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2 

I.1 Selective and brief history behind the development of Schrödinger’s 

Wave Equation 

 

The nature of light: whether „light is a particle or a wave‟, puzzled scientists 

for quite some time in human history. Sir Isacc Newton (1643–1727) from his 

experiments concluded that light was made up of tiny particles. Based on this concept, 

he stated that the „bending of light‟ phenomenon occurring when light travels from air 

to glass is the consequence of attraction between light particles and glass molecules [1]. 

This led to the derivation of the so-called Snell‟s Law, familiar to everyone since high 

school days. With respect to the extent of bending observed for different colours 

Newton stated that violet light particles possessed more mass – leading to greater 

attraction/more bending compared to red light. About a 100 years later, Thomas Young 

(1773–1829) in 1802 proved that light was made up of waves [2].  

James Clerk Maxwell in the 1860s while working with electric (E) and 

magnetic (B) fields, concluded that E and B travel in the form of waves [3] (The 

mathematical equations for E and B derived by Maxwell out of which only the former is 

presented in Eq. (I.1), corresponds to a wave equation. This can be well understood by 

confining E to a single dimension – say along the x direction. Eq. (I.1) therefore 

simplifies to Eq. (I.2), which is analogous to an equation (Eq. (I.3)) of a wave ψ(x, t) 

travelling in the same direction with speed ν). In fact both E and B are perpendicular to 

the propagation direction of the wave. 

                                                      ∇2E      =    μ
0
ε0  

∂
2
E

∂t2
                                                            (I.1) 

                                                     
∂2E

∂x2
      =    μ

0
ε0  

∂2E

∂t2
                                                            (I.2) 
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∂2ψ(x, t)

∂x2
    =    

1

ν2
 
∂2ψ(x, t)

∂t2
                                                 (I.3) 

The symbol ∇2  is called the Laplacian operator, defined as 

∇2 = 
∂

2

∂x
2 +

∂
2

∂y
2 +

∂
2

∂z
2  while μ

0
 (permeability of free space) and ε0  (permittivity of free 

space) are constants with values 4π ×  10
-7

 Js
2
C

-2
m

-1 
and 8.854 ×  10

-12
C

2
N

-1
m

-2
 

respectively. These waves were found to travel at ν = 2.998 × 10
8
 ms

-1
 (value obtained 

by equating 1/ν
2
 to μ

0
ε0) which is the speed of light (c), leading to the conclusion that 

light is an electromagnetic wave. Thus all electromagnetic waves travelling at speed c 

are associated with a wavelength λ and frequency υ such that: λυ = c. 

In the 1890s, physicists were quite interested in understanding the spectrum 

of black body radiation (plot of intensity I versus wavelength, illustrated in Figure I.1). 

 
Figure I.1. Spectrum of blackbody radiation observed at various temperatures. 

The maximum intensity of light emitted by the blackbody (example: heated 

metal) was found to increase at higher temperatures, accompanied by decrease in 

wavelength. The mathematical models proposed by physicists viz. Wein [4]: 
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I  = 
2hc2

λ
5  exp(-hc/λkBT)  and Baron J. W. S. Rayleigh [5]:  I  = 

2c

λ
4  kBT (where h is some 

constant defined in the upcoming section, kB and T being the Boltzman‟s constant and 

temperature in Kelvin) could replicate the spectrum at shorter/longer wavelengths but 

could not account for the decrease in intensity at very short wavelengths. 

German physicist Max Planck (1858–1947) in 1900 accounted for the 

observed shape of the blackbody radiation spectrum by proposing that the energy of 

electromagnetic waves is „quantized‟ (though this concept seemed to be quite bizarre at 

that time) i.e. energy of emitted radiation due to oscillations of electrons in the 

blackbody must be proportional to integral multiples of frequency via. relation: E = nhυ 

where n is a integer number and h is the Planck‟s constant (6.634 × 10
-34

 Js). The 

spectral curves (in Figure I.1) showing maximum at different temperatures were found 

to obey the mathematical relation: 𝐼 =  
2hc2

λ
5   

1

exp 
hc

λkBT
  -1

  from which Planck obtained 

the value of h [6-7].  

About 5 years later, Albert Einstein (1879–1955) explained the photoelectric 

effect (ejection of electrons from metal surface on exposure to light) using the idea of 

quantization of energy [8]. He stated that light composed of particle-like entities called 

photons, whose energy was related to the frequency via. relation: E = hυ (and not 

multiple integrals of the same as proposed by Planck). Such energy when absorbed by 

an electron in metal, part of the energy would be utilized to overcome the forces 

responsible for its binding to the metal while the rest would appear as the kinetic energy 

of ejected electron. Thus the increase in frequency of light would increase the kinetic 

energy of emitted electrons. Einstein also stated that photons (behaving like waves and 

particles) possessed no mass but momentum (p) which is related to wavelength via. 
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equation: h/λ = p. This was confirmed from the experiment performed by Arthur H. 

Compton (1892–1962) around 1921 wherein the incident photon when directed towards 

an free electron led to increase in momentum of the electron [9] (such outcome was 

possible if light itself had momentum).  

Louis de Broglie (1892–1987) in 1923 suggested that electrons like light 

possessed momentum and wavelength [10]. The Two American physicists, Clinton 

Davisson (1881–1958) and Lester Germer (1896–1971) experimentally confirmed de 

Broglie‟s hypothesis by reflecting electrons from a metal like nickel and observing 

diffraction effects [11]. German physicist Claus Jӧnsoon in 1961 performed the double-

slit experiment with electrons and observed results similar to light which also confirmed 

the wave behaviour of electrons [12]. 

Danish physicist Neils Bohr (1885–1962) in 1913 used the concept of 

quantization of energy to explain the spectrum of hydrogen atom (which consisted of 

violet, blue, green and red lines) [13]. The observed colours were the result of emission 

of light by the electron as it moved from a higher energy level to a lower one, such that 

the difference of energy between the two levels (∆E) corresponded to the frequency of 

emitted radiation i.e. ∆E = hυ. This led to the conclusion that the energy levels in the 

atom must therefore be quantized. Being intrigued by de Broglie‟s ideas, Austrian 

physicist Erwin Schrödinger (1887–1961) decided to find the equation [14] for electrons 

which is briefly described in the upcoming section. 

Beginning with the equation of electric field (Eq. (I.4) which is Eq. (I.2) 

where μ
0
ε0 is replaced with 1/c

2
), the solution found to satisfy the same is of the form: 

e
2πi

λ
(x - ct)

 where i is  −1. One can easily verify this by replacing E with this function and 

checking the math.  
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∂

2
E

∂x2
   =    

1

c2
 

∂
2
E

∂t
2

                                   (1.4) 

Schrödinger stated that the solution chosen must not only satisfy the wave 

equation i.e. Eq. (I.4) but also the particle equation: E = pc. The above mentioned 

solution is found to satisfy both equations as demonstrated in APPENDIX, section A1. 

Relating to electrons, the solution Ψ (x, t) to the corresponding wave 

equation (which at this point is unknown) is suppose have the form: 𝑒
2πi

λ
(x − ct)

. The 

expression for E is known: it is the sum of kinetic energy (KE) and potential energy (V) 

of the system under consideration. In terms of mass (m) of the particle (in general) 

travelling at speed v, the KE (given by ½mv
2
) is written in terms of momentum to 

generate Eq. (I.5), which on multiplying with Ψ(x, t) on both sides results in Eq. (I.6). 

Its mathematical transformation to the final time-dependent Schrödinger equation     

(Eq. (I.7)) for one-particle, one-dimensional system is presented in APPENDIX, section 

A2.  

                                                                             E    =  
p2

2m
    +  V                                    (I.5) 

                                       E Ψ(x, t)   =   
p2

2m
Ψ(𝑥, 𝑡)   +  V Ψ(x, t)                                   (I.6) 

              −
ℏ

𝑖
 

∂Ψ(𝑥, 𝑡)

∂t
   =    −

ℏ2

2m
 

∂
2
Ψ(𝑥, 𝑡)

∂x
2

  +   V Ψ(𝑥, 𝑡)                                    (I.7) 

Taking the wave equation and the corresponding solution of light as a guide, 

it was possible to obtain the equation for the electron. The task now remains to solve the 

above equation keeping in mind certain aspects: the wave function (WF) Ψ along with 

its first and second derivatives are expected to be finite, the quantity  Ψ 2 known as the 
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probability density [15] also needs to be single valued and approach to zero at larger 

distances away from the atom. 

 

I.2 Time-Independent Schrödinger Equation 

The conversion of (one-dimensional) time-dependent Schrödinger equation 

(Eq. (I.7)) to a more „easy-to-handle‟ form involves first by restricting V as a function of 

variable x, followed by writing Ψ(x, t) as a product of two functions: ψ(x) and f(t) 

wherein the former and latter are dependent on x and t respectively. After performing a 

series of mathematical steps (described in APPENDIX, section A3), one can write the 

time-independent Schrödinger Equation as Eq. (I.8). 

                                −
ℏ2

2m
 

d
2

dx
2

  +   V(x)  ψ(x)   =   E ψ(x)                                        (I.8) 

The entity in square bracket in Eq. (I.8) is the Hamiltonian operator 

designated as H . With this substitution the time-independent Schrödinger equation 

becomes an eigenvalue problem (Eq. (I.9)). Such equation is called as eigenvalue 

equation where ψ(x) is the eigenfunction of H  with eigenvalue E. 

                                                                         H  ψ(x)  =  E ψ(x)                                        (I.9) 

I.3 Solutions to the time-independent Schrödinger Equation 

I.3.1 Hydrogen-like atom 

This section briefly addresses the solution to the Schrödinger equation for 

the hydrogen-like atom (Eq. (I.10); r is the distance separating the nucleus and electron; 

me, e and Z being the mass of electron, charge of electron and nuclear charge of 

hydrogen-like atom which not only accounts for the observed spectral lines but further 
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supports the concept of „quantization of energy levels‟ proposed by earlier quantum 

chemists. 

                                              −
ℏ2

2me

∇2  −
Ze2

4πε0r
  ψ =  E ψ                                            (I.10) 

The idea to write ψ(x, y, z) as a product of 3 independent functions: P(x), 

Q(y) and S(z) is impossible due to the second term of Eq. (I.10). Changing from 

Cartesian to spherical polar coordinates {r, θ, ϕ} transforms the above equation to Eq. 

(I.11) [wherein the term in square bracket represents ∇2 - written in terms of spherical 

polar coordinates], making it separable into two functions: one depending on r {R(r)} 

and the other on (θ, ϕ) {Y(θ, ϕ)} viz. Eq. (I.12). 

 −
ℏ2

2me

 
1

r2

𝜕

𝜕𝑟
 r2

∂

∂r
  + 

1

r2 sin θ

∂

∂θ
 sin θ

∂

∂θ
  +  

1

r2sin
2
θ
 

𝜕2

𝜕ϕ
2   

−
Ze2

4πε0r
     ψ r, θ, ϕ    =   E ψ r, θ, ϕ                                                     (I.11) 

 

 −
ℏ2

2meR r 
 

∂

∂r
 r2

∂R r 

∂r
  −

Ze2r

4πε0

 − E r2     +    

          −
ℏ2

2meY θ, ϕ 
  

1

sin θ

∂

∂θ
 sin θ

∂Y θ, ϕ 

∂θ
   + 

1

sin
2
θ
 

∂
2
Y θ, ϕ 

∂ϕ
2

     =  0           (I.12) 

The exact solution to the separable equations with respect to R(r) and      

Y(θ, ϕ) are the set of functions known as the associated Laguerre polynomials for the 

radial equation (first term of Eq. (I.12)) and the spherical harmonics for the angular 

equation (second term of Eq. (I.12)), described in several quantum chemistry text books 

[16-17]. 
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The energy expression for the hydrogen atom: En = (-13.6)/n
2
 in electron 

volt where „n‟ is the principle quantum number, is able to explain the corresponding 

spectrum (which are a result of electronic transitions from n = 6, 5, 4 and 3 levels to n = 

2, observed in the visible region). 

It is worth mentioning that the solution to the radial equation is governed by 

two quantum numbers n and l (azimuthal quantum number) such that n takes integer 

values from 1, 2, ... etc. while l takes values from 0, 1, 2, ... upto n-1 only. The solution 

to the angular equation (second term of Eq. (I.12)) gives rise to quantum numbers l and 

m (magnetic quantum number) such that m takes values of 0, ±1, ..., upto ±l.  

 

I.3.2 Many-particle systems 

The WF ψ for a system consisting several (N number of) nuclei and (M 

number of) electrons is represented as ψ(r; R), where r and R denote the Cartesian co-

ordinates of electrons and nuclei respectively. Electrons are also associated with the 

spin co-ordinate – introduced and discussed at a later stage in this chapter. The time-

independent Schrödinger equation to be solved (i.e. Eq. (I.13)) contains two unknowns: 

ψ and E while the expression of the Hamiltonian operator (entity in square bracket 

whose terms are explained in APPENDIX, section A4) is known. 

 
 
 
 
 

−  
ℏ2

2
 

∇A
2

mA

N

A

  −  
ℏ2

2me

 ∇i
2 

M

i=1

 +  
e2

4πε0

  
ZAZB

RAB

A

B
B≠A

N

A

  +  
e2

4πε0

  
1

rij

i

j=1

j≠i

M

i=1

 

−  
e2

4πε0

  
ZA

rAi

M

i

N

A

  ψ(r; R)   =  E  ψ(r; R)                                              (I.13) 
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Since the movement of electrons is much faster than the nuclei, it is safe to 

assume that the latter are stationary, in which case the first term in Eq. (I.13) vanishes. 

This is known as the Born-Oppenheimer approximation [18]. The third term being a 

constant (as a result of invoking the Bohn-Oppenheimer approximation) does not affect 

the WF but only shifts the energy by that much amount, and therefore, can be 

incorporated at a later stage.  

Various constants of different units are found to be present in the 

Hamiltonian operator: ℏ (like h) has the unit of „Joules seconds‟; mA and me are in 

kilograms; the electronic charge e is in „Coulombs‟ etc. A convenient way to ensure 

uniformity involves working with atomic units where all these quantities are set to 

unity, giving the Bohr radius a0 as 1 (0.529 Å) and energy as 1 Hartree (4.3597 × 10
-17

 

J). These implementations leads one to solve the electronic Schrödinger equation      

(Eq. (I.14)) where the electronic Hamiltonian operator 𝐻 e (square bracket) operating on 

ψ(r; R) (now written as ψe(r) as the position of nuclei are fixed parameters and not 

variables) gives the corresponding electronic energy Ee and the WF back. [All 

expressions throughout this thesis are expressed in terms of atomic units.] Though the 

complexity of Eq. (I.13) seems to be reduced by Eq. (I.14), solving the latter is still 

complicated. 

                   

 
 
 
 
 

−
1

2
 ∇i

2 

M

i=1

 −    
ZA

rAi

M

i=1

N

A=1

   +    
1

rij

i

j=1

j≠i

M

i=1

  

 
 
 
 
 

 ψ
𝑒
(r)   =   𝐸𝑒  ψ

𝑒
(r)             (I.14) 

Hartree Product and Hartree approximation 

Neglecting the inter-electronic repulsion term (which unfortunately is a very 

drastic approximation) results in 𝐻 e being dependent on the individual kinetic energy 
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and nuclear attraction terms of each electron (represented in terms of one-electron 

operator h i viz. Eq. (I.15) where h i equals  –  ∇i
2/2 −  (ZA/rAi)A .  

                                                            ℎ i

M

i

 ψ
e
(r)   =   𝐸e ψ

e
(r)                                          (I.15) 

The WF thus becomes a product of individual functions (or orbitals) ϕ
i
(ri) 

i.e. Eq. (I.16) which is known as the Hartree Product [19] and Eq. (I.15) hence splits 

into M differential equations viz. Eq. (I.17) where 휀i denotes the energy associated with 

corresponding (normalized) orbital ϕ
i
.  

                                   ψ
e
(r)  =   ϕ

1
(r1)  ϕ

2
(r2)  …  ϕ

M
(rM)                                       (I.16) 

                                                                             h i ϕi
   =   εi ϕi

                                            (I.17) 

Introducing a two-electron operator v(i, j) to account the 1/rij terms and 

assuming that the repulsion felt by the i
th 

 electron is due to the charge density of other 

electrons (i.e. Hartree. approximation: v(i, j) =  
 ϕj(rj) 

2

rij
drj), Eq. (I.17) transforms to    

Eq. (I.18). The key to solve this equation depends on the knowledge of orbitals {ϕi} 

itself as v(i, j) depends explicitly on {ϕi}. One therefore needs to provide a starting 

guess for {ϕi}. Solving the one-electron Schrödinger equations will result in a improved 

set of {ϕi} which can used to construct a „better‟ v(i, j) and this process is repeated till 

there is no substantial difference between {ϕi} obtained in two successive steps. This is 

known as the Self-Consistent-Field (SCF) method [20]. 

                           

 

 
 

 h i   +    
 ϕ

j
(rj) 

2

rij

M

j=1

i≠j

drj

 

 
 

 ϕ
i
   =   εi ϕi

                                           (I.18) 
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Slater Determinants 

Recalling the fact that electrons not only have three spatial degrees of 

freedom but also the spin component, the orbitals  ϕ
i
(ri) are transformed to spatial-spin 

orbitals  χi(xi) where xi equals {ri, w}, w being the spin coordinate. Because electrons 

are fermions, interchanging coordinates of any two electrons should result in the change 

in sign of the WF; known as the antisymmetry principle (Eq. (I.19)). 

                                           ψ(x1, x2, … , xM)    =   −  ψ(x2, x1, … , xM)                   (I.19) 

The Hartree product however does not meet this requirement (as 

demonstrated in APPENDIX, section A5). John C. Slater in 1929 suggested writing the 

WF in terms of a determinant (Eq. (I.20)), known as the Slater determinant [21]. 

                 ψ(x1, x2, … , xM)   =   
1

 M!
  

χ
1
(x1) χ

2
(x1) … χ

M
(x1)

χ
1
(x2) χ

2
(x2) … χ

M
(x2)

⋮ ⋮ ⋱ ⋮
χ

1
(xM) χ

2
(xM) … χ

M
(xM)

                     (I.20) 

The term 
1

 M!
 is called the normalization constant and the Slater determinant 

fulfils the antisymmetry principle (as demonstrated in APPENDIX, section A6). More 

importantly, the determinant is found to vanish if two electrons have same spin thereby 

satisfying Pauli principle which states that no two electrons can have same set of 

quantum numbers. 

Hartree-Fock method 

In the Hartree-Fock (HF) approximation [22-23], it is assumed that the WF 

ψe has the form of a single Slater determinant, and the corresponding energy (i.e. the 

Hartree-Fock energy, EHF) is determined via. Eq. (I.21). Quantities in the first equality 
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are written in the (bra-ket) Dirac notation (second equality). The third equality holds 

true since the WF in the Slater determinant form is normalized.  

                           EHF  =  
 ψ

e
*  H e ψ

e
 dη

 ψ
e
* ψ

e
 dη

   =  
  ψ

e
 H e  ψe

 

  ψ
e
  ψ

e
 

   =    ψ
e
 H e  ψe

               (I.21) 

Substituting the Slater determinant in the above equation results to the 

Hartree-Fock energy expression (Eq. (I.22)) in terms of orbitals {χ
i
}. Since the orbitals 

are real, the complex conjugates {χ
i
*} are equivalent to {χ

i
} and the asterisk symbols in 

the below expression can be ignored. [Summation for indices i, j take values from 1 to 

M.] 

EHF=   χ
i
*(x1) h i χi

(x1)dx1

i

 +  
1

2
   

 
 
 
 
  χ

i
*(x1) χ

j
*(x2)

1

r12

χ
i
(x1) χ

j
(x2) dx1dx2   

  

−  χ
i
*(x1) χ

j
*(x2)

1

r12

χ
i
(x2) χ

j
(x1) dx1dx2 

 
 
 
 

ji

 

                                                                                                                                                     (I.22) 

The first integral in above equation will be referred to „hi‟. The first term in 

square bracket has some significance: its represents the Coulomb repulsion between two 

electrons, and is denoted as 𝒥ij. [When rearranged, the product χ
i
*(x1) χ

i
(x1) corresponds 

to the probability of electron 1 in i
th 

orbital at x1 and likewise similar definition exists 

for χ
j
*(x2) χ

j
(x2) . The distance separating electron 1 and 2 is r12 and the repulsion 

between them would have a 1/r12 term. The rearranged quantity               

χ
i
*(x1) χ

i
(x1) (1/r12) χ

j
*(x2) χ

j
(x2)  is the quantum mechanical (QM) version of the 

Coulomb repulsion as the positions of electrons are unknown but their probabilities are 

known. Integrating over all space and summing all such probabilities yields 𝒥ij]. 
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The second term on the other hand has no good physical interpretation and 

is called the exchange term {𝒦ij} since electrons at positions x1 and x2 are found to be 

present in orbitals χ
j
 and χ

i
. 

Using a trial WF to approximate the actual WF in Eq. (I.14) results in the 

energy {EHF} obtained to be greater than the actual value {E}. One can therefore 

improve upon EHF and thereby reduce the difference between EHF and E by choosing 

better set of orbitals {χ
i
} via. SCF procedure. Mathematically, this is achieved by 

setting up a function depending on {χ
i
}, [{χ

i
}] defined by Eq. (I.23), subjected to the 

constraint (second term in Eq. (I.23)) that the orbitals remain orthogonal to each other 

viz. Eq. (I.24). This is known as Lagrange method of undermined multipliers where ϵij 

are the unknown constants and 𝛿ij  is known as cronicker delta. The job is then to 

minimize   such that the change 𝛿  becomes zero, which leads to Eq. (I.25) where 

𝐹 (x1) is known as the Fock operator. 

                          [{χ
i
}]   =   EHF[{χ

i
}]   −   ϵij  i j - δij 

i, j

                                      (I.23) 

                   i j   =  χ
i
(x1) χ

j
(x1) dx1  =    𝛿ij  

  0,    if  i  ≠  j 

 1,    if  i  =  j
                                       (I.24) 

                                                           F (x1) χ
i
(x1)  =  εi χi

(x1)                                         (I.25) 

Though the above final eigenvalue equation appears to be simple, the Fock 

operator hides the overall complexity: i.e. the construction of 𝐹  depends on 𝒥 and 𝒦 

which in turn depend on the orbitals {χ
i
}. 
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Hartree-Fock Roothaan Equations 

Roothaan proposed the use of orbitals constructed from a linear combination 

of some predefined functions/basis functions { χ υ } i.e.  χ
i

=   cυi χ υ
k
υ=1  leading to       

Eq. (I.26) [24]. The orbital energies are then obtained by integrating Eq. (I.26) over all 

space – after multiplying the corresponding complex conjugate term χ 
μ
*(x1)  via.         

Eq. (I.27). Since the basis functions are not orthogonal, the right hand side integral is 

some number (known as overlap integral; represented in matrix notation as Sμυ). The 

integral on the left hand side of Eq. (I.27) constitute the elements of the Fock matrix, 

Fμυ and the orbital energies correspond to the elements of the diagonal matrix ε.  

                                                  F (x1)  cυi χ υ
(x1)

k

υ=1

  =  εi   cυi χ υ
(x1)

k

υ=1

                  (I.26) 

        χ 
μ
*(x1) F (x1)  χ 

υ
(x1) dx1

k

μ,υ=1

cυi  =  εi     χ 
μ
*(x1) χ 

υ
(x1) dx1

k

μ,υ=1

cυi                    (I.27) 

                                                                                           Fμυ cυi     =  ε Sμυ cυi                    (I.28) 

The problem of solving the electronic Schrödinger equation is reduced to a 

matrix problem (Eq. (I.28)) which can be easily tackled on computers. Known 

quantities are the elements of Fock and overlap matrices. Chemists prefer the orbitals 

{χ
i
} to correspond to the molecular obitals of a system under consideration, cυi  to the 

molecular orbital (MO) coefficients and {χ 
μ
} to represent respective atomic orbitals. 

Basis sets 

Besides proposing a single Slater determinant to be the solution of 

Schrödinger‟s equation for many-particle system, Slater suggested the use of orbitals 
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(known as Slater orbitals or Slater-type orbitals (STOs)) defined by Eq. (I.29) where the 

radial function is represented as (r
n-1

 e−휁r), 휁 being the orbital exponent and Ns, the 

corresponding normalization constant. STOs have the cusp behaviour (non-zero slope) 

at the nuclei on which they are centered [25]. However the evaluation of multi-center 

integrals in polyatomic molecules becomes complicated while employing them (as no 

analytical means exists to solve such two-electron integrals using STOs). 

                                          χ
STO

 r, θ, ϕ    =  Ns Y θ, ϕ  rn−1 e −휁r                                (I.29) 

The use of Gaussian-type orbitals (GTOs) i.e. Eq. (I.30) where Ng being the 

normalization constant, non-negative integers {a, b, c} describing the shape of orbital 

along with Gaussian exponent α; overcomes this problem (since the product of two 

Gaussians results to a Gaussian and there exist exact analytical expressions for 

evaluating Gaussian-based integrals) despite their shortcomings: faster decay at larger 

distances compared to STOs and zero slope at the nucleus on which they are positioned 

[26 and references within]. 

                                                χ
GTO

 x, y, z    =   Ng xaybzc e −αr2
                                 (I.30) 

To overcome the cusp weakness, it is a common practice to combine several 

(n number of) GTOs with a set of (fixed) coefficients into new functions called 

contracted GTOs (CGTOs)/„STO-nG‟ (which unfortunately also fails to mimic the 

desired STO).  

The STO-3G is known as the minimal basis wherein each orbital of an atom 

is described by a single CGTO, constructed from 3 GTOs. For example, each atomic 

orbital of carbon atom would be represented by a single CGTO to yield overall 5 basis 

functions.  
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It is more logical and appropriate to differentiate between the inner and 

valence orbitals in which case the „double zeta‟ basis set comes into picture wherein 

each valence orbitals are represented by two Slater orbitals (the valence χ
2s

 orbital in 

carbon atom is given in Eq. (I.31), where χ
2s
STO r, δ

1
  and χ

2s
STO r, δ

2
  are two Slater 

orbitals with exponents  δ
1
 and  δ

2
; „d‟ being the corresponding contraction coefficient. 

                                         χ
2s
 r  =  χ

2s
STO r, δ

1
   +  d χ

2s
STO r, δ

2
                                    (I.31) 

The simplest double zeta basis set is the 3-21G basis set (also known as split 

valence) where the inner orbital χ
1s

 (in carbon atom) is represented by a single CGTO 

constituting 3 GTOs, while the χ
2s

 orbital (an each of the 2p) as per Eq. (I.31) - the first 

STO χ
2s
STO r, δ

1
  made of 2 GTOs and the second STO χ

2s
STO r, δ

2
  by a single GTO. 

Describing subsequent classes of basis sets beyond the 3-21G level in itself is an 

enormous task and therefore the present discussion is concluded at this point. 

 

Hartree-Fock energy and Density Matrix 

Based on Eq. (I.25), the orbital energies εi are evaluated as per Eq. (I.32). 

Sum of all orbital energies would yield Eq. (I.33) which is not the true HF energy. The 

correct equation for EHF with respect to orbital energies would in fact be Eq. (I.34). 

           εi   =   χ
i
(x1) F (x1) χ

i
(x1) dx1    =   hi +  (𝒥ij −  𝒦ij)

M

j=1

                               (I.32) 

                                          εi

M

i=1

  =    hi

M

i=1

  +   (𝒥ij −  𝒦ij)

M

j=1

M

i=1

                                (I.33) 

                                 EHF  =    εi

M

i=1

 −   
1

2
    (𝒥ij −  𝒦ij)

M

j=1

M

i=1

                               (I.34) 
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The version of HF theory discussed is called the unrestricted HF theory, 

appropriate for all molecules regardless of the number of electrons and distribution of 

electron spin. In the restricted Hartree-Fock (RHF) theory, each MO is „occupied‟ by 

two electrons and the energy ERHF is given by Eq. (I.35) respectively. 

                             ERHF  =   2  εi

M

i=1

 −     (2 𝒥ij −  𝒦ij)

M

j=1

M

i=1

                                 (I.35) 

One important matrix worth discussing is the Density Matrix P. The density, 

ρ(r), as a function of position in RHF theory is given by Eq. (I.36) and its integral over 

all space yields M (i.e. number of electrons in given system). In terms of basis 

functions, Eq. (I.36) transforms to Eq. (I.37) and the elements of P, Pμυ= 2  cμi
* cυi 

M/2
i=1 . 

The procedure employed for solving the HF Roothaan equation (Eq. (I.28)) wherein the 

Fock matrix is re-written in terms of density matrix P is not discussed in this thesis and 

is available elsewhere [27].  

                           ρ(r)   =  2   χ
i
* r  χ

i
 r  =   2    χ

i
(r) 

2

M/2

i=1

M/2

i=1

                                         (I.36) 

                                 ρ(r)   =     2  cμi
* cυi 

M/2

i=1

 χ 
μ
*(r) χ 

υ
(r) 

k

μ,υ=1

                                         (I.37) 

I.3.3 Møller-Plesset Perturbation Theory 

The Møller-Plesset Perturbation theory developed by Møller and Plesset in 

1934 [28] aimed in correcting the HF energy with respect to the electron correlation. 

Assuming that E
(0)

 represents the sum of orbital energies obtained from zeroth-order 

WF (which is the corresponding Hartree-Fock WF) ψ
(0)

 via. 𝐻 (0)ψ(0) =  E(0)ψ(0), the 
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perturbation 𝑉  is given in Eq. (I.38), which is the difference between the true electron-

electron repulsion term and its counterpart from HF method.  

        V   =  H  −  H 
(0)

 =   
1

rij

M

i≠j

−  v i, j    =    
1

rij

M

i≠j

 −   (𝒥ij −  𝒦ij)

M

j=1

M

i=1

                 (I.38) 

Applying this perturbation operator, the first-order energy correction E
(1)

 to 

E
(0)

 results to Eq. (I.39), which when added to E
(0)

 is in fact the EHF itself (Eq. (I.34)). 

Without further derivation, the second-order energy correction term, E
(2)

 is given in   

Eq. (I.40) where „m‟ is the number of occupied orbitals, „n‟ is the number of orbitals 

(occupied and virtual) while the term  ij||uv  is defined in Eq. (I.41). 

                                 E(1)  =    ψ(0) V  ψ(0)    =   −   
1

2
   (𝒥ij −  𝒦ij)

M

j=1

M

i=1

                 (I.39) 

                                      E(2)  =   
1

4
     

   ij||uv   2

 εi + εj −  εu  −  εv 

n

v=m+1

n

u=m+1

m

j=1

m

i=1

                (I.40) 

 ij||uv  =  χ
i
*(r1)χ

j
*(r2)

1

r12

χ
u
(r1)χ

v
(r2)dr1dr2 −  χ

i
*(r1)χ

j
*(r2)

1

r12

χ
v
(r1)χ

u
(r2)dr1dr2 

                                                                                                                                   (I.41) 

I.3.4 Density Functional Theory 

Density Functional Theory (DFT) is one of the alternatives available to 

solve the electronic Schrödinger equation. Compared to HF theory, DFT is much 

cheaper if good approximations are used for the exchange two-electron integral term. 

Basically DFT works with ρ(r) and not with the WF. The former is dependent on the 

spatial coordinates of the electron while the latter, has an additional spin component. It 

was difficult to implement this methodology until Hohenberg and Kohn [29] proved it. 



20 

A functional is a function of a function, thus the density functional 

(mathematically represented as E[ρ(r)]) is a function of ρ(r) which yields E. The energy 

functional E[ρ] consists of three terms: kinetic energy density functional T[ρ], electron-

nuclear attraction functional EeN[ρ] and electron-electron repulsion density functional 

Eee[ρ]. Out of these components, EeN[ρ] can be written viz. Eq. (I.42). One can also 

easily guess what will be the form of Eee[ρ] - repulsion between the densities of electron 

1 (ρ(r)) and 2 (ρ(r')) i.e. Eq. (I.43), which in a way represents the Coulomb term in HF 

theory and therefore the symbol „𝒥‟ has been used. 

                                              EeN ρ    =  −   
 ZA ρ(r)

 RA −  r 

Nuclei

A

dr                                          (I.42) 

                                                      𝒥 ρ    =  
1

2
 

ρ(r) ρ(r')

 r −  r' 
dr dr'                                    (I.43) 

The 𝒦ij integrals in HF theory ensured that the antisymmetry principle was 

obeyed. To enforce the same in current methodology, the suggestions by Kohn and 

Sham [30] are implemented, and therefore it is often known as Kohn Sham Density 

Functional Theory (KS-DFT). They suggested the use {T e} expression from the HF 

theory to calculate T[ρ] (i.e. Eq. (I.44)) using orbitals {ϕi}. The density ρ(r) and orbitals 

{ϕi} are related viz. ρ r =   ϕi(r) 2M
i=1 . 

                                                         T[ρ]   =    ϕi −
1

2
 ∇i

2 ϕi 

M

i=1

                                    (I.44) 

The energy expression (E[ρ] represented as EDFT[ρ]) is thus given in         

Eq. (I.45) where the last term EXC[ρ] is known as the exchange-correlation functional 

which takes into account the fact that electrons are antisymmetric and the electron 

correction term (describing the inadequacies of the HF theory with respect to the 
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electron repulsion term). Though the exact equation for EXC[ρ] is unknown, there is a 

need to „cook-up‟ some approximations for this term.  

                      EDFT ρ    =    T[ρ]  +  EeN ρ   + 𝒥 ρ   +  EXC[ρ]                                   (I.45) 

With the use of orbitals {ϕi} in Eq. (I.44), Eq. (I.45) can be represented in 

terms of one-electron Kohn Sham operator {h KS} operating on {ϕi} to yield orbital 

energies {ϵi} and back the corresponding orbitals (i.e. Eq. (I.46)). 

                                                                     h KS ϕi   =   ϵi ϕi                                              (I.46) 

The operator h KS  (defined in Eq. (I.47)) contains the kinetic energy 

component (first term in curly bracket) and the potential energy term, the latter 

consisting of the attraction towards all nuclei (second term) and the coulomb repulsion 

term (third). The fourth term (known as the exchange correlation potential) in Eq. (I.47) 

is related to the exchange functional, it is the derivative of EXC(ρ) with respect to the 

density. 

              −
1

2
∇i

2  −  
ZA

 r − RA 
  +  

ρ(r')

 r − r' 
  +  VXC(r)

nuclei

A=1

 ϕi  =  ϵi ϕi                       (I.47) 

By introducing basis functions {ϕi=  cμiϕ i
k
μ=1 }, the KS-DFT equations 

become a nonlinear eigenvalue problem (Eq. (I.48) which is similar to its HF 

counterpart.  

                                                                       FKS C   =    ϵ S C                                                (I.48) 

The KS orbitals {ϕi} allow the computation of electron density as pointed 

in earlier discussion. There is no „molecular WF‟ defined within this framework. The 
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descriptions of various approximations made for the exchange correlation functional 

shall be refrained in this thesis. 

 

I.4 Importance of Theoretical Chemistry 

Theoretical Chemistry is a branch of Chemistry that attempts to figure out 

the mathematical equations behind the chemical phenomena under study. If one desires 

to study motion of electrons, then the equation (i.e. Schrödinger equation) is well-

known. But solving this equation is quite hard. Handling this task (figuring out good 

approximations to solve Schrödinger equation) is the role of Electronic Structure 

Theory. 

Knowledge about the motion of electrons is necessary to compute several 

properties, like electronic spectra (wherein the electrons get hit by photons and jump to 

some excited states; this cannot be modelled without prior information about what the 

electrons are doing in the atom/molecule), polarizability – how electrons response to 

applied electric fields, NMR chemical shifts – how electrons respond to applied 

magnetic fields etc. 

At a less expensive cost, it is possible to predict geometries of molecules 

and corresponding vibrational frequencies if the atoms and bonds connecting them are 

imagined to be spheres attached by strings, in which case the electronic motion can be 

ignored. However such methods fail in studies involving transfer of atoms from one 

molecule to another since it is important to know whether such movement involves 

electron transfer or not. With respect to reactivity of a molecule, the Molecular 

Electrostatic Potential (MESP) is a versatile tool in detecting sites susceptible towards 

electrophic and nucleophilic attacks, illustrated in the upcoming section with examples. 
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I.5 Molecular Electrostatic Potential (MESP) 

I.5.1 Theoretical evaluation and visualization 

For a molecule containing „N‟ number of atoms with nuclear charges {Zi} 

situated at {Ri}, MESP at point r in atomic units is defined by Eq. (I.49) where ρ(r') 

corresponds to the molecular electron density function discussed earlier. In terms of 

density matrix elements Pμυ  and (Nb number of) basis functions { χ 
μ
 r' ,  χ 

υ
(r') },         

Eq. (I.49) is re-written as Eq. (I.50) and all that is required to compute V(r) involves 

evaluating the integral  χ 
μ
(r')|

1

 r - r' 
| χ 

υ
(r') . 

                                           V r    =    
Zi

 r  -  Ri 

N

i=1

   –    
ρ(r')

 r  -  r' 
 dr'                    I.49  

                  V r   =    
Zi

 r - Ri 

N

i=1

  –    Pμυ

Nb

υ=1

Nb

μ=1

  χ 
μ
 r' |

1

 r - r' 
| χ 

υ
(r')                      (I.50) 

The interacting basis functions χ 
μ
 r'  and  χ 

υ
(r') are of several types. The     

s-type basis function is constructed from several s-type (a = b = c = 0 in Eq. (I.30)) 

GTOs. There are three possibilities for a p-type basis function: px, py and pz depending 

upon which two values of {a, b, c} of GTOs in corresponding contraction are zero. The 

integral in Eq. (I.50) therefore needs to be evaluated over all possible combination of 

GTOs present in χ 
μ
 r'  and  χ 

υ
(r'). The works of Gadre [27] and Ramos [31] highlight 

the formulae involved in the computation of V(r) due to two (different type of) 

interacting Gaussians. 

The MESP, being a three-dimensional (3D) quantity, can be visualized with 

the aid of a computer. This can be achieved by viewing the scalar field in planes with 
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the help of contour lines or pixel plots (the latter wherein points are given colours as per 

MESP values on the grid). Such planes along with the ball-and-stick molecular model 

give a „better‟ view of the scalar field. The 3D views of MESP may be obtained using 

isovalued surfaces or by plotting the scalar field on some predefined surface on which 

ρ(r) is constant using suitably chosen colour codes (more details in section I.5.4). 

Several computer programs are available for computation and/or visualization of MESP 

such as SPARTAN [32], HyperChem [33], UNIVIS-2000 [34] etc.  

 

I.5.2 Tool for predicting susceptibility towards electrophiles 

Depending upon which term in Eq. (I.49) is dominant at r, V(r) takes 

positive, zero or negative values. A positive unit test charge would therefore be repelled 

in those regions where V(r) is positive and be attracted towards negative MESP regions. 

Thus MESP is a useful tool in identifying reactive sites in molecules.  

Figure I.2a portrays the MESP contour plot of acetone molecule in the 

molecular (YZ) plane at HF/6-31G(d,p) level of theory. The V(r) in acetone comprises 

of both: positive and negative regions wherein the latter is in the proximity of oxygen 

atom, containing two equivalent minima (Vmin) in the molecular plane. Both Vmin are 

situated at a distance of approximately 1.21 Å away from oxygen atom, forming an 

angle of 129.2
o
 with the carbonyl group. Any incoming electron deficient species would 

be attracted towards these sites. This is however possible provided the electronic 

distribution around acetone remains static with respect to the incoming species (which 

in reality always gets perturbed). 
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Figure I.2. a) MESP contour plot of acetone molecule at HF/6-31G(d,p) level of theory 

in the molecular (ZY) plane. The location of two equivalent Vmin are 

indicated by „ ‟ symbol and V(r) value at these sites is about -0.0922 a.u.; 

optimized structures of b) acetone-proton and c) acetone-hydrogen fluoride 

complexes at HF/6-31G(d,p) level. Optimized geometry co-ordinates of all 

structures are provided in APPENDIX, section A7. 

 

To get an idea about perturbation effect, the interaction between acetone and 

proton is taken for the purpose of illustration. The optimized structure of acetone-proton 

complex is displayed in Figure I.2b, wherein the proton is situated at a distance of 

approximately 0.95 Å and inclined by angle of 116.3
o 

with respect to the carbonyl 

group. Though the proton lies in the molecular plane as predicted by Vmin, the O-H bond 
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length is found to be shorter by 0.26 Å while the H-O-C angle shows 12.9
o
 deviation 

from expected value (of 129.2
o
). 

Besides a proton, acetone is capable of interacting with hydrogen donor 

species like hydrogen fluoride (HF). The charge distribution in HF molecule can 

crudely be approximated by a positive charge at the hydrogen site and a negative charge 

on fluorine. It is therefore quite obvious that the hydrogen end of HF would be attracted 

to the negative MESP region in acetone. The HF/6-31G(d,p) geometry of acetone-

hydrogen fluoride complex is shown in Figure I.2c. As expected, HF is found to lie in 

the molecular plane, inclined by angle of 123.9
o
 (deviation from expected Vmin-O-C 

angle is about 5
o
). From the above two cases it is seen that the electrostatic potential 

does a better job in predicting the directionality of the weaker interaction with hydrogen 

fluoride than the strong interaction with proton [35]. The presence of two Vmin around 

oxygen in acetone is in agreement with the concept that a sp
2
 hybridized oxygen 

possessing two lone pairs (LPs). Similar conclusions are also drawn from the 

isopotential maps of ammonia and water molecules available in the works of Scrocco 

and Tomasi [36] and presented/discussed at a later stage in this thesis. 

 

I.5.3 Topographical features of MESP 

The word topography is derived from the Greek words topos and graphia 

meaning „place‟ and „mapping‟ which means mapping of a geographical place. Such a 

map describes physical features of a region viz. places of equal heights in the form of 

contours and noting other features like roads, streams etc. 

The most negative sites (i.e. positions of Vmin) in MESP scalar field, as seen 

in earlier example, indicates the presence of LPs (and/or π bonds in nuclear frameworks 
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containing double bonds [37, 38]). Mathematically speaking, the first order partial 

derivatives of Eq. (I.49): 
∂V

∂x
, 

∂V

∂y
 and 

∂V

∂z
 vanish at these sites. Such points are called 

critical points (CPs). The CPs are then further classified based on the eigenvalues 

obtained from the Hessian matrix (matrix of second order partial derivatives) evaluated 

at the CPs. A generate CP is the one where at least one of the eigenvalues is found to be 

zero while a nondegenerate CP (whose eigenvalues are non-zero) is characterized by (R, 

ζ) where the former quantity, R corresponds to the rank (number of non-zero 

eigenvalues) and the latter „ζ‟, is the signature – algebraic sum of the signs of 

eigenvalues.  

The rank of a nondegenerate CP of MESP scalar field is 3 and based on the 

signs of eigenvalues, four type of such CPs are possible: (3, +3), (3, -3), (3, -1) and     

(3, +1). The former two correspond to a minimum and a maximum while the latter two 

represent saddle points. Based on this classification, Vmin corresponds to a (3, +3) CP. 

The purpose of this section was to briefly introduce the concept of topography though a 

detailed description of the same – i.e. significance of MESP CPs is discussed at a later 

stage in this thesis. 

I.5.4 Predictor tool for nucleophilic attacks 

The use of MESP to predict sites reactive towards nucleophiles however is 

not as straight forward as it is for electrophiles. This is due to the fact that the positive 

V(r) region do not have maxima other than at the position of nuclei, which has been 

proven by Gadre and Pathak [39]. Sjoberg and Politzer [40] demonstrated that such a 

prediction was possible by plotting V(r) on a molecular surface having ρ(r) value equal 

to 0.001 a.u. This strategy has been a success in accounting the stability of acetamide 

over acetyl fluoride in water (the positive potential on such surface in the former case is 
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less as compared to the latter, especially near the carbonyl carbon), enhancement in 

reactivity of p-nitroflourobenzene over flourobenzene towards SN
2
 nucleophilic 

displacements etc. 

I.5.5 MESP based Charge Models 

Hydrogen bonding and solvation are important phenomena in biological 

processes. The former force is responsible for holding two helical chains of nucleotides 

in deoxyribose nucleic acid together [41] while various types of interactions such as 

ions with solvents, water with bio-molecules, protein folding etc. are governed by the 

latter [42]. In such situations, the electrostatic term is the major contributor to the total 

interaction energies (IEs) [43, 44], specially at larger separation distances [45]. The ab 

initio QM methods cannot be routinely employed for such studies (calculations 

involving several molecules simultaneously) due to complicated nature of WF [46]. 

This problem is overcome by the use of point charge models (PCMs). To demonstrate 

their usefulness, two examples are presented hereafter. 

1. The EPIC (Electrostatic Potential for Intermolecular Complexation) model has 

been used to study hydration patterns of molecules like formaldehyde, methanol, 

cyclopropane [47], formamide [48] and uracil [49]. The IEs and geometries of 

complexes (structures of hydrated species) are found to be in good agreement 

with ab initio counterparts. These geometries when used for QM calculations are 

found to converge faster. 

2. The water models developed by H. Yu and W. Gunsteren [50], comprising of 

positive point charges placed at hydrogen sites and a negative charge along C2 

axis, are able to simulate properties (viz. heat capacity, self-diffusion constant, 

thermal expansion coefficients etc.) of liquid water at various thermodynamic 
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states. These properties correlate well with those derived from experiments and 

QM calculations. 

One of the earlier ways to obtain charges on atoms, involves partitioning the 

electron charge density obtained from QM calculations into atomic populations viz. 

Mulliken population analysis [51], Löwdin population analysis [52, 53], Natural 

population analysis [54] etc. Such charges depend on the level of theory chosen – on the 

choice of density functional and/or basis set. Momany in 1978 obtained the charges {qi, 

for a molecule containing N number of atoms situated at Ri} by fitting the QM 

calculated electrostatic potential (ESP) at various points {V(rj), at M number of points} 

so as to minimize the standard deviation (ζ) defined below [55]. 

                                              ζ  =  
 w(rj) V rj  – VCM(rj) 

2M
j=1

 w(rj)
M
j=1

 

1

2

                     (I.51) 

The term V(rj) in Eq. (I.51) corresponds to the ESP value at point rj obtained from QM 

calculation while V
CM

(rj) is the potential due to point charges computed via. Eq. (I.52) 

and w(rj) is the weight function employed. 

                                                             VCM(𝐫j)  =    
q

i

 𝐫j - Ri 
                                             (I.52)

N

i=1

 

The work of Momany refined and extended by Cox and Williams (wherein 

the charges are obtained via. least square fit method involving matrix algebra) [56], was 

further improved by Singh and Kollman (by varying the scheme of selecting points for 

ESP fit) [57]. Several research groups have introduced additional constraints into the 

fitting procedure – reproducing molecular dipole moments [58, 59] with corresponding 

monopoles and quadrupoles [60]. Most widely used ESP fitting schemes are the Merz-
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Kollman (MK) scheme [61], CHELPG (abbreviation for CHarges from ELectrostatic 

Potentials using a Grid based method) [62] and CHELP [58], available in computational 

chemistry software packages like Gaussian [63], GAMESS [64] and ORCA [65]. In the 

MK scheme, ESP fit is done using points lying on 1.2, 1.4, 1.6 and 1.8 times the van der 

Waals (vdW) surface of molecules. The CHELPG method is based on generating points 

in a grid enclosing the molecule followed by selection of only those points which lie 

beyond the vdW surface while in the CHELP methodology, points lying within a 

distance of 3 Å from the vdW surface are selected. Such ESP fitted charges (also termed 

as potential-derived atomic charges) are employed in the EPIC model mentioned earlier. 

Irrespective of the method used to develop PCMs, such models are incapable of 

producing topographical features of MESP viz. bond CPs, LPs and π bonds due to lack 

of continuous charge component [66]. 

 

I.6 Scope of the present work 

This thesis contains discussion in regard to the development of topography-

driven Gaussian charge models (GCMs) wherein the nuclei and electron density 

function are represented by positive point charges and s-type spherical Gaussians 

associated with negative charges. Such models are then employed to investigate the 

potential energy surfaces of various chemical systems – in predicting geometries of 

weak non-covalent complexes, corresponding IEs and compare the same with QM 

counterparts. 

A crucial step to develop GCM for any molecule requires the knowledge of 

various reactive sites in the molecular framework along with other MESP CPs. Gadre 

and co-workers have developed the computational package INDPROP [67] which 

locates and characterizes CPs of MESP scalar field – whose detailed description and 
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working is presented in Chapter II. The software uses guess points (GPs) for locating 

CPs, MO coefficients and basis set information. This chapter also contains a brief 

description of a numerical method developed which acts as a source of generating GPs 

for INDPROP. It has been tested for some molecules and the pros/cons of the same are 

also discussed. 

Chapter III describes in depth the various steps involved in developing 

GCMs for molecules like ammonia, water, hydrogen sulphide, formaldehyde, ethylene, 

acetylene, benzene, methanol and pyrazine. Each model in general basically depends 

upon three parameters: magnitude of positive charges at nuclei sites, location of 

spherical Gaussians and Gaussian exponents. The acceptability criteria – GCMs 

expected to reproduce correct number and type of MESP critical points, are found to be 

faithfully obeyed by the developed models.  

Though there are earlier reports on topography-driven GCMS [68-70], the 

study presented in Chapter IV describes the potential energy surfaces (PESs) of various 

molecular systems investigated using GCMs. A detailed description of the formulae 

involved in computing IEs using QM methods and GCMs is also available in this 

chapter. Besides the GCM work outlined in Chapters III and IV, Chapter V describes 

some additional studies (briefly highlighted in the upcoming two paragraphs) carried 

out using QM methods.  

In collaboration with Department of Chemistry, Prof. John Barnabas, Post 

Graduate School of Biological Studies, Ahmednagar College, Ahmednagar, India, the 

reaction mechanism leading to the formation of 3-aryl-6-ethoxycarbonyl-4-hydroxy-2H-

pyran-2-ones (general reaction shown in Figure I.3) is investigated. 
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Figure I.3. General reaction leading to the formation of 3-aryl-6-ethoxycarbonyl-4-

hydroxy-2H-pyran-2-ones. 

 

Drug molecules (chemical structures displayed in Figure 1.4) form coloured 

solutions on reaction with cobalt thiocyanate reagent. It is suspected that the colour 

results due to the formation of coordination type of complexes – due to interaction of 

nitrogen LPs (belonging to thiocyanate and drug molecules) with cobalt (II) ion. The 

reactivity of those molecules containing more than one nitrogen atom is investigated 

using MESP and accordingly the structures of coloured complexes are derived from QM 

calculations. This study has been carried out in collaboration with the Regional Forensic 

Science Laboratory from Nagpur, State of Maharashtra, India. 

 
Figure I.4. Structures of nitrogen containing drugs detected by cobalt thiocyanate in 

combination with TLC technique.  
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II.1 Introduction 

A topographical map of a geographical region describes features like hill 

tops, valleys, equal altitude points etc. of corresponding landscape. In other words, such 

a map is a two dimensional representation of a three dimensional (3D) earth surface. 

Figure II.1 brings out with the help of contours, equal height points of a geographical 

landscape wherein the two hill peaks P1 and P2 fall in the innermost region of the 

contour plot while points of equal heights are connected by contour lines. Contours 

representing heights of 10 and 20 metres engulf both peaks while those of 30 and 40 

metres are disjoint. The main advantage of topography is that it provides essential 

information such as location and values of the function at minimum, maximum, iso-

valued points etc. 

 

Figure II.1. Planar view of a 3D landscape and the corresponding contour map is 

shown in rectangle. The numbers indicate height at various levels,  

symbol represents peak points P1 and P2 while „×‟ indicates the saddle 

point S in the contour plot. 
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The topographical parameters (viz. minima, maxima etc.) of a function can 

be searched by invoking the well-known conditions involving first and second 

derivatives, briefly illustrated with the help of a function of one variable f(x) defined by 

Eq. (II.1). The plot of f(x) from x = -2 to x = 3 is shown in Figure II.2. [The notations: 

f' x  and f'' x  correspond to the first and second derivatives of f(x).] 

                                        f x    =   
x4

4
  −  

2x3

3
  −   

x2

2
   +   2x  −   2                                (II.1) 

 

Figure II.2. Plot of f(x) defined in Eq. (II.1) for x in the interval [-2, 3]. The function 

has a global minimum at x = -1 with f(-1) = -3.5833, a local minimum at   

x = 2 (f(2) = -1.3333) and local maximum at x = 1 (f(1) = -0.9167). 

 

The first derivative of Eq. (II.1), f' x  is presented in Eq. (II.2). At points x = 

-1, 1 and 2, Eq. (II.2) becomes zero. Such points are called critical points (CPs). The 

sign of the second derivative (f" x ) evaluated at the CP is used describe the nature of 

CP (i.e. if f" x  < 0, the CP is (local) maximum; if f" x  > 0, the CP corresponds to a 
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(local) minimum and the CP is a saddle if f" x  equals zero. One can easily check the 

math and conclude that the CPs x = -1, 2 represent minima and there exists a (local) 

maximum at x = 1. 

                                                   f' x      =    x3  −   2x2  −   x  +  2                                       (II.2) 

                                                          f" x      =   3x2  −   4x  −   1                                       (II.3) 

The above results are now generalized for a function of several variables 

viz. f(x1, x2, …, xn). Point P is a CP when the first order partial derivatives 
∂f

∂xi
 become 

zero at P i.e.  
∂f

∂xi
 
P

= 0 . The CP is then characterized based on the eigenvalues 

(λ1, λ2, … , λn) obtained from the Hessian matrix H (i.e. matrix of second order partial 

derivatives with elements Hij = 
∂

2
f

∂xi∂xj
) evaluated at the CP. If one or more eigenvalues 

is/are zero, then the CP is termed as a degenerate one, else it is said to be a 

nondegenerate CP. The nature of the latter is denoted by (rank, signature) where the 

rank corresponds to the number of non-zero eigenvalues and signature denotes the 

algebraic sum of the signs of eigenvalues. For 3D scalar fields rank of a nondegenerate 

CP is 3 and four types of such CPs exist: (3, +3) and (3, -3) which correspond to local 

minimum and local maximum while (3, +1) and (3, -1) are different types of saddles. 

The chemical significance of the CPs belonging to MESP scalar field are outlined in the 

upcoming section. 

 

II.2 Significance of MESP topography 

The (3, -1) CP, referred to bond CP is located between each pair of bonded 

atoms and V(r) value at this site is positive, indicating that the inter-nuclear region is 

mostly dominated by the nuclear potential (first term of Eq. (I.49)). Its position defines 
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a physical border point between the bonded atoms and has been related to the covalent 

radii of respective atoms [1].  

The (3, -3) CP corresponds to a local maximum which explicitly represents 

a nucleus [2]. For a non-nuclear maximum to occur, the three eigenvalues {λ1, λ2, λ3} 

and their sum are expected to be negative quantities. As MESP and electron density 

functions are related via. Eq. (II.4), the right hand side quantity is always non-negative 

and therefore ∇2V r  cannot adopt a negative sign. Therefore MESP fails to exhibit 

non-nuclear maxima [Chapter I, ref. 39]. 

                                               ∇2V r    =   λ1  +   λ2  +   λ3  =  4πρ r                                  (II.4) 

The negative valued (3, +3) CPs are those sites where the second term of 

Eq. (I.49) maximally dominates over the first and correspond  to the most reactive sites 

(lone pairs (LPs) and π bonds) capable of reacting with electrophilic species as 

illustrated in Chapter I, section I.5.2. A positive valued (3, +3) CP indicates the 

presence of a cage structure in the molecular framework. Two nearest MESP minima 

are found to be connected by a negative-valued (3, +1) saddle while a positive-valued 

(3, +1) CP indicates the presence of a ring structure [3, 4].  

 

II.3 Analytical approach of locating and characterizing critical points 

of MESP scalar field  

 

Gadre and co-workers have developed the computational chemistry package 

INDPROP [Chapter I, ref. 67] which aids in locating and characterizing CPs of MESP 

scalar field. The requirements for INDPROP are: nuclear charges/co-ordinates of atoms 

and corresponding basis functions, density matrix elements (or occupied molecular 

orbital (MO) coefficients) and more importantly – guess points (GPs) for MESP 
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topography. For a given GP, the function CHISQ (sum of the squares of first order 

partial derivatives of V(r)) is minimized using the subroutine STEPIT [5]. When value 

of CHISQ becomes less than 10
-13

, the CP located is characterized as per earlier 

discussion. The STEPIT algorithm finds minimum of a mathematical function without 

the use of derivatives, provided the function is well-defined in a given domain. The 

minimization process occurs through cyclic relaxation method: the function CHISQ is 

minimized with respect to the first variable, keeping others fixed followed by repeating 

the procedure for all variables. The co-ordinates of initial GPs are supplied to 

INDPROP by visualizing the scalar field using the graphic visualization package 

UNIVIS-2000 [Chapter I, ref. 34] and obtaining co-ordinates from appropriate regions 

(along bonds, reactive sites, etc.). This is demonstrated in the upcoming section using 

acetone molecule (Figure II.3a) at the Hartree-Fock (HF)/6-31G(d,p) level of theory. 

Variety of options exists to visualize molecules in UNIVIS-2000 (namely 

line, stick, tube, space-fill, ball-and-stick models or vdW type of surfaces) out of which 

the ball-and-stick model view of acetone enclosed in the 3D grid is depicted in Figure 

II.3b. The „property settings’ option not only enables the user to obtain basic 

information about the 3D grid (co-ordinates of initial/final grid points, number of points 

along the Cartesian axes, etc.) but also aids in visualizing the scalar field in terms of iso-

valued surfaces and 3D contours. 

Isosurface of the lowest V(r) value i.e. -0.0916 a.u. is hardly noticeable 

(lowest in present context refers to the lowest MESP value computed on the grid), 

however, two island-like surfaces appear in the vicinity of oxygen atom at a slightly 

higher V(r) value of about -0.0850 a.u., as depicted in Figure II.3c. Submitting co-

ordinates of points lying on these surfaces to INDPROP will definitely lead to exact 
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locations of MESP minima – corresponding to LPs of sp
2
 hybridized oxygen atom. 

UNIVIS-2000 facilitates extraction of co-ordinates of points lying on isosurfaces. Co-

ordinates of two such GPs: GP1/GP2 (locations shown in Figure II.3c) are presented in 

Table II.1a and the results obtained from INDPROP are displayed in Table II.1b (entries 

1 and 2). Their geometric parameters like distances from carbonyl oxygen/angle formed 

with carbonyl group are mentioned previously in Chapter I, section I.5.2. 

 

Figure II.3. a) Numbering of carbon/hydrogen atoms in acetone molecule; b) ball-and-

stick model view (in UNIVIS-2000) of acetone enclosed in a 3D grid; 

negative valued MESP isosurfaces of values: c) -0.085 and d) -0.078 a.u. 

The grid boundary is given less prominence and therefore shown in lighter 

color; positive valued MESP isosurfaces of values: e) 0.676, f) 0.850 and 

g) 1.515 a.u. The molecule is viewed in „stick model‟ mode in figures 

II.3e, II.3f and II.3g. Grid specification in atomic units: initial co-ordinates 

(-6.512752, -8.946265, -7.660813) and increment in X, Y and Z direction: 

0.333333 a.u. Molecular geometry available in APPENDIX, section A7.  
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Table II.1a. Co-ordinates of guess points for MESP topography of acetone molecule at 

HF/6-31G(d,p) level of theory obtained using the visualization package 

UNIVIS-2000. 

Guess points Co-ordinates MESP value 

at GP Label for locating X Y Z 

GP1 
(3, +3) CP 

-0.6545 -1.5900 4.4340 -0.0850 

GP2 -0.4650 1.4460 4.2790 -0.0850 

GP3 (3, +1) CP -0.7810 -0.2580 5.0970 -0.0780 

for bond saddles 

GP4 between C2-C1 -0.0450 -1.2210 -0.4110  0.6760 

GP5 between C2-H4 -0.2960 -3.2300 -0.1010 
 0.8500 

GP6 between C2-H6 1.2150 -2.3640 -1.8750 

GP7 between C1-O 0.1060 -0.0540 1.5710  1.5150 

 

 

Table II.1b. MESP critical points for acetone molecule at HF/6-31G(d,p) level of 

theory obtained using GPs from Table II.1a via. INDPROP. 

Sr. 

No. 

Type of 

CP 
Location 

Co-ordinates  
V(r) ρ(r) 

X Y Z 

1 

(3, +3) 

distance: 2.2873 

a.u. from oxygen 

angle: 129.2o with 

carbonyl group 

0.0000 -1.7658 4.0484 
-0.0922 0.015 

2 0.0000 1.7658 4.0484 

3 (3, +1) 
C2 axis, distance: 

2.4089 a.u. from 

oxygen 
0.0000 0.0000 5.0154 -0.0827 0.009 

4 

(3, -1) 

between bonds  

C2 – C1 

and C3 – C1 
0.0000 ±1.2193 -0.4052 0.6847 0.271 

5 
between C2-H4/ 

C3-H5 bonds 
0.0000 ±3.4535 -0.3354 0.8552 0.292 

6 
between 

 C2-H6/H8 and  

 C3-H7/H9 bonds 
±1.0546 ±2.4878 -1.9233 0.8609 0.285 

7 between C1-O bond 0.0000 0.0000 1.4847 1.4086 0.112 
 

Co-ordinates of GP for (3, +1) saddle connecting MESP minima (Table 

II.1a, entry 3) is obtained from MESP isosurface of value -0.078 a.u. as depicted in 

Figure II.3d. Its exact location is along the Z-axis at a distance of 2.4089 a.u. (1.2743 Å) 

from oxygen atom (Table II.1b, entry 3). GPs for bond CPs are obtained by accessing 

regions where the positive MESP surface between bonded atoms starts to vanish. 
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The positive isosurface (enclosing the entire molecule) splits between      

C2-C1 and C3-C1 bonds when V(r) approximately equals 0.676 a.u. as shown in Figure 

II.3e. Since C2 and C3 atoms (connecting C1) are related via. symmetry, it is sufficient 

to obtain a suitable GP {GP4; co-ordinates in Table II.1a} to locate saddle between    

C2-C1 bond. The co-ordinates of the corresponding bond CP and its symmetry-related 

counterpart are displayed in Table II.1b, entry 4. Table II.1a also summarizes the co-

ordinates of GPs used to obtain bond saddles located between C2-H4 and C2-H6 bonds 

(entries 5, 6). The approximate values at which the isosurfaces splits between respective 

atoms are also mentioned. The exact positions of MESP CPs and their symmetry-related 

partners are summarized in Table II.1b (entries 5, 6). The last entry in Table II.1b 

corresponds to the exact location of bond CP between carbon and oxygen along the Z-

axis, obtained using respective GP from Table II.1a.  

Implementing the above steps to locate CPs of MESP scalar field may turn 

out to be a tedious task, depending upon several factors: size of molecules under 

investigation, whether molecules posses symmetry, number of CPs to detect etc. To 

ease this process and directly obtain GPs from the 3D grid data itself, a numerical 

method has been developed and tested for few molecules. The basic principle involved 

is explained with the help of a a one-dimensional function in the upcoming section, and 

the method is extended to the MESP scalar field. 

 

II.4 Numerical approach of locating guess points for MESP 

topography illustrated using pyrazole and imidazole molecules 

 

Beginning with the supposition that values of some mathematical function 

are known at „n+1‟ points [for given points {x0, x1, ..., xn}, the function takes values  

{y0, y1, ..., yn} such that x0 < x1, ..., < xn], and the expression for the mathematical 
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function may or may not be known explicitly, it is possible to predict its value at point 

{xa} lying between x0 and xn. This process is called „interpolation‟ and {x0, x1, ..., xn} are 

sometimes referred to tabular points. There exist various methods for interpolation 

depending upon whether any two successive tabular points are equally spaced or not, 

and discussing all of them is beyond the scope of this thesis, except the Lagrange‟s 

interpolation (LI) method wherein a polynomial L(x) represented by Eq. (II.5) is fitted 

so as to pass through points {y0, y1, ..., yn} [6]. The terms L0(x), L1(x), ..., Ln(x) or Li(x) 

in general, are known as Lagrange‟s coefficients (defined by Eq. (II.6)) and they satisfy 

the property as per Eq. (II.7). 

                          L x   =  L0 x  y
0
  +   L1 x  y

1
  +   …   +   Ln x  y

n
                             (II.5) 

       Li x   = 
 x − x0  x − x1 … x − xi-1  x − xi+1  … x − xn 

 xi − x0  xi − x1 … xi − xi-1  xi − xi+1  … xi − xn 
                            (II.6) 

                                                                       Li x   =  
  1,       i = j
  0,       i ≠ j

                              (II.7) 

To demonstrate the application of this method in detecting CPs of a one-

dimensional function, the tabular point data from Table II.2 is employed (tabular points 

of Eq. (II.1) in the interval (-2, 3), starting from x = -1.9 to x = 2.9 with step length (Δx 

– difference between two successive tabular points) of 0.2). The search for CP begins in 

each sub-interval (xi, xi+1) starting with an initial guess point, which for convenience is 

taken as the mid-point of the sub-interval under consideration. Rather than interpolating 

via. Eq. (II.5), the fitted-polynomial is constructed using only four tabular points          

{xi-1, xi, xi+1, xi+2} and respective {yi-1, yi, yi+1, yi+2} values. The expression for L(x) 

reduces to Eq. (II.8) and corresponding Lagrange‟s coefficients are defined by Eqs. 

(II.9) to (II.12). 



50 

Table II.2. Tabular points for Eq. (II.1) for variable x between x = -2 and x = 3 with      

Δx = 0.2 and corresponding f(x) values. 

Value 

of ‘i’ 
xi yi 

  

Value 

of ‘i’ 
xi yi 

0 -1.9000 0.2257 13 0.7000 -1.0136 

1 -1.7000 -1.4816 14 0.9000 -0.9270 

2 -1.5000 -2.6094 15 1.1000 -0.9263 

3 -1.3000 -3.2663 16 1.3000 -0.9956 

4 -1.1000 -3.5516 17 1.5000 -1.1094 

5 -0.9000 -3.5550 18 1.7000 -1.2323 

6 -0.7000 -3.3563 19 1.9000 -1.3196 

7 -0.5000 -3.0260 20 2.1000 -1.3170 

8 -0.3000 -2.6250 21 2.3000 -1.1603 

9 -0.1000 -2.2043 22 2.5000 -0.7760 

10 0.1000 -1.8056 23 2.7000 -0.0810 

11 0.3000 -1.4610 
24 2.9000 1.0177 

12 0.5000 -1.1927 

 

                   L x   =  Li-1 x  y
i-1

  +   Li x  y
i
  +   Li+1 x  y

i+1
  +   Li+2 x  y

i+2
                (II.8) 

                                     Li-1 x   =  
 x − xi  x − xi+1  x − xi+1 

 xi-1 − xi  xi-1 − xi+1  xi-1 − xi+1 
               (II.9) 

                                             Li x   =  
 x − xi-1  x − xi+1  x − xi+2 

 xi − xi-1  xi − xi+1  xi − xi+2 
              (II.10) 

                               Li+1 x   =   
 x − xi-1  x − xi  x − xi+2 

 xi+1 − xi-1  xi+1 − xi  xi+1 − xi+2 
              (II.11) 

                                   Li+2 x   =   
 x − xi-1  x − xi  x − xi+1 

 xi+2 − xi-1  xi+2 − xi  xi+2 − xi+1 
             (II.12) 

At given initial guess, value of L′  x  (defined by Eq. (II.13)) is evaluated. If 

the computed quantity is less than some predefined tolerance value, then, the CP is 

characterized by L′′  x  expression defined by Eq. (II.14). The Lagrange‟s coefficients 

in Eqs. (II.13) and (II.14) will be discussed at a later stage in this thesis. 
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                L′ x   =  L′
i-1 x  y

i-1
  +   L′

i x  y
i
  +   L′

i+1 x  y
i+1

  +  L′
i+2 x  y

i+2
           (II.13) 

          L′′  x   =  L′′
i-1 x  y

i-1
  +   L′′

i x  y
i
  +   L′′

i+1 x  y
i+1

  +  L′′
i+2 x  y

i+2
            (II.14) 

If value of L′ x  at initial guess is not less than the defined tolerance value, 

a new point xm is obtained via. Newton-Raphson (NR) method [7] and the previous step 

is repeated once again. This iterative procedure is terminated if the updated GP falls 

outside the sub-interval under consideration or if value of L′  x  becomes less than the 

tolerance value, or, when the number of NR steps reach some predefined threshold 

value. A detailed description of the above outlined procedure to obtain CPs using data 

from Table II.2 is provided in APPENDIX, section A8 along with the definitions of 

Lagrange‟s coefficients in Eqs. (II.13) and (II.14). 

Extending this methodology to three dimensions, the x, y, z components of 

point P lie between tabular points (xi, xi+1), (yj, yj+1) and (zk, zk+1). In other words, point P 

is confirmed in a cuboid whose dimensions are Δx, Δy and Δz. The co-ordinates of the 

corners are as follows: (xi, yj, zk), (xi, yj, zk+1), (xi, yj+1, zk), (xi, yj+1, zk+1), (xi+1, yj, zk), 

(xi+1, yj, zk+1), (xi+1, yj+1, zk) and (xi+1, yj+1, zk+1). Point P is enclosed in a cube if Δx, Δy, 

Δz are of equal magnitude. The Lagrange polynomial has the form as presented in Eq. 

(II.15) where the Li(x), Lj(y) and Lk(z) components are constructed using tabular points         

{xi-1, xi, xi+1, xi+2}, {yj-1, yj, yj+1, yj+2} and {zk-1, zk, zk+1, zk+2} while the term f111 (i.e. 

value of fijk when i, j, k equals 1) corresponds to the scalar field value at point bearing 

co-ordinates (xi-1, yj-1, zk-1). Terms f112, f113 etc. are respective scalar field values at 

points with co-ordinates (xi-1, yj-1, zk), (xi-1, yj-1, zk+1) and so on. 

                                    L x, y, z     =       Li x  Lj y  Lk z  fijk

4

k=1

4

j=1

4

i=1

                  (II.15) 
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To obtain GPs for MESP topography, scalar field values are generated on 

the 3D grid via. Gaussian cubegen utility. Assuming that there are nx, ny, nz number of 

tabular points along X, Y and Z directions (and Δx = Δy = Δz), there exist a total of  

„(nx-1)(ny-1)(nz-1)‟ number of cubes to be analyzed. The initial guess point {r0} is 

generated at the centre of each cube and Eq. (II.15) is used to interpolate MESP values 

within the cube. Using the first order partial derivatives and corresponding elements of 

Hessian matrix derived from Eq. (II.15) (expressions described in APPENDIX, section 

A9), the initial GP {r0} is updated to {r1} using the 3D Newton-Raphson method via. 

Eq. (II.16) [8]. The term H-1(rk)  corresponds to the inverse of the Hessian matrix 

evaluated at some reference point {rk} which in present context is {r0} and ∇L(rk) 

represents the first order partial derivatives of Eq. (II.15).  

                                                             rk+1  =     rk   −    H-1(rk) . ∇L(rk)                     (II.16) 

The newly obtained point is once again updated until ∇L(rk) becomes less 

than 10
-13

 or if the number of NR steps reach some predefined threshold value (in 

current methodology it is set to 100). If the former condition is satisfied, then the CP is 

characterized based on the eigenvalues obtained from the Hessian matrix – as per 

discussion in section II.1. Rather than employing the NR method, value of ∇L(rk) could 

also be minimized using the subroutine STEPIT.  

Since the topographical features of MESP scalar field are already discussed 

for acetone molecule, the corresponding 3D grid data was investigated and this 

methodology was found to yield a total of 13 CPs, displayed in Table II.3.  
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Table II.3. CPs of MESP scalar field obtained using the 3D Lagrange‟s interpolation 

method. 

 
Symbols:      for GP representing MESP minima,     for GP representing saddle 

connecting MESP minima and × for GPs representing bond saddles. 

Type of GP 

GP 

label 

Co-ordinates  Predicted value of 

Expected 

Predicted 

value of  

(R, ζ) 

X Y Z MESP 
Electron 

density 

MESP 

minima 
(3, +3) 

1 0.0000 -1.7739 4.0344 -0.0922 0.016 

2 0.0000 1.7796 4.0312 -0.0922 0.015 

saddle 
connecting 

minima 
(3, +1) 3 -0.0008 0.0379 5.0336 -0.0827 0.010 

C-C 

bond 

saddles 

(3, -1) 

4 0.0019 -1.2101 -0.4194 0.6859 0.256 

5 0.0019 1.2111 -0.4153 0.6859 0.255 

C-H 

bond 

saddles 

6 0.0051 -3.4839 -0.3478 0.8633 0.131 

7 0.0052 3.4783 -0.3712 0.8632 0.170 

8 -1.0768 -2.5098 -1.9130 0.8754 0.096 

9 -1.0776 2.4675 -1.9148 0.8752 0.111 

(3, +1) 10 1.0765 -2.5077 -1.9170 0.8714 0.133 

(3, +1) 11 1.0775 2.4684 -1.9184 0.8716 0.141 

C-O 

bond 

saddle 

(3, -1) 12 0.0017 0.0145 1.4907 1.3492 0.095 

---- (3, -3) 13 0.0310 -2.4024 -1.1171 14.5389 -19.689 
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Based on the locations of GPs, corresponding V(r) and ρ(r) values predicted 

by the numerical method, the following observations are noted: 

 The GPs for MESP minima (CPs numbered 1, 2 in Table II.3) are situated at 

distances of 2.2773, 2.2796 a.u. (1.2047, 1.2059 Å) from oxygen atom and 

form angles of 128.8/128.7
o
 with carbonyl group. The expected distance and 

angle values are 2.2873 a.u. (1.2100 Å) and 129.2
o
. Thus the deviations 

between respective quantities are not significant. The MESP and electron 

density values predicted are also in good agreement with QM results (i.e. 

entries 1 and 2 in Table II.1b). 

 The GP (numbered 3) for saddle connecting MESP minima is situated at a 

distance of 2.3657 a.u. (1.2515 Å) from oxygen atom and QM counterpart 

value is about 2.4089 a.u. (1.2743 Å). There is once again a good agreement 

between predicted MESP and electron density values with those obtained 

via. WF (Table II.b, entry 3).  

 Not much deviation is observed between predicted co-ordinates of bond 

saddle GPs (numbered 4, 5 in Table II.3) located between carbon-carbon 

bonds and their QM counterparts (Table II.1b, entry 4). Thus is true even 

with respect to predicted V(r) and ρ(r) values. 

 The above point is also valid for bond saddle GPs numbered 6, 7, 8, 9, 10 

and 11. The nature of GPs numbered 10 and 11 predicted by the method 

however are incorrect. 

 Co-ordinates of GP for saddle between carbon-oxygen bond and 

corresponding V(r), ρ(r) values are reproduced quite well. Unexpectedly, 

only a single (3, -3) CP (labeled 13 in Table II.3) corresponding to carbon 

atom, is detected. 



55 

This method was initially used by Katan and co-workers to detect CPs of 

electron density function [9]. In the present context, it is used to analyse topographical 

features of MESP scalar field – to obtain suitable GPs for INDPROP. Ignoring the 

predicted (3, -3) CP and errors in signature values at two bond saddles, the GPs when 

submitted to INDPROP yield the required MESP CPs which are summarized in Table 

II.1b. The next set of molecules investigated are pyrazole and imidazole (structures in 

Figure II.4), which have been studied by Scroscco and Tomasi [10]. 

 
Figure II.4. Structures of a) pyrazole and b) imidazole molecules. Numbering scheme 

employed for pyrazole ring atoms is applicable for imidazole as well. The 

hydrogen atoms in the latter are labelled from 6 to 9, in anticlockwise 

direction starting from N1 as in pyrazole. 

 

The MESP topography of both molecules are expected to exhibit two (3, +3) 

CPs, each above and below the C4-C5 double bond; a single (3, +3) CP representing the 

nitrogen LP of respective N2 and N3 atoms (former in pyrazole and latter in imidazole). 

A connection (negative valued (3, +1) CP) between the MESP minima representing π 

bond and LP could exist, each above and below the molecular plane In addition to nine 

bond CPs and a positive valued (3, +1) CP at the centre of ring (numerical method 

results displayed in Tables II.5 and II.6).  
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Table II.4. GPs for MESP topography of pyrazole molecule at HF/6-31G(d,p) level of 

theory.  

 

Molecular geometry: 

N1 (0, 2.0323, 0);  N2 (2.1307, 0.6997, 0) 

C3 (-1.4096, -1.6529, 0); C4 (1.2522, -1.8695, 0) 

C5 (2.0714, 0.5718, 0); H6 (-0.0869, 3.9037, 0) 

H7 (-2.7877, -3.1361, 0); H8 (2.3727, -3.5509, 0) 

H9 (3.9328, 1.3628, 0) 

Grid specification: 

Initial co-ordinates (-7.9223, -8.3822, -6.5127), 

Number of tabular points per direction: 51, 49, 40 

with increment of 0.333333. 

Symbols:  

 for GPs representing MESP minima,  for saddle 

connecting MESP minima,  for GP representing ring 

CP and × for GPs representing bond saddles. 

GP (label)  
(R, ζ) 

predicted 

Co-ordinates 
V(r) ρ(r) 

X Y Z 

nitrogen LP (10) 

(3, +3) 

-4.2443 1.6504  -0.0001 -0.1086 0.021 

-4.2737 1.6379 0.0000 -0.1086 0.019 

π bonds 

(11 and 12) 

1.0882 -1.3933 3.1683 
-0.0322 0.004 

1.1106 -1.3840 -3.1351 

1.0884 -1.3917 ±3.1564 -0.0322 0.004 

saddle connecting 

LP and π bonds 

(13 and 14) 

(3, +1) 

-0.7128 -1.0897 3.4320 
-0.0282 0.002 

-0.7123 -1.0904 -3.4342 

-0.7167 -1.0901 ±3.4428 -0.0282 0.002 

ring CP (3, +1) 
-0.0420 -0.0971 0.0011 0.3348 0.065 

-0.0375 -0.0969 0.0000 0.3361 0.055 

between N1-N2 (3, -1) 
-1.0633 1.3704 0.0025 1.0514 0.361 

-1.0537 1.3584 0.0000 1.0496 0.395 

between N2-C3 
(3, +1) -1.7543 -0.4786 0.0021 1.0598 0.536 

(3, -1) -1.7643 -0.4722 0.0000 1.0780 0.411 

between C3-C4 
GP not found 

(3, -1) -0.0740 -1.7235 0.0000 0.8350 0.309 

between C4-C5 
(3, +1) 1.6350 -0.6331 0.0021 0.9355 0.409 

(3, -1) 1.6284 -0.6381 0.0000 0.9455 0.337 

between C5-N1 (3, -1) 
0.9980 1.2642 0.0025 1.0229 0.333 

1.0169 1.2910 0.0000 1.0303 0.370 

between N1-H6 (3, -1) 
-0.0415 3.2152 0.0024 1.0665 0.731 

-0.0563 3.2327 0.0000 1.1164 0.388 

between C3-H7 
(3, +1) -2.3055 -2.5822 0.0039 0.8888 0.193 

(3, -1) -2.2913 -2.6006 0.0000 0.8797 0.301 

between C4-H8 
(3, +1) 1.9591 -2.9582 0.0047 0.8918 0.200 

(3, -1) 1.9680 -2.9433 0.0000 0.8839 0.296 

between C5-H9 (3, -1) 
3.2860 1.0357 0.0009 0.8923 0.390 

3.2604 1.0783 0.0000 0.9134 0.301 
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Table II.5. GPs for MESP topography of imidazole molecule at HF/6-31G(d,p) level of 

theory. 

 

Molecular geometry: 

N1 (0, 2.0323, 0), N2 (2.1307, 0.6997, 0), 

C3 (-1.4096, -1.6529, 0), C4 (1.2522, -1.8695, 0) 

C5 (2.0714, 0.5718, 0), H6 (-0.0869, 3.9037, 0) 

H7 (-2.7877, -3.1361, 0), H8 (2.3727, -3.5509, 0) 

H9 (3.9328, 1.3628, 0) 

 

Grid specification: 

Initial co-ordinates (-8.414238, -7.782350, -6.512883) 

Number of tabular points per direction: 52, 49, 40 with increment 

of 0.333333. 

 

Symbols: 

 for GPs representing MESP minima,  for saddle connecting 

MESP minima,  for GP representing ring CP and × for GPs 

representing bond saddles. 

GP (label) 
(R, ζ) 

predicted 
Co-ordinates 

V(r) ρ(r) 
X Y Z 

nitrogen LP (10) 

(3, +3) 

0.1781 -4.6168 -0.0001 -0.1284 0.024 

0.1775 -4.6193 0.0000 -0.1278 0.020 

π bonds (11 and 12) 

1.9920 0.3949 3.0504 -0.0339 0.005 

1.9907 0.3926 -3.0538 -0.0339 0.005 

1.9916 0.3916 ±3.0590 -0.0338 0.005 

saddles (13/14) 

connecting LP and π 

bonds  

(3, +1) 

1.7090 -0.5121 3.3105 -0.0328 0.003 

1.7092 -0.5097 -3.3131 -0.0328 0.003 

1.7046 -0.5132 3.3108 -0.0327 0.003 

ring CP (3, +1) 
0.0929 -0.2050 0.0012 0.3308 0.082 

0.0917 -0.1666 0.0000 0.3338 0.059 

between N1 - C2 
(3, +1) -1.5866 0.3651 0.0022 0.9898 0.516 

(3, -1) -1.5845 0.3600 0.0001 1.0127 0.364 

between C2 - N3 (3, -1) 
-0.9063 -1.5918 0.0028 1.1221 0.336 

-0.9028 -1.5882 0.0001 1.1119 0.419 

between N3 - C4 
(3, +1) 1.0936 -1.4889 0.0022 0.9114 0.291 

(3, -1) 1.0725 -1.4724 -0.0001 0.9067 0.352 

between C4 - C5 
(3, +1) 1.6661 0.5323 0.0022 0.9581 0.400 

(3, -1) 1.6471 0.5382 -0.0001 0.9635 0.348 

between C5 - N1 
(3, +1) -0.0159 1.6429 0.0020 0.9419 0.482 

(3, -1) -0.0353 1.6492 0.0000 0.9592 0.344 

between N1 - H6 
(3, +1) -2.0537 2.5533 0.0050 1.1070 0.277 

(3, -1) -2.0964 2.5108 0.0000 1.1228 0.382 

between C2 - H7 (3, -1) 
-3.1524 -1.2954 -0.0051 0.8847 0.477 

-3.1258 -1.3081 0.0004 0.9051 0.305 

between C4 - H8 (3, -1) 
3.3192 -1.0722 0.0014 0.8656 0.374 

3.3109 -1.0861 -0.0002 0.8745 0.302 

between C5 - H9 
(3, +1) 1.8218 2.8988 0.0047 0.9056 0.267 

(3, -1) 1.8919 2.8855 0.0000 0.9067 0.300 



58 

It is observed that the GPs obtained for both molecules mimic different 

types of MESP CPs. The signature values predicted for GPs in the negative V(r) region 

are found to be +3 or +1, either representing LPs/π bonds or saddles connecting MESP 

minima. In the positive MESP region however, some of the signature values at bond GP 

sites are found to be incorrect. There has been an instance where the method failed to 

detect a GP for bond CP. Few GPs with signature values of -3 were also found in both 

cases (which are not much emphasized upon). 

This method has also been employed to study MESP topography of simple 

molecules like ammonia, water, hydrogen sulphide, formaldehyde, ethane and benzene. 

These findings will be discussed in the next chapter of this thesis – which deals with the 

development of topography-based charge models, for which the knowledge of 

topographical features themselves is essential.  

 

II.5 General remarks and conclusions 

To conclude, this chapter has described the means to obtain topographical 

features of MESP scalar field – by locating points (CPs) where the first order partial 

derivatives of V(r) vanish, followed by their characterization based on eigenvalues 

obtained from the Hessian matrix evaluated at these respective points. The reactive sites 

in molecules such as LPs/π bonds are indicated by presence of negative valued (3, +3) 

CPs in the MESP topography, and based on the V(r) values, it is possible to 

differentiate between them – V(r) values in the former case are more deeper than -0.04 

a.u. The positive valued (3, -1) and (3, +1) CPs indicate bonded atoms and ring 

structures in the molecular framework. 
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A numerical algorithm for detecting CPs of MESP scalar field topography 

has been presented and discussed in this chapter. It has been tested for simple molecule 

like acetone and those possessing rich topographical features viz. pyrazole and 

imidazole. Almost all of the different types of MESP CPs have been detected by the NR 

step of the algorithm. These points serve as starters for locating exact topography via. 

computational chemistry INDPROP. Though found to be efficient in locating GPs for 

MESP topography in negative V(r) regions, it is found to predict incorrect nature at 

some GPs situated between bonded atoms. There is also the issue of locating all GPs of 

the type (3, -3). On its own, the method needs some modifications to completely predict 

GPs of all types of CPs, and also in terms of accuracy of prediction when the results are 

compared to those obtained from WF. This task remains to be undertaken in the near 

future. 
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III.1 Introduction 

The usefulness of point charge models despite their major drawback – 

unable to reproduce topographical features of Molecular Electrostatic Potential (MESP), 

has already been illustrated with examples in the introductory chapter of this thesis. 

Besides such type of charge models (containing only discrete point charges), the 

upcoming section briefly describes those containing Gaussian charge distributions. 

The initial works of Hall and Smith were based on developing 

approximations for the electron density function using spherical Gaussians [1, 2]. The 

approximate electron density ρ* was considered as a sum of product of positive charges 

{qi} and the associated Gaussian charge distributions {Gi}. The parameters optimized 

were the Gaussian exponents and Gaussian positions, subjected to the constraint that 

sum of charges should equal number of electrons present in the molecule under 

consideration.  

The detailed discussion about the exact method of finding the optimized 

parameters is avoided in the present context and is available in the sited reference. 

Taking water as a test case, the Gaussians were placed at the atomic sites while in 

another set of models, additional Gaussians were placed at lone pair (LP) sites and 

sometimes between bonded atoms. With the electron density in hand, calculation of 

MESP was possible via. Eq. (I.49) where ρ*(r) takes the place of ρ(r). Besides water 

(H2O) molecule, ammonia (NH3) and hydrogen fluoride molecules were also taken as 

test cases (fitting of electron density followed by calculation of MESP) [3, 4]. In 

practice however these models were found to increase computational efforts due to 

increase in the number of Gaussians. Another water model proposed by Hall and Smith 

[5], comprising of positive charges at nuclei sites and a single diffuse Gaussian 
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(accompanied with a negative charge) along C2 axis, was unable to reproduce two 

negative (3, +3) critical points (CPs) corresponding to two LPs.  

Gadre and Shrivastava [Chapter I, ref. 68] initially developed Gaussian 

charge models (GCMs) to reproduce topographical characteristics of NH3 and H2O 

molecules viz. LPs and a (3, +1) saddle connecting two MESP minima in the latter. 

They also developed similar topography-driven GCMs for molecules like methane, 

ethene (C2H4), methanol (CH3OH), hydrogen sulphide (H2S) and benzene (C6H6) using 

appropriate number of Gaussians by fitting V(r), ∇V(r) and ∇2V(r) values at negative 

valued CPs [Chapter I, ref. 69, 70]. Several other research groups have developed 

Gaussian based models (not related to MESP topography) to tackle issues related to 

theory and experiments. Two such examples are mentioned in the upcoming section. 

The water models developed by Jeon et al. [6], Paricaud et al.[7] and Kiss et 

al. [8] reproduce/simulate properties (such as diffusion constant, liquid-state interaction 

energies, radial distribution functions, energy profiles of water dimer, microstructure 

etc.) of liquid water at ambient temperatures. The thermodynamic/transport properties 

(viz. enthalpy of vaporization, self-diffusion coefficient, isobaric and isochoric heat 

capacities etc.) simulated by polarizable and nonpolarizable carbon dioxide GCMs are 

found to be in good agreement with experimental data [9]. The next section describes 

the development of topography-driven GCMs for the first set of molecules namely NH3, 

H2O, H2S, HCHO, C2H4 and C6H6. Their molecular geometries have been optimized at 

the second order Møller-Plesset (MP2) Perturbation theory via. 6-31G(d,p) basis set 

using the software Gaussian 03 [Chapter I, ref 63]. The corresponding wave functions 

(WFs), geometries and basis set information were then employed to locate and 

characterize MESP CPs using the software INDPROP [Chapter I, ref. 67]. 
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III.2 Methodology to develop Gaussian charge models (GCMs) 

III.2.1 Ammonia molecule 

Table III.1a summarises the optimized geometry of NH3 molecule, co-

ordinates of MESP CPs with corresponding MESP and electron density values. The 

ammonia GCM comprises of point charges {qN, qH}, placed at nitrogen and hydrogen 

sites. Due to symmetry, charge on all hydrogen atoms equals qH. From the MESP 

contour plot displayed in Figure III.1a, a single (3, +3) CP corresponding to LP of 

electrons is found along the principle axis (Z-axis) at a distance of 2.2859 a.u. (1.2092 

Å) from nitrogen atom. A single s-type normalized Gaussian (represented as) 

θ(RG) =  
2α

π
 

3

4
e−α(r−RG)2

 with negative charge qG is therefore placed along the Z-axis at 

point RG bearing co-ordinates (RX, RY, RZ) to represent the continuous charge 

component (components RX and RY vanish on Z-axis). Net charge balance is maintained 

by taking sum of positive point charges and charge on Gaussian equal to zero (charge 

on molecule). The potential at point rp due to point charges is computed via. Eq. (I.52) 

and the potential at the same point due to a single Gaussian θ(RG) is discussed hereafter.  

Product of two normalized Gaussians {θ(R1), θ(R2)} centred at {R1, R2} 

with normalization constants and exponents { 
2α

π
 

3

4
,  

2β

π
 

3

4
} and {α, β} result to a new 

Gaussian:  
2α

π
 

3

4
 

2β

π
 

3

4
e

- 
αβ

α+β
  R1 - R2 

2

e−(α+β)R12
2

, where R12 =
αR1+ βR2

α+β
 is the new Gaussian 

centre and (α+β) is the new exponent. The term e
- 

α β

α+β
  R1 -  R2 

2

 is known as the pre-

exponential factor and V(rp) due to product of θ(R1) with θ(R2) is given by Eq. (III.1) 

[10]. The full derivation of Eq. (III.1) is available in APPENDIX, section A11.   
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Table III.1a. Topographical features of MESP obtained from ammonia WF at the MP2 

level of theory employing 6-31G** basis set (refer APPENDIX, section 

A10, sub-section A10.1 for more details).  

Type of 

CP 

Co-ordinates  
V(r) ρ(r) 

X Y Z 

(3, +3) 0.0000 0.0000 2.5075 -0.1365 0.024 

(3, -1) 
0.0000 0.1284 -0.2579 

0.9960 0.361 
±0.9772 -0.5642 -0.2579 

Molecular geometry: nitrogen at (0, 0, 0.2216) and hydrogen atoms at  

 (0, 1.7652, -0.5170) and (±1.5287, -0.8826, -0.5170). 

 

Table III.1b. Topographical features of MESP obtained from ammonia GCMs. The 

symbol „---‟ is used for electron density values less than 0.001 a.u. (in all 

tables thorough this chapter). 

Model 
Parameters Type of 

CP 

Co-ordinates  
V(r) ρ(r) 

{qN, qH, α, Rz} X Y Z 

1 

0.3232 

0.0048 

0.3113 

1.9402 

(3, +3) 0.0000 0.0000 2.5076 -0.1362 0.024 

(3, -1) 
0.0000 1.5295 -0.4793 

0.0978 --- 
±1.3245 -0.7647 -0.4793 

Charge on Gaussian: -0.3376, Gaussian centre: (0, 0, 1.9402). 

2 

 

2.7336 

0.0696 

0.2489 

0.4874 

(3, +3) 0.0000 0.0000 2.5097 -0.1372 0.024 

(3, -1) 
0.0000 1.4205 -0.4263 

0.4146 0.045 
±1.2302 -0.7102 -0.4263 

Charge on Gaussian: -2.9424, Gaussian centre: (0, 0, 0.4874). 

3 

2.6146 

0.0593 

0.2479 

0.5070 

(3, +3) 0.0000 0.0000 2.5075 -0.1366 0.024 

(3, -1) 
0.0000 1.4352 -0.4332 

0.5154 0.041 
±1.2430 -0.7176 -0.4332 

Charge on Gaussian: -2.7925, Gaussian centre: (0, 0, 0.5070), log(ω) equals 

negative 4.7486. 

4 

0.1665 

0.0238 

0.3850 

2.1876 

(3, +3) 0.0000 0.0000 2.5074 -0.1363 0.027 

(3, -1) 
0.0000 1.2109 -0.4054 

0.0994 --- 
±1.0487 -0.6055 -0.4054 

Charges qN and qH are derived from variable q whose value is 0.2379 (the 

former and latter are 0.7 and 0.1 times q as per Eq. (III.9)). Charge on 

Gaussian: -0.2379, Gaussian centre: (0, 0, 2.1876) and value of log(ω) equals  

-3.0602.  
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Figure III.1. MESP contour plot for NH3 molecule in YZ plane obtained from a) 

MP2/6-31G(d,p) WF; b) GCM numbered 3 and c) GCM numbered 4 

from Table III.1b. Position of Gaussian in GCM plots are shown by „o‟ 

symbol. For convienence, the ball and stick model is used to represent 

point charges in GCMs. To save space, Fig. III.1b is resized. 

 

                   V(rp)  =   
2α

π
 

3

4

 
2β

π
 

3

4

e
- 

αβ

α + β
  R1− R2 

2

 e-(α + β)(rp − R12)2 u2

1

0

du                (III.1) 

The integral in above equation belongs to a special class of functions called 

incomplete gamma functions [F
n
 x  =  u2nexp (-xu2)du,

1

0
 for x ≥ 0] and is represented 
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as F0(t) where t = (α + β)(rp − 𝐑12)2  [11]. More details and properties of these 

functions are available in the cited reference. 

A better representation for V(rp) due to θ(RG) is given by the left hand side 

expression of Eq. (III.2) while the value on the right hand side is obtained from Eq. 

(III.1) when θ(R2) equals θ(R1) (i.e. when both Gaussian centres are the same). 

                                              q
G

 θ(RG ) 
1

 r - rp 
 θ(RG) dr  =  q

G
 

8α

π
 F0(t)                (III.2) 

In general, the potential at rp due to a GCM comprising of point charges 

{qi} and single Gaussian θ(RG), represented as V
M

(rp) is evaluated via. Eq. (III.3). 

                    VM rp   =  
q

i

 rp –  Ri 

N

i=1

   +    q
G

 θ(RG )
1

 r −  rp 
θ(RG) dr                   (III.3) 

Since the LP in NH3 is capable of interacting with electrophilic species, the 

aim is to find GCM parameters {qN, qH, α, RZ} – magnitude of point charges, Gaussian 

exponent and Gaussian position, which reproduce correct position of (3, +3) CP, 

corresponding V(r) and ρ(r) values (The quality of the GCM developed is judged on the 

reproduction of these quantities). This is achieved by making value of objective 

function ω defined by Eq. (III.4) less than some tolerance value ε via. subroutine 

STEPIT [Chapter II, ref. 5]. 

                                         ω   =  (VWF −  VM)
2
   +    (ρWF  −  ρM)

2
  +   ∇VM                    (III.4) 

The first and second terms of Eq. (III.4) ensure that the GCM reproduces 

correct V(r) and ρ(r) values at MESP minimum. [MESP and electron density functions 

are related by Poissen‟s equation: ∇2VM r  = 4πρM (r).] The third term in the above 
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equation defined by Eq. (III.5) ensures reproduction of correct position of (3, +3) CP by 

vanishing first order partial derivatives of Eq. (III.3). 

                                          ∇VM  =   
∂VM

∂x
   +   

∂VM

∂y
   +    

∂VM

∂z
                                     (III.5) 

Several GCM parameters (also referred to as solutions (Si)) are found to 

make value of ω less than ε = 10
-5

 (tolerance value chosen in present study), namely:    

S1 ≡ {0.0326, 0.0565, 0.3894, 2.3309},  

S2 ≡ {0.3232, 0.0048, 0.3113, 1.9402},  

S3 ≡ {0.3629, 0.0001, 0.3019, 1.8910}, 

S4 ≡ {2.7336, 0.0696, 0.2489, 0.4874} and others which are not mentioned here. 

Magnitude of qN is expected to be greater than qH. On this basis, solution S1 

is rejected. Solution S3 is also rejected as value of qH is small and meaningless. The 

topographical features obtained from NH3 GCMs incorporating S2 (model numbered 1) 

and S4 (model numbered 2) parameters are displayed in Table III.1b. These models 

produce correct number of MESP CPs with slight deviations in the position of (3, +3) 

CP and corresponding V(r) value. Nevertheless it is impossible to obtain a unique 

solution using this strategy. 

Perhaps fitting MESP values at more points could generate a unique 

solution for ω. To test this hypothesis, points lying on a sphere of radius 0.1 a.u. 

surrounding the (3, +3) CP were generated using polar coordinates (r, θ, ϕ). Since 

variables θ and ϕ take values (in radians) from 0 to π and 0 to 2π, a total of 381 points 

were obtained using increment values of 0.1571 and 0.3142 radians for θ and ϕ. MESP 

values at these points were computed using the software INDPROP. Further, a weight 

function w(r) defined by Eq. (III.6) was employed so that MESP value at the minimum 
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got more weightage compared to the remaining points. For convenience, the MESP 

minimum is referred to r+3.  

                                                                  w ri   =  e- V ri   −  V(r+3)                                          (III.6) 

The new objective function ω to be minimized is defined by Eq. (III.7) 

while the best solution is suppose to make value of ω less than ε or in other words, make 

value of log(ω) less than -5.  

               ω  =   w(ri) Vi
M  −  Vi

WF 
2

381+r+3

i=1

   +  (ρWF  −   ρM)
2
  +  ∇VM                    (III.7) 

Lowest possible value of log(ω) was found to be -4.7486 for GCM 

parameters {2.6146, 0.0593, 0.2479, 0.5070}. This is an acceptable solution as 

magnitude of qN is greater than qH and the corresponding GCM produces correct 

number and type of CPs (third model in Table III.1b). Another strategy which yields 

correct magnitude of charges on atoms and reduces the number of GCM parameters to 

be optimized is presented hereafter. 

All point charges are derived from single variable „q‟. Secondly, these 

charges are assumed to be proportional to nuclear charges of corresponding atoms (due 

to similarities in the first term of Eq. (III.3) with its QM counterpart i.e. Eq. (I.49)). 

Thus qi and Zi are related via. qi = k Zi, where k is a proportionality constant. By taking 

summation on both sides of this equation, value of k is found to be q/Zsum where Zsum 

represents the sum of nuclear charges in a given molecule. The final relation between 

point charges and variable q is presented in Eq. (III.8).  

                                                                 q
i
  =   

Zi

Zsum

  q                                                     (III.8) 



71 

Due to restrictions on point charges (via. above equation), the GCM 

parameters are obtained by so called constraint-minimization of Eq. (III.7) (for purpose 

of convenience, this methodology shall be simply referred to as constraint-

minimization); and lowest value of log(ω) is about -3.0602 for GCM parameters:        

{q, α, RZ} ≡ {0.2379, 0.3850, 2.1876}. Using Eq. (III.8) the charges on nitrogen and 

hydrogen atoms come out to be 0.7 and 0.1 times variable q. The MESP CPs obtained 

from this model are displayed in Table III.1b (model numbered four). 

Irrespective of the strategy used, all NH3 GCMs displayed in Table III.1b 

are found to: 

1. Produce bond CP between each bonded pair of atoms and a single (3, +3) 

CP along Z-axis. 

2. Reproduce position of (3, +3) CP, corresponding V(r) and ρ(r) values with 

least errors. 

Due to low magnitude of positive charges, the GCMs are unable to 

reproduce correct MESP values at bond CPs. From the MESP contour plots displayed in 

Figures III.1b and III.1c, the corresponding GCMs are found to produce positive and 

negative MESP regions which are in agreement with ab initio results (Figure III.1a). A 

smaller Gaussian exponent value results when the Gaussian centre is situated near the 

nitrogen atom. This is accompanied by large magnitudes of positive and negative 

charges as observed in models numbered 2 and 3 compared to 1 and 4 in Table III.1b. 

The MESP contour lines of model 3 in Fig. III.1b are also found to spread at a larger 

distance along positive Z-axis direction compared to WF and GCM (model 4) with large 

exponent value.  
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To conclude, the third GCM from Table III.1b is chosen to represent NH3 

molecule due to small deviation in MESP value at each bond CP compared to the 

remaining GCMs. The different strategies (using Eq. (III.4) and Eq. (III.7) with/without 

Eq. (III.8)) employed in developing the NH3 GCM need to be tested for the remaining 

molecules.  

 

III.2.2 Water and hydrogen sulphide molecules 

From the MESP contour plot displayed in Figure III.2a, H2O molecule is 

found to exhibit two (3, +3) CPs corresponding to LPs in the (YZ) plane perpendicular 

to the molecular (XY) plane. The co-ordinates of MESP minima and other CPs are 

displayed in Table III.2a. 

 

Figure III.2. MESP contour plot for H2O molecule in YZ plane obtained from                

a) MP2/6-31G(d,p) WF and b) GCM containing single s-type Gaussian. 

Since the bonds connecting oxygen and hydrogen atoms are coinciding 

with Z-axis, the position of Gaussian along Z-axis is indicated by an 

arrow in Figure III.2b.   
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Table III.2a. Optimized geometry co-ordinates and topographical features of MESP 

obtained from water WF at the MP2/6-31G** level of theory 

(APPENDIX, section A10, sub-section A10.2 provides more details). 

Type of 

CP 

Co-ordinates  
V(r) ρ(r) 

X Y Z 

(3, +3) 0.0000 ±1.9791 1.4066 -0.0989 0.017 

(3, +1) 0.0000 0.0000 2.5146 -0.0966 0.015 

(3, -1) ±0.9114 0.0000 -0.4996 1.1318 0.423 

Molecular geometry: oxygen at (0, 0, 0.2244) and hydrogen atoms at 

(±1.4290, 0, -0.8976). 

 

Table III.2b. Topographical features of MESP obtained from water GCMs. The first 

model is developed using two Gaussians in YZ plane and the second by a 

single Gaussian along Z-axis. 

Model 
GCM 

parameters 

Type of 

CP 

Co-ordinates  
V(r) ρ(r) 

X Y Z 

1 

qO 

qH 

α 

RY 

RZ 

0.2924 

0.0366 

0.4281 

1.6762 

1.1001 

(3, +3) 0.0000 ±1.9791 1.4066 -0.0987 0.022 

(3, +1) 0.0000 0.0000 2.5834 -0.0405 0.001 

(3, -1) ±0.9837 0.0000 -0.6223 0.1531 --- 

Charge on each Gaussian: -0.1828; Gaussian centres: (0, ±1.6762, 1.1001); value of 

log(ω): -4.6014. 

2 

qO 

qH 

α 

RZ 

4.6359 

0.5795 

0.3137 

0.1550 

(3, +3) 0.0000 ±1.9791 1.4066 -0.0990 0.019 

(3, +1) 0.0000 0.0000 2.4963 -0.0982 0.017 

(3, -1) ±0.9597 0.0000 -0.5293 1.0118 0.216 

Charge on Gaussian: -5.7949; Gaussian centre: (0, 0, 0.1550); value of log(ω) is 

about -3.6014.Variable q equals 5.7949, qO = 0.8q and qH = 0.1q.  

 

It is possible to develop a GCM for H2O by placing two Gaussians at         

(0, ±RY, RZ) and finding best set of GCM parameters: {qO, qH, α, RY, RZ} which 

reproduce correct positions of MESP minima and corresponding V(r), ρ(r) values 

(though a positive value of RY is optimized, the Gaussians are placed at appropriate 

sites). Due to the presence of symmetry, the two (3, +3) CPs are equidistant from the 
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oxygen atom and equivalent with respect to MESP and electron density values. It is 

therefore sufficient to develop the H2O GCM by fitting V(r), ∇V(r) and ρ(r) at a single 

(3, +3) CP. Because of the symmetric nature of MESP minima, the Gaussians in the 

model bear same magnitude of negative charge {qG is obtained by equally dividing the 

negative sum of positive charges}. 

The potential V(rp) due to several (K) number of such Gaussians (all with 

equivalent charge qG), in general is given by Eq. (III.9). Since interaction of θ(Ri) with 

θ(Rj) is equivalent to interaction of θ(Rj) with θ(Ri), the constant cij either takes value 

of 1 when Gaussian centres Ri equals Rj or 2 otherwise.  

                          V(rp)  =    q
G

 cij    θ(Ri)
1

 r −  rp 
θ(Rj) dr  

i

j=1

K

i=1

                    (III.9) 

The best double-Gaussian model was obtained by using GCM parameters 

from unconstraint minimization of Eq. (III.4). MESP CPs obtained from the current 

model are presented in Table III.2b. Despite the fact that ρ(r) value is slightly 

overestimated, this model is able to reproduce exact positions of MESP minima and 

corresponding MESP values. It has been possible to develop a simpler model containing 

only one Gaussian placed along the C2 axis and dependent on three parameters:          

{q, α, RZ} by constraint-minimization method. Model parameters and MESP CPs 

obtained from this GCM are also presented in Table III.2b. The latter GCM is found to 

be a better representative for H2O (additionally in terms of V(r) values at (3, +1), (3, -1) 

CPs and ρ(r) value at (3, +1) CP). It is also observed that the magnitude of point 

charges at the nuclei sites have become smaller by introducing two Gaussians in the 

water model. This results to poor V(r) values at bond CPs (as observed in the former 



75 

model). Figure III.2b portrays the positive and negative MESP regions obtained from 

water GCM employing single Gaussian.  

LPs in H2S are located at a distance of 3.3297 a.u. (1.7614 Å) away from 

sulphur atom. Due to this large distance (compared to LP-oxygen distance of 1.2195 Å 

in H2O), the H2S GCM is developed using two Gaussians. The GCM parameters 

obtained via. constraint-minimization (model numbered 1) method and from its 

unrestricted counterpart (i.e. from minimizing Eq. (III.7) without use of Eq. (III.8) – 

henceforth referred to as unconstraint-minimization) i.e. model numbered 2 in Table 

III.2b along with corresponding MESP CPs are reported in Tables III.3b. Table III.3a 

summarizes the MESP CPs obtained from quantum mechanics. 

Both models reproduce correct positions of MESP minima and 

corresponding V(r) values, but the latter is found to represent H2S better – in terms of 

ρ(r) values at (3, +3) CPs, MESP values at (3, -1), (3, +3) CPs and position of saddle 

connecting minima. The MESP contour plot of H2S is similar to H2O, hence not shown. 

 

Table III.3a. Optimized geometry and topographical features of MESP obtained from 

hydrogen sulphide WF at the MP2/6-31G** level of theory (more 

insights available in APPENDIX, section A10, sub-section A10.3). 

Type of CP 

Co-ordinates  

V(r) ρ(r) 
X Y Z 

(3, +3) 0.0000 ±3.1446 1.3326 -0.0449 0.006 

(3, +1) 0.0000 0.0000 4.1283 -0.0190 0.001 

(3, -1) ±1.2349 0.0000 -0.9912 0.8229 0.228 

Molecular geometry: sulphur along Z-axis at Z = 0.1925 and hydrogen 

atoms in XZ plane at (±1.8218, 0, -1.5397).  
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Table III.3b. MESP topography obtained from hydrogen sulphide GCMs.  

Model 
Parameters 

{qS, qH, α, RX, RZ} 

Type of 

CP 

Co-ordinates  
V(r) ρ(r) 

X Y Z 

1 

 

0.2082 

0.0130 

0.0662 

1.5532 

0.3118 

(3, +3) 0.0000 ±3.1447 1.3315 -0.0446 0.001 

(3, +1) 0.0000 0.0000 3.4541 -0.0418 --- 

(3, -1) ±1.3032 0.0000 -1.1499 0.0004 0.003 

Charge on each Gaussian: -0.11725; Gaussian centres: (0, ±1.5532, 0.3118); value of 

log(ω) is -5.1684. Value of q equals 0.2345, qS = 0.8889q and qH = 0.0556q. 

2 

0.0780 

0.0564 

0.2596 

2.8651 

1.1188 

(3, +3) 0.0000 ±3.1446 1.3326 -0.0449 0.006 

(3, +1) 0.0000 0.0000 4.0137 -0.0081 --- 

(3, -1) ±0.8555 0.0000 -0.8286 0.0712 --- 

Charge on each Gaussian: -0.0954; Gaussian centres: (0, ±2.8651, 1.1188); log(ω) is 

about -3.2112. 

 

III.2.3 Formaldehyde molecule 

MESP topographical features of HCHO molecule are displayed in Table 

III.4a. There are two (3, +3) CPs in the molecular (YZ) plane, located at a distance of 

2.3192 a.u. (1.2269 Å) from the carbonyl oxygen, each forming an angle of 126.9
o
 with 

respect to oxygen and carbon atoms. The corresponding GCM is thus developed by 

placing two s-type Gaussians in the YZ plane so as to produce LPs of carbonyl oxygen. 

As in the case of H2S molecule, two models for HCHO have been developed using the 

constraint and unconstraint minimization methods. MESP CPs from both models and 

corresponding GCM parameters are summarized in Table III.4b. 

With respect to positions of MESP minima and corresponding V(r) values, 

both models presented in Table III.4b are in good agreement with WF counterpart, but 

the electron density value at (3, +3) CPs is better represented by the latter (i.e. the 

unconstraint parameter model). The V(r) values at bond CPs however are comparatively 
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better in the former (constraint parameter) model and hence this model is chosen to 

represent HCHO. The MESP contour plots from WF and representative model are 

displayed in Figures III.3a and III.3b respectively. 

Table III.4a. Optimized geometry and topographical features of MESP obtained from 

formaldehyde WF at the MP2/6-31G** level of theory (refer 

APPENDIX, section A10, sub-section A10.4 for further details). 

Type of 

CP 

Co-ordinates  
V(r) ρ(r) 

X Y Z 

(3, +3) 0.0000 ±1.8535 2.6858 -0.0801 0.014 

(3, +1) 0.0000 0.0000 3.7630 -0.0696 0.007 

(3, -1) 
0.0000 ±1.1236 -1.7253 0.8650 0.239 

0.0000 0.0000 0.1448 1.3339 0.486 

Molecule geometry: oxygen and carbon atoms on Z-axis at Z = 1.2918 

and Z = -1.0145, hydrogen atoms at (0, ±1.7589, -1.5397).  

 

Table III.4b. Topographical features of MESP obtained from formaldehyde GCMs.  

GCM parameters 

{qO, qC, qH, α, RY, RZ} 

Type of 

CP 

Co-ordinates 
V(r) ρ(r) 

X Y Z 

0.1365 

0.1024 

0.0171 

0.2567 

1.7691 

2.1832 

(3, +3) 0.0000 ±1.8535 2.6880 -0.0800 0.008 

(3, +1) 0.0000 0.0000 3.3516 -0.0648 0.004 

(3, -1) 
0.0000 ±1.2250 -1.8460 0.0700 --- 

0.0000 0.0000 0.1855 0.0927 0.001 

Charge on each Gaussian: -0.1365; Gaussian centres: (0, ±1.7691, 2.1832); log(ω) 

value equals -2.3348, Variable q = 0.2730, qO = 0.5q, qC = 0.3750q and qH is 0.0625 

times variable q. 

0.2571 

0.0264 

0.0053 

0.3597 

1.5881 

2.2492 

(3, +3) 0.0000 ±1.8533 2.6857 -0.0802 0.014 

(3, +1) 0.0000 0.0000 3.5073 -0.0524 0.003 

(3, -1) 
0.0000 ±1.3156 -1.8420 0.0281 --- 

0.0000 0.0000 -0.3517 0.0856 --- 

Charge on each Gaussian: -0.1471; Gaussian centres: (0, ±1.5881, 2.2492); log(ω) 

value equals -4.1017. 
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Figure III.3. MESP contour plot of HCHO obtained from a) MP2/6-31G** WF and b) 

constraint-parameter GCM. The positions of s-type Gaussians in GCM plot 

are shown by „o‟ symbols.  

 

III.2.4 Ethene and acetylene molecules 

In addition to (3, -1) CPs between each C–H and C=C bonds, the MESP 

topography of ethene molecule is found to exhibit two (3, +3) CPs corresponding to the 

π bond character present in its molecular framework (Table III.5a). These minima are 

situated above and below the double bond at a distance of 1.5261 Å from the molecular 

plane. The corresponding GCMs developed via. constraint/unconstraint minimization 

methods are found to reproduce desired topographical features. Due to insignificant 

difference between both results, only the former are presented in Table III.5b. The 

MESP contour plot obtained from this model is found to be in good agreement with its 

QM counterpart (Figure III.4). Efforts were also made to simplify ethylene GCM by use 

of single s-type Gaussian, placed at the centre of mass of C2H4. Irrespective of the 

method employed to derive GCM parameters, the negative MESP regions (due to        

(3, +3) CPs) situated above and below the C=C bond were found to be connected by 
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negative valued (3, +1) CPs as shown in Figure III.5. The model presented in Table III.6 

portrays this feature. Compared to the previous model (in Table III.5b), the V(r) and 

ρ(r) values at bond CPs are found to better. 

By representing the electron density function of acetylene (C2H2) molecule 

by single s-type Gaussian, the corresponding charge model is found to replicate positive 

MESP region near nuclear framework and negative MESP region in the form a ring 

around the molecular axis (Figure III.6). The C2H2 model parameters (obtained from 

optimal fit of V(r), ∇V(r) and ρ(r) values at any one degenerate ring CP) are displayed 

in Table III.7b while MESP topography from WF in Table III.7a 

Table III.5a. MESP topographical features of ethene obtained from MP2/6-31G** WF. 

Section A10, sub-section A10.5 in APPENDIX describes the guess 

points (GPs) used to obtain corresponding CPs. 

Type of 

CP 

Co-ordinates  
V(r) ρ(r) 

X Y Z 

(3, +3) 0.0000 0.0000 ±2.8849 -0.0393 0.007 

(3, -1) 
0.0000 0.0000 0.0000 0.9835 0.352 

±1.1123 ±1.9441 0.0000 0.8525 0.068 

Molecular geometry: carbon and hydrogen atoms are placed at (0, 

±1.2617, 0) and (±1.7419, ±2.3293, 0). 

 

Table III.5b. MESP topographical features obtained from C2H4 GCM. 

GCM 

parameters 

Type of 

CP 

Co-ordinates 
V(r) ρ(r) 

X Y Z 

qC 

qH 

α 

RZ 

0.0753 

0.0065 

0.3074 

2.5054 

(3, +3) 0.0000 0.0000 ±2.8845 -0.0395 0.007 

(3, -1) 
0.0000 0.0000 0.0000 0.0548 

0.001 

 

±1.3172 ±2.0876 0.0000 0.0357 --- 

Charge on each Gaussian: -0.0884; Gaussian centres: (0, 0, ±2.5054); log(ω) value 

is less than -5. Variable q equals 0.2009, qC = 0.3750q and qH = 0.0325q. 
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Figure III.4. MESP contour plot of C2H4 obtained from a) MP2/6-31G** WF & b) 

GCM. The symbols „o‟ denote positions of s-type Gaussians used to 

represent electron density in ethylene GCM. 
 
 

 

 

Figure III.5. MESP isosurface plot obtained from C2H4 GCM containing single 

Gaussian. The transparent solid/mesh surfaces (of isovalues ±0.030) 

correspond to the positive and negative MESP regions. This plot is 

generated using GCM parameters from Table III.6.  
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Table III.6. MESP topographical features of ethene obtained from GCM containing 

single s-type Gaussian. 

 

GCM parameters 

{qC, qH, α } 

Type of 

CP 

Co-ordinates 
V(r) ρ(r) 

X Y Z 

0.9466 

0.0502 

0.1175 

(3, +3) 0.0000 0.0000 ±2.8847 -0.0408 0.006 

(3, +1) ±2.9237 0.0000 0.0000 -0.0318 0.005 

(3, -1) 
0.0000 0.0000 0.0000 0.4241 0.043 

±1.3362 ±2.1492 0.0000 0.2393 0.010 

Charge on Gaussian: -2.0941; Gaussian centres: (0, 0, 0); log(ω) = -3.8469. The 

model parameters are derived by unconstraint minimization of Eq. (III.5).  

 

 
Figure III.6. MESP isosurface plot obtained from C2H2 GCM whose parameters are 

displayed in Table III.7b. The transparent solid/mesh surfaces (of 

isovalues ±0.038) correspond to the positive and negative MESP regions.  

 

Table III.7a. MESP topography of acetylene derived from MP2/6-31G** WF. 

Type of 

CP 

Co-ordinates  
V(r) ρ(r) 

X Y Z 

(2, 0) 0.0000 1.8080 2.2098 -0.0405 0.007 

(3, -1) 
0.0000 0.0000 0.0000 1.3331 0.352 

±2.4310 0.0000 0.0000 0.9472 0.068 

Molecular geometry: carbon & hydrogen atoms along X-axis at                

X = ±1.1514 and X = ±3.1595. 
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Table III.7b. MESP topographical features of C2H2 derived from corresponding GCM. 

 

GCM parameters 

{qC, qH, α} 

Type of 

CP 

Co-ordinates 
V(r) ρ(r) 

X Y Z 

0.9466 

0.0502 

0.1175 

(2, 0) 0.0000 0.0000 ±2.8847 -0.0408 0.006 

(3, -1) 
0.0000 0.0000 0.0000 0.4497 0.039 

±2.5103 0.0000 0.0000 0.3580 0.009 

Charge on Gaussian: -2.0941; Gaussian centre: (0, 0, 0); log(ω) = -3.8469. The 

model parameters are derived by unconstraint minimization of Eq. (III.8).  

 

 

III.2.5 Benzene molecule 

Benzene, the simplest aromatic hydrocarbon is found to exhibit rich 

topographical features. In addition to twelve bond CPs and one (3, +1) ring CP, six     

(3, +3) CPs are located above and below the molecular plane of benzene, circling the C6 

axis a distance of 3.4899 a. u. (1.8462 Å) from the centre of mass of C6H6. A negative 

(3, +1) saddle is found to connect two nearest minima. There are negative valued (3, -1) 

CPs on the C6 axis at a distance of 3.3322 a. u. (1.7627 Å) from the ring. Co-ordinates 

of mentioned CPs along with corresponding V(r) and ρ(r) are displayed in Table III.8a. 

The π cloud in C6H6 GCM is represented by a total of twelve s-type 

Gaussians, wherein six Gaussians are placed in (XY) planes sandwiching the aromatic 

ring. These Gaussians have the same X, Y co-ordinates as MESP minima while the Z 

co-ordinate is optimized with other GCM parameters to obtain optimal fit at one (3, +3) 

CP. The best GCM in terms of positions of MESP minima and corresponding V(r) 

values is obtained by unconstraint minimization method and presented in Table III.8b.  
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Table III.8a. MESP topographical features of benzene obtained from MP2/6-31G** 

WF (GPs used to obtain CPs are listed in APPENDIX, section A10, sub-

section A10.6). 

Type of 

CP 

Co-ordinates  
V(r) ρ(r) 

X Y Z 

(3, +3) 
±0.6391 ±1.1093 ±3.2466 

-0.0332 0.0023 
±1.2799 0.0000 ±3.2467 

(3, +1) 

0.0000 ±1.2058 ±3.2586 
-0.0331 0.0021 

±1.0446 ±0.6015 ±3.2587 

0.0000 0.0000 0.0000 0.1507 0.0197 

(3, -1) 

0.0000 0.0000 ±3.3322 -0.0321 0.0010 

±1.1402 ±1.9748 0.0000 
0.8630 0.3209 

±2.2803 0.0000 0.0000 

±3.4170 ±1.9728 0.0000 
0.8513 0.2928 

0.0000 ±3.3956 0.0000 

Molecular goemetry: carbon atoms at (0, ±2.6386, 0) and (±2.2851, 

±1.3193, 0) while hydrogen atoms are situated at (0, ±4.6846, 0) and 

(±4.0570, ±2.3423, 0).  

 

 

Table III.8b. MESP topographical features from benzene GCM. 

 

GCM 

parameters 

Type 

of CP 

Co-ordinates  
V(r) ρ(r) 

X Y Z 

(3, +3) 
±0.5665 ±0.9856 ±3.2457 

-0.0339 0.0169 

qC 

qH 

α 

RZ 

0.0119 

0.0020 

3.0000 

3.2201 

±1.1365 0.0000 ±3.2457 

(3, +1) 

0.0000 ±0.9673 ±3.2580 
-0.0312 

0.0055 ±0.8358 ±0.4826 ±3.2582 

0.0000 0.0000 0.0000 0.0015 --- 

(

(3, -1) 

0.0000 0.0000 ±3.3103 -0.0271 --- 

±2.3746 0.0000 ±3.3103 
0.0087 --- 

±1.1872 ±2.0564 0.0000 

±3.5351 ±2.0410 0.0000 
0.0071 --- 

0.0000 ±4.0820 0.0000 

Charge on each Gaussian: -0.00695; Gaussian centres: (±0.6391, ±1.1093, ±3.2201) 

and (±1.2799, 0, ±3.2201); log(ω) = -1.6718. 
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Figure III.7. MESP contour plot of C6H6 obtained in the YZ plane using a) WF and        

b) unconstraint-parameter Gaussian model. The symbols „o‟ in GCM plot 

denote positions of s-type Gaussians. 
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Electron density values at (3, +3) CPs are found to be overestimated by the 

model. A larger Gaussian exponent value (typically α ≥ 3) ensures that the negative 

MESP regions located above and below the nuclear framework don‟t intersect/meet 

each other at the centre of mass (i.e. the MESP value at the ring CP is found to be 

negative if α takes values less than 3). MESP contour plot (Figure III.7b) obtained from 

the four-parameter model is found to be in good agreement with its QM counterpart 

(Figure III.7a).  

 

III.3 Scope for improving MESP and Electron Density values at 

critical points other than MESP minima 

 

 

It is observed that the GCMs poorly reproduce V(r) and ρ(r) values at CPs 

other than MESP minima, primarily at the bond CPs. Though these GCMs produce 

correct number and type of MESP CPs, the study presented in this section will aid in 

answering the question: „Is is possible to develop a GCM which will correctly 

reproduce MESP and electron density values at CPs other than MESP minima?‟ 

Taking water molecule as a test case, the aim was to find GCM parameters 

which make value of ω defined by Eq. (III.4) less than ε at (3, +3), (3, +1) and (3, -1) 

CPs. The lowest possible value of ω was found to be 0.3881 for GCM parameters:     

{qO, qH, α, RZ} = {1.5760, 0.4104, 0.1513, 0.1406}. Since value of ω is greater than ε, it 

is obvious that the current model is not capable of reproducing exact positions of MESP 

CPs, corresponding MESP and electron density values. [This model was found to 

produce only three CPs – a single MESP minimum along Z-axis at Z = 3.1208 in 

addition to two bond CPs – which is unacceptable.] 
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In an attempt to improve the MESP and electron density values at bond CPs, 

a single Gaussian (with exponent α′ ) was placed at each bond CP site. Eq. (III.5) was 

then subjected towards minimization by fitting V(r), ∇V(r) and ρ(r) values at (3, +3), 

and (3, -1) CPs. Lowest possible value of ω was found to be 0.2219 for parameters:  

{qO, qH, α, RZ, α′} = {7.1138, 0.8892, 0.4280, 0.1716, 9000}. The charge on Gaussian 

along C2 axis is about -8.8922 while the MESP topographical features obtained from 

this model are displayed in Table III.9. 

 

Table III.9. MESP topography obtained from water GCM consisting additional 

Gaussians at bond CPs.  

CP type 
Co-ordinates  

V(r) ρ(r) 
X Y Z 

E
x
p
ec

te
d

 (3, +3) 0.0000 ±1.7385 1.0870 -0.2362 0.056 

(3, +1) 0.0000 0.0000 2.1029 -0.2353 0.052 

(3, -1) ±0.9910 0.0000 -0.4045 0.9771 0.411 

U
n
ex

p
ec

te
d

 

(3, +1) 
±0.8406 0.0000 -0.5960 0.9690 0.417 

0.0000 0.0000 -1.6505 0.0873 0.074 

(3, -1) 0.0000 0.0000 -2.4230 0.0471 0.001 

 

It is seen that the model fails to reproduce correct positions of MESP 

minima, corresponding V(r) and ρ(r) values though there is improvement in the 

electron density values at (3, -1) CPs. Additional (unexpected) CPs (as shown in Figure 

III.8) are found to be present in the MESP topography of water which do not have any 

significance.  

This model is unworthy to represent water molecule. Hence it has not 

possible to improve the GCM (especially in terms of MESP and electron density values 

at bond CPs) using the strategies presented in this section. 
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Figure III.8. Position of additional CPs in MESP topography of water obtained from 

GCM containing additional Gaussian at each bond CP. Symbols ,  

and  are used to represent additional (3, +1) CPs with MESP values 

0.9690, 0.0873 and (3, -1) CP along Z-axis. 

 

III.4 General remarks on GCMs 

The essential topographical features of MESP are found to be restored when 

charge models are incorporated with s-type Gaussians. As the number of Gaussians 

increase in corresponding model, the magnitude of positive/negative charges located at 

atomic/Gaussian sites are found to decrease, the Gaussian exponent values become 

larger and the model produces low MESP values at bond CPs.  

The different strategies used to develop GCMs were based on one objective: 

to obtain a unique and acceptable solution (i.e. GCM parameters wherein different types 

of atoms are correctly represented by different magnitudes of point charges) for 

objective function ω. This however has been possible by using Eq. (III.8) or in other 

words, by using a restraint on point charges.  

The models for H2O, H2S, HCHO, C2H4 and C6H6 are developed primarily 

by fitting position of only one (3, +3) CP along with corresponding MESP and electron 

density values because these molecules posses symmetry and more importantly, all 
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MESP minima are equivalent – identical with respect to V(r) and ρ(r) values. Such 

types of molecules are classified into Group-1 category. The upcoming discussions will 

further build-up this classification by employing different test molecules. 

 

III.5 Additional topography based Gaussian models 

III.5.1 Methanol molecule 

The negative MESP region in CH3OH is due to the presence of two LPs 

located at a distance of 2.2496 a.u. (1.1904 Å) from oxygen atom which are connected 

by a (3, +1) saddle as shown in Figure III.9. Value of angles ά, β and ϕ are 128, 120.4 

and 41.5
o
. The (3, +1) saddle is located at a distance of 2.2815 a.u. (1.2069 Å) from 

oxygen atom. The MESP critical points (displayed in Table III.10a) are obtained via. 

computational chemistry package DAMQT [12] using optimized MP2/6-31G** WF. 

Since MESP and electron density values at (3, +3) CPs are equivalent, methanol appears 

to fall into group 1 category. 

There is however a need to differentiate among the hydrogen atoms 

connecting oxygen and carbon atoms as they are not related via. symmetry. [Such 

situation was absent in GCMs presented earlier.] The group 1 category is hence split 

into: 1s and 1a where „s‟ and „a‟ indicate symmetry/asymmetry among different types 

of atoms. Methanol falls into 1a group due to the presence of asymmetry among the 

hydrogen atoms (while NH3, H2O, H2S, HCHO, C2H4, C2H2 and C6H6 fall into 1s 

category). 
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Figure III.9. Location of LPs (denoted by „*‟ symbols) in methanol molecule and 

saddle (indicated by „+‟) connecting them. Oxygen atom (labelled 1), 

carbon atom (labelled 2) lie on Y axis, methyl hydrogens are labelled 

from numbers 3 to 5 and the hydroxyl hydrogen (labelled 6) is behind 

oxygen, „trans‟ with respect to H5 – hence not observed. The angle 

formed by the (3, +1) saddle and (3, +3) CP with the Y axis are denoted 

as ά and β. Dihedral angle ϕ is the angle between (3, +3) with plane 

containing atoms O1, C2 and H5. 

 

The methyl and hydroxy hydrogen charges in the corresponding GCM are 

represented as  q
H
Me, q

H
OH  respectively. Eq. (III.8) cannot differentiate hydrogen atoms 

belonging to different groups. Hence the methanol GCM depends on 8 parameters:    

{qO, qC, q
H
Me, q

H
OH , α, RX, RY, RZ} which are displayed in Table III.10b along with 

corresponding MESP CPs. They are found by minimizing Eq. (III.4) at a single (3, +3) 

CP. The MESP/electron density values at (3, +3) CPs and positions of MESP minima 

are reproduced with slight deviations from expected values (values of β and ϕ are 121.7 

and 37.9
o
; distance from oxygen 2.1798 a.u. (1.1531 Å)). The (3, +1) saddle is found at 

a distance of 2.0007 a.u. (1.0584 Å) from oxygen (value of  ά equals 128.3
o
). 
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Table III.10a. MESP topographical features of methanol from MP2/6-31G** WF. 

Type of 

CP 

Co-ordinates  
V(r) ρ(r) 

X Y Z 

(3, +3) 1.5406 -2.5724 ±1.2864 -0.0957 0.017 

(3, +1) 1.8873 -2.8366 0.0000 -0.0941 0.015 

(3, -1) 

-1.0262 -1.7735 0.0000 1.1230 0.423 

1.3478 1.6250 0.0000 0.8395 0.313 

-0.4950 1.7570 ±1.0724 0.8293 0.296 

0.0842 -0.1237 0.0000 0.8013 0.291 

Molecular geometry:  

Oxygen atom situated at (0.0887, -1.4332, 0),  

carbon atom at (0.0887, 1.2537, 0) while hydrogen atoms of methyl 

groups at (-0.8247, 2.0392, ±1.6777) and (2.5069, 1.8369, 0), hydroxy 

hydrogen at (-1.6495, -1.9722, 0). 

 

Table III.10b. MESP topographical features from methanol GCM. 

GCM parameters 
Type of 

CP 

Co-ordinates  
V(r) ρ(r) 

X Y Z 

qO 

qC 

q
H
Me 

q
H
OH

 

α 

RX 

RY 

RZ 

0.0805 

0.0509 

0.0056 

0.0159 

0.6647 

1.4203 

-2.4638 

1.2826 

(3, +3) 1.5510 -2.5806 ±1.1385 -0.0965 0.022 

(3, +1) 1.6598 -2.6722 0.0000 -0.0831 0.009 

(3, -1) 

-0.1259 -0.0743 0.0000 0.0498 --- 

-1.1184 -1.6590 0.0000 0.0490 --- 

-0.6344 1.8481 ±1.2511 0.0376 --- 

1.5771 1.7591 0.0000 0.0322 --- 

Charge on each Gaussian: -0.0821; Gaussian centres: (1.4203, -2.4638, ±1.2826); 

value of log(ω) = -1.8268. 
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III.5.2 Pyrazine molecule 

The second aromatic compound, pyrazine –unlike benzene is devoid of π 

cloud character in its MESP topography but prominently shows negative MESP regions 

near the nitrogen atoms due to presence of lone pairs. These regions are connected by 

negative valued (3, +1) saddles located 5.0676 a.u. (2.6808 Å) above and below the 

molecular plane, as portrayed in Figure III.10 (while the MESP CPs are displayed in 

Table III.11a). The challenge is to develop a GCM which is capable of reproducing this 

feature. 

 

Figure III.10. MESP contour plot of pyrazine molecule in YZ plane obtained from 

optimized MP2/6-31G** WF. 
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Table III.11a. MESP topographical features of pyrazine from MP2/6-31G** WF. 

Type of 

CP 

Co-ordinates  
V(r) ρ(r) 

X Y Z 

(3, +3) 0.0000 ±5.0353 0.0000 -0.0939 0.019 

(3, +1) 
0.0000 0.0000 ±5.0676 -0.0035 --- 

0.0000 0.0000 0.0000 0.2105 0.023 

(3, -1) 

±1.0688 ±2.0028 0.0000 1.0122 0.372 

±2.1433 0.0000 0.0000 0.9052 0.328 

±3.2677 ±1.9907 0.0000 0.8743 0.298 

Molecular geometry: nitrogen atoms on Y-axis at Y = ±2.6789, 

carbons at (±2.1453, ±1.3183, 0) and hydrogen atoms at (±3.9026, 

±2.3691, 0). The software DAMQT is employed for locating MESP 

topographical features. 

 

Table III.11b. MESP topographical features from pyrazine GCMs. 

Model 

GCM  

parameters 
{qN, qC, qH, α, RY} 

Type  

of CP 

Co-ordinates  

V(r) ρ(r) 
X Y Z 

1 

0.0466 

0.0400 

0.0067 

0.4033 

4.8527 

(3, +3) 0.0000 ±5.0353 0.0000 -0.0938 0.018 

(3, +1) 0.0000 0.0000 0.0000 0.0465 

--- 
(3, -1) 

±2.0145 0.0000 0.0000 0.0598 

±0.7853 ±1.6931 0.0000 0.0527 

±3.4878 ±2.0119 0.0000 0.0380 

Charge on each Gaussian: -0.1399; Gaussian centres (0, ±4.8527, 0); value of 

log(ω) is -8.1819.Value of q equals 0.2798, qN = 0.1667q, qC = 0.1429q and     

qH = 0.0238q. 

2 

0.2005 

0.1802 

0.0301 

0.0986 

3.2242 

(3, +3) ±5.0353 0.0000 0.0000 -0.0935 0.005 

(3, +1) 
0.0000 0.0000 ±3.5747 -0.0256 --- 

0.0000 0.0000 0.0000 0.0134 0.005 

(

3, -1) 

±2.2759 0.0000 0.0000 0.1242 0.002 

±3.4453 ±1.9547 0.0000 0.0852 0.001 

±0.9511 ±1.9387 0.0000 0.0733 0.007 

Charge on each Gaussian: -0.6211; Gaussian centres: (0, ±3.2242, 0); log(ω) 

value equals -2.5827. 
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Figure III.11. MESP contour plot in YZ plane obtained from pyrazine GCMs:                    

a) constraint-parameter model with Gaussian exponent value 0.4033 

and b) unconstraint-parameter model with Gaussian exponent 0.0986. 
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Two Gaussians are placed in the pyrazine GCM along Y-axis between        

Y = ±2.6789 (nitrogen atoms) and Y = ±5.0353 (expected MESP minima positions) so 

as to find best GCM parameters: {qN, qC, qH, α, RY}. Though the first model presented 

in Table III.11b produces positions of MESP minima, corresponding V(r) and ρ(r) 

values that are in good agreement with WF counterparts, the two negative regions are 

found to be disconnected as observed from corresponding MESP contour plot shown in 

Figure III.11a. 

It could be possible to connect the two regions by placing Gaussians closer 

towards nitrogen atoms, with smaller exponent values (less than 0.4033) and larger 

magnitudes of positive point charges. With these constraints, the best model (second 

model in Table III.11b) for pyrazine was successfully developed from unconstraint, 

partial minimization of Eq. (III.5) i.e. fitting V(r) and ∇V(r) at (3, +3) and negative 

valued (3, +1) saddle. Though the electron density value at MESP minima is found to be 

poorly reproduced, the connection between the negative MESP regions has been 

restored at a shorter distance of 3.5747 a.u. (1.8910 Å) from the molecular plane by 

negative (3, +1) saddles (as seen from Figure III.11b).  

 

III. 6 Future prospects 

Another molecule which (presumptively) falls in 1a category is acetone, as 

the carbon atoms belonging to carbonyl and methyl groups need to be differentiated in 

the model though the negative MESP region in acetone (as described in the earlier 

chapter) is similar to formaldehyde. Molecules like oxetane and formic acid posses 

different types of MESP (3, +3) CPs: the former exhibits LPs and π bonds while the 

latter posses LPs belonging to different functional groups (carbonyl and alcohol). They 
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are hence classified into a separate group – 2, which is further divided into 2s and 2a. 

The former molecule falls into the 2s category as the different types of atoms are 

symmetry related. Formic acid on the other hand does not possess symmetry among 

different atoms; hence it belongs to the 2a group. The different strategies presented in 

this chapter need to be tested for such molecules. 

 

III.7 Concluding remarks 

From the study presented in this chapter, it is seen that the GCMs reproduce 

MESP minima and other essential topographical features. This has been possible since 

the „continuous charge component‟ is represented by several s-type Gaussians. 

It was easier to develop GCMs for NH3, H2O, H2S, HCHO, C2H4, C2H2 and 

C6H6 molecules as the different types of atoms present in respective molecular 

frameworks were symmetry related and the respective negative MESP regions were 

attributed to either LPs or π bonds, which once again were equivalent due to symmetry. 

As seen in section III.5, methanol contains different non-symmetry related hydrogen 

atoms which in turn increase the number of GCM parameters. In any case this work 

needs to be carried forward – especially for molecules possessing different (or a 

combination of various) functional groups (like amides, acids etc.) which play a key 

role in biological processes. 
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IV.1 Introduction 

Interaction between atoms and molecules either lead to the formation of new 

molecules or a molecular cluster. Two hydrogen atoms for example, form H2 molecule 

wherein the atoms are separated by a distance of ~ 0.75 Å with dissociation energy, De 

of about 103 kcal/mol [1]. The same hydrogen atom when bonded to a sp-hybridized 

carbon is found to have De of ~ 126 kcal/mol [2]. Such strong interactions between 

atoms are referred to „covalent interactions‟ and they arise due to appreciable overlap of 

charge distributions in bonded atoms at distances normally less than 2 Å. Very weak 

interactions viz. those observed between argon atoms in argon dimer (with De of about      

-1.13 kcal/mol [3]) are referred to „non-covalent‟ or van der Waals (vdW) interactions. 

These interactions when recognized by J. D. van der Waals in the last century led to the 

reformulation of the equation of state for real gases [4]. 

Strength of interactions between hydrogen and electronegative atoms like 

oxygen, nitrogen, sulphur or π-charge (associated with ethylene double bonds, aromatic 

compounds etc.) generally belonging to different molecules, lie between the above 

mentioned categories. The interacting atoms are separated by distances of 2–3 Å with 

no substantial overlap between electron distributions, consequently preventing any 

structural changes. K. Morokuma from his theoretical investigation described five major 

factors which play a key role in understanding origin of non-covalent interactions [5]. 

Assuming that two molecules A and B are capable of forming a binary complex A...B, 

the five components are defined hereafter.  

The Electrostatic component {Ees} defined by Eq. (IV.1) is a result of 

interaction between undistorted charge distributions of molecules A and B. Terms in Eq. 

(IV.1): γ
A

 and γ
B

 are respective charge distributions, inclusive of nuclear and electronic 



100 

contributions (r1 and r2 define positions of electrons, RA and RB are those of nuclei with 

nuclear charges ZA and ZB). Eq. (IV.1) can be expressed in terms of Molecular 

Electrostatic Potential (MESP) i.e. Eq. (IV.2) due to either molecule A, VA(r1, RA) or B, 

VB(r2, RB); as expressed in Eqs. (IV.3) and (IV.4).  

                                                        EES =    
γ

A
 r1,  RA  γ

B
 r2, RB 

 r1 − r2 
 dr1dr2                 (IV.1)  

       EES =  
γ

A
 r1,  RA  VB r2, RB 

 r1 − r2 
dr1 =  

γ
B
 r2,  RB  VA r1, RA 

 r1 − r2 
dr2                (IV.2)  

          VA r1, RA  =  
γ

A
 r1, RA  

 r − r1 
 dr1 =  

ZA

 r − RA 
A

 −  
ρ

A
 r1  

 r − r1 
 dr1             (IV.3) 

           VB r2, RB  =  
γ

B
 r2, RB  

 r − r2 
 dr2 =  

ZB

 r − RB 
B

 −  
ρ

B
 r2  

 r − r2 
 dr2             (IV.4) 

The second component i.e. the polarization interaction is the effect of 

distortion (polarization) of electronic distribution of molecule A by B and vice versa. 

Considering a simple case where a single point charge of magnitude Q is located at r in 

the vicinity of molecule A, the polarization energy designated as P(r) by Bonaccorsi et 

al. relies on the self-consistent-field (SCF) calculation of the entire system i.e. molecule 

A + charge Q [6]. The expression for P(r) is hence given by Eq. (IV.5) where EA is the 

energy of isolated molecule A and E1(r) is the energy obtained after reoptimizing the 

wave function (WF) of molecule A under the field of point charge Q. The 

computational cost makes the use of Eq. (IV.5) impractical.  

                                                                P r   =  E1(r)  −  EA   −   VA r1, RA               (IV.5) 
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The exchange repulsion {EX} is the interaction caused by exchange of 

electrons between molecules A and B while charge transfer {CT} or electron 

delocalization interaction is the interaction caused by CT from occupied molecular 

orbitals (MOs) of A to vacant MOs of B and from occupied MOs of B to vacant MOs of 

A. The last term, coupling is the difference between total interaction energy (IE) of the 

complex and sum of the above four components EES, P(r), EX and CT. A detailed 

explanation on each of these terms is available in the sited reference [5] and therefore 

avoided in the present context. Based on the decomposition fragments of the total IE, it 

was possible for Morokuma to study several donor-acceptor type of complexes (viz. 

water dimer, water–hydrogen fluoride etc.) and concluded that the EES component plays 

a major role in complexes possessing linear X–H–Y hydrogen bonds (where X, Y are 

electronegative atoms like nitrogen, oxygen and fluorine).  

Given a pair of molecules capable of forming a weak complex, one would 

be interested in knowing the strength of interaction and geometry of complex formed, 

prior to the IE decomposition analysis outlined earlier. The Electrostatic Potential for 

Intermolecular complexation (EPIC) model has been used to carry out such studies 

(Chapter I, ref. 47 to 49). Before venturing into the study of potential energy surfaces 

(PESs) of simple molecular systems using topography-based Gaussian charge models 

(GCMs) which is the main purpose of this chapter, the upcoming section briefly 

describes the formulae involved in calculating IEs using WF and GCMs. 

 

IV.2 Computation of interaction energy of binary complex 

IV.2.1 Wave function approach 

Using quantum mechanical (QM) methods, IE of a binary complex A…B is 

computed via. Eq. (IV.6), where EAB corresponds to the energy of complex, EA and EB 
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are energies of individual molecules A and B while {AB}, {A} and {B} represent their 

respective geometries [7]. 

                                         IE    =    EAB AB    −    EA{A}  +   EB{B}                              (IV.6) 

At infinite separation distance between molecules A and B in A…B, the IE 

can be written as a sum of EA and EB since overlap between basis functions of A with B 

(and vice versa) vanish. As intermolecular distance between molecules A and B reach to 

some minimum value, A…B is found to be extra stabilized as fragment A utilizes extra 

basis functions from fragment B to describe its electronic distribution and vice versa. 

The error arising due to this situation is termed as the Basis Set Superposition Error 

(BSSE) which results in the IE being more negative. If A and B represent the basis sets 

used for monomers A and B, it is more appropriate to replace EA{A} and EB{B} in Eq. 

(IV.6) by EA
A  A  and EB

B B . Similarly EAB{AB} is represented by EAB
A∪B{AB} to signify 

its evaluation using basis sets A and B. Eq. (IV.6) is therefore rewritten as Eq. (IV.7) 

which needs to be rectified from BSSE. 

                                    IE   =     EAB
A∪B AB    −    EA

A  A   −   EB
B B                          (IV.7) 

This is achieved by estimating the amounts (EA
BSSE and EB

BSSE) by which the 

fragments A and B are stabilised by extra basis functions of B and A, given in Eqs. 

(IV.8) and (IV.9) respectively.  

                                                     EA
BSSE    =   EA

A∪B AB   −   EA
A  A                          IV.8  

                                                             EB
BSSE  =   EB

A∪B{AB}  −   EB
B B                             IV.9  

Subtracting Eqs. (IV.8) and (IV.9) from Eq. (IV.7) results to Eq. (IV.10) 

where the IE free from BSSE is referred to IEcorr. This method was originally proposed 

by Boys and Bernardi [8] which is known as the counterpoise-correction method.  
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                        IEcorr  =   EAB
A∪B AB    −     EA

A∪B{AB}  +  EB
A∪B{AB}                       (IV.10) 

IV.2.2 Using GCMs 

The nuclei of molecules A, B in respective GCMs are represented by M1, N1 

number of point charges: {q
Ai

}, {q
Bj

} situated at RAi
, RBj

 sites. The intermolecular 

interaction between them is repulsive and the energy Epc-pc (due to point charge-point 

charge interactions) is given by Eq. (IV.11); which is equivalent to the sum of qA i
 times 

the potential at RAi
 sites due to point charges of GCM B (as demonstrated by the second 

equality in Eq. (IV.11)). 

              Epc-pc  =    
q

Ai
q

Bj

 RAi
−  RBj

 

N1

j=1

  =   q
Ai

  
q

Bj

 RAi
−  RBj

 

N1

j=1

 

M1

i=1

M1

i=1

                 (IV.11) 

The electron density functions ρ(rA), ρ(rB) in respective GCMs are 

represented by M2, N2 number of s-type Gaussians θ
k
A(rA), θ

m
B (rB) situated at Rk

A, Rm
B  

with exponents {αk
A, αm

B } and charges {q
Ak

G , q
Bm

G }. Since interaction between ρ(rA) and 

ρ(rB) is also repulsive, the corresponding energy Egc-gc is given by Eq. (IV.12) and 

evaluated as per Eq. (IV.13) [9]. The terms C1, C2, β (reduced exponent) and R are 

defined thereafter.  

                                                                  Egc-gc   =  
ρ rA ρ(rB)

 rA −  rB 
drAdrB                      (IV.12) 

      
ρ rA ρ(rB)

 rA −  rB 
drAdrB  =     q

Ak

G q
Bm

G

N2

n=1

N2

m=1

M2

l=1

C1C2  e−βR
2u2

du

1

0

M2

k=1

                    (IV.13) 

 C1  =   
2αk

A

π
 

3

4

 
2αl

A

π
 

3

4

 
2αm

B

π
 

3

4

 
2αn

B

π
 

3

4

 
2π

5

2

γ
1
γ

2
(γ

1
 +  γ

2
)
0.5
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            C2  =  exp   
−αk

Aαl
A

αk
A  + αl

A
 Rkl   

2  +    
−αm

B αn
B

αm
B   + αn

B
 Rmn

2           

 γ
1
= αk

A + αl
A; γ

2
= αm

B  + αn
B; β = γ

1
γ

2
/(γ

1
 + γ

2
). 

 The summations in Eq. (IV.13) are over four indices: k, l, m and n; analogues to 

the two-electron repulsion integral in quantum mechanics. The former two 

indices {k, l} are employed when dealing with spherical Gaussians of molecule 

A (i.e. k, l take values from 1 to M2) and likewise the latter two indices {m, n} 

are employed when dealing with Gaussians of molecule B (m, n take values 

from 1 to N2).  

 R is the separation between the two new Gaussian centers Rkl and Rmn formed 

due to products of Gaussians situated at Rk
A and Rm

B    with those having centers 

Rl
A and Rn

B respectively. 

The attractive interaction energy between point charges and Gaussian 

charge distributions of respective GCMs (represented as Epc-gc) is given by Eq. (IV.14). 

The IE calculated by interaction between two GCMs, IEGCM is therefore given by Eq. 

(IV.15). 

         Epc-gc =  q
Ai

 
ρ(rB)

 RAi
 −   rB 

M1

i=1

drB  +  q
Bj

 
ρ(rA)

 RBj
 −   rA 

N1

j=1

drA                   (IV.14) 

                                                          IEGCM =    Epc-pc  +   Epc-gc  +   Egc-gc                    (IV.15) 

IV.3. Exploration of potential energy surfaces via. GCMs 

IV.3.1 Water dimer 

A few stationary points (geometries labelled from S1 to S6) along the PES 

of water dimer (H2O)2 with corresponding BSSE uncorrected/corrected IEs are 
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displayed in Table IV.1 respectively. The overall PES exhibits one global minimum 

(structure S1), wherein one molecule acts as a proton donor while the other is an 

acceptor. 

The study using topography-driven water GCM was performed in three 

parts: first, investigating whether correct minimum energy structure of (H2O)2 was 

predicted among structures S1 to S6. These studies were performed using water GCM 

consisting single s-type Gaussian. The IEGCM values calculated via. Eq. (IV.10) for 

structures S1 to S6 (by appropriately orienting water GCMs as shown in Figure IV.1) 

are also summarized in Table IV.1. It is seen that the GCMs predicts lower energy for 

structure S1. 

The second study involved monitoring the IE trend as one GCM was 

translated towards/away from the other in structures S1 to S6. Figure IV.2 depicts the 

plots of IEs (computed via. WF and GCM approach) as the RO-O distance is varied from 

2.25 to 3.75 Å by step length of 0.25 Å. It is expected that the IE drops (becomes more 

negative) as the two water molecules approach each other (due to attractive forces 

operating at larger separation distances) followed by an increase in the IE values (less 

negative) due to repulsive forces being dominant at shorter distances.  

This behaviour is observed when IE values are computed via. WF (curves in 

Figure IV.2 shown by continuous lines) while the attractive forces are found to 

dominate in the GCM approach (i.e. IEGCM values are found to become more negative 

which is depicted by dotted curves in Figure IV.2). The GCMs are unable to replicate IE 

trend at shorter distances as they comprise of only positive point charges and Gaussian 

charge distributions associated with negative charges, and energy calculations don‟t 

involve orbitals, electron-nuclear attraction/electron-electron repulsion integrals, etc.  
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Table IV.1. Stationary structures along PES of (H2O)2 obtained using second order 

Møller-Plesset (MP2) Perturbation theory and 6-31G(d,p) basis set. 

Geometries represented in terms of internal co-ordinates along with 

respective point group in parenthesis. 
 

Orientation 
Internal coordinates 

(bond lengths in Å while angles and 

dihedral angles in degrees) 

Interaction Energy  

(kcal/mol) 

IE IEcorr IEGCM 
S1

 
(Cs) 

2 1 1.5202 

    
3 2 0.9604 1 38.1 

  
4 3 2.9121 2 113.8 1 0.0 

5 4 0.9634 3 95.6 2 -127.6 

6 5 1.5192 4 38.0 3 -97.2 
 

-7.05 -4.64 -7.33 

S2 

 
(C2v) 

 

2 1 1.4778 

    
3 2 0.9621 1 39.8 

  
4 3 2.9309 2 50.2 1 0.0 

5 4 0.9618 3 127.8 2 -90.0 

6 5 1.5204 4 37.8 3 180.0 
 

-4.93 -3.16 -4.68 

S3 

 
(C2v) 

 

2 1 1.4808 
    

3 2 0.9616 1 39.6 
  

4 3 3.0474 2 50.3 1 0.0 

5 4 0.9618 3 128.0 2 0.0 

6 5 1.5158 4 38.0 3 180.0 
 

-3.77 -2.43 -3.59 

S4 

 
(C2h) 

 

2 1 1.4960 

    
3 2 0.9623 1 39.0 

  
4 3 2.9736 2 69.5 1 -62.5 

5 4 0.9623 3 69.5 2 -67.8 

6 5 1.4960 4 39.0 3 -62.5 
 

-3.69 -0.50 -2.39 

S5 

 
(C2) 

2 1 1.5208 

    
3 2 0.9616 1 37.9 

  
4 3 2.8226 2 118.4 1 -45.3 

5 4 0.9648 3 44.2 2 -105.9 

6 5 1.5208 4 37.8 3 116.3 
 

-6.24 -2.82 -6.47 

S6 

 
(Ci) 

2 1 1.5194 

    
3 2 0.9619 1 38.0 

  
4 3 2.8174 2 114.1 1 -45.1 

5 4 0.9648 3 43.6 2 -94.7 

6 5 1.5194 4 37.9 3 -110.2 
 

-6.93 -3.18 -7.16 
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Figure IV.1. Orientation of water GCMs, each comprising of a single s-type Gaussian 

represented by dots and labeled G1, G2 respectively. RO-O is the distance between 

oxygen atoms while angles {θ1, θ2} and dihedral angles {ϕ1, ϕ2, ϕ3} govern 

orientation of second GCM with respect to the first. Geometries of S1 to S6 are 

obtained by substituting {RO-O, θ1, ϕ1, θ2, ϕ2, ϕ3} values from corresponding WF 

structures available in Table IV.1.  

 

 
Figure IV.2. Interaction energy as a function of intermolecular oxygen-oxygen distance in 

structures (i) S1, (ii) S2, (iii) S3, (iv) S4, (v) S5 and (vi) S6. The continuous and 

dotted curves depict interaction energy values obtained from WF and GCM 

approach.  
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To prevent GCMs from coming close towards each other, Gadre and co-

workers have used 1.1 and 1.4 Å as the vdW radii for hydrogen (rH) and oxygen (rO) 

atoms while employing the potential derived-atomic charge water model to obtain 

minimum energy structure for water dimer [Chapter I, ref. 47]. Rather than working 

with all six structures S1 to S6, for convenience, the present study is undertaken with S1 

and S2 geometries only. The GCMs in S1 and S2 orientations are adjusted so that the 

vdW surfaces of respective models touch each other as shown in Figure IV.3 wherein 

the RO-O distance in both structures is governed by sum of rH and rO values chosen. 

 
Figure IV.3. Water GCMs in S1 (left) and S2 (right) orientations where respective vdW 

surfaces touch each other. The dots represent position of s-type Gaussians. 

 

With rH = 1.1 and rO = 1.4 Å, the IEGCM values for S1 and S2 orientations 

were found to be -3.78 and -4.38 kcal/mol. Thus S2 was found to be more stable than 

S1. Due to this incorrect prediction, various rH and rO values were used in hope of 

obtaining correct minimum energy structure. The summary of this study is presented in 

Table IV.2. Despite using different values for vdW radii for oxygen and hydrogen 

atoms, structure S2 was found to be lower in energy than S1. The RO-O distances in S1 

and S2 are 2.91 and 2.93 Å respectively (i.e. almost similar in both). However in earlier 

study, this distance was found to be larger in S1 orientation which resulted in a wrong 

prediction. 
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Table IV.2. Interaction energy (in kcal/mol) for structures S1 and S2 computed using 

GCMs where the intermolecular RO-O distance (in Å) is dependent on rH 

and rO values (both in Å) respectively. 

vdW radius  Sum of 

rH and 

rO 

Geometry of water dimer 

S1 S2 

rH rO RO-O IEGCM  RO-O IEGCM 

1.0 1.4 2.4 3.3355 -4.25 2.8996 -4.82 

0.9 1.4 2.3 3.2358 -4.79 2.7936 -5.33 

0.8 1.4 2.2 3.1362 -5.43 2.6880 -5.96 

1.0 1.3 2.3 3.2359 -4.79 2.7930 -5.34 

0.9 1.3 2.2 3.1362 -5.43 2.6880 -5.96 

0.8 1.3 2.1 3.0366 -6.19 2.5900 -6.71 

1.0 1.2 2.2 3.1362 -5.43 2.6880 -5.96 

0.9 1.2 2.1 3.0366 -6.19 2.5900 -6.71 

0.8 1.2 2.0 3.1728 -7.09 2.4750 -7.89 

 

Table IV.3. Interaction energy (kcal/mol) as a function of RO values (Å) in structures 

S1 and S2. 

Radius 

RO  

IEGCM values for water dimer geometries  

S1 
 
 

 
 

 

 

 

S2 

 
 

1.45 -7.45 -4.81 

1.46 -7.24 -4.72 

1.47 -7.10 -4.64 

1.48 -6.85 -4.56 

1.49 -6.66 -4.63 

1.50 -6.51 -4.40 
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A spherical surface was therefore employed around each water GCM whose 

radius (referred to RO) originated from oxygen atom. With such improvisation, IEGCM 

values were calculated for S1 and S2 structures with different RO values ranging from 

1.45 to 1.5 Å. These results are shown in Table IV.3. It is seen the GCMs correctly 

predict minimum energy structure among S1 and S2. 

Structure S1 was also predicted to have the lowest IEGCM value when water 

GCMs were subjected towards energy minimization (given initial values of {θ1, ϕ1, θ2, 

ϕ2, ϕ3}, lowest energy structure of (H2O)2 is found by minimizing Eq. (IV.15) using 

subroutine STEPIT (Chapter II, ref. 5). The final study involved selecting an 

appropriate RO value so that the water GCM could be employed in molecular dynamics 

studies. From thermal conductivity studies, the interaction energy for water dimer is 

found to be about -5.44 kcal/mol [10]. For RO = 1.5660 Å, the predicted IEGCM value of 

-5.45 kcal/mol is found to be in good agreement with experimental value. 

 

IV.3.2 Ammonia dimer 

Unlike the methodology used in earlier section, the PES of ammonia dimer 

(NH3)2 was investigated in a slightly different manner. The NH3 GCMs (orientation 

shown in Figure IV.4) with spherical surfaces of radius RN = 1.5 Å were subjected 

towards energy minimization. For various initial values of {θ1, ϕ1, θ2, ϕ2, ϕ3}, a 

bifurcated geometry (Figure IV.5) having C3v point group was predicted to posses 

lowest interaction energy. 

Some stationary points (structures S7, S8 and S9) along the PES of 

ammonia dimer (obtained from QM calculations at MP2/6-31G(d,p) level of theory) are 

displayed in Table IV.4.  
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Figure IV.4. Orientation of ammonia GCMs governed by variables {θ1, ϕ1, θ2, ϕ2, ϕ3}. 

Positions of s-type Gaussians (with exponent values 0.2479) are 

represented by dots and labelled G1 and G2 respectively. Other GCM 

parameters are available in Table III.1b.  

 

 

 

Figure IV.5. Minimum energy structure of (NH3)2 predicted from energy minimization 

using ammonia GCMs with IEGCM = -5.55 kcal/mol and internal 

coordinates {θ1, ϕ1, θ2, ϕ2, ϕ3} ≡ {67.3, 56.2, 112.5, -180.0, -123.8}. RN-N 

distance is two times the value of RN. 
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Table IV.4. Stationary structures along PES of (NH3)2 at MP2/6-31G(d,p) level of 

theory. Point group of each orientation given in parenthesis. 

Structure 

Internal coordinates 

(bond lengths in Å, angles and dihedral 

angles in degrees) 

Interaction Energy  

(kcal/mol) 

IE IEcorr IEGCM 

S7  

 
(C2h) 

 
2 1 1.6245 

    3 2 1.6188 1 60.1 

  4 3 1.0128 2 37.0 1 -39.3 
5 4 3.1357 3 124.1 2 154.2 

6 5 1.0140 4 40.6 3 105.1 

7 6 1.6245 5 36.7 4 123.5 

8 7 1.6186 6 60.1 5 39.6 
 

-4.53 -2.51 -2.51 

S8 

 
(Cs) 

 
2 1 1.6231 

    3 2 1.6120 1 60.2 
  4 3 1.0133 2 37.3 1 -39.9 

5 4 3.2703 3 110.1 2 118.7 

6 5 1.0129 4 99.9 3 176.4 

7 6 1.6194 5 36.9 4 -103.4 

8 7 1.6233 6 60.1 5 -39.4 
 

-4.20 -2.98 -2.27 

S9 

 
(C3v) 

 

 
2 1 1.5963 

    3 2 1.5963 1 60.0 

  4 3 1.0143 2 38.1 1 -42.6 

5 4 3.5546 3 65.3 2 54.1 

6 5 1.0128 4 112.8 3 180.0 

7 6 1.6175 5 37.0 4 -123.8 

8 7 1.6175 6 60.0 5 -40.0 
 

-1.69 -0.49 -3.37 

 

Structure S7 is cyclic where lone pair (LP) of each nitrogen atom is found to 

interact with single hydrogen atom of the other. Structure S8 is linear with single 

hydrogen-LP interaction while structure S9 is a bifurcated geometry. From (BSSE 

uncorrected and corrected) IE values, it is seen that S9 is higher in energy while the 

minimum energy structure among S7 and S8 varies depending whether BSSE correction 

is considered or not. It is also seen that the RN-N distances in S7 to S9 don‟t vary much, 

therefore favouring the use of spherical surface around ammonia GCM. In any case, the 

GCMs are found to make a wrong prediction and there is a need to rectify this problem.  

The computational chemistry software DAMQT [Chapter III, ref. 12] 

employs 5 diffuse functions for nitrogen atom (with respect to 6-31G(d,p) basis set) for 
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computing V(r) and corresponding first and second order derivatives. Thus in addition 

to LP and three bond critical points (CPs), positive valued (3, +3) and (3, +1) CPs are 

found along the C3 axis. These additional CPs are not obtained when 6 diffuse functions 

are utilized for nitrogen atom (via. software INDPROP; Chapter I, ref. 67). CPs 

obtained from both softwares are summarized in Table IV.5. It is seen that there are no 

significant changes in positions, corresponding MESP/electron density values at LP and 

bond CP sites derived from both methods. Perhaps the GCM which restores these 

additional CPs (model parameters presented in Table IV.6) could predict the correct 

minimum energy structure for (NH3)2. The result obtained using this GCM is displayed 

in Figure IV.6. 

QM calculations done at the Hartree-Fock (HF)/MP2 levels of theory 

employing large basis set like 6-311+G(3d‟,2p) confirm S10 to be the global minimum 

structure of (NH3)2 [11]. The authors from cited reference have also done several 

calculations for ammonia dimer at HF and MP2 levels of theory which reveal the 

following: 

 Irrespective of the basis set used, the cyclic C2h structure (S7) was always 

found to be a stationary point along the PES of ammonia dimer. 

  For basis sets like 6-31G, 6-31G(d), 6-31G(d,p) and 6-311G(d,p), the cyclic 

geometry was found to become a global minimum structure. 

 Structure S10 was global minimum when basis sets containing additional 

polarization functions on nitrogen atom were employed (viz. 6-31+G(d), 6-

31+G(d,p), 6-311+G(d,p), 6-31G(d‟,p‟), 6-311+G(2d‟,p) and 6-311+G(3d‟,p). 

Theoretical studies done via. correlation-consistent basis sets confirm this 

observation [12].  
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Table IV.5. MESP CPs obtained from computational chemistry softwares INDPROP 

and DAMQT.  

Topography 

from 

Type of 

CP 

Co-ordinates  
V(r) ρ(r) 

X Y Z 

INDPROP (3, -1) 
0.0000 1.1284  -0.2579 

0.9660 0.361 
±0.9772 -0.5642 -0.2579 

(3, +3) 0.0000 0.0000 2.5075 -0.1365 0.024 

DAMQT 

(3, -1) 0.0000 1.1284  -0.2579 
0.9958 0.361 

±0.9772 -0.5642 -0.2579 

(3, +3) 0.0000 0.0000 2.5036 -0.1363 0.024 

0.0000 0.0000 -3.0529 0.0119 0.003 

(3, +1) 0.0000 0.0000 -4.2076 0.0113 --- 

Geometry of ammonia molecule is available in Chapter III, Table III.1a. Electron 

density values less than 0.001 a.u. is represented by „---‟ symbol.  

 

Table IV.6. MESP CPs obtained from NH3 developed using topographical features 

from DAMQT software.  

GCM 

parameters 

MESP topographical features from corresponding GCM. 

Type of 

CP 

Co-ordinates  
V(r) ρ(r) 

X Y Z 

qN 

qH 

α 

RZ 

4.3598 

0.3966 

0.2665 

0.2216 

(3, -1) 
0.0000 1.2352 -0.3112 

0.7960 0.148 
±1.0697 -0.6176 -0.3112 

(3, +3) 
0.0000 0.0000 2.5037 -0.1363 0.024 

0.0000 0.0000 -2.5376 0.0210 0.007 

(3, +1) 0.0000 0.0000 -3.4843 0.0237 --- 

Gaussian centre: (0, 0, 0.2216), charge on Gaussian: -5.5495. Electron density value 

less than 0.001 a.u. is represented by „---‟ symbol. This model was developed by 

unconstraint minimization of Eq. (III.5).  

 

 
Figure IV.6. Minimum energy structure (S10) of (NH3)2 obtained using newly 

developed NH3 GCM. The Gaussian centres are situated at nitrogen 

sites. Internal co-ordinates: {θ1, ϕ1, θ2, ϕ2, ϕ3} ≡ {124.7, -90.7, 107.6,    

-19.4, -114.9}.  
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Tao and Klemperer [13] pointed out that the energy difference between S10 

and S7 orientations was not much which in turn made it sensitive towards the basis set 

chosen. Since the newly developed model could correctly predict the structure of 

ammonia dimer, the last step in this study is to find a suitable RN value for ammonia 

GCM. The S10 structure was subjected towards geometry optimization at MP2 level 

using one of the correlation-consistent basis set (aug-cc-pVDZ) which resulted in IE and 

IEcorr values of -4.02 and -2.78 kcal/mol. For RN = 1.845 Å, the GCMs predict an IEGCM 

value of -2.77 kcal/mol which was in good agreement with corresponding QM result. 

 

IV.3.3 Ammonia-water complex 

Ammonia and water GCMs could predict minimum energy structure of 

ammonia-water complex wherein ammonia acts as a proton acceptor while water as 

hydrogen donor (Figure IV.7). The predicted IEGCM value of -5.45 kcal/mol does not 

significantly differ from corresponding IEcorr value of -6.36 kcal/mol. 

 
Figure IV.7. Minimum energy structure of ammonia-water complex obtained via. WF 

and GCMs. 
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IV.3.4 Acetylene dimer and acetylene-water complex 

The simplest GCM of a hydrocarbon molecule (in terms of atoms as well as 

no. of spherical Gaussians) is that of acetylene molecule. A vdW type of surface, 

constructed from spheres of radius RC originating from each carbon atom has been 

employed around the entire model. The choice of RC = 1.9 Å is found to be quite 

satisfactory with respect to the minimum energy structure (T-shape geometry) of 

acetylene dimer (C2H2)2 obtained using acetylene GCMs (Figure IV.8a) with IEGCM 

value of about -1.20 kcal/mol (BSSE free value: -1.05 kcal/mol at MP2/6-31G(d,p) 

level of theory). 

 

Figure 4.8. Structures of a) acetylene dimer and b) acetylene-water complex predicted 

by use of acetylene and water GCMs. 

 

Interaction between acetylene and water results to the acetylene-water 

complex wherein water acts as a proton acceptor (Figure IV.8b) with IEGCM value of        

-4.64 kcal/mol. At MP2/6-31G(d,p) level of theory, the interaction energy is about -4.46 

kcal/mol and -2.43 kcal/mol when BSSE is included. 
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IV.3.5 Benzene dimer and benzene related systems 

Extensive work on aromatic-aromatic interactions has been carried out by 

Burley and Petsko [14], who defined these interactions as those between phenyl rings 

whose centroids are separated by a distance of 4.5 – 7.0 Å with energy of formation in 

the range of -0.6 to -1.3 kcal/mol. They considered them as a separate class of 

interactions which contributed (to some extent) towards the stability of protein 

structures (more dominant when protein contains large number of aromatic fragments). 

These interactions are divided into two categories: π-π stacking (resulting from face-to-

face orientation of aromatic rings) and C-H interactions (edge-to-face orientation), 

which are briefly discussed in the upcoming section.  

Based on the electrostatic model proposed by Hunter and Sanders [15], (the 

kindergarten explanation for) π-π stacking in the simplest system viz. benzene dimer 

(C6H6)2 is due to repulsion between π electrons of respective rings and, attraction 

between positively charged benzene ring and π electrons of the other. The columbic 

interactions between aromatic hydrogen atoms of one ring and π cloud of the other lead 

to edge-to-face orientation [14]. Early QM calculations on (C6H6)2 predict the T-shaped 

orientation to be lower in energy than the face-to-face geometry [16, 17]. Hobza and co-

workers however found the latter to be more stable than the former [18]. Tsuzuki and 

co-workers [19] pointed out that the electrostatic interactions favour the T-shape 

structure while dispersion energy (a ubiquitous weak attractive force) directs the 

benzene rings in face-to-face geometry.  

In the study of PES of (C6H6)2, the benzene GCMs account for the 

electrostatic component of the total IE. This has been shown from the following 

investigations. 
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 Starting from the face-to-face orientation of benzene GCMs (Figure IV.9a; 

centroids separated by distance of 5.29 Å; spherical surface around each model 

of radius of 2.645 Å originating from corresponding centre of mass), the 

energy minimization process predicted the T-shaped geometry (Figure IV.9b) 

to be highly stable.  

 Performing similar calculation with spherical radius of 2.4772 Å (distance 

from centre of mass to terminal hydrogen of benzene) resulted in a T-shaped 

structure with C2 point group (Figure IV.9c).  

 
Figure IV.9. Benzene dimer: a) face-to-face orientation, T-shaped orientation with b) 

C2v and c) C2 point groups. For convenience, the Gaussians in each model 

are not shown. The circle represents spherical surface around each GCM. 

 

Table IV.7. Summary of interaction energies calculated for benzene dimer orientations 

using WF (at MP2/6-31G(d,p) level of theory) and benzene GCMs. 

Orientation 
Distance between 

ring centroids (Å) 

Interaction energy (kcal/mol) 

IE IEcorr IEGCM 

Face-to-face 3.7298 -2.36 -0.03 0.56 

T-shape (C2v) 4.888 -3.46 -1.17 -0.03 

T-shape (C2) 4.8339 -3.46 -1.17 -0.04 
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At MP2/6-31G(d,p) level of theory, the above mentioned orientations were 

successfully obtained and the results are summarized in Table IV.7. The benzene GCMs 

were similarly oriented and IEGCM values calculated are also displayed. It is seen that 

the GCMs reproduce correct trend in IEs i.e. the face-to-face structure is higher in 

energy compared to T-shaped geometries. 

Unlike the use of spherical surfaces for water and ammonia GCMs, it is 

more relevant to employ a vdW type of surface for benzene GCM. Such a surface is 

constructed from spheres (of radius RC) originating at each carbon atom as shown in 

Figure IV.10a. An appropriate choice of RC = 1.9 Å is based on the following 

observations: 

1. Value of RC needs to be larger than corresponding value of 1.875 Å selected 

for ammonia GCM and as far as possible, it is better to avoid multiple 

values for various carbon containing GCMs (though the latter statement 

needs to be verified). 

2. Gaussian charge distributions in benzene GCM are located at a distance of 

approximately 1.7 Å from the plane of the ring. The surface is expected to 

sufficiently enclose them.  

3. It has been observed that for RC = 1.77 Å, the structure predicted to be lower 

in energy from energy minimization process posses Cs point group (Figure 

IV.10b) accompanied by further drop in IEGCM value. This is due to the 

attraction between opposite charges located at the hydrogen and Gaussian 

sites. 
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Figure IV.10. a) vdW type of surface around benzene GCM and b) minimum energy 

structure with Cs point group having IEGCM value of -0.07 kcal/mol. 

Small spheres represent positions of Gaussian charge distributions in 

respective benzene models.  

 

The benzene model with RC value equal to 1.9 Å was then employed to 

predict the structures of benzene-water and benzene-ammonia complexes. 

The structure of benzene-water complex has been reported by several 

research groups [20, 21] wherein one of the hydrogen atoms belonging to water 

molecule interacts with the π cloud of benzene. Energy minimization studies carried out 

using benzene and water GCMs predict such structure (Figure IV.11a) with IEGCM value 

of -2.34 kcal/mol which was further confirmed by QM calculations performed at MP2 

level of theory employing a slightly larger basis set viz. 6-31+G(d,p) with IE and IEcorr 

values of -4.08 and -2.16 kcal/mol respectively. Ammonia molecule like water also 

interacts with the π cloud of benzene in similar manner (Figure IV.11b). The IEGCM 

value is about -1.10 kcal/mol, suggesting that ammonia is weakly bound to the aromatic 

substrate as compared to water. 
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Figure IV.11. Minimum energy structures of a) benzene-water and b) benzene-

ammonia complexes predicted by GCMs. The dots represent positions 

of s-type Gaussians in respective models and in the ammonia GCM, the 

Gaussian is situated at the nitrogen site. 

 

The geometries of benzene-water, benzene-ammonia, acetylene dimer and 

acetylene-water complexes predicted by GCMs are in good agreement with earlier 

theoretical and experimental findings. [21-25]. 

 

IV.4 Concluding remarks 

From the study carried out on water dimer, it was observed that the GCMs 

were unable to reproduce expected trend in IEs at shorter distances. It was however 

possible to obtain correct structure of water dimer by enclosing a spherical surface 

around each water GCM. The sphere of radius 1.566 Å was sufficient to reproduce 

interaction energy of water dimer which was in good agreement with experimental 

findings. Though the global minimum structure of ammonia dimer was basis set 

dependent, the newly developed NH3 model (enclosed by a spherical surface of RN = 

1.845 Å) could correctly predict its geometry. 
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The above mentioned models were successful in correctly deducing the 

structure of ammonia-water complex wherein water acts as a proton donor. In the case 

of benzene dimer, the benzene GCMs predicted the T-shaped structure be lower in 

energy with was in good agreement with QM study performed at MP2/6-31G(d,p) level 

of theory. The vdW surface around C6H6 GCM was built using spheres of radius 1.9 Å 

from each carbon site and the corresponding model was employed to study C6H6-H2O 

and C6H6-NH3 complexes. Compared to benzene-water and benzene-ammonia 

complexes, the water molecule was found to be strongly bound to benzene than 

ammonia. In both cases, benzene molecule was found to acts as a proton acceptor. 

The acetylene GCM was also found to predict correct structure of its dimer 

and acetylene-water complex which were in good agreement with earlier reported 

works. The surface around C2H2 GCM was similar to the one used for benzene GCM, 

with RC value of 1.9 Å.  

From the studies presented in this chapter, it is seen that the GCMs are able 

to predict correct geometries of some non-covalent type of complexes and the respective 

IEs don‟t deviate much from corresponding QM counterparts. The models need to be 

tested for molecular systems beyond the dimer so as to demonstrate their effectiveness 

and reliability of their predictions. 
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V.1. Cobalt thiocyanate: a useful reagent in forensics 

In addition to the topography-based charge model work presented in 

Chapter III and Chapter IV, QM methods have also been used to understand and 

account certain experimental observations which were briefly discussed in Chapter I, 

section I.6. 

Cobalt thiocyanate reagent has frequently been used in forensic laboratories 

for preliminary detection of nitrogen containing substances. Its implementation in 

forensics and law enforcement originated from the development of Scott test [1] around 

1973, which involved detecting cocaine and its hydrochloride salt by means of color 

reaction (positive identification indicated by blue color). Since then, the Scott test has 

been modified to improve its specificity towards other nitrogen containing compounds 

[2, 3]. Kote and co-workers found this reagent sensitive towards neonicotinoid 

insecticides like imidacloprid and acetamiprid, in association with thin-layer 

chromatographic (TLC) technique [4]. The Regional Forensic Science Laboratory, 

Nagpur, India detected large number of cases pertaining to human poisoning by an 

antimalarial and amebicide drug – chloroquine. A case was received by the laboratory 

where a 24-year-old female victim (health worker by profession) died by consumption 

of unknown tablets. Police officers seized 70 tablets of chloroquine phosphate from the 

crime scene and sent for analysis. As per autopsy findings, probable cause of death was 

suspected due to suicidal poisoning. Chemical analysis revealed chloroquine in visceral 

samples (pieces of stomach, intestine, liver, kidneys and lungs). The upcoming section 

will briefly outline the steps involved in the chemical analysis of chloroquine in 

addition to several other drugs like chlorphenamine, mephedrone, cocaine, ketamine, 

pretilachlor, thiamethoxam and tebuconazole. 
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V.1.1 Detection of some nitrogen containing compounds via. cobalt 

thiocyanate and TLC 

 

Cobalt thiocyanate reagent was prepared by dissolving 3 g of ammonium 

thiocyanate and 1 g of cobalt (II) chloride in 20 mL distilled water. About 100 mL of 

ethyl alcohol was added to approximately 50 g of fine pieces of visceral samples, 

suspected to contain chloroquine and the resulting solution was kept overnight. After 2 

hours from addition of 10 mL of ammonia, the mixture was extracted twice with 

chloroform. On evaporating the solvent, the obtained residue was re-dissolved in 1 mL 

chloroform and with the help of fine capillary, spotted on pre-coated TLC plate along 

with standard (pure chloroquine). The plate was then kept in a developing chamber 

containing mixture of ethyl alcohol, methyl alcohol and ammonia in 8:1:1 volume ratio. 

After drying in air, it was sprayed with cobalt thiocyanate reagent. An intense blue 

colour spot (with retardation factor RF of 0.6) confirmed the presence of chloroquine.  

Other nitrogen containing compounds like chlorphenamine, cocaine, 

ketamine, mephedrone, pretilachlor, tebuconazole and thiamethoxam were also 

analyzed by TLC method. The RF values and solvent systems used for their detection 

are summarized in Table V.1. 

Table V.1. Summary of TLC analysis of some nitrogen containing compounds. 

Compound 
Solvent system 

RF 
Solvents Volume ratio 

Chlorphenamine 

ethyl alcohol, methyl alcohol 

and ammonia 

8 : 1: 1 0.57 

Cocaine 

8 : 1.5 : 0.5 

0.84 

Ketamine 0.81 

Mephedrone 0.63 

Pretilachlor ethyl acetate, hexane 1 : 2 0.50 

Tebuconazole acetone, dichloromethane 1 : 2 0.50 

Thiamethoxam acetone, hexane 2 : 8 0.52 
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All compounds formed blue coloured spots except ketamine which resulted 

in purple. The intense coloured solutions could not be subjected to spectroscopic 

analysis as they turned colourless on dilution. It was also difficult to grow single 

crystals from respective solutions. Hence the structures of chemical species responsible 

for the observed blue and purple colours were predicted based on QM calculations, 

described hereafter. 

 

V.1.2 Theoretical structure elucidation of some nitrogen containing 

compounds with cobalt thiocyanate 

 

Cobalt complexes exhibit blue colour when ligands bind to the metal centre 

in a tetrahedral manner. Some of the reported ligands coordinate through nitrogen donor 

atoms belonging to six-membered aromatic substrates viz. 2-methylpyridine, 2-

chloropyridine, 2-bromopyridine [5], 3-methylpyridine [6], 4-aminopyridine [7], 1,2-

bis(2-pyridyl)ethylene [8], trans-4-(4'-(N-methyl-N-hydroxyethyl)amino)styrylpyridine 

[9], quinoline [10], while there are those wherein the nitrogen donor atoms belong to 

five-membered rings: 3,5-dimethylpyrazole [11], 3,5-dimethyl-1-phenylpyrazole [12], 

4-acetyl-3-amino-5-methylpyrazole [13], benzimidazole [14], 2-aminobenzimidazole 

[15], n-butylimidazole [16] and 2,6-dimethylbenzo-[1,2-d;4,5-d‟]diimidazole [17]. In all 

these cases, the thiocyanate ligand is found to bind to the cobalt (II) ion via. nitrogen 

donor atoms.  

Based on these observations, the drug molecules mentioned earlier are 

predicted to form complexes of the type CoX2L2 (X = thiocyanate ligand, L = drug 

moiety) with cobalt thiocyanate. Molecules mephedrone and pretilachlor bind via. 

single nitrogen atoms while the others (chloroquine, chlorphenamine, imidacloprid, 
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tebuconazole and thiamethoxam) contain more than one nitrogen atoms, in which case, 

the Molecular Electrostatic Potential (MESP) serves as a means to find the most 

reactive nitrogen site.  

Minimum energy structures of the drug molecules under study were 

obtained first at the Hartree-Fock (HF) level of theory using STO-3G basis set. These 

geometries were then subjected towards geometry optimization by employing Density 

Functional Theory (DFT) using 6-31G(d,p) basis set. The B3LYP (Becke, 3-parameter, 

Lee–Yang–Parr) functional [18-19] was used in the latter case. All these calculations 

were performed using the Gaussian 03 software [Chapter I, ref. 63]. The MESP analysis 

of drug molecules was performed using HF/STO-3G and B3LYP/6-31G(d,p) optimized 

geometries via. computational Chemistry software DAMQT [Chapter III, ref. 12]. The 

summary of this investigation (position of nitrogen lone pairs (LPs), distances of LPs 

from respective nitrogen atoms, corresponding MESP values at LP sites, labelling 

schemes of some atoms in imidacloprid/tebuconazole molecules) is presented in Table 

V.2. 

Based on the discussions in „Comments‟ column in Table V.2, the 

molecules chloroquine, chlorphenamine and imidacloprid are believed to coordinate to 

cobalt ion via. LPs belonging to pyridine nitrogen atoms; thiazole – nitrogen LP in the 

case of thiamethoxam and LP of nitrogen numbered 4 of the 1,2,4-triazole unit in 

tebuconazole. The tetrahedral geometries of cobalt thiocyanate complexes obtained via. 

HF and DFT calculations using the LANL2DZ basis set for cobalt atom, STO-3G and 

6-31G(d,p) basis sets for non-cobalt atoms (the former employed at HF level of theory 

and the latter while employing DFT level of theory), are portrayed in Figures V.1 and 

V.2 respectively. Important parameters like various cobalt – N(ligand) bond lengths and 

bond angles are displayed in Table V.3.   
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Table V.2. Nitrogen LP sites (indicated by „*‟ symbols) in some drug molecules. MESP 

values (from B3LYP/6-31G(d,p) calculations) at reactive sites are displayed 

in kcal/mol while distances are given in Å. Values in parenthesis are derived 

from HF/STO-3G calculations. 

Molecule Locations of reactive nitrogen sites Comments 

Chloroquine 

 

 
 

In the DFT structure, atom 

numbered 4 is more planar 

with respect to the quinoline 

ring, resulting in the absence 

of N3 LP (due to its 

participation in conjugation 

with the π cloud of quinoline 

ring).  

 

This is reflected by increase 

in dihedral angle value 

between atoms numbered 1, 

2, 3 and 4 from 144
o
 (in 

HF/STO-3G geometry) to 

163.5
o 
in DFT structure. 

Chlorphenamine 

 

 
 

Though HF theory predicts 

pyridine nitrogen LP to be 

more reactive, there is no 

much difference between 

MESP values (obtained from 

B3LYP/6-31G(d,p) level of 

theory) at pyridine and 

tertiary nitrogen LP sites.  

 

Based on the LP distances 

from respective nitrogen 

atoms, the former is found to 

be more accessible than the 

latter. 

Imidacloprid 

 

 
 

At the B3LYP/6-31G(d,p) 

level of theory, the reactivity 

of pyridine nitrogen LP and 

LP belonging to nitrogen 

labelled 3 are similar. 

 

The MESP value at the 

former site is deeper than the 

latter at HF/STO-3G level of 

theory.  

 

Based on the distances of 

LPs from respective nitrogen 

atoms, DFT predicts the 

former to be more accessible 

while HF predicts the latter. 

Continued on next page.... 
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Table V.2 continued... 

Molecule Locations of reactive nitrogen sites Comments 

Tebuconazole 

 

The five-membered ring is 

known as 1,2,4-triazole. 

 

MESP value at the LP site 

belonging to nitrogen 

numbered 4 is found to be 

more deeper than at the 

corresponding N2-LP site. 

Thiamethoxam 

HF/STO-3G and B3LYP/6-31G(d,p) calculations predicted different 

conformations of the six-membered ring in thiamethoxam. 

Chair conformation (at HF/STO-3G level of theory) 

 

Irrespective of the ring 

conformation, nitrogen LP 

belonging to the five-

membered ring (thiazole 

unit) is the most reactive 

site.  

Half-chair conformation (at B3LYP/6-31G(d,p) 

level of theory)  
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Figure V.1. Minimum energy structures of tetrahedral cobalt thiocyanate complexes of 

some nitrogen compounds obtained from HF calculations. Coordination of 

tebuconazole in is via. LP of nitrogen labelled 4 as per numbering scheme 

of 1,2,4-triazole unit in tebuconazole molecule presented in Table V.2.  
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Figure V.2. Minimum energy structures of tetrahedral cobalt thiocyanate complexes of 

some nitrogen compounds obtained from DFT calculations. Coordination 

of tebuconazole in is via. LP of nitrogen labelled 4 as per numbering 

scheme of 1,2,4-triazole unit in tebuconazole molecule presented in Table 

V.2. 
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Table V.3. Various bond lengths and bond angles of ligands with cobalt ion in 

tetrahedral cobalt thiocyanate complexes obtained from QM calculations. 

 

Thiocyanate ligands are along the vertical axis (going into the plane of 

paper, depicted by dotted wedges) and organic moieties along the horizontal 

(coming out of the plane of paper, depicted by solid wedges).  

Cobalt – thiocyanate bonds are denoted as Co – N(X), and since there are 

two such bonds, Co – N(X1), Co – N(X2) notations are used.  

The same applies to cobalt – organic ligand bonds i.e. Co – N(L): Co – 

N(L1), Co – N(L2).  

Angle between the thiocyanate ligands is θ5, while that between organic 

ligands is θ6. Angles between thiocyanate and organic ligands are denoted 

by θ1, θ2, θ3 and θ4. 

Optimized 

geometry 

from  

Bond lengths (Å) Bond angles (degrees) 

Co-N(L
1
)/ 

Co-N(L
2
) 

Co-N(X
1
)/ 

Co-N(X
2
) 

θ1 θ2 θ3 θ4 θ5 θ6 

Co(mephedrone)2(NCS)2 

HF/ 

STO-3G 

2.156 

2.156 

1.915 

1.915 103.8 103.5 107.6 97.7 127.0 106.4 

B3LYP/ 

6-31G(d, p) 

2.117 

2.117 

1.935 

1.935 
103.0 106.8 103.0 106.8 126.6 110.3 

Co(pretilachlor)2(NCS)2 

HF/ 

STO-3G 

2.335 

2.335 

1.917 

1.917 
99.0 95.7 99.0 95.7 125.0 147.8 

B3LYP/ 

6-31G(d, p) 

2.439 

2.354 

1.929 

1.924 
98.7 94.0 99.3 93.8 126.2 151.3 

Co(chloroquine)2(NCS)2 

HF/ 

STO-3G 

2.110 

2.112 

1.944 

1.933 
103.8 102.2 113.2 104.3 123.1 110.0 

B3LYP/ 

6-31G(d, p) 

2.111 

2.120 

1.957 

1.931 
101.0 100.2 112.8 106.3 124.6 110.8 

Co(chlorphenamine)2(NCS)2 

HF/ 

STO-3G 

2.166 

2.186 

1.920 

1.909 104.4 101.1 113.1 109.9 123.2 111.7 

B3LYP/ 

6-31G(d, p) 

2.127 

2.146 

1.934 

1.936 
101.4 103.1 108.0 113.5 122.9 106.4 

Co(imidacloprid)2(NCS)2 

HF/ 

STO-3G 

2.132 

2.128 

1.903 

1.924 102.2 104.6 100.0 102.5 129.0 120.7 

B3LYP/ 

6-31G(d, p) 

2.141 

2.141 

1.923 

1.923 
100.4 106.6 100.4 106.6 126.9 117.3 

Co(thiamethoxam)2(NCS)2 

HF/ 

STO-3G 

2.116 

2.116 

1.917 

1.917 
103.8 103.5 107.6 97.7 147.1 124.1 

B3LYP/ 

6-31G(d, p) 

2.120 

2.120 

1.924 

1.924 
100.1 109.6 100.1 109.6 126.2 111.2 

Co(tebuconazole – via. N4)2(NCS)2 

HF/ 

STO-3G 

2.084 

2.084 

1.933 

1.933 
109.9 101.2 109.2 101.2 123.8 110.8 

B3LYP/ 

6-31G(d, p) 

2.439 

2.354 

1.929 

1.924 
104.4 99.6 104.4 99.7 134.1 115.6 

Co(tebuconazole – via. N2)2(NCS)2 

HF/ 

STO-3G 

2.158 

2.158 

1.924 

1.925 
112.3 111.5 111.9 111.0 116.5 91.0 

B3LYP/ 

6-31G(d, p) 

2.109 

2.109 

1.931 

1.931 
110.4 99.2 110.4 99.2 128.7 108.1 
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Irrespective of the choice of basis set/level of theory employed, the Co-N(X) 

type of bond lengths are found to be shorter than the Co-N(L) ones, and largest 

deviation (of about > 9
o
) from expected tetrahedral value is observed for θ5. As 

mentioned earlier, crystal structures of several pyridine related ligands are deposited in 

the Cambridge Crystallographic Database. Since chloroquine, chlorphenamine and 

imidacloprid posses pyridine nucleus in their molecular frameworks, the cobalt 

environment in the newly proposed complexes was compared with reported data 

(summarized in Table V.4). 

 

Table V.4. List of ligands forming tetrahedral complexes with cobalt thiocyanate and 

various parameters describing the cobalt environment in them. 

Structures of compounds numbered 1 to 7: 1) 2-methypyridine, 2) 2-chloropyridine, 3) 2-

bromopyridine, 4) 3-methylpyridine, 5)1,2-bis(2-pyridyl) ethylene, 6) trans-4-(4‟-N(N-methyl-N-

hydroxyethyl)amino styryl pyridine and 7) quinoline. 

 

Thiocyanate 

complex 

 of ligand 

CCDC 

No. 

Bond lengths (Å) Bond angles (degrees) 

Co-N(L
1
), 

Co-N(L
2
) 

Co-N(X
1
), 

Co-N(X
2
) 

θ1 θ2 θ3 θ4 θ5 θ6 

1 910141 2.048 

2.042 

1.939 

1.954 
113.9 104.9 111.2 105.2 109.8 111.7 

*2 (α) 910145 
2.050 

2.044 

1.932 

1.937 
115.4 103.3 113.2 105.3 109.0 110.7 

*2 (β) 934076 
2.035 

2.035 

1.932 

1.932 
104.3 110.4 104.3 110.4 107.3 119.4 

3 910143 
2.041 

2.041 

1.941 

1.941 
103.5 110.3 103.5 110.3 106.9 121.4 

4 832182 
2.021 

2.021 

1.937 

1.933 
106.6 106.6 107.8 107.8 119.5 107.9 

5 935552 
2.031 

2.031 

1.945 

1.945 
110.4 109.0 110.4 109.0 105.2 112.4 

6 1194974 
2.044 

2.029 

1.940 

1.934 
103.2 114.2 111.6 114.5 104.5 108.3 

7 737174 
2.015 

2.015 

1.939 

1.939 
109.6 104.0 109.6 104.0 118.7 110.9 

*Cobalt thiocyanate complex of 2-chloropyridine is found to crystallize in two forms - the α form crystallizes in P212121 

while the β form in Pbcn space groups respectively. The former is denoted at 2 (α) and the latter 2 (β). 
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The Co-N(L
1
)/Co-N(L

2
) and Co-N(X

1
)/Co-N(X

2
) bond lengths lie within 

the range of 2.010 – 2.050 and 1.932 – 1.954 Å respectively. Angles θ1 to θ5 are found 

to deviate at the most by ± 6
o 
from expected tetrahedral value. Value of θ6 is found to be 

greater than 119
o
 when bulky substituents are present at ortho-positions in pyridine 

(observed in 2-bromo and 2 (β) complexes). The corresponding QM values are slightly 

on the higher side for Co-N(L) bonds and slightly shorter for Co-N(X) type of bonds. 

The value of θ5 is also found to be less than 120
o
. These minor deviations are due to the 

fact that calculations are performed on single monomeric units, not including the 

presence of other such units in the neighbourhood. To confirm this hypothesis, 

geometry optimizations were performed on monomeric crystal structure geometries of 

Co(2-methylpyridine)2(NCS)2, Co(2-chloropyridine)2(NCS)2 and Co(quinoline)2(NCS)2 

complexes. Details about cobalt-ligand bond lengths and angles of the former are 

presented in Table V.5, and those of the latter two are available in APPENDIX, section 

A11. It is seen that all QM geometries have slightly larger Co-N(L) and slightly shorter 

Co-N(X) bonds with value of θ5 greater than 118
o
; trends which match with newly 

proposed complexes of chloroquine, chlorphenamine and imidacloprid.  

From the study carried out by Darby and Vallario [20], tetrahedral 

complexes of several pyridine derivatives were found to be intact, with no change in co-

ordination number from 4 to 6 when pyridine had a substituent at its ortho-position. 

Pyridine nucleus in chlorphenamine and imidacloprid molecules possesses this feature, 

thereby contributing to the stabilities of newly proposed complexes in solutions. This 

phenomenon has also been observed in smaller aromatic systems like imidazole and its 

derivatives [21]. The thiazole ring in thiamethoxam coordinates to the cobalt ion via. 

nitrogen LP whose adjacent carbon possesses a halogen substituent. The same can be 
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observed if triazole ring in tebuconazole coordinates through LP of nitrogen numbered 2 

(refer Table V.2 for numbering scheme of 1,2,4-triazole unit). 

 

Table V.5. Comparison between cobalt environment in experimental and theoretical 

structures of Co(2-methylpyridine)2(NCS)2. 

 
Monomeric units (left to right) from: crystal structure [4], HF/STO-3G and DFT calculations.  

Geometry from 

Bond lengths (Å) Angles (degrees) 

Co-N(L
1
)/ 

Co-N(L
2
) 

Co-N(X
1
)/ 

Co-N(x
2
) 

θ1 θ2 θ3 θ4 θ5 θ6 

Crystal structure 
2.048 

2.042 

1.939 

1.954 
113.9 104.9 111.2 105.2 109.8 111.7 

HF/STO-3G 

calculation 
2.123 

2.123 

1.935 

1.935 
105.9 104.2 105.9 104.3 122.5 114.6 

B3LYP/6-31G**  

calculation 
2.124 

2.124 

1.936 

1.936 
107.0 102.1 107.1 102.4 125.3 113.2 

 

The corresponding minimum energy structure of the coordination compound 

and bond lengths/bond angles of ligands with cobalt centre are displayed in Figure V.3 

and Table V.3 (entry 8) respectively. Based on DFT calculations, there is no much 

difference between the coordination compounds of tebuconazole occurring through N2 

and N4 LPs (refer Table V.2 for numbering scheme of 1,2,4-triazole unit in 

tebuconazole molecule; energy difference is just about 1 kcal/mol, giving rise to another 

probable structure). 

The purple colour observed for ketamine on reaction with cobalt thiocyanate 

is believed to occur due to the formation of an octahedral type of complex wherein 

ketamine behaves as a bidentate ligand. This theoretical study however is yet to be 

undertaken. 
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Figure V.3. Coordination compound of cobalt with tebuconazole via. LP of nitrogen 

labelled 2 of 1,2,4-triazole unit obtained from HF calculation. The DFT 

structure is similar, hence not displayed. 

 

V.2. Theoretical investigation on 3-aryl-6-ethoxycarbonyl-4-hydroxy-

2H-pyran-2-ones 

Ring formations are important and commonly occurring processes in 

organic chemistry. Some of the synthetic routes used to construct rings involve 

intramolecular cyclizations (either by enolate/radical species) [22-23], pericyclic 

reactions [24] and cycloaromatization processes [25]. The formation of pyran-2-one 

framework in „3-aryl-6-ethoxycarbonyl-4-hydroxy-2H-pyran-2-ones‟ class of 

compounds takes place starting from a triester compound, which on treatment with a 

weak base like triethylamine cyclizes (through enolate species) to form the required 

products (reaction mechanism shown in Figure V.4). Though there are two processes 

possible: the first – formation of pyran-2-one structure and, the second – formation of 

furan-5-one moiety, the former route undertaken by the enolate species must therefore 

be lower „energy-demanding‟ thereby accounting experimental findings [26]. This study 

is undertaken in the upcoming section via. DFT calculations. The enolate species 

formed after abstraction of acidic hydrogen can exists in two possible structures: the „E‟ 

form (where „E‟ stands for Entgegn; this terminology is used when bulky groups are 

across carbon – carbon double bond) and the „Z‟ form („Z‟ for Zuzamen, which means 

together) [27]. 
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Figure V.4. Reaction mechanism leading to the formation of 3-aryl-6-ethoxycarbonyl-

4-hydroxy-2H-pyran-2-one and its „experimentally not observed‟ isomer. 
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Table V.6. Optimized geometries and some important structural parameters of triester 

compound, E/Z enolates and transition state connecting E and Z species. 

Dihedral angle between atoms numbered i, j, k and l is designated as       

D(i, j, k, l).  

Structure Geometric parameters 

triester with methy groups 

 

D(1, 2, 3, 4) = 93.8
o
 

E enolate 

 

D(1, 2, 3, 4) =      0.1
o
 

D(1, 2, 3, 5) =  179.0
o 

Expected values: 

D(1, 2, 3, 4) =      0.0
o
 

D(1, 2, 3, 5) =  180.0
o 

Z enolate 

 

D(1, 2, 3, 4) = 172.7
 o

 

D(1, 2, 3, 5) =     5.2
o 

Expected values: 

D(1, 2, 3, 4) = 180.0
 o

 

D(1, 2, 3, 5) =     0.0
o
 

E-Z transition state 

 

D(1, 2, 3, 4) =      86.9
 o

 

D(1, 2, 3, 5) =    -91.4
o 

Expected values: 

D(1, 2, 3, 4) =      90.0
 o

 

D(1, 2, 3, 5) =    -90.0
o
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In present context, bulky groups correspond to the phenyl ring and oxygen 

bonded to an alkene unit bearing two ester groups. In the first step of the investigation, 

minimum energy structure of the starting triester compound was determined. To save 

computational time, the ethyl groups in corresponding ester units were replaced with 

methyl, the aryl group was a simple phenyl ring and calculations were performed at the 

B3LYP/3-21G level of theory. 

Optimized geometry of the triester compound is displayed in Table V.6, 

along with those of E, Z enolates. Both enolate species are interconvertible, i.e. the 

phenyl group must undergo an out-of-plane rotation to form either of them. [The plane 

under consideration contains atoms numbered from 1 to 3 in the E enolate structure 

displayed in Table V.6. Atoms 4 and 5 are found to be almost planar (based on 

corresponding dihedral values) while in the Z enolate, slight deviations are observed for 

dihedral angles D(1, 2, 3, 4) and D(1, 2, 3, 5) from expected values. In the transition 

state geometry, these atoms are found to be perpendicular.] The amount of energy 

required for E enolate to form the Z species is about 58.4 kcal/mol (or 54.6 kcal/mol for 

the reverse process). 

Energy profile diagram for the cyclization process of E/Z enolates is 

displayed in Figure V.5a. The transition state structures by which E/Z enolates form 

corresponding pyran ring skeletons are labelled 6E-TS and 6Z-TS respectively. 

Corresponding 5E-TS and 5Z-TS geometries represent transition state structures leading 

to the formation of furan rings. The intermediates formed are labelled 6EI, 6ZI, 5EI and 

5ZI. Based on the energy values displayed in Figure V.5a, the E enolate is found to 

favour the formation of pyran-2-one structure while the Z enolate favours the isomeric 

furan-5-one ring. The reaction therefore is found to proceed via. E enolate species. 
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Transition state geometries of 6E-TS and 5E-TS are shown in Figure V.5b. The phenyl 

ring in both is found to be in equatorial position (in 6Z-TS and 5Z-TS geometries, the 

phenyl group is in axial orientation). 

 

 

Figure V.5.  a) Energy profile diagram for cyclization pathways available for E/Z 

enolates (lower energy ones denoted by dotted lines, and those higher are 

shown by continuous lines) and b) transition state structures of 6E-TS 

and 5E-TS wherein the phenyl group is in equatorial position. Similar 

geometries are observed for 6Z-TS and 5Z-TS, the only difference being 

that the phenyl group is in axial position.  
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Table V.7. Optimized geometries and some important structural parameters of triester 

compound, E/Z enolates and transition state connecting E and Z species. 

Structure Geometric parameters 

triester with ethyl and para-methoxy groups 

 

D(1, 2, 3, 4) =      18.1
o
 

E enolate 

 

D(1, 2, 3, 4) =      0.4
o
 

D(1, 2, 3, 5) =  179.0
o 

Expected values: 

D(1, 2, 3, 4) =      0.0
o
 

D(1, 2, 3, 5) =  180.0
o 

Z enolate 

 

D(1, 2, 3, 4) = 175.8
 o

 

D(1, 2, 3, 5) =     2.1
o 

Expected values: 

D(1, 2, 3, 4) = 180.0
 o

 

D(1, 2, 3, 5) =     0.0
o
 

E-Z transition state 

 

D(1, 2, 3, 4) =      99.1
 o

 

D(1, 2, 3, 5) =     98.3
o 

Expected values: 

D(1, 2, 3, 4) =      90.0
 o

 

D(1, 2, 3, 5) =     90.0
o
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In the second phase of investigation, the basis set is upgraded to 6-31G(d,p), 

ethyl ester groups are considered and the phenyl ring contains methoxy group at para-

position. The lowest energy conformer of the triester compound, structures of 

corresponding E/Z enolates and the transition state connecting them are shown in Table 

V.7. The geometries appear to be similar to those presented in Table V.6; while the 

energy profile diagram is shown in Figure V.6. It is seen that: 

 The Z enolate is higher in energy than the E species by ~ 3.9 kcal/mol. 

 The E enolate favors formation of 6-membered ring structure while the Z 

enolate shows opposite trend. 

  The energy difference between the 6-memered and 5-membered transition 

states in the former case is quite substantial (~ 4.3 kcal/mol) as compared to 

the latter case (~ 1.3 kcal/mol). This accounts for the reaction selectivity.  

 The interconversion process from E to Z species requires energy of about  

26 – 27 kcal/mol which is higher than the energy needed to form the pyran 

ring.  

Thus the overall reaction is found to proceed via. E enolate. The investigation carried 

out using basic model of the triester compound (with simple phenyl ring and methyl 

esters) also leads to the same conclusion. [The transition state geometries of 6E‟-TS and 

5E‟TS are similar to those shown for 6E-TS and 5E-TS in Figure 5.5b and therefore are 

not presented in this chapter. Similar structural relations exit between the transition state 

geometries 6Z‟-TS and 5Z‟TS with 6Z-TS and 5Z-TS.] 
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Figure V.6. Energy profile diagram of for E/Z enolates bearing methoxy group the on 

phenyl ring. Lower energy pathways are shown by dotted lines. The 

transition states are denoted by 6E‟-TS, 5E‟-TS, 6Z‟-TS and 5Z‟-TS. 

Intermediates formed from respective transition states are 6E‟-I, 5E‟-I, 

6Z‟-I and 5Z‟-I.  

 

V.3 Concluding remarks 

To conclude, the blue colour formed by reaction of cobalt thiocyanate 

with chloroquine, chlorphenamine, imidacloprid, mephedrone, pretilachlor, 

thiamethoxam and tebuconazole is attributed to formation of tetrahedral CoL2X2 

complex. The reactive sites of drug molecules containing several nitrogen atoms have 

been explored using MESP and based on the most negative nitrogen LP sites, minimum 
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energy structures of corresponding cobalt complexes have successfully been obtained. 

Ketamine however is found to form purple colour, which is attributed to 

Co(ketamine)2(NCS)2 complex wherein ketamine binds in bidentate fashion. Looking at 

the structure of mephedrone, it is also capable of behaving as a bidentate ligand, 

however it functions as a monodentate in present case. It would be interesting to 

investigate the reasons for such preferences.  

With respect to the formation of 3-aryl-6-ethoxycarbonyl-4-hydroxy-2H-

pyran-2-ones, the corresponding E enolate species is found to form the pyran scaffold 

which eventually leads to the experimentally observed product. 
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A1. Solution to the particle and wave equations 

The function f(x) = e
2πi

λ
(x - ct)

 is found to satisfy the wave equation 

(represented by Eq. (A1)). Substituting f(x) in place of E yields Eq. (A2), and cancelling 

all quantities except λ and c results in Eq. (A3). 

                                                                              
∂

2
E

∂x2
   =    

1

c2
 

∂
2
E

∂t
2

                                       (A1) 

                            e
2π

λ
i(x - ct)  

2π

λ
 

2

i2   =    
1

c2
 e

2π

λ
i(x - ct)  

2π

λ
 

2

i2c2                                     (A2) 

                                                                    
1

λ
 

2

   =    
1

c2
  

1

λ
 

2

c2                                       (A3) 

Replacing (the numerator term) c by λυ in the right hand side of Eq. (A3) 

gives Eq. (A4) followed by Eq. (A5) on multiplication with h
2
. 

                                                                              
1

λ
 

2

   =    
1

c2
 υ2                                      (A4) 

                                                                                     
h

λ
 

2

  =   
h

2𝜐2

c2
                                     (A5) 

Since p equals h/λ, the left hand side term of Eq. (A4) is equivalent to p
2
. 

The numerator in the right hand side of the above equation can be replaced by E
2
 as 

E = hυ. Based on these results, Eq. (A5) comes out to be p
2
 = E

2
/c

2
. It is therefore shown 

that f(x) = 𝑒
2𝜋𝑖

𝜆
(𝑥  − 𝑐𝑡)

 satisfies the particle equation. 
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A2. Schrödinger’s time-dependent equation 

 

The wave equation for electrons is unknown but the solution Ψ(x, t) has the 

form Ψ(x, t) = e
2πi

λ
(x - ct)

. Double differentiation of Ψ(x, t) with respect to variable x gives 

Eq. (A6) which on multiplication by h
2
 (on both sides) and rearrangements yields       

Eq. (A7). 

                               
∂

2Ψ(x, t)

∂x2
   =  

i2 2π 2

λ
2

Ψ(x, t)  =  −
 2π 2

λ
2

Ψ(x, t)                                  (A6) 

                       −
h

2

 2π 2
  

∂
2
Ψ(x, t)

∂x2
   =    

h
2

λ
2
 Ψ(x, t)   =   p2Ψ(x, t)                                 (A7) 

Differentiating Ψ(x, t) with respect to variable t results in Eq. (A8) which on 

multiplication by h gives Eq. (A9). 

                                
∂Ψ(x, t)

∂t
   =   −

i2πc

𝜆
Ψ(x, t)   =   − 2πiυ Ψ(x, t)                               (A8) 

                                     −
h

2πi
  

∂Ψ(x, t)

∂t
   =   hυ Ψ(x, t)   =   E Ψ(x, t)                                (A9) 

Since the constant h/2π is found to occur frequently in above equations, it is 

given its own unique symbol ℏ (h-bar) and with this substitution, equations (A7) and 

(A9) become (A10) and (A11) respectively. 

                                                          −ℏ2  
∂

2Ψ(x, t)

∂x2
     =     p2 Ψ(x, t)                              (A10) 

                                                              −
ℏ

i
  

∂Ψ(x, t)

∂t
   =     E  Ψ(x, t)                                (A11) 

Substituting the left hand side expressions for E Ψ(x, t) and p2 Ψ(x, t) from 

Eqs. (A10) and (A11) in Eq. (A12) results in the time-dependent Schrödinger‟s equation 

i.e. Eq. (A13). 
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                                          E Ψ(x, t)    =  
p2

2m
Ψ(x, t)     +  V  Ψ(x, t)                               (A12) 

                  −
ℏ

𝑖
 

∂Ψ(𝑥, 𝑡)
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ℏ2

2m
 

∂
2
Ψ(𝑥, 𝑡)
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A3. Schrödinger’s time-independent equation 

Making the substitution ψ(x)f(t) for Ψ (x, t) in Eq. (A13) and dividing 

throughout by ψ(x)f(t) yields Eq. (A14), whose left hand side term is independent of 

variable x while the right hand side is independent of variable t. 

                              −
ℏ

𝑖
 

1

f(t)

df(t)

dt
  =   −

ℏ2

2m
 

1

ψ(x)

d
2
ψ(x)

dx
2

   +  V(x)                                 (A14) 

Since the left and right sides in above equation are independent of x and t 

respectively, it must therefore be a constant (chosen to be) E. Equating E to the left hand 

side of Eq. (A14), followed by integration leads to Eq. (A15), which can be rewritten as 

f t  =  𝑒constant𝑒−
iEt

ℏ . The term 𝑒constant  being a scalar can be included in ψ(x) as it is 

multiplied to f(t) and therefore be omitted to yield Eq. (A16). 

                                                             ln f t   = −
iEt

ℏ
 + constant                               (A15) 

                                                                                       f t   =  e
−

iEt

ℏ                                 (A16) 

Equating E to right hand side of Eq. (A14) followed by rearranging the term 

ψ(x) results to Eq. (A17) which corresponds to the time-independent equation for a 

particle moving in one-dimension with mass m. 

                                        −
ℏ2

2m
 

d
2
ψ(x)

dx
2

 +  V(x) ψ(x)   =   E ψ(x)                               (A17) 
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A4. Hamiltonian operator for many-particle system 

The various terms in the Hamiltonian operator H  are written in Eq. (A18). 

The kinetic energy of all nuclei {T N} and electrons {T e} are represented by equations 

(A19) and (A20) where mA corresponds to mass of atom A in the former equation. 

                                                  H    =  T N +  T e +  VNN + VEE +  VEN                                (A18) 

                                                                                     T N  = −
ℏ

2

2
 

∇A
2

mA

N

A

                              (A19) 

                                                                                   T e  = −  
ℏ2

2me

 ∇i
2 

M

i=1

                            (A20) 

The third term in Eq. (A18) represents the nuclear-nuclear repulsion 

between atoms, defined by Eq, (A21) where RAB is the distance separating atoms A and 

B. The fourth term, VEE (defined by Eq. (A22) corresponds to the electron-electron 

repulsions where rij is the distance between the i
th

 and j
th

 electron. The last quantity VEN 

accounts for the attraction between electrons and nuclei where rAi is the distance 

separating the interacting species (i.e. Eq. (A23)).  

                                                                    VNN  =    
e2

4πε0

  
ZAZB

RAB

                              (A21)
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i

N

A
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A5. Drawback of Hartree Product 

The drawback of Hartree Product is demonstrated by considering a simple 

case of two electrons. The corresponding wave function (WF) is given in Eq. (A24). 

Interchanging x1 with x2 and vice-versa results in Eq. (A25), which is different from the 

expected result i.e. Eq. (A26). 

                                                                         ψ(x1, x2)  =  χ
1
(x1)  χ

2
(x2)                             (A24) 

                                                                         ψ(x2, x1)  =  χ
1
(x2)  χ

2
(x1)                             (A25) 

                                                                     ψ(x2, x1)  =  − χ
1
(x1)  χ

2
(x2)                             (A26) 
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A6. Slater determinant and antisymmetry principle 

Writing the WF in the form of Slater determinant is found to satisfy the 

antisymmetry principle. As in section A5, the two-electron case has been considered 

where the corresponding Slater determinant is given in Eq. (A27). 

        ψ(x1, x2) =  
1

 2!
 
χ

1
(x1) χ

2
(x1)

χ
1
(x2) χ

2
(x2)

  =  
1

 2!
  χ

1
(x1)χ

2
(x2)  −   χ

2
(x1)χ

1
(x2)          (A27) 

Interchanging x1 and x2 in Eq. (A27) results to Eq. (A28) wherein the sign 

of ψ(x1, x2) is changed.  

           ψ(x2, x1)  =  
1

 2!
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1
(x2)χ

2
(x1) –  χ

2
(x2)χ

1
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−
1

 2!
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1
(x2)χ

2
(x1)  +   χ

2
(x2)χ

1
(x1)    =   −  ψ(x1, x2)                 (A28) 
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A7. Cartesian co-ordinates of acetone and acetone-related non-covalent 

complexes 

 

Molecular geometry of acetone obtained from geometry optimization at the 

Hartree-Fock (HF) level of theory using 6-31G(d,p) basis set along with co-ordinates of 

Vmin are is displayed in Table A1. Geometries of acetone-proton and acetone-hydrogen 

fluoride complexes at mentioned level of theory/basis set are displayed in Tables A2 

and A3 respectively. 

 

Table A1. Optimized geometry of acetone at HF/6-31G(d,p) level of theory. Co-

ordinates of Vmin also displayed. All values are in atomic units. 

Atom/site X Y Z 

C 0.0000 0.0000 0.3539 

C 0.0000 ±2.4335 -1.1481 

H ±1.6525 ±2.5192 -2.3624 

H 0.0000 ±4.0305 0.1254 

O 0.0000 0.0000 2.6065 

Vmin 0.0000 ±1.7658 4.0484 

 

 

Table A2. Optimized geometry (in atomic units) of acetone-proton complex at       

HF/6-31G(d,p) level of theory.  

Molecule Atoms X Y Z 

Acetone 

C 0.0000 0.1383 0.0000 

C -2.6147 -0.8600 0.0000 

H -2.8654 -2.0543 ±1.6514 

H -3.9802 0.6562 0.0000 

C 2.2392 -1.5507 0.0000 

H 2.1429 -2.7680 ±1.6505 

H 4.0077 -0.5236 0.0000 

O 0.2206 2.4999 0.0000 

Proton H 1.9056 3.1471 0.0000 
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Table A3. Optimized geometry (in atomic units) of acetone-hydrogen fluoride complex 

at HF/6-31G(d,p) level of theory.  

Molecule Atom X Y Z 

Acetone 

C 0.0000 1.3078 0.0000 

C 0.2703 4.1460 0.0000 

H -0.6524 4.9402 ±1.6529 

H 2.2482 4.6569 0.0000 

C -2.6458 0.2413 0.0000 

H -3.6654 0.9083 ±1.6524 

H -2.5857 -1.7987 0.0000 

O 1.8308 -0.0313 0.0000 

Hydrogen 

fluoride 

H 1.4450 -3.4090 0.0000 

F 0.7928 -5.0073 0.0000 
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A8. Numerical method to locate CPs of a one-dimensional function via. 

interpolation 

 

This section describes the application of Lagrange interpolation method in 

detecting critical points (CPs) of a one-dimensional function whose tabular point data is 

presented in Table A4. For the benefit of readers, the function under investigation is 

presented in Eq. (A29), which possesses three CPs: global minimum at x = -1, local 

minimum at x = 2 and a local maximum at x = 1. 

                                                f x    =   
x4

4
  −  

2x3

3
  −   

x2

2
   +  2x  −   2                         (A29) 

Table A4. Tabular points and corresponding function values (denoted as yi) of a one-

dimensional function between x = -2 and x = 3 with Δx = 0.2. 

i xi yi 

  

i xi yi 
0 -1.9000 0.2257 13 0.7000 -1.0136 

1 -1.7000 -1.4816 14 0.9000 -0.9270 

2 -1.5000 -2.6094 15 1.1000 -0.9263 

3 -1.3000 -3.2663 16 1.3000 -0.9956 

4 -1.1000 -3.5516 17 1.5000 -1.1094 

5 -0.9000 -3.5550 18 1.7000 -1.2323 

6 -0.7000 -3.3563 19 1.9000 -1.3196 

7 -0.5000 -3.0260 20 2.1000 -1.3170 

8 -0.3000 -2.6250 21 2.3000 -1.1603 

9 -0.1000 -2.2043 22 2.5000 -0.7760 

10 0.1000 -1.8056 23 2.7000 -0.0810 

11 0.3000 -1.4610 
24 2.9000 1.0177 

12 0.5000 -1.1927 

 

The search for CP is implemented in all sub-intervals (xi, xi+1); the Lagrange 

polynomial L(x) constructed using tabular points {xi-1, xi, xi+1, xi+2} and corresponding 

function values {yi-1, yi, yi+1, yi+2} is presented in Eq. (A30). The Lagrange‟s coefficients 

(or simply referred to LCs): Li-1 x , Li x , Li+1 x  and Li+2 x  are defined in equations 

(A31) to (A34) respectively. 
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                   L x   =  Li-1 x  y
i-1

  +   Li x  y
i
  +   Li+1 x  y

i+1
  +   Li+2 x  y

i+2
                (A30) 

                                     Li-1 x   =  
 x − xi  x − xi+1  x − xi+1 

 xi-1 − xi  xi-1 − xi+1  xi-1 − xi+1 
             (A31) 

                                             Li x   =  
 x − xi-1  x − xi+1  x − xi+2 

 xi − xi-1  xi − xi+1  xi − xi+2 
             (A32) 

                               Li+1 x   =   
 x − xi-1  x − xi  x − xi+2 

 xi+1 − xi-1  xi+1 − xi  xi+1 − xi+2 
             (A33) 

                                 Li+2 x   =   
 x − xi-1  x − xi  x − xi+1 

 xi+2 − xi-1  xi+2 − xi  xi+2 − xi+1 
             (A34) 

For the starting sub-interval (-1.9, -1.7), tabular point {xi-1} does not exist, 

therefore Eq. (A30) is modified to Eq. (A35). The corresponding LCs are defined by 

Eqs. (A36) to (A39).  

                 L x   =  Li x  y
i
  +   Li+1 x  y

i+1
  +   Li+2 x  y

i+2
  +   Li+3 x  y

i+3
                (A35) 

                                               Li x   =  
 x − xi+1  x − xi+2  x − xi+3 

 xi − xi+1  xi − xi+2  xi − xi+3 
             (A36) 

                                   Li+1 x   =  
 x − xi  x − xi+2  x − xi+3 

 xi+1 − xi  xi+1 − xi+2  xi+1 − xi+3 
             (A37) 

                                  Li+2 x   =   
 x − xi  x − xi+1  x − xi+3 

 xi+2 − xi-1  xi+2 − xi  xi+2 − xi+3 
              (A38) 

                                  Li+3 x   =   
 x − xi  x − xi+1  x − xi+2 

 xi+3 − xi  xi+3 − xi+1  xi+3 − xi+2 
             (A39) 

With the substitutions {xi, xi+1, xi+2, xi+3} ≡ {-1.9, -1.7, -1.5, -1.3} and          

{yi, yi+1, yi+2, yi+3} ≡ {0.2257, -1.4816, -2.6094, -3.2663}, the function value for x 

between (-1.9, -1.7) can be interpolated via. Eq. (A40). 
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L x  = (x + 1.7)(x + 1.5)(x + 1.3)(-4.70221) + (x + 1.9)(x + 1.5)(x + 1.3)(-92.6000) +  

                    (x + 1.9)(x + 1.7)(x + 1.3)(163.0875) + (x + 1.9)(x + 1.7)(x + 1.5)(-68.0479)  

                                                                                                                                                      (A40) 

The expression for L′ (x) (i.e. derivative for Eq. (A35)) is given in Eq. (A41) 

and the LC: L′
i x  is defined by equation (A42). Likewise, one can easily guess the 

expressions for L′
i+1 x , L′

i+2 x , L′
i+3 x  based on Eqs. (A37), (A38) and (A39). 

                    L′ (x)  =   L′
i x  y

i
  +   L′

i+1 x  y
i+1

  +   L′
i+2 x  y

i+2
  +  L′

i+3 x  y
i+3

       (A41) 

        L′
i x   =  

 x − xi+2  x − xi+3  +  x − xi+1  x − xi+2  +  x − xi+1  x − xi+3 

 xi − xi+1  xi − xi+2  xi − xi+3 
      (A42) 

It is a well known fact that if some function of single variable g(x) defined 

over an interval (a, b) is continuous and changes its signs at points x = a and x = b, then 

there exist a point x = c such that g(c) equals zero. A CP therefore exists in any given 

interval        (xi, xi+1) if the signs of L′ (x) at x = xi and x = xi+1 are opposite. Coming back 

to the numerical example under discussion, the derivative expression of L(x) in the 

region      (-1.9, -1.7) is given by Eq. (A43).  

L′ (x)  = [(x + 1.5)(x + 1.3) + (x + 1.7)(x + 1.5) + (x + 1.7)(x + 1.3)] (-4.70221)  +   

              [(x + 1.5)(x + 1.3) + (x + 1.9)(x + 1.5) + (x + 1.9)(x + 1.3)] (-92.6000)  +  

             [(x + 1.7)(x + 1.3) + (x + 1.9)(x + 1.7) + (x + 1.9)(x + 1.3)](163.0875)  + 

         [(x + 1.7)(x + 1.5) + (x + 1.9)(x + 1.7) + (x + 1.9)(x + 1.5)] (-68.0479)  

                                                                                                                                                    (A43) 

At x = -1.9 and x = -1.7 the value of L′ (x) equals -10.1662 and -6.9972 

respectively. Since the sign of L′ (x) remains unchanged at respective tabular points, this 
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sub-interval does not contain a CP. Going to the next sub-interval (-1.7, -1.5), the L(x) 

expression is constructed using tabular points {xi-1, xi, xi+1, xi+2} ≡ {-1.9, -1.7, -1.5,         

-1.3} and respective function values. As tabular point {xi-1} exists, L(x) has the form as 

per Eq. (A30). The values of L′ (x) at x = -1.7 and x = -1.5 are -6.9972 and -4.3712 

respectively. Thus this sub-interval is also devoid of a CP. The change in sign of L′ (x) is 

detected in three sub-intervals (-1.1, -0.9), (0.9, 1.1) and (1.9, 2.1). These observations 

are summarized in Table A5. 

Table A5. Sub-intervals (xi, xi+1) where value of L′ (x) computed at x = xi and x = xi+1 

via. Lagrange interpolation method is found to change signs. The 

corresponding data used for interpolation is available in Table A4. 

 

Sub-interval 

(xi, xi+1) 

 

 

Value of L′ (x) at 

 

xi xi+1 

(-1.1, -0.9) -0.6552 0.5547 

(0.9, 1.1) 0.2050 -0.1847 

(1.9, 2.1) -0.2652 0.3447 

 

This paragraph shall briefly describe the process of locating CP in sub-

interval (-1.1, -0.9). An initial guess point (GP) xguess = -1.0 is generated which lies at 

the centre of (-1.1, -0.9). For chosen tolerance value ε of 10
-13

, L′ (𝑥gues 𝑠) defined in Eq. 

(A44) equals 0.1409 × 10
-6

, and L′ (𝑥gues 𝑠) is greater than ε.  

L′ (x)  = [(x + 0.9)(x + 0.7) + (x + 1.1)(x +0.9) + (x + 1.1)(x + 0.7)] (68.0479)  +   

                   [(x + 0.9)(x + 0.7) + (x + 1.3)(x + 0.9) + (x + 1.3)(x + 0.7)] (-221.9750)  +  

                     [(x + 1.1)(x + 0.7) + (x + 1.3)(x + 1.1) + (x + 1.3)(x + 0.7)](222.1875)  + 

                    [(x + 1.1)(x + 0.9) + (x + 1.3)(x + 1.1) + (x + 1.3)(x + 0.9)] (-69.9229)  

                                                                                                                                                     (A44) 
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A new guess xguess = -0.9999 is obtained via. Newton-Raphson method and 

L′ (𝑥gues 𝑠) at this point equals 0.3689 × 10
-15

. Since L′ (𝑥gues 𝑠) < ε, the found CP is 

characterized by the second order derivative of L(x) – the general form given in Eq. 

(A45) and the corresponding LCs:  L′′i-1 x , L′′i x , L′′i+1 x ,  L′′i+2 x  defined in Eqs. 

(A46) to (A49). The CP x = -0.9999 represents a minimum based on the second 

derivative value computed via. Eq. (A50). The total number of CPs detected for data in 

Table A4, summarized in Table A6, are in good agreement with expected results. 

          L′′  x   =  L′′i-1 x  y
i-1

  +   L′′i x  y
i
  +   L′′i+1 x  y

i+1
  +   L′′i+2 x  y

i+2
              (A45) 

                              L′′i-1 x   =  
2 x − xi  + 2 x − xi+1  + 2 x − xi+1 

 xi-1 − xi  xi-1 − xi+1  xi-1 − xi+1 
             (A46) 

                              L′′i x   =  
2 x − xi-1  + 2 x − xi+1  + 2 x − xi+2 

 xi − xi-1  xi − xi+1  xi − xi+2 
             (A47) 

                             L′′i+1 x   =   
2 x − xi-1  + 2 x − xi  + 2 x − xi+2 

 xi+1 − xi-1  xi+1 − xi  xi+1 − xi+2 
             (A48) 

                              L′′i+2 x   =  
2 x − xi-1  + 2 x − xi  + 2 x − xi+1 

 xi+2 − xi-1  xi+2 − xi  xi+2 − xi+1 
             (A49) 

            L′′ (x)  =  [(x + 1.1) + (x + 0.9) + (x + 0.7)](136.0958)  +  [(x + 1.3) + (x + 0.9) +  

                          (x + 0.7)](-443.9500)  +  [(x + 1.3) + (x + 1.1) + (x + 0.7)](444.3750)  + 

                                                                            [(x + 1.3) + (x + 1.1) + (x + 0.9)](-139.8458) 

                                                                                                                                                    (A50) 

Table A6. Summary of CPs obtained via. Lagrange interpolation method for data 

available in Table A4. 

CP Value of 

x L(x) L′ (x) L′′  x  

-0.9999 -3.5836 

< 10
-13

 

6.0494 

1.0001 -0.9169 -1.9486 

2.0001 -1.3336 3.0510 
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The sub-intervals (2.5, 2.7) and (2.7, 2.9) do not have tabular points {xi+2} 

and {xi+1} in the latter case. Thus if nx represents the total number of tabular points in X 

direction then L(x) in these two cases are constructed using tabular points                

 xnx-3, xnx-2,  xnx-1,  xnx
  and respective function values.  
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A9. The three-dimensional Lagrange interpolation method 
 

The Lagrange polynomial used for interpolation in three dimensions is given 

by Eq. (A51) wherein the LCs: Li(x), Lj(y) and Lk(z) are constructed using tabular points 

{xi-1, xi, xi+1, xi+2}, {yj-1, yj, yj+1, yj+2} and {zk-1, zk, zk+1, zk+2}. The scalar field values at 

points bearing co-ordinates (xi-1, yj-1, zk-1), (xi-1, yj-1, zk), (xi-1, yj-1, zk+1), (xi-1, yj-1, zk+2),   

(xi-1, yj, zk-1), ..., (xi+2, yj+2, zk+2) are denoted as f111, f112, f113, f114, f121, ..., f444 

respectively. The first order partial derivatives of (A51) are given by Eqs. (A52), (A53) 

and (A54). Constructions of LCs: L′
i x , L′

j y  and L′
k z  are discussed in 

APPENDIX, section A7. 

                              L x, y, z     =       Li x  Lj y  Lk z  fijk

4

k=1

4

j=1

4

i=1

                  (A51) 

                        
∂L x, y, z 

∂x
    =       L′

i x  Lj y  Lk z  fijk

4

k=1

4

j=1

4

i=1

                 (A52) 

                        
∂L x, y, z 

∂y
    =        Li x  L

′

j
 y  Lk z  fijk

4

k=1

4

j=1

4

i=1

                 (A53) 

                        
∂L x, y, z 

∂z
    =        Li x  Lj z  L

′

k
 z  fijk

4

k=1

4

j=1

4

i=1

                 (A54) 

The terms: L′
i x , L′

j y , L′
z z  in Eqs. (A52), (A53), (A54) are replaced by 

 L′′i x ,  L′′j y ,  L′′k z  to yield elements of Hessian matrix H11 = 
∂

2
L

∂x
2 , H22 = 

∂
2
L

∂y
2  and 

H33 = 
∂

2
L

∂z
2 . Elements H21, H31 and H32 correspond to 

∂
2
L

∂y∂x
 , 

∂
2
L

∂z∂x
 and 

∂
2
L

∂z∂y
, and the former is 

obtained by replacing L(y) in Eq. (A52) by L′
j y . The latter two are derived by 

replacing the L(z) components in Eqs. (A53) and (A54) with L′
z z . 
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A10. Guess points for topographical features of MESP scalar field 

A10.1. Ammonia molecule  

Table A7. MESP topography for ammonia molecule: comparison between those 

predicted by numerical method (darkened rows) and those derived from 

MP2/6-31G(d,p) wave function. Electron density values less than 0.001 

a.u. is represented by „---‟. The symbols for various types of GPs presented 

is applicable for Tables A8 to A11. 

 

Symbols for GPs 

located at various 

sites 

LPs/π bonds  

Bond saddles × 

Additional (3, +3) CP  

(valid for ammonia only) 

Saddle connecting MESP 

minima  

Positive valued (3, +1) 

saddle  

Negative valued (3, -1) 

saddle  

CP Nature 
Co-ordinates 

V(r) ρ(r) 
X Y Z 

LP (3, +3) 
-0.0005 -0.0005  2.5163 -0.1369 0.027 

0.0000 0.0000 2.5075 -0.1365 0.024 

bond 

CPs 

(3, -1) 

 

-0.9813 -0.5719 -0.2338 1.0187 0.160 

0.9766 -0.5682 -0.2280 1.0216 0.160 

±0.9772 -0.5642 -0.2579 0.9960 0.361 

-0.0053 1.1341 -0.2372 0.9792 0.435 

0.0000 1.1284 -0.2579 0.9960 0.361 

Not 

found 

(3, +3) -0.0007 -0.0004 -3.0774 0.0122 0.002 

(3, +1) -0.0007 -0.0006 -4.1828 0.0134 --- 

 

The Lagrange method predicts a total of 7 GPs for ammonia molecule. The 

3D grid data is obtained at MP2/6-31G(d,p) level of theory with increment of 0.33333 

and 34 tabular points per direction. The starting grid point bears co-ordinates                 

(-5.483229, -5.483229, 5.261677). Co-ordinates of GPs and corresponding results 

obtained after submission to the computational chemistry software INDPROP are 
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displayed in Table A7 (presented on last page). Though there is no much difference 

between the co-ordinates of guess points and corresponding MESP values from the 

corresponding QM counterparts, the electron density values however are unreliable. The 

numerical method however predicts correct nature of GPs. No CPs were detected using 

last two entries however. 

A10.2. Water molecule 

The numerical method has detected only two GPs for water molecule and 

the corresponding QM counterparts obtained are displayed in Table A8. 

Table A8. MESP topography predicted by three-dimensional Lagrange method for 

water molecule (darkened rows) and corresponding counterparts derived 

from MP2/6-31G(d,p) WF. 

 

CP Nature 
Co-ordinates 

V(r) ρ(r) 
X Y Z 

lone 

pair 
(3, +3) 

0.0034 2.0569  1.3082 -0.0989 0.017 

0.0000 1.9791 1.4066 -0.0989 0.017 

bond 

CP 
(3, -1) 

0.9262 0.0289 -0.4823 1.1457 0.364 

0.9114 0.0000 -0.4996 1.1318 0.423 

Grid specification: Starting point (-4.970736, -4.970736, -4.746573), 

number of tabular points per direction: 31 with increment of 0.333333.  

The remaining (3, +3) and (3, -1) CPs could easily be obtained using 

symmetry. The numerical method fails to generate a GP for saddle connecting MESP 

minima. Thus the software UNIVIS-2000 had to be employed to obtain a suitable GP 

(steps involved are similar to those explained for acetone molecule in Chapter II, section 

II.3). 
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A10.3. Hydrogen sulphide molecule 

Unlike the case of water, the numerical method is found to yield a total of 5 

GPs: two for (3, +3) and (3, -1) CPs in addition to a saddle (3, +1) saddle (Table A9). 

Table A9. MESP topography for hydrogen sulphide molecule: comparison between 

those predicted by numerical method (darkened rows) and those derived 

from MP2/6-31G(d,p) WF. 

 

CP Nature 
Co-ordinates 

V(r) ρ(r) 
X Y Z 

lone pair (3, +3) 

0.0021 -3.1365  1.3307 -0.0450 0.007 

0.0021 3.1596 1.3129 -0.0449 0.007 

0.0000 ±3.1446 1.3326 -0.0449 0.006 

saddle 

connecting 

MESP minima 

(3, +1) 
0.0041 0.0019 4.1262 -0.0190 0.001 

0.0000 0.0000 4.1283 -0.0190 0.001 

bond CP (3, -1) 

-1.2631 0.0183 -0.9535 0.8256 0.162 

1.2560 0.0232 -0.9748 0.8367 0.084 

±1.2349 0.0000 -0.9912 0.8229 0.228 

Grid specification: Starting point (-8.571798, -8.571798, -8.379329), number of 

tabular points per direction: 52 with increment of 0.333333. 

 

A10.4. Formaldehyde molecule 

A total of six GPs (two for lone pairs belonging to carbonyl oxygen, a 

saddle connecting them, and three bond CPs) yield required MESP topographical 

features of formaldehyde molecule (displayed in Table A10). 
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Table A10. MESP topography for formaldehyde molecule: comparison between those 

predicted by numerical method (darkened rows) and those derived from 

MP2/6-31G(d,p) WF. 

 

CP Nature 
Co-ordinates 

V(r) ρ(r) 
X Y Z 

lone pair (3, +3) 

0.0002 -1.8706  2.6677 -0.0801 0.014 

0.0001 1.8702 2.6667 -0.0801 0.014 

0.0000 ±1.8535 2.6858 -0.0801 0.014 

saddle 

connecting 

MESP minima 

(3, +1) 
-0.0006 0.0037 3.7336 -0.0698 0.001 

0.0000 0.0000 3.7630 -0.0696 0.007 

bond CPs 

between C-H 

atoms 
(3, -1) 

0.0042 -1.1347 -1.7150 0.8669 0.270 

0.0044 1.1336 -1.7164 0.8663 0.280 

0.0000 ±1.1236 -1.7253 0.8650 0.239 

bond CP 

between C-O 

atoms 

0.0025 0.0025 0.1133 1.3137 0.695 

0.0000 0.0000 0.1448 1.3339 0.486 

Grid specification: Starting point (-6.512752, -6.512752, -7.527282); tabular points 

in X, Y direction are 40 and 42 in Z direction; increment per direction 0.333333. 

 

 

A10.5. Ethene molecule 

Table A11 portrays the GPs obtained from the 3D Lagrange method for 

ethene molecule. It has been observed that the numerical method does a good job in 

predicting correct electron density values at negative valued CPs than the positive ones. 
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Table A11. MESP topography for ethene molecule: comparison between those 

predicted by numerical method (darkened rows) and those derived from 

MP2/6-31G(d,p) WF. 

 

CP Nature 
Co-ordinates 

V(r) ρ(r) 
X Y Z 

π bond (3, +3) 

0.0003 -0.0038  -2.8946 -0.0393 0.007 

0.0003 -0.0038 2.8932 -0.0393 0.007 

0.0000 0.0000 ±2.8849 -0.0393 0.007 

between C-H 

atoms 
(3, -1) 

-1.1212 -1.9332 0.0039 0.8524 0.289 

-1.1210 1.9408 0.0037 0.8465 0.283 

1.1197 -1.9348 0.0042 0.8523 0.296 

1.1167 1.9454 0.0040 0.8463 0.293 

±1.1123 ±1.9441 0.0000 09835 0.352 

between C-C 

atoms 

0.0019 0.0018 0.0096 0.9575 0.527 

0.0000 0.0000 0.0000 0.9835 0.352 

Grid specification: Starting point (-6.512752, -6.512752, -7.774458), number of 

tabular points in X, Y direction: 40 and 48 in Z direction with increment of 

0.333333.  

 

As it shall be discussed in the development of ethene GCM, a single 

Gaussian placed at the centre of the carbon-carbon double bond produces two MESP 

minima as required but also connects them by negative valued (3, +1) CPs , thereby 

generating a ring type of surface encircling the carbon-carbon double bond. This ring 

feature however is observed in the MESP plot of acetylene, and therefore encouraged to 

develop a model for acetylene. The Lagrange method was however not used to obtain 
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suitable GPs for obtaining degenerate ring CPs, however this was achieved using 

UNIVIS-2000. 

 

A10.6. Benzene molecule 

Interestingly, the numerical method is found to predict GPs for all MESP 

critical points (Table A12). A single bond saddle between carbon – carbon bond was 

missed but could be obtained due to its symmetry-related counterparts. 

Table A12. MESP topography for benzene molecule: comparison between those 

predicted by numerical method (darkened rows) and those derived from 

MP2/6-31G(d,p) wave function. 

 
 

Table A12 continued… 
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Table A12 continued… 

CP Nature 
Co-ordinates 

V(r) ρ(r) 
X Y Z 

π bonds (3, +3) 

-0.6399 -1.1088  -3.2517 

-0.0332 

 

0.0023 

 

-0.6400 -1.1096 3.2505 

-0.6399 1.1089 -3.2517 

-0.6402 1.1097 3.2505 

0.6401 -1.1086 -3.2518 

0.6403 -1.1095 3.2505 

0.6403 1.1087 -3.2518 

0.6407 1.1095 3.2505 

±0.6391 ±1.1093 ±3.2466 -0.0332 0.0023 

-1.2786 0.0000 -3.2521 

-0.0332 0.0023 
-1.2791 0.0001 3.2509 

1.2750 0.0000 -3.2522 

1.2758 0.0001 3.2510 

±1.2799 0.0000 ±3.2467 -0.0332 0.0023 

saddles 

connecting 

MESP minima 
(3, +1) 

-0.0269 -1.2022 -3.2631 

-0.0331 0.0021 
-0.0267 -1.2030 3.2618 

-0.0267 1.2009 -3.2630 

-0.0274 1.2016 3.2617 

0.0000 ±01.2058 ±3.2586 -0.0331 0.0021 

-1.0477 -0.6042 -3.2633 

-0.0331 0.0021 

-1.0480 -0.6051 3.2620 

-1.0498 0.6016 -3.2633 

-1.0501 0.6025 3.2620 

1.0485 -0.6000 -3.2634 

1.0491 -0.6004 3.2621 

1.0507 0.5972 -3.2634 

1.0515 0.5974 3.2621 

±1.0446 ±0.6015 ±3.2587 -0.0331 0.0021 

ring cp 
0.0036 0.0019 0.0009 0.1499 0.02466 

0.0000 0.0000 0.0000 0.1507 0.0197 

saddles 

between C-C 

atoms 

(3, -1) 

-1.1212 -1.9332 0.0039 0.8524 0.2890 

-1.1210 1.9408 0.0037 0.8465 0.2830 

1.1197 -1.9348 0.0042 0.8523 0.2960 

1.1167 1.9454 0.0040 0.8463 0.2930 

±1.1402 ±1.9748 0.0000 0.8630 0.3209 

-2.2774 0.0024 0.0018 0.8410 0.4656 

2.2687 0.0024 0.0018 0.8417 0.4659 

±2.2803 0.0000 0.0000 0.8630 0.3209 

saddles 

between C-H 

atoms 

(3, -1) 

-3.4238 -1.9606 0.0039 0.8486 0.3157 

-3.4229 1.9630 0.0038 0.8471 0.3183 

3.4287 -1.9564 0.0027 0.8479 0.3075 

3.4303 1.9558 0.0024 0.8459 0.3111 

±3.4170 ±1.9728 0.0000 0.8513 0.2928 

Continued on next page 
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Table A12 continued… 

CP Nature 
Co-ordinates 

V(r) ρ(r) 
X Y Z 

saddles 

between C-C 

atoms 
(3, -1) 

0.0104 3.9689 -0.0045 0.8069 0.3157 

0.0080 -3.9623 -0.0035 0.8042 0.3183 

0.0000 ±3.3956 0.0000 0.8513 0.2928 

saddles along 

Z-axis 

-0.0043 -0.0019 -3.3321 
-0.0321 0.0010 

-0.0043 -0.0020 3.3312 

0.0000 0.0000 ±3.3322 -0.0321 0.0010 
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A11. Potential due to s-type Gaussians 

Two normalized s-type Gaussians θ RA  and θ RB  are defined by Eqs 

(A55) and (A56). Gaussian centres RA and RB bear coordinates (Ax, Ay, Az) and (Bx, By, 

Bz) respectively and the terms  2α/π 3/4  and  2β/π 3/4  are normalization constants of 

respective Gaussians. 

                                                          θ RA  =  
2α

π
 

3

4

e-α(r - RA)
2

                                      (A55)   

                                                                 θ RB  =  
2β

π
 

3

4

e-β(r - RB)
2

                                      (A56) 

The potential at point RC due to interaction of θ RA  with θ RB  can be 

written as  θ RA |
1

r - RC
|θ RB  , defined by Eq. (A57) [RN corresponds to the newly 

formed Gaussian centre due to products of θ RA  with θ RB  where „k‟ is the pre-

exponential factor given by e
- 

αβ

α+β
 (RA- RB)

2

]. 

                 θ RA |
1

 r - RC 
|θ RB   =  

2α

π
 

3

4

 
2β

π
 

3

4

k   
e-(α+β)(r - RN)

2

 r - RC 
dr              (A57) 

The term 1/ r - RC  in Eq. (A57) is replaced by the employing the integral 

transformation 
1

 r - RC 
 =  

e-(r - RC)
2

t2dt

 π

∞

-∞
 , resulting to Eq. (A58) where k1 =   

2α

π
 

3

4
 

2β

π
 

3

4
k 

and γ = α + β. 

                    θ RA |
1

 r - RC 
|θ RB    =   k1   e-γ(r - RN)

2

dr   
e-(r - RC)

2
t2dt

 π

∞

-∞

          (A58) 
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Invoking Gaussian product rule once again for e-γ(r - RN)
2

 and e-(r - RC)
2
t2  in 

above equation results to a new Gaussian e-(γ + t2)(r - RS)
2

with new Gaussian centre RS and 

exponential factor given by e
- 

γt2

γ+t2
 (RN- RC)

2

, yielding Eq. (A59). 

       θ RA |
1

 r - RC 
|θ RB    =   k1    

e-(γ + t2)(r - RS)
2

 π
dr e

- 
γt2

γ + t2
 (RN - RC)

2
∞

-∞

dt       (A59) 

Integrating the quantity in curly brackets over r yields Eq. (A60), 

corresponding to one-dimensional integral over variable t. The same is transformed to 

Eq. (A61) by taking limits of integration from 0 to infinity.  

                           θ RA |
1

 r - RC 
|θ RB    =   

k1

 π
  

π

 γ + t2
 

3

2

e
- 

γt2

γ + t2
 (RN - RC)

2
∞

-∞

dt        (A60) 

                           θ RA |
1

 r - RC 
|θ RB    =   

2k1

 π
  

π

 γ + t2
 

3

2

e
- 

γt2

γ + t2
 (RN - RC)

2
∞

0

dt        (A61) 

The next step involves substituting u2 = 
t2

γ + t2
 which upon rearranging leads 

to γt-2+1= u-2. Differentiating the given expression with respect to variable t, results in 

γt-3= u-3 du

dt
 which when reorganized becomes dt = 

1

γ
 

t2

u2
 

3

2

du. It can easily be shown that 

u equals 0 and 1 when t equals 0 and ∞. Performing these substitutions in Eq. (A61) 

transforms it to Eq. (A62) and finally to Eq. (A63). 

                                 θ RA |
1

 r - RC 
|θ RB    =   

2k1

 π
  

𝜋
3

2

 γ 
 e-γ(RN - RC)

2u2

1

0

du            (A62) 
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                             θ RA |
1

 r - RC 
|θ RB    =    2k1  

π

 γ 
  e-γ(RN - RC)

2
u2

1

0

du          (A63) 

The integral in above equation is represented as F0(t) where t = γ(RN - RC)
2
 

Substituting for k1 and γ gives Eq. (A64). 

  θ RA |
1

 r - RC 
|θ RB    =   

2α

π
 

3

4

 
2β

π
 

3

4

  e
- 

αβ

α + β
 (RA- RB)

2

  
2π

 α + β 
 F0(t)            (A64) 
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A12. Geometries of some cobalt thiocyanate complexes: comparison 

between experimental and quantum mechanical structures 

 

Table A13. Comparison between cobalt environment in experimental and theoretical 

structures of Co(2-chloropyridine)2(NCS)2. 

 
Monomeric units (left to right) from: crystal structure, HF/STO-3G and B3LYP/6-31G(d,p) 

calculations.  

Geometry from 

Bond lengths (Å) Angles (degrees) 

Co-N(L
1
)/ 

Co-N(L
2
) 

Co-N(X
1
)/ 

Co-N(x
2
) 

θ1 θ2 θ3 θ4 θ5 θ6 

Crystal structure 

 

2.035 

2.035 

1.932 

1.932 
104.3 110.4 104.3 110.4 107.3 119.4 

HF/STO-3G 

optimization 

2.119 

2.119 

1.940 

1.940 
102.1 105.3 102.1 105.3 119.7 123.8 

B3LYP/6-31G** 

optimization 

2.137 

2.137 

1.924 

1.924 
101.1 107.4 101.1 107.4 124.7 116.2 

 

Table A14. Comparison between cobalt environment in experimental and theoretical 

structures of Co(quinoline)2(NCS)2. 

 
Monomeric units (left to right) from: crystal structure, HF/STO-3G and B3LYP/6-31G(d,p) 

calculations.  

Geometry from 

Bond lengths (Å) Angles (degrees) 

Co-N(L
1
)/ 

Co-N(L
2
) 

Co-N(X
1
)/ 

Co-N(x
2
) 

θ1 θ2 θ3 θ4 θ5 θ6 

Crystal structure 

 

2.044 

2.029 

1.940 

1.934 
103.2 114.2 111.6 114.5 104.5 108.3 

HF/STO-3G 

optimization 

2.133 

2.128 

1.930 

1.925 
103.2 103.1 111.7 105.7 124.2 107.9 

B3LYP/6-31G** 

optimization 

2.134 

2.115 

1.936 

1.925 
102.1 106.6 105.9 111.2 124.0 105.7 

 

Tables A13 and A14 summarize the various bond lengths and bond angles between cobalt and ligands in 

Co(2-chlorpyridine)2(NCS)2 & Co(quinoline)2(NCS)2 complexes obtained from experimental geometries 

and corresponding quantum mechanical calculations. 
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A13. Certificates of participation/poster presentations of various 

conferences, symposiums and workshops attended during 

research period January 2014 – December 2019 

 
Conferences: 

                 

Symposiums: 

            

Workshops: 
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