is a crossover and to mark the MI phase, we have considered

two cases: (i) the points where ρSF = 0 and κ < 0.0001 and (ii) the points where ρSF = 0

and κ < 0.03. We observe that ρ = 1 Mott phase enlarges with temperature due to the

breaking of the antiferromagnetic alignment of the spins in the cluster. No such effect

is seen in the ρ = 2 MI phase because of the singlet formation. There is a transition

from PSF-MI-NBL with temperature when the density is close to unity. It is interesting

to notice that even though small thermal fluctuations are sufficient to break the ground

state of highly entangled ρ = 1 Nematic MI compared to thermally robust ρ = 2 singlet

MI, both Mott phases melt to NBL phase at the same temperature.

Figure 4.12: µ− T phase diagram for U0 = 24 and U2/U0 = 0.03
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4.2.2 Ferromagnetic case

We now move to the ferromagnetic case. The zero temperature phase diagrams

(Figs. 2.8(b) and (d)) show SF, and MI phases are ferromagnetic, and the transition

between them is always continuous. The finite temperature results from CMFT with

NC = 2 are given below, for a typical U0 = 42 and U2/U0 = −0.03 parameters.

Figure 4.13: (a) Variation of SF order parameters (ψ1, ψ0, ψ−1) and boson densities
(ρ1, ρ−1, ρ0) with temperature T for ρ = 1.5. Compressibility κ is also plotted with
its scale given in the right-side axis. (b) The SF density ρSF calculated from single site
(NC = 1) and cluster mean-field theory (NC = 2) against T .

The plot transition from the SF to NBL phase in Fig. 4.13(a). As the temperature

increases, ψ1 = ψ−1 and ψ0 starts decreasing and vanishes in the NBL phase. The

ferromagnetic nature of the SF, ψ1 = ψ−1 and ψ0 =
√
2ψ1, is satisfied for all temperatures.

ρ1 = ρ−1 increases at the expense of a decrease in ρ0 until all three densities become equal

in the NBL phase. Compressibility κ shows a maximum at the Ferro SF to NBL phase

transition. Further, in the Fig. 4.13(b) we compare the SF-NBL transition with cluster
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sizes NC = 1 and NC = 2 keeping density fixed. We find ρSF obtained from CMFT

is smaller than that from the single site MFT. We expect this behavior since CMFT

includes quantum fluctuations neglected by the single site MFT. The CMFT predicts

lower TC (critical temperature for the SF-NBL transition) compared to the single site

mean-field theory.

Figure. 4.14 shows comparison of compressibility κ starting from zero temperature

ρ = 1 and ρ = 2 MI lobes for various temperatures. Increase in κ with temperature

signifies melting of the MI phase to the NBL phase. We find the MI-NBL transition

temperature is independent of the density of the Mott lobe.

Figure 4.14: Compressibility κ is plotted against T for ρ = 1 and ρ = 2 Ferro MI phases.

The finite temperature effect on the magnetic properties inside MI(ρ = 1) phase is

studied in Fig. 4.15. The local magnetic moment 〈F 2〉 does not change much with the

increase in temperature whereas the global magnetization 〈F 2
TOT 〉 is seen to reduce and
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saturate at high temperatures for all values of U2/U0.

Figure 4.15: Global magnetization of the cluster 〈F 2
TOT 〉 plotted against T for MI(ρ = 1)

phase for different U2/U0 ratios. (inset) Local magnetic moment identifier 〈F 2〉 against T
in MI(ρ = 1) phase.

In Fig. 4.16 we plot the superfluid density ρSF , the boson density ρ, and the compress-

ibility κ for different chemical potentials µ for temperatures T = 0, 0.2, 1 and 1.5. We also

plot, for the same parameters, the local magnetic moment and global magnetic moment in

Fig. 4.17. The κ = 0 with ρSF = 0 represents ρ = 1, 2 MI phases. The SF-MI transition

is continuous in the zero temperature. As we increase the temperature, say T = 0.2,

Fig. 4.16(b) shows that SF-MI transition becomes discontinues. The local magnetic mo-

ment remains maximized in MI phases, but we find a reduction in the global magnetic

moment. Also, MI phases have enlarged. When the temperature is increased further to

T = 1 and T = 1.5, SF density reduces, and an envelope of NBL phase form around the

MI phases. Also, the global magnetization reduces with increase in temperature.
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Figure 4.16: Plots of the superfluid densityρSF , boson density ρ and the compressibility
κ versus chemical potential µ at temperatures (a) T = 0, (b) T = 0.2, (c) T = 1 and (d)
T = 1.5. U0 = 42 and U2/U0 = −0.03. Direction of arrows indicate scale to follow.

Figure 4.17: Plots of local magnetic moment identifier 〈F 2〉 and 〈F 2
TOT 〉 versus the chem-

ical potential µ at temperatures (a) T = 0, (b) T = 0.2, (c) T = 1 and (d) T = 1.5.
U0 = 42 and U2/U0 = −0.03. Direction of arrows indicate scale to follow.
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Figure 4.18: µ− T phase diagram for U0 = 42 and U2/U0 = −0.03
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We plot the phase diagram in µ− T plane in Fig. 4.18. Phase boundary for MI-NBL

transition is selected for κ ≤ 0.0001 and κ < 0.005 to mark the MI-NBL crossover. We

also observe ρ = 1 and ρ = 2 MI phases melt to NBL phase at the same rate.

4.3 Conclusion

The finite temperature RPA and Cluster Mean Field formalism are developed here. Using

these methods finite temperature properties of soft-core and spin-1 Bose Hubbard model

are studied in detail. Using RPA equations the sound velocities and the momentum

distribution are calculated for SC-BH model and it shows interesting results. The sound

velocity is seen to decrease smoothly with increase in thermal fluctuations and becomes

zero in NBL phase. Also the peak in momentum distribution in SF phase is seen to

diminish as one goes into NBL phase by increasing the temperature. This gives the

experimental signature of SF o NBL transition.

For Spin-1 BHM at nonzero temperatures, Polar or Ferro nature of SF persists and

PSF-Nematic MI transition becomes strongly first order. Even though very low thermal

fluctuations are sufficient to destroy the density one Nematic phase MI compared to

the robust singlet MI, both MI phases melt to NBL phase at same rates. The MI-

NBL transition is like a crossover and the transition temperature cannot be identified.

Altogether, the MI to NBL transition do not prominently depend on the density or its

magnetic structure. The major affect of the magnetic interactions are reflected while

studying SF to MI transitions at zero and finite temperatures.



Chapter 5

Self-Consitent RPA studies of Hard
Core Bose-Hubbard model

In the previous chapters, RPA was used to obtain the excitation spectra, the density

of states (Chapter 3) and the finite temperature phase diagram of Bose Hubbard model

(Chapter 4). In these calculations, the quantum and the thermal fluctuations were in-

cluded only as a first approximation and did not incorporate it in a self-consistent manner

[44]. In this chapter, we develop a self-consistent RPA. Many numerical and analytical

methods have been used to study the phase diagram of the BH model. However, there

are very few methods that quantitatively well describe the SF to NBL phase transition at

finite temperatures [42,77–80] and most of these methods rely upon the heavy numerical

calculations. Unfortunately, the quantitative analytical theory for studying the SF-NBL

transition that could well compare with the experimental data is lacking. In this chapter,

the self-consistent RPA (SC-RPA) method is employed to investigate the ground state

and finite temperature properties of the 3D HC-BH model. We compare the results ob-

tained with SC-RPA with that from CMFT. The SC-RPA formalism demonstrated here

can be easily generalized to the previously discussed BH models.

114
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We arrange this chapter in the following manner. We described the SC-RPA for the

HC-BH model in the next section and followed by the CMFT formalism. Results and

conclusions are given in Section 5.3 and Section 5.4 respectively.

5.1 Self-Consitent RPA formalism

We write the Bose-Hubbard model

H =
∑

k

HMF
k − 1

z

∑

〈k,l〉
(δâ†iδâj + δâiδâ

†
j) (5.1)

where the first term represents the mean-field Hamiltonian and is equal to, for example,

for hard-core Bose Hubbard model

HMF
k = −(â†k + âk)ψ − µn̂k + ψ2. (5.2)

Here z is the coordination number ψ is superfluid order parameter. We set the energy scale

by taking zJ = 1. The second term in the Eq. (5.1) represents the quantum fluctuation

part neglected in the mean-field theory. Here δâk = âk − ψ.

Diagonalizing the mean-filed Hamiltonian

HMF
k | k, α〉 = Eα | k, α〉 (5.3)

we get eigen energies Eα and the eigenvectors |k, α〉. We then re-write the Bose-Hubbard

model (5.1) in terms of standard basis operators (SBO) Lkα,α′ =| k, α〉〈k, α′ |.

H =
∑

k,α

EαL
k
αα −

1

2

∑

<k,l>

∑

αα′,ββ′

T klαα′,ββ′Lkαα′Llββ′ (5.4)
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where

T klαα′,ββ′ =
1

z
(〈k, α|δâ†k|k, α′〉〈l, β|δâl|l, β′〉+ 〈k, α|δâk|k, α′〉〈l, β|δâ†l |l, β′〉). (5.5)

The equation of motion for the Green’s function (Eqs. 3.14 and 3.15 )

Gkl
αα′,ββ′(t, t′) = 〈〈Lkαα′ |Llββ′〉〉 = −iθ(t− t′)〈[Lkαα′(t);Llββ′(t′)]〉, (5.6)

is solved within RPA to obtain (see Chapter 3 for details)

Gαα′,ββ′(q, ω) =
∑

r

Ar(q)

ω − ωr(q)
(5.7)

where summation r runs over all excitations. Fourier transforming the Green’s function

back to the real space and making use of the relation

〈Lkββ′(t)Llαα′(t′)〉 =
∫ ∞

−∞

dω

i

[

〈〈Llαα′ |Lkββ′〉〉ω−i0 − 〈〈Llαα′ |Lkββ′〉〉ω+i0
]

f(ω)e−iω(t−t
′) (5.8)

we get equal time correlation function associated with Gα,α′,β,β′ and is given by

〈Lkββ′Llαα′〉 = N−1
∑

r,q

Ar(q)f(ωr(q))e
iq.(Rl−Rk), (5.9)

where

f(ωr(q)) =
1

eωr(q)/T − 1

is the Bose distribution function. This correlation function represents the probability that

the l−th site makes a transition from |α′〉 to |α〉 state provided that k−th site makes a

transition from |β′〉 to |β〉 state. The occupational probabilities of the mean-field states

| k, β〉 is obtained from the single site correlation function 〈LkβαLkαβ〉 = 〈Lkββ〉 = Pβ. Using
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Eq. 5.9 we have

Pα = N−1
∑

r,q

Ar(q)f(ωr(q)). (5.10)

with
∑

α Pα = 1. It should be noted that the right hand side of the above equation

depends on Pα and it should be solved self-consistently. In addition to this equation we

also have a self-consistent equations for ψ namely

ψ =
∑

α

Pα〈α | â | α〉. (5.11)

For the sack of completeness, we describe the difference between finite temperature

mean-field theory and self-consistent RPA. In the finite temperature mean-field theory,

the excitation energies are given by ωα = Eα − E0 and Aα = 1 which leads to

Pα = f(ωα)

. Using the relation
∑

α Pα = 1 we re-write

Pα =
1

Z e
−Eα

T

where the partition function

Z =
∑

α

e−
Eα
T .

In the case of self-consistent RPA, gapless and gapped excitations are considered for

the calculation of the occupation probabilities. We demonstrate SC-RPA in the case of

hardcore Bose Hubbard model(HC-BH) below.

The hardcore BH model has only two mean-field levels denoted by | 0〉 | 1〉. The
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Green’s function G1001 is given by

G1001(q, E) =
A1(q)

E − ω1(q)
+

A2(q)

E − ω2(q)
(5.12)

where

A1(q) =
P10(ǫqP01T̃0110 − E0 + E1 − ω)

2ω
(5.13)

A2(q) =
P10(ǫqP01T̃0110 − E0 + E1 + ω)

2ω
(5.14)

and ω1(q) = −ω2(q) = ω(q) =
√

(ǫqP01T̃0110 − E0 + E1)2 + ǫ2qP
2
01T̃0101. Here P01 = P0 −

P1. The occupational probability P0 is

P0 =
1

(2π)3

∫ π

−π

∫ π

−π

∫ π

−π
(A1f(ω(q)) + A2f(−ω(q)))dq3 (5.15)

where f(ω(q)) = (eω(q)/T−1)−1 is the Bose function with T as temperature and Boltzmann

constant set to kB = 1. Here Eq. 5.15 is solved self consistently with the condition

P1 = 1 − P0. Superfluid order parameter is given by ψ =
∑

α Pα〈α|â|α〉. Using this

new ψ, whole procedure is repeated for self consistency in ψ; i.e we obtain self consistent

solution for Pα and then for ψ. Superfluid density and boson density are calculated using

the relation ρSF = |ψ|2 and ρ =
∑

α Pα〈α|n̂|α〉 respectively.

5.2 Cluster Mean Field Theory

In this section, we compare results obtained from SC-RPA with single site MFT and the

CMFT for the HC-BH model. We first briefly describe the finite temperature CMFT

below.
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The whole lattice is partitioned into clusters with NC = 8 number of sites. Every

cluster is decoupled from others using standard mean-field approximation, i.e., by ap-

proximating

a†kal + aka
†
l ≃ a†kψl + akψl − ψlψk (5.16)

where k is the site belonging to the edge of the cluster under consideration and l to the

nearest cluster. ψk is the SF order parameter of site k. We treat the hopping term inside

the cluster precisely. The resultant Hamiltonian is given by

HCluster = −J
NC
∑

<k,l>

(a†kal + aka
†
l )

−J
NC
∑

k

′

∑

l

(a†kψl + akψl − ψkψl)

−µ
NC
∑

k

nk. (5.17)

The first term in the above equation represents hopping of bosons within the cluster,

whereas in second term
∑′

l, runs over all sites which are the nearest neighbor to k

and belonging to neighboring clusters. We set the energy scale at zJ = 1. We solve

HCluster in the following steps. First Hamiltonian matrix is constructed in the Fock’s ba-

sis |N1, N2, ..., NC〉 assuming initial guess for ψ. Here |Ni〉 ≡ 0, 1 and site index is dropped

in the superfluid order parameter due to the homogeneity of the lattice. Diagonalizing

this matrix, we obtain eigenvalues Eα and eigenvectors |α〉 ≡
∑NC

N1,N2,...,NC
CN1,N2,...,NC

.

The partition function of the cluster is Z =
∑

α e
−Eα/T . Superfluid order parameter is

given by ψ =
∑

α
e−Eα/T 〈α|a|α〉

Z
which is solved self consistently. Further we calculate SF
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density ρSF = |ψ|2 and boson density ρ = ∑

α
e−Eα/T 〈α|n|α〉

Z
. We present below the results

obtained from single site MFT, CMFT and SC-RPA.

5.3 Results

We first present the results for the superfluid density ρSF in the limit T −→ 0 in Fig. 5.1.

Inset of the same figure shows boson density ρ for the same parameters. We observe that

ρ remain the same in all three calculations and the superfluid density shows a maximum

at µ = 0 where the density ρ = 1/2. The superfluid obtained by the SC-RPA is the lowest

for any µ, while MFT gives the highest value. For example, we obtain ρSF = 0.25, 0.241,

and 0.229 respectively using MFT, CMFT and SC-RPA for µ = 0. These results show

SC-RPA captures quantum fluctuations better than CMFT.

Figure 5.1: SF density ρSF calculated by using MFT(Black curve), CMFT(Red) and SC-
RPA(Blue) are plotted against chemical potential µ at T=0 . (Inset) Boson density ρ
is plotted against chemical potential µ with same color coding. All three methods give
almost same ρ.
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In Fig. 5.2 we plot, at a fixed density ρ = 0.5, the evolution of ρSF with temperature

T . For all temperatures, SC-RPA captures both quantum and thermal fluctuations better

(reflected in the reduction of ρSF ) than CMFT and MFT. As T increases ρSF decreases

and vanishes, yielding a transition from SF to Normal Bose Liquid(NBL). For ρ = 0.5,

the critical temperature TC for SF-NBL transition is, respectively, equal to 0.425, 0.45

and 0.51 from SC-RPA, CMFT and MFT.

Figure 5.2: SF density ρSF from MFT (Black curve), CMFT (Red) and SC-RPA (Blue)
for various T .

The phase diagram for HC-BHM is plotted in Fig. 5.3. The overall phase diagram

shows that critical temperatures for SF-NBL transition, as predicted by SC-RPA, are

significantly lesser compared to CMFT and MFT results.
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Figure 5.3: Critical temperatures for SF to NBL transition predicted from MFT (Black),
CMFT (Red) and SC-RPA (Blue) calculations for different boson densities ρ.

5.4 Conclusion

We have developed a self-consistent RPA to study zero and the finite temperature phase

diagram of hard-core Bose Hubbard model and we applied this method to obtain its finite

temperature phase diagram. We compared our results with that obtained using CMFT

and single site MFT to demonstrate the effectiveness of SC-RPA to include quantum and

thermal fluctuations. The calculated superfluid density from SC-RPA is smaller than

that obtained from CMFT and single site MFT because SC-RPA incorporates gapless

excitations, unlike the other two methods. These results yield valuable insights and a

starting point for extending this SC-RPA method for soft-core and other Bose Hubbard

models.



Chapter 6

Summary and Outlook

6.1 Summary

Advancements in the experimental methods to cool atoms to ultra-low temperatures and

trap them in optical lattices have provided a useful platform to test the underlying theories

and study the complex yet equally beautiful quantum many-body problems. The Bose-

Hubbard model best describes the ultracold bosonic atoms in an optical lattice. This

model is not exactly solvable, and many approximations for analytical and numerical

methods have been used to investigate this model, and the results are in good agreement

with the experiments. In this thesis, two theories, namely, Cluster Mean Field Theory

and Random Phase Approximation, are used to study various BH models.

Cluster Mean Field Theory is an elegant numerical method which lays between single-

site mean-field theory and numerically intensive QMC and DMRG techniques. The sim-

plicity of this method is demonstrated here by applying it to the Spin-1 Bose Hubbard

model to obtain the phase diagram for zero as well as at finite temperatures. The CMFT

calculations preserve some of the neglected quantum fluctuations compared to a single

site (NC = 1) mean-field theory and can address the magnetic phases arising in the SF as
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well as MI phases of this model. In particular, magnetic properties are studied here by

calculating parameters like the local magnetic moment, global magnetic moment, singlet

pair density, and Nematic order. Further, CMFT calculations permit us to obtain the sig-

natures of quantum entanglement at zero temperature in various phases of this model. For

this, we calculate the second-order Rényi’s Entanglement Entropy. When spin-dependent

interaction is Anti-Ferromagnetic, the superfluid phase has a polar nature. Density one MI

phase is Nematic, and density two MI is Nematic or singlet depending upon the strength

of spin-dependent interactions. The phase transition between PSF and Nematic MI was

known to be a continuous transition from single-site mean-field theory. However, we find,

in CMFT, this transition is weakly first-order. PSF to singlet MI transition is always dis-

continuous. Calculated Rényi’s EE shows that Nematic MI is a highly entangled quantum

state of matter compared to all other phases of this model. When the spin-dependent

interaction is Ferromagnetic, the SF and MI phases are Ferromagnetic with a continuous

transition between them. Critical on-site spin-independent interaction for superfluid to

Mott insulator transition decreases with an increase in cluster size. These calculations are

numerically less intense than Monte Carlo simulation, but results are qualitatively same.

Recently Rényi Entanglement Entropy has been experimentally measured to characterize

SF-MI transitions in case spinless bosons. We hope our study will motivate to extend

these measurements on Spin-1 Bose-Hubbard model.

Further, we study the excitation spectra, its spectral weight, and density of states

of the hard-core, softcore, and two species Bose Hubbard models. To do this, the BH
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models are solved using single site decoupled mean field theory in three dimensions. Em-

ploying Standard Basis Operators(SBO) built over these mean-field states, we calculate

the single particle retarded Green’s functions within the Random Phase Approximation

(RPA). It is dependent on the mean-field states and their occupational probabilities. At

zero temperature, the occupational probability of the lowest energy mean-field state (the

ground state) is one and rest are zero. The poles of Green’s function give the branches of

hole and particle excitations, and we obtain the spectral weights corresponding to these

excitations using Schur factorization. We then calculate the sound velocity, and density of

states (DOS) of the system to study the ground state properties of these models. Calcu-

lated spectral weights give a transparent description of the contribution of each excitation

to the DOS. For the hard-Core BH model, we calculate the excitations and its spectral

weights analytically. However, for the softcore and the two species BH models, it is done

numerically. Some of the results obtained are as follows.

For the hard-core BH model, the density is restricted to be between 0 and 1, and the

ground state is always superfluid. It has a gapless particle and hole excitations whose

spectral weights depends on the density. For the softcore BH model, the superfluid phase

consists of a gapless and gapped particle and hole excitations. The excitations in the MI

phase has a gap, and the total energy gap between the lowest particle and hole excitation

corresponds to the Mott gap. We calculate the momentum distribution of the softcore

BH model. As the system goes from the superfluid to Mott insulator, the characteristic

peak at zero momentum diminishes, and the behavior is qualitatively in agreement with
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experiments.

In the two species BH model, due to the interspecies interactions, the Mott gap is

seen to be lower than the gap obtained from the phase diagram when both species are

repelling each other. However, when inter-species interactions are attractive, the Mott

gap increases. This study explores the dependence of the excitation spectra on model pa-

rameters in far greater detail than earlier studies. Excitation spectra have been measured

experimentally by Bragg-spectroscopy [81–87] and lattice-amplitude-modulation [88–90]

methods; and these measurements have been used to characterize SF and MI phases and

the transition between them. We hope this work will lead to experimental measurements

of the spectra of elementary excitations in the different phases in the physical realizations

of the 2BH model discussed above. Excitation spectra can also be measured by Quantum

Monte Carlo (QMC) simulation as shown for the simple BH model in Ref. [38] and a

continuation model in Ref. [91]. We hope our study will lead to QMC studies of the

excitation spectra for the case of 2BH model.

After obtaining the phase diagram and understanding the ground state properties of

spinless and spin-1 BH models, we extend our study to finite temperature properties of

these models. For doing this, free energy is obtained from the mean-field states and is

minimized self consistently. RPA and CMFT calculations are done using these mean-field

states and their occupational probabilities. As the temperature increases, SF and MI

phases melt to the NBL phase. The temperature at which the superfluid density vanishes

gives us the critical temperatures for SF-NBL transition. The incompressible MI phase
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makes a crossover to a compressible NBL with the increase in temperature.

For the Spin-1 Bose Hubbard model at finite temperatures, the polar nature of the

superfluid phase persists and the PSF-Nematic MI transition becomes strongly first order

when the spin-dependent interaction is anti-ferromagnetic. Further, as the temperature

increases PSF, Nematic/singlet MI melt to a normal Bose liquid (NBL) phase. Sin-

glet/Nematic MI-NBL transition is more like a crossover. However, the Nematic and

Singlet Mott insulators are seen melt to NBL at the same rates. For the Ferromagnetic

spin-dependent interactions, Ferro SF to Ferro MI transition becomes first order at finite

temperatures. In this case, also Ferro density one and two Mott insulators are found to

melt to NBL at the same rates.

We finally formulate a self-consistent RPA method (SC-RPA). In this method, the

occupational probabilities of mean-field states are obtained self-consistently for zero and

finite temperatures. From these probabilities, we calculate parameters like SF density

and Boson density for the 3D Hard-Core BH model. The results obtained are compared

with the CMFT calculations and also with earlier mean-field results for this model. This

comparison shows that the calculated SF density is lowest for SC-RPA, which infers that

SC-RPA can capture the quantum as well as thermal fluctuations significantly better

compared to CMFT.
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6.2 Outlook

We can extend our calculation in two directions. The SC-RPA formalism developed based

on the single site mean-field theory can be extended to softcore and other BH models to

understand and compare the zero and finite temperature phase diagrams. It is known that

the mean-field theory overestimates superfluidity. As we saw in the hard-core result, the

superfluid density is reduced in the SC-RPA formalism due to the inclusion of quantum

fluctuations, which are neglected in the single site mean-field theory. We expect SC-RPA

for softcore and other BH models would predict a better phase diagram with smaller

critical interaction for the SF to MI transition than predicted by the mean-field theories.

We also demonstrated that CMFT improves the phase diagram and also allowed us

to study magnetism and superfluidity together. Increasing the cluster size may not be

the ideal way forward due to the exponential increase in the dimension of the Hilbert

space, we can incorporate the RPA formalism using the cluster mean-field state instead of

single-site mean-field states. This formalism will not only improve the phase diagram of

the Bose Hubbard models but allow to understand the excitation spectra in all superfluid

and magnetic phases.



Chapter 7

Appendix

7.1 Mean-field states of Hard-Core BH model

Hamiltonian for the hard-core bosons is given in Eq. 3.5. The Hamiltonian matrix in the

basis of zero and one boson Fock’s states |0̃〉 and |1̃〉 is given by

HMF
HC,k =

(

ψ2 −ψ
−ψ ψ2 − µ

)

. (7.1)

Diagonalizing this matrix we obtain Eigen values

E0 =
−µ−

√

µ2 + 4ψ2

2
+ ψ2 (7.2)

E1 =
−µ+

√

µ2 + 4ψ2

2
+ ψ2 (7.3)

and corresponding Eigen vectors |0〉 = C0|0̃〉+ C1|1̃〉 and |1〉 = C2|0̃〉+ C3|1̃〉, where

(

C0 C1

C2 C3

)

=





ψ√
(ψ2−E0)2+ψ2

ψ2−E0√
(ψ2−E0)2+ψ2

ψ√
(ψ2−E1)2+ψ2

ψ2−E1√
(ψ2−E1)2+ψ2



 . (7.4)

7.2 Numerical method for DOS calculation

To calculate DOS numerically we have to calculate an integral of the form

∫

q=qx,qy ,qz

(

A(q)

B(q)

)

dq which is nearly singular function over qx, qy and qz. We follow the
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method developed by George C. John, J.E. Hasbun and Vijay A. Singh in Ref. [92] to

calculate the integration.to is used. We explain the method here. The integral to be

evaluated is

I =

∫ l

k

A(y)

B(y)
dy (7.5)

where B(y) ≈ 0 for one or more y ǫ [k, l]. [k, l] is divided into M panels with width of

each panel is h. Therefor the integral of nth panel is

In =

∫ k+(n+1)h

k+nh

A(y)

B(y)
dy

and the total value of integral is

I =
M−1
∑

n=0

In

To evaluate In it is written in terms of a new variable x such that x = y−k−nh
h

and In is

given as

In ≈ Sn ≡ h

∫ 1

0

cx+ d

ax+ b
dx (7.6)

In order to get integrand as in above equation, A(y) and B(y) are expanded individually

upto first order. The coefficients are a = Bn+1−Bn; b = Bn and C = An+1−An; d = An.

Where An = A(p + nh). Denominator can also be written as ax + b = a(x − x1) with

x1 = − b
a
. Therefor Sn can be analytically evaluated as follows Sn = dhT1 + chT2, with

T1 =
1

a

∫ 1

0

dx

x− x1
=
1

a
ln|1− 1

x1
|, (7.7)
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and

T2 =
1

a

∫ 1

0

xdx

x− x1
=
1

a
[1 + ax1T1]. (7.8)

The integration over a panel is done using above equations. For some panels the denom-

inator nearly equals zero. This happens when a ≃ 0 in interval under consideration. To

avoid this definition of x1 = − b
a
is used and T1 is expanded by Taylor’s expansion which

gives

T1 ≈
1

b
− a

2b2
+

a2

2b3
− · · · (7.9)

and

T2 ≈
1

2b
− a

3b2
+

a2

4b3
− · · · (7.10)

Using this technique nearly singular integrals can be evaluated. The integrals over qz and

qy are evaluated using Simpson’s one third rule and integration over qx is evaluated using

above mentioned technique.

7.3 Numerical method for obtaining Gαα′,ββ′(q, ω)

Expression for Gαα′,ββ′(q, ω) given in Eq.(3.20) and Eq.(4.4) is a coupled equation of

2(N − 1) Green’s functions at zero temperature and N(N − 1) Green’s functions at

nonzero temperatures, where N is the dimension spanned by Hilbert space of Eigenstates

of the BH model. To calculate the Green’s function we first write it in matrix form

(ωI − A)G = P (7.11)
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here A is a square matrix of dimensions 2(N − 1) × 2(N − 1), G and P are column

matrices containing, respectively, Green’s functions Gαα′, ββ′(q, ω) and difference in the

occupational probabilities Pα − Pα′ . Diagonalizing A will give us the different branches

of excitation spectra; but our interest is to obtain not only the excitation spectra but the

the corresponding spectral weights to identify which excitation are important. To do this,

matrix A is Schur Factorized i.e written as

A = QTQ−1

where T is the upper triangular matrix and Q is an Unitary matrix. With this Eq.(7.11)

become

Q (ωI − T )Q−1G = (P ) (7.12)

and

G = Q (ωI − T )−1Q−1P (7.13)

We factorize this equation to obtain Gαα′ββ′ and is given by

Gαα′,ββ′(q, ω) =
∑

r

A′r(q)

ω − ωr(q)
(7.14)
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