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Abstract

Differential equations play an important role in physical processes, chemical processes,
biological processes and also social sciences as well as commerce and finance. A powerful
tool in solving ordinary and partial differential equations is the method of symmetry. By
this method many unfamiliar differential equation can be solved. This method was given
by a Norwegian mathematician Sophus Lie. The method involves some fundamental

ideas which can be easily employed to solve a differential equations.

Symmetries are transformations that leave an object unchanged or invariant. In [48] it
is explained that symmetries are very useful in formulating and exploiting the laws of
nature. The reproducibility of experiments at different times and places heavily rely on
invariance laws. The existence of conservation laws in Physics and Mathematics is an
important implication of symmetry. Noether’s theorem proved in [47] relates symmetries
and conservation laws. The concept of symmetries has interested scientists from Kepler
— in determining the orbits of planets to Newton — in studying the laws of mechanics as
a symmetry principle. The motivation to study Lie groups is to model the continuous
symmetries of differential equations, in much the same way as finite groups are used in

Galois theory to model the discrete symmetries of algebraic equations.

However, in differential equations, the unknown function and its derivatives are all
evaluated at the same instant t. More general types of differential equations, called
functional differential equations, are ones in which the unknown function occurs with
various different arguments. In Russian literature these are called “differential equa-

b

tions with deviating arguments ”. The simplest of these are called “delay differential
equations ”(or “differential equations with retarded arguments ”). This basically means
expressing some derivative of the unknown function x at time ¢ in terms of x and its
lower derivatives, if any, at ¢t and earlier instants. Functional differential equations
are further classified as differential difference equations, integro-differential equations,
delay differential equations, neutral differential equations, etc. Functional differential
equations find a wide range of applications in traffic flow problems, signal processing,
control systems, heat transfer problems, population models, evolution of species, prey-
predator models, biological systems, population dynamics, networking problems, study
of epidemics, rolling of ships, electrical engineering, etc [33]. The best known method

to solve delay differential equations is the method of steps. Other methods in solving
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functional differential equations include substitutions, numerical solutions and power

series solutions [12]. The theory on delay differential equations can be found in [15, 21].

The main problems encountered in applying symmetry analysis to functional differential

equations are that:

1. The presence of the delay term in functional differential equations make it seemingly

difficult to solve the higher order and nonlinear equations.

2. Differential equations with deviating arguments do not possess any equivalent
transformations related with the change of the variables — both dependent and
independent. These equivalent transformations could be found for ordinary differ-
ential equations which could reduce them to separable equations, which in turn

were easy to solve.

3. Symmetry analysis cannot be used to explicitly find solutions of many functional

differential equations due to the presence of the delay term.

As there is no analytic method to solve functional differential equations, symmetry
analysis is a powerful tool for studying the properties of the solutions of these functional
differential equations. Such group classification of these functional differential equations
are of great importance to Applied Mathematicians, Physicists, scientists and engineers
in modeling the physical phenomenon under study which in many cases involve delay

differential equations.

The research was carried out with the following objectives:

1. To find a new procedure to get the Lie type invariance condition of first and second

order delay differential equations used in obtaining their equivalent symmetries.

2. To use the newly developed procedure to make a complete group classification of

first and second order neutral differential equations for which there is no literature.

3. To identify if any alternate classification scheme exists. If yes, to develop the

alternate scheme and assess its merits and demerits.

4. To develop a novel approach in obtaining the Lie type invariance condition for first
order partial differential equations with delay. Having developed this, to classify
the Inviscid Burgers’ equation with delay, with respect to an arbitrary and special
case of its differentiable functional. Having done this, to obtain a representation of

its analytic solutions and the reduced equations from its symmetry.

5. To develop a novel approach in obtaining the Lie type invariance condition for
second order partial differential equations with delay. Having developed this, to

classify the wave equation with delay, with respect to an arbitrary and special
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case of its differentiable functional and to obtain the reduced equations from its

symmetries, along with obtaining a representation of its invariant solutions.

Subsequent to this abstract of the thesis, the ideas, terminologies, existing results and
terminologies of group analysis for ordinary and partial differential equations is developed.
The existing approach to classify delay differential equations is researched by defining
an operator equivalent to the canonical Lie Backlund operator. This approach uses
an invariant manifold theorem and results in terms with double delay when applied to
higher order equations. We have used this approach to illustrate it only for first order
delay differential equations with constant coefficients, for which there was no existing
literature, in chapter 2. In our study, we have obtained an approach different from the
existing one — using Taylor’s theorem for a function of several variables. We obtain our
determining equations and split them in a manner different from the existing approach
for delay differential equations. In addition, our approach does not result into any terms
with double delay, even when working with higher order equations. In this thesis, using
the approach we have obtained (a Lie type invariance condition for functional differential
equations using Taylor’s theorem for a function of several variables), we have classi-

fied several linear and nonlinear functional differential equations with variable coefficients.

In chapter 3, a Lie type invariance condition for first order linear and nonlinear delay
differential equations with the most general time delay g(t) is developed. This condi-
tion is used to make a thorough group classification of the first order delay differential
equation. Next, we choose the standard time delay of ¢ — r and classify the resulting
delay differential equation. This change in the delay gives us different results. The
classification is generalized in chapter 4 by obtaining a Lie type invariance condition and
making a group classification of first order neutral differential equations with the most
general and standard delay. We also show that if the derivative term with delay vanishes
(that is the neutral differential equations reduces to a delay differential equation), our
results obtained for neutral differential equations agree with our results obtained for

delay differential equations. Examples in both chapters illustrate our theories.

In chapter 5, a Lie type invariance condition for second order linear delay differential
equations with the most standard time delay is developed. The Taylor’s theorem ap-
proach here does not give us any terms with double delay in the determining equations
as seen in the existing literature. We also use certain results to simplify our existing
delay differential equation. The developed condition is then used to make a thorough
group classification of the second order delay differential equation. This classification is
generalized in chapter 6 by obtaining a Lie type invariance condition and making a group
classification of second order neutral differential equations with the most standard time

delay. We also show that if the derivative term with delay vanishes (that is the neutral
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differential equations reduces to a delay differential equation), our results obtained for
for neutral differential equations agree with our results obtained for delay differential
equations. The results obtained herein are an improvement to several well established
results for second order delay differential equations using Lie Backlund operators. We

illustrate some practical examples in both chapters.

It may be noted that the drawback of the approach in chapters 2, 3,4,5,6 was that the
inverse of the classification could not be found. We overcome this difficulty in chapter 7
and 8. Differential equations with deviating arguments do not possess any equivalent
transformations related with the change of the variables — both dependent and inde-
pendent. We consider the absence of such equivalent transformations to obtain a basis
for the solvable Lie algebras of such functional differential equations. In chapter 7 we
provide a basis for the Lie algebra given by the first order linear and nonlinear functional
(delay and neutral) differential equations with constant coefficients, for which there is
no existing literature. In chapter 8, with the aid of some existing results to simplify
our equations, we extend our results to second order functional (delay and neutral)
differential equations with constant coefficients. The approach to get to the determining
equations in these two chapters, using Taylor’s theorem is slightly different from those
developed in the preceding chapters. The only drawback in this approach established is
that if it is applied to functional differential equations with variable coefficients, then

solving the resulting splitting equations require certain Computer Algebra Systems.

The theories developed so far was for ordinary functional differential equations. In chap-
ters 9 and 10 symmetry analysis is applied to partial differential equations with delay.
The procedure for establishing the invariance conditions and extended infinitesimals
gets complicated for partial differential equations and requires certain local invertibility.
In chapter 9, group analysis of first order partial differential equations with delay is
discussed and used to obtain symmetries of the Inviscid Burgers’ equation with delay, its
kernel and extensions of the kernel. A Lie type invariance condition by using Taylor’s
theorem for a function of several variables is obtained. Further, representations of ana-
lytic solutions and the reduced equations from the symmetries are obtained. In chapter
10, we establish a Lie type invariance condition for second order partial differential
equations with delay. The symmetries of the wave equation with delay, its kernel and
extensions of the kernel have been found. We make a complete group classification of
the wave equation containing an arbitrary differentiable functional with delay. Further,

the complete set of invariant solutions led by this classification have been found.

Finally, we conclude the thesis with future scope led by this research work which can be

continued by researchers interested in this area.
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CHAPTER 1

Introduction and Review of Literature

Part of the contents of this chapter are published in

Proceedings of International Conference on Applied
Mathematics and Computational Sciences.



Chapter 1. Introduction and Review of Literature 2

1.1 What is a Symmetry?

A symmetry is a transformation that leaves an object unchanged or “invariant”. For
example, if we start with an equilateral triangle with the vertices labeled 1, 2, and 3 (see
Figure 1.1), then a reflection through any one of the three bisection axes (see Figure
1.2) or rotations through the angles of 2?71- and 4% (see Figure 1.3) leaves the triangle

invariant.

Figure 1.1: An equilateral triangle

Figure 1.2: Reflections of an equilateral triangle

2 4
Figure 1.3: Rotations of an equilateral triangle through % and ?ﬂ

As another example, consider a disk, which is rotated by an angle §. Let the points (¢, z)
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and (¢, 7) lie on the circumference of the circle of radius r. (see Figure 1.4). In terms of the

radius and the angles 0 (a reference angle) and 649, (after rotation), we can write these as
t =rcosf, t=rcos(d+9),

x=rsinf, T =rsin(0+9J),

which on elimination of 6 gives,
t=tcosd —xsind, T =xcosd+ tsind. (1.1)

We shall show the invariance of the circle under (1.1). That is, we shall show that
2 + 22 = r? if t2 + 22 = 2. Thus,

t2 + 22 = (tcos 6 — xsin§)% 4 (x cosd + tsin §)?
=12 cos? 6 + 22 sin? § — 2tz sin d cos §
+ t?sin? § 4 2% cos® § + 2tz sin § cos &
=1’ +2°

:’]"2

Figure 1.4: Rotations of a circle

1
As a final example, consider the line z = §t and the transformation

The line is invariant under (1.2),

1_
For if Z = =1, then ¢z = §e5t if x = §t.
(See Figure 1.5).
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1
Figure 1.5: Invariance of the line x = §t

We shall now illustrate the invariance of an equation. Consider the equation
2% —tx? 4 2t —2® —x+1=0. (1.3)

This equation is invariant under

t=t+06, == )
to 2 1— 6z

It is easier to write (1.3) as

G+i)3—@+i)—1=a (1.5)

1
Under the transformation (1.4), the term ¢ + — becomes
x

1- 1 1
L S S
X

—t+ 0+

K1 —

t+ =,
xr

and the invariance of (1.5) readily follows.

Remark 1.1.1. Not all equations are invariant under all transformations.
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Consider the line x — 1 = 3(¢t — 1) and the transformation given by (1.2). If this were
invariant, then,

z—1=3t-1)ifx—1=3(t—-1).

On substituting, we get, ez — 1 = 3(et — 1), which is very clearly not the original line

and hence not invariant under (1.2).

1.2 One-Parameter Group of Transformations

Lie, while investigating differential equations, found it necessary to distinguish between

two approaches given below:

1. The natural approach which deals with the totality of solutions of a given differential

equation.

2. Regarding the differential equation as a surface in the space of independent and

dependent variables together with the derivatives involved in the given equation.

We explain these approaches in the subsequent sections. We formally define a one-

parameter group of transformations as below:

Definition 1.2.1. Consider transformations given by, t; = ¢;(¢;,0),4,7 = 1,2,--- ,n.
where 0 is the parameter and these transformations, depend continuously on §.
Let for each i, g; be a smooth function of the variables ¢; having a convergent Taylor
series in .
We say that this set of transformations form a one-parameter group of transformations
if:
1. (Closure) The product of two transformations of the set is again a transformation
of the set.
That is, if t; = gi(tj, 61),4,5 = 1,2, ,n., and &; = g;(¢;,02),4,j = 1,2, ,n., are
two transformations of the set corresponding to parameters d; and Jo respectively,

then there exists a parameter d3, such that ¢; = gi(tj,03),4,j =1,2,--- ,n.

2. (Identity) Every transformation has an identity.
That is, there is a value of the parameter, say d = J., such that

ti = gi(tj,0¢),i,5 = 1,2,--+ n.

3. (Inverse) Every transformation has an inverse.
That is, there exists a parameter, say 6 ', such that
t; = gi(Eja(S_l)aiaj = 172’ N

We have the following:

Definition 1.2.2. A real Lie group is a group that is also a finite-dimensional real
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smooth manifold, in which the group operations of multiplication and inversion are

smooth maps. Smoothness of the group multiplication
uw:GxG— G, ptx)=te,

means that p is a smooth mapping of the product manifold G x G into G. These two
requirements can be combined to the single requirement that the mapping (¢,z) — t 'z

be a smooth mapping of the product manifold into G.

Example 1.2.1. The rotation matrices form a subgroup of GL(2,R) which is the group
(under multiplication) of 2 X 2 real invertible matrices, and is denoted by SO(2,R). It is
a Lie group in its own right. Using the rotation angle § as the parameter, this group can

be parametrized as follows:

cosd —sind
SO(2,R) = 10 e R/27Z

sind cosd

Addition of the angles corresponds to multiplication of the elements of SO(2,R), and
taking the opposite angle corresponds to inversion. Thus both multiplication and inversion

are differentiable maps.
Remark 1.2.1. The associativity law for groups follows from the closure property.

In general, the order in which we carry out the transformations matter. If the order of

carrying out the transformations is immaterial, then the group is termed as abelian.

Definition 1.2.3. A symmetry group of a differential equation is a group that con-
verts every solution of the equation under consideration into a solution of the same
equation. That is, a symmetry group of a system of differential equations is a group of

transformations mapping every solution to another solution of the same system.

M«

Remark 1.2.2. The terms “groups admitted by differential equations”, “admitted group”

and “symmetry groups” are used interchangeably in literature.
We provide a few examples to illustrate a Lie group:
Example 1.2.2. Consider Figure 1.6.

We shall show that the set of transformations given by t = at, a € R\{0} form a

one-parameter group.

1. Closure. If t = at and t = bt, then t = abt. That is, the product of two transforma-

tions in the group result into another transformation of the group.

2. Identity. Clearly 1 is the identity, because when the value of the parameter becomes

equal to 1, the source point t and the image point t coincide.
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Figure 1.6: Scaling group t = at

11
3. Inverse. Ast = —t, — characterizes the inverse of a.
a’ a

Remark 1.2.3. We note that if we reparametrize the group by letting a = €9, then the

group in Example 1.2.2 becomes a Lie group.

Other standard examples of Lie groups include:

Example 1.2.3. t; = t1, to =t + 6 is known as a Translation group.

Example 1.2.4. For any constant a, t; = a‘stl, to = a’ty is known as a Stretching
group.

Example 1.2.5. t; = t1cosd —tasind, to = t1sind + to cosd s known as a Rotational
group.

For each i,j = 1,2,--- ,n, the functions g;(¢;,0), are referred to as the global form of
the group.

For two variables (the case for ordinary differential equations, one being dependent while
the other being independent), we shall denote the variables by « and ¢. Thus, we consider

the transformations
t_: f(t7x?5)7 j :g(t7$5 5)7 (1.6)

If we assume that ¢ is small, then we construct a Taylor series of equation (1.6) about
0 = 0. Therefore,

E:t+5(d—£) + 0(6%), :z-:x+5<—) +0(5%), (1.7)
§=0 6=0
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where O(62) indicates terms involving only powers of & greater than or equal to two. Let,

dt di
(dé)m_m,@, (&) 10 .

Then we get,
t=1t+0w(t,z)+0(0%), T=uax+T(t,z)+0(?). (1.9)

Equation (1.9) is referred to as the infinitesimal form of the group.
Further, w and T are called coefficients of the infinitesimal transformations or simply

infinitesimals.

Remark 1.2.4. The crucial property of one-parameter transformation groups is that given
the infinitesimal form of the group we can deduce the global form by integrating the
following autonomous system of differential equations,

dt _ dz _

— =w(t,x), —=7(t,x), 1.10

e =w(E), S =T(0) (1.10)
subject to the initial conditions t =¢, Z = x, when § = 0.

A proof of this result can be found in [13].

We conclude this section by giving an example of a set of transformations that do not

form a one-parameter transformation group.

-1
Example 1.2.6. Consider the transformations given byt = 5 log(1+dt), z = (14+0t)x.

eai —1 7
We see that t = 5 r=e .

Further,

dt 1—6t—e 0 dz  (1—e %) _
- 2 d s "

and since § occurs explicitly on the right-hand sides of these equations, the system is non-
autonomous and therefore does not generate a one-parameter group of transformations.

In addition, —6 does not characterize the inverse.

Remark 1.2.5. The infinitesimal transformations given by (1.9) is an Euler finite difference

algorithm for solving the coupled differential equations namely,

) = T~ (L11)

1.3 Invariant Curves and Families of Curves

An invariant curve C| is one whose points, considered as source points, map into other

points of curve C for all transformations of the group. Thus, C' must either be an orbit or



Chapter 1. Introduction and Review of Literature 9

a locus on which the infinitesimal coefficients w(t, ) and 7'(t, x) simultaneously vanish.
A one-parameter family of curves can be represented parametrically by the equation
&(t,x) = cg, where @ is the function defining the family and cg is a parameter that labels
different curves of the family. The family is said to be invariant if the image of each curve
of it is another curve of the family. The condition for this is that, for any fixed value of
d, the image points (£, ) satisfy, @(t,Z) = c3 when the source points satisfy &(t, z) = co.
Here c¢3 is different from ¢y and depends on ¢p and 9.

The representation of the family of curves @(t,x) = co, is not unique and any other
representation (¢, z) = c3 for which € is a function of @, that is, 2 = G(®) is equivalent
to @(t,x) = ca.

Now,

dd dd
dG
dG

where F' is an arbitrary function.
d®
Choosing G(®) = / @, the right hand side of the above equation becomes equal to

1. Therefore,
wy +7Q, =1 (1.12)

1.4 Invariance of Differential Equations

Having seen in the previous examples that equations can be invariant under a Lie group,
we now provide an example to illustrate the invariance of an ordinary differential equation

under a Lie group.

Example 1.4.1. We shall show that the differential equation given by

dr  (tx+1)3 1

L M 1.13
dt t5 + t2 ( )
is invariant under t = ———, T =x — .
14 0t
By chain rule,
@ _da Ja
dt dt dt (1.14)
d
= 21+ 51)
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The right hand side of equation (1.13) becomes

GRSV (J(n(w“”: )l
t ()

i (tx+1)3 (1.15)

144t

)
(tz +1)3

=+ at)?.

Hence, the right hand side of equation (1.13) becomes

(tx+1)3 1 (tox+1)3 5 (1+4dt)2
Tt =y (L) (1.16)
Using equations (1.15) and (1.16) we see that
dt  (tz+1)* 1 de (tz+1)3 1
i - 4 — = 4 1.17
dt e T g 5 (1.17)
Consider a first order ordinary differential equation,'
F(t,z,i) = 0. (1.18)

In Lie’s first approach mentioned in Section 1.2, the symmetry group of equation (1.18)
is a one-parameter group of transformations given by equation (1.6) and is called point
transformations (unlike contact transformations, where the transformed values also
depend on the derivative &.) Any solution h(t) of equation (1.18) is converted into a

solution of equation (1.18) in the following way. Consider the integral curve,
x = h(t). (1.19)

Fix the parameter ¢ in equation (1.6) and apply the transformation given by equation

(1.6) to the integral curve given by equation (1.19). This yields a curve given by,

f= f(t,h(t),0), = g(t h(t),d), (1.20)

which, according to the first approach, is an integral curve. After elimination of ¢ from

2

!The notations 4 means T Similarly the notation & means 7l and so on.
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equation (1.20), this curve can be rewritten in the form,
z=H(t0). (1.21)

Because t is arbitrary we can again denote it by t. Hence, the original solution h(t) of
equation (1.18) is converted by the symmetry group into a one-parameter family of
solutions H (t, ) of equation (1.18).
We now turn to see why group methods is the only unified understanding as to why
differential equations can be solved.

Consider the first order differential equation

d:v_t2+332
at  tx

(1.22)

This is a homogeneous differential equation which can be made separable by the substi-

x
tution v(t,z) = T which can then be integrated to yield

1 /2\?2
loct — = (= — 1.23
og B (t) C1, ( )

where ¢; denotes an arbitrary constant.
The substitution v(t,x) = % leads to a separable equation for v, because v(t, z) is an
invariant of the Lie group

t=et, z=eur. (1.24)

| 81

This is because v(t,7) = = = % = v(t,x). It is this property that results in the simplifi-
cation of equation (1.22).

In general, if a differential equation is invariant under a one-parameter group of trans-
formations then the use of an invariant of the group results in a simplification of the
differential equation. The differential equation becomes separable if it is of first order
and the use of an invariant of the group reduces the order of a higher order differential
equation by one.

From equations (1.23) and (1.24) we have,

logt — % (?)2 =c1 49,
so that the degrees of freedom in the solution given by equation (1.23) resulting from the
arbitrary constant c; is related to the invariance of the differential equation (1.22) under
the Lie group given by equation (1.24) which is characterized by arbitrary parameter o.
That is, the Lie group given by equation (1.24) permutes the solution curves given by
equation (1.23).

In general, for every one-parameter group in two variables there are functions u(t, z) and
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v(t, z) such that the group becomes

u(t,z) =u(t,z), v(t,z)=0ov(t,x)+90. (1.25)

The function u(t, x) is said to be an invariant of the group while together (u, v) are referred
to as the canonical coordinates of the group. Moreover, every first order differential

equation invariant under this group, takes the form in terms of these new variables u

aand v as J
v
% - (b(u)a
and consequently has a solution of the form
v+ Y(u) =

for appropriate functions ¢(u) and ¥ (u).

Example 1.4.2. We shall obtain the canonical coordinates of the one-parameter Lie

group
t

1+ 6t

The infinitesimal form of the group is given by,

t= T = (1+ dt)%z. (1.26)
t=1t—0t24+0(0%), & =x+20tx+ 0(%),

which from equation (1.9) shows that w(t,x) = —t% and Y (t,x) = 2tx. This can also be

obtained from

dt o dz
b = =9 1.2
TR A (1.27)
dz t,T
To obtain u(t,z), we solve d—:; = ;Eti ;;, to get,
a _ &
dzr 2z’

which on integration yields u(t,z) = t>x as an invariant. From the first equation of

1
(1.27), we see that, v(t,x) = . satisfies equation (1.25).

Remark 1.4.1. There are differential equations invariant under transformations which
cannot be characterized as one-parameter groups.

For example, a differential equation arising in fluid dynamics is given by

Pz 2da: (54 3x) (dalﬁ)2 n 3z(l — :c)

a2~ Tdt ' 4x(l+2) \dt 1+

o (1.28)
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If z(t) is a solution of equation (1.28), then so is x(¢)~!.

X(t) = z(t)~! and using

This is seen by putting

dX = ldz d*X 1 d?x 2 (dx>2

T 2a a2 2 B\@

to get,

PPX dX 543X <dX)2_3X(1—X)
dt? dt  4X(1+X) \ dt 1+ X
1 {d% de 5+ 3x (dw>2_3x(1—x)}0

S22 de2 Tdt da(l+a) \dt 1+a

d
Setting y = d—f, equation (1.28) becomes

d 3z(1 — 543
dy  3a( x)+2y+ +3z

— 2 —_— 1.2
Yix 1+z 433(1+93)y ’ (1.29)

which is an Abel equation of second kind. From the solution property of equation (1.28)

we can deduce that equation (1.29) remains invariant under the transformation

_ 1 _
€r = —, Yy=—">H
xr

which cannot be characterized by a one-parameter group.

We shall illustrate the procedure of finding the canonical coordinates.

We now obtain a relationship between the infinitesimals w and 7" and canonical coordinates
u and v.
On differentiating equation (1.25) with respect to d, we get,
oudt Oudz ovdt Ovdz
where @ and v denote u(t, %) and v(t,Z) respectively.
From equations (1.10) and (1.30), we have on replacing (¢, ) by (¢, z),
ou ou v v
Lr—0, Twter=1 1.31
o o TV w T (1.31)

which can we solved for w and 7" to deduce

_ Ou /[ O(u,v) ~_Ou [ O(u,v)
w(t,x)——ax/ at2)’ T(t,x)—at/ At 7) (1.32)
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where the Jacobian is given by

o) _ouow ouon
o(t,z)  Otodx Ox ot

Our arguments upto equation (1.31) lead us to the following theorem:

Theorem 1.4.1. A one-parameter group of transformations t = f(t,z,6), T = g(t,z,9)
can be reduced under a suitable change of variables, called canonical variables

u=u(t,x), v=uo(t,x), to the translation group u = u, v =v + 0.

1.5 Transformations of Derivatives

1.5.1 The Extended Group

Since the one-parameter transformations for fixed § determine the image curve C of

. z
any curve C' , it is possible to calculate the slope & = 7 of the curve C'1 from the slope

d
T = @ of the curve C.

If A:(t,z) and B : (t+dt, z+dx) are neighboring points on the curve C, the coordinates
of their images A : (£,z) and B : (t + dt, % + dz) on the curve C; are given by

t=a(t,z,6), ==p(t,x,0) (1.33)

and,
t+dt =a(t+dt,z+dx,5), T+dx=p(t+dt,z+dz,0). (1.34)

Equations (1.33) and (1.34) yield,

dt = audt + opdx, dx = Bidt + Brpdx. (1.35)

From equation (1.35),

548 _ Bdt+ Badr By + ol (1.36)
S dt aydt+ agdr oy + agd '

Equations (1.33) and (1.36) specify a set of extended transformations of the quantities
t,x and ©. Geometrically speaking ¢,z and & define an infinitesimal line element at
point (¢, z) having slope #. The set of extended transformations thus carry one such line
element to another.

When the transformation law for & is equation (1.36), then these extended transforma-
tions form a group called once-extended group or the first prolongation of the group of
point transformations.

The coefficients of the infinitesimal transformation of the first extended group corre-

. dx 0x
sponding to & = a is the derivative ge .
dt a6 5—0



Chapter 1. Introduction and Review of Literature 15

Noting that for the identity transformation corresponding to § = 0, equations (1.33) to
(1.36) transform to,
t=a(t,z,0), z=p(tx0),

and,
t+dt =a(t+dt,x+de,0), z+dr=p(t+dt,z+ dx,0).
Hence,
dt = apdt + azdx, dx = [idt + Bpdx.
Therefore,

§ = =

Cdt oy 4 agi

Hence we get, 8, =0=a, and 8, =1 = a4.

8;
T[t] - <8§>60
a {85 (at +ax9b>]5:o
— |:(at + O‘xx)(n + Tacx) - (/Bt + /B.Z’j:.)(wt + waci')

(o + agd)? 5=0

Since f; =0 = a, and B, = 1 = a4, we get,

Yy = (Vi + To) — i(ws + wo)
“a Tar

The importance of equation (1.37) is that it is possible to find the coefficient 1} of the
infinitesimal transformation

=&+ Ytz o)+ 0(5?) (1.38)

directly from the coefficients wand 7.
In Lie’s second approach mentioned in Section 1.2, the differential equation is considered

as a surface in the three-dimensional space of variables t, z,y given by,
F(t,z,y) =0. (1.39)
Here, ¢, z,y are considered to be three independent variables that transform as

f=f(t,2,0), &=g(t,2,6),5=Df/Dy, (1.40)

where D = % + y(,%

A symmetry group, in the sense of the second approach, is defined as the group of

transformations such that its first prolongation leaves invariant the surface given by



Chapter 1. Introduction and Review of Literature 16

equation (1.39). The constraint on the transformation law for y that appears in equation
(1.40) provides a connection with the first approach because the prolongation is consistent
with the transformation law for first derivatives with the identification y = &. This
constraint provides the important fact of providing an algorithm for finding symmetry
groups.

It is clear from the second approach that the symmetry group of equation (1.18) is
identical to the invariance group for the surface given by equation (1.39) and does
not depend on the existence of solutions of the differential equation. Because of this
fundamental role played by the surface given by equation (1.39), it is called the frame of
the differential equation.

In integrating differential equations, a decisive step is that of simplifying the frame. For
this purpose, it suffices to “straighten out” the one-parameter symmetry group, that is,
to reduce its action to a translation by a suitable change of the variables t and x. This
automatically simplifies the equation by coverting its frame into a cylinder, that is, the
explicit dependence on one of the variables ¢ or eliminating x.

An invariant of the once-extended group is a function h(t,x, ) of ¢, z, & whose value at

any image point is the same as its value at a source point. That is,
h(t,z,2) = h(t,z, @) (1.41)

Differentiating equation (1.41) with respect to d and setting § = 0, we obtain the first
order linear partial differential equation for h, namely, why + T hy + Yjyhs = 0.

The characteristic equations of which are,

dt dx dzx
oltw)  To)  Tyltod) (1.42)

These equations have two independent integrals and the most general solution for A is

an arbitrary function of the two integrals.

Example 1.5.1. Consider the Lie group, t = §t, T = §%¢. The coefficients of the

infinitesimal transformation are given by,
w(t,z)=t, Yt z)=azr, Tyt 1) =(a-1)i.

The characteristic equation (1.42) gives,

dt_dr __di

t  ar (a—1)i

Solving this, we get the most general first order differential equation invariant under this

== (%)
ta—l o

Lie group s
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where F' is an arbitrary function.

Remark 1.5.1. Equation (1.37) can be written as

T;f + me - </8t + /Bxi')(wt + wxi')
oy + 0 d (o + agik)? ’

Ty =

which is written as the total directional derivative in the direction whose slope is .

Since the transformations, for a fixed § determine the image C of the curve C, it must

drkz
be possible to calculate the k" derivative, z() = ar of C} from the k** derivative

i dtk

d

k) = de of C.

Using equation (1.38) we can find the infinitesimal coefficient 1}, where Y, = T[ttt ]

k-ti
corresponding to z(*) as follows:
dz® = dz®) + dY}0 + O(6%),  dt = dt + dwd + O(6?) (1.43)
Thus, we get,
FHHD) — ) (‘m““] - x<k+1>d‘"> 5+ 0(2). (1.44)
dt dt
Hence, we can define,
AT ey (k+1) dw
Inductively, 7|y is a function of ¢, z, Z, 2@ 23 ... 28 Therefore,
Wiy _ iy Ty 20wy (3 9oy (k1) 9T 1ok
a ot Tar U e T @ TUTT g

Remark 1.5.2. Due to the profusion of terms appearing in the total derivative, the

expression for 7|y rapidly becomes more complicated as k increases.

Example 1.5.2. For the rotation group given in Example 1.2.5, the coefficients of the

infinitesimals are w(t,z) = —x, Y(t,z) =t. So,
dar  dw

1.5.2 Prolongations

By definition, groups of point transformations act only on the space (t,z) of n + m
variables. However, one needs the transformation of derivatives in order to apply these
groups to differential equations. Therefore it becomes necessary to extend a group of
point transformations acting on the (¢, z) space to groups of point transformations acting

on the (t,x, &) space, (t,z,i,2?) space, -, (t,z, 4,23, -, 2()) space, s > 1, for a
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given differential equation with order s. These groups are called the first prolongation, the

second prolongation, - - -, the s-times prolongation group, respectively, where, following

the notations from [26], the transformations are of the form,

t=¢l(t,x,8) =t + w(t,z)d + O(5?),
T =¢%(t,z,0) =z + Y(t,z)6 + O(6?),
z=¢"(t,x,&,6) =&+ Tyt z, )0 + O(6?),

3@ =" (t,2,,2@,0) = 2 + Ty (t, 2, 3,225 + O(5),

i'(S) = (Z)x(S) (t,x,:’v,x(Q), e ,.iU(S), 5) = 'T(S) + T[ttt . t] (t,l‘,.’t,l‘@), e >$(S))6 + 0(52)
——

s-times

The prolongation transformation formulae of the components {:EO{} of z are determined

by (More details on the prolongation formulas can be found in [49]).

Ty (6")§(t, 2, ,0)

% (¢%)3(t, @, i, 6)

T (") (t, 2, ,0)

Di ¢}

D¢l
exist) of the matrix B =

| Do}

Dl(br(ta Z, 6)

D2¢I(ta z, 5)

qubm(ta x, 5)
D1 -+~ Di¢,

D¢l -+ D2,

Dygh -+ Dudl |

where B! is the inverse (assumed to

and the prolongation transformation
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of the formulas of the components {zf, - - -4} of () are determined by,

_ (s) .

x?zél---isfll (gbz )%_,,isill(t,x,x,x@),---a:(s),5)
_ (s) .

x?zél---is_ﬁ B (¢33 )zc'vl---is_12(t7 x, T, ‘T(Q)7 - I(S), 5)
_ (s) .
_x%1~~~is,1n_ _(gbx )qun-isfln(t?x?x7x(2)a o 'x(5)76)_

Dl[(¢x(s_l))ia1~-is_1 (t‘) T, jj‘v $(2)7 e 1'(571), 5)]

D2[(¢x(571>)%~-i571 (t7 €L, iv x(Q)a e -7;(871)7 5)]

= B!
Da[(@™ e (g, 2@ 2D )]
The formulas of the coefficients, 7%, - - - ,'I;-Lf,,,is, of the infinitesimal generator are deter-
mined by
3" = Di(Y) — 2% Di(wj),
T, = Dip (7)) — 25,5 Diz (wj),
T{fiz,...is = D, (Ticf---is_l) - le---is_ljDis (wj).
. . 0 0
The first prolonged generator of the first order differential operator (* = wa + Ta—,
T

which is the tangent vector field, is given by,

9 9 o
LA R ¢
= wigy T e T s

and the s times prolonged generator is written recurrently as,
G = Com1 X5,

1.5.3 Lie-Backlund Representation

Let © denote the vector space (with respect to the usual addition of functions) of

all differentiable functions of finite order. It is closed under differentiation given by,

0 0 0
D; = — 4 g a ... Consider th tor having the f
i ot + T Fye + x5 895%‘ + onsider the operator having the torm,
0 0 0 0
= Wi To 5 R o T 1.46
C Wy 8751 + oo + i ax’o{ + 1112 ax’oi(”é + ) ( )
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where w;, T* € ® are infinitely differentiable functions and,

a . e Jpete) e
> =D;T —wjxd)—l—w]m’ji,

T-Oll’ig = DigDil (Ta — wja::?) + w]'xa (147)

z ,Ji1127

The operator given by (1.46) with coefficients given by (1.47) is called a Lie-Backlund

operator.
Remark 1.5.3. The operator given by (1.46) is the infinite prolongation of

. 9 LT eD.
ot ggar 1T €D

Lemma 1.5.1. The Lie-Bdcklund operator satisfies the commutation relation

("Di — Di¢* = —Di(w;)D;.

The proof of this lemma follows by a straightforward computation.

Lemma 1.5.2. Every operator

~ 0

k 7Y -, ~ (0% (07
(*=wiD; = Wy — + W0ix"s —— + Wx%, ——
ﬁti 5J 81'0‘ »JJ1 axojtj

+o (1.48)

with arbitrary analytic coefficients &; is a Lie-Bdcklund operator.

Remark 1.5.4. Rather than working with the full algebra, it is more advantageous to
work with the factor algebra of all Lie-Backlund operators by its ideal L* of operators
(1.48). In accordance with this two Lie-Bécklund operators ¢; and (2 are said to be
equivalent whenever (1 — (o € L*.

In particular, every operator (1.47) is equivalent to a Lie-Bécklund operator with

coordinates w; =0 (i =1,2,--- ,n); given by

0
=@=T"-wzd)=—+---
a=G¢=( W%)axa+

Definition 1.5.1. A Lie-Bécklund operator given by equation (1.47) of the form

g:ﬁ%, T’ e® (1.49)

is called a canonical Lie-Bdcklund operator.
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For such operators, a simpler form for the prolongation formulas given by (1.46) are

ilisio = Diyigeri, (TY). (1.50)
On account of Lemma 1.5.1, the canonical Lie-Backlund operators commute with the
differentiation operators D;. Also, conversely, the operator (with w; = 0) given by
equation (1.46) commutes with the differentiation operators D; implying that equation
(1.50) holds.

The canonical Lie-Bécklund operator although being convenient leads to a loss of
geometric transparency in some cases. This is true for all groups of point transformations.

For example, the simplest one-parameter group, which is the translation group

0
t; = t; + 6, T; = x; with infinitesimal generator (* = — is reduced to the canonical

ot;

form, namely { = T’a@ 4.

1.6 The Determining and Splitting Equations

Most of the times it may not be possible to explicitly find a group under which a
differential equation is invariant. There is an approach to this difficulty, but it involves
extensive computation, especially for partial differential equations.

The invariants u of any group are the solutions of the partial differential equation given
by, wus + Tu, = 0, which we shall write as (*u = 0, where * is the first order differential

operator which is the tangent vector field,

0 0
f=w(t )=+ T(t,x)=—. 1.51
¢ = wlt ) o+ (1 2) 5 (151)
Lie called the operator given by equation (1.51) a symbol of the infinitesimal transfor-
mation given by equation (1.9). The terms infinitesimal operator, group operator, Lie
operator and group generator came into use later. All these terms are used interchange-
ably.

The first prolongation was given by Lie as,

9 0 B

and the second prolongation was given by Lie as,

8 0 P P
CQ = W& + T% + T[t]% + T[tt]% (1.53)

We consider constructing the group admitted by a given second order differential equation
w(t,z, 2, &) = 0, for which the invariance condition given by ww;+1w, + 1w+ ws =

0, at w = 0 is obtained by operating (5w |y=o= 0.
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In treating differential equations of the form,
& =wtz ), (1.54)
the determining equations becomes,

Tt + 201z — wi) + Yoz — 2w )80* — 03 Way
+ (T — 2wp — 3wy )0 — [Vi 4 (Ve — wi)d — 22w, |by — widy — T, = 0. (1.55)

These determining equations can be split into several independent equations. As a result
we obtain an overdetermined system of differential equations for w and 7". Solving this
system of determining equations, we can find all operators admitted by equation (1.54).
In this section, the basic ideas of the method are explained by working the example of
the simple second order differential equation & = 0. For this differential equation, we
have, 1} = 0.

Now using equations (1.37) and (1.45) with k = 1, we get, for & = 0,

T[tt] =Tu+ [13(2th - wtt) + xz(’fﬂg - 2wtg3) - a'cgwm =0. (156)

We refer to equation (1.56) as an invariant equation. Since equation (1.56) is an identity
in t,x, 2, and since w and 7" are functions of ¢t and x only, the various powers of & must

vanish separately to give us the splitting equations namely,

Y =0, Wee=0, wy=20, Tor=2wi. (1.57)
According to the first two splitting equations,

w=A(t)r+ B(t) and T = C(x)t+ D(x), (1.58)

where A, B, C, D are functions yet to be determined.

According to the last two splitting equations,

At)z + B(t) = 20(z) and C(a)t + D(z) = 24(¢). (1.59)

By differentiating the first equation of (1.59) partially with respect to x and the second
equation of (1.59) partially with respect to t, we get,

A(t) =2C(x), C(z) = 24(t).
These equations imply A(t) = 0= C(x).

Substituting this equation in equation (1.59), we get,

B(t) =2C(x) and D(z)=2A4(1t),
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are both constants, say B(t) = 2c14 and D(z) = 2¢15.

Solving these equations we get,
B(t) = c1at? + cipt + c15 and D(zx) = c1502 + co0x + Co1.
Therefore, we get,
A(t) =cist + c16 and  C(z) = c1ax + c19.
With these values, from equation (1.58), we get,
w = c14t2 + c15tx + ci16t + c17x + 18,

and,

T = c1522 + cuatz + ciot + caox + co1,

where the coefficients c¢14 through co; are constants. The coefficients of the infinitesimal
transformation w and 7" belong to an eight parameter group whose infinitesimal transfor-
mation given by equation (1.51), can be obtained by taking one of the coefficients c14
through co1 to be 1 and the rest 0.

The ordinary differential equation & = 0 admits the eight parameter group spanned by

the generators

R A R R B )
Cl_&a CQ_%u CB_t8t7 C4_$8t7 5_xa$7
C*_tg * ¢ g_'_ 22 *_t2ﬁ+t2
6= e T ot T e BT Vot or

Remark 1.6.1. In order to work with this approach using the determining and splitting
equations, it may not be possible to find the closed form of the group to which the
differential equation is invariant. Hence, we assume our infinitesimals w and 7" of a

certain form and proceed. The most commonly used forms are

w=A(t), T=B({t)z+C(t) or w=A(x), T =B(z)t+C(x)
or w=A(t), T =DB(z) or w=A(z), Y = B(t).

1.7 Lie Algebras

The determining equation is a linear partial differential equation in w(t,x) and 7' (¢, x)
and hence it follows that the set of all its solutions is a vector space. However, there is
another property that is intrinsic to determining equations. A set of solutions of any
determining equations forms what is called a Lie algebra. (This term was introduced by

H. Weyl; Sophus Lie himself used the term infinitesimal group.)
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Definition 1.7.1. Let F be a field. A Lie algebra over [F is an F— vector space L,

together with a bilinear map, the Lie bracket
LXL—>L, (51,52)%[51,52],

satisfying the following properties:
1. [Sl, Sl] =0, VS, € L.
2. (Jacobi identity) [51, [SQ, 53“ + [SQ, [Sg, Slﬂ + [Sg, [51, SQ]] =0, V51,55,53 € L.

The Lie bracket [S1, S2] is referred to as a commutator of S; and Ss.
Condition (1) of the definition of Lie algebra implies that [S7, Sao] = —[S2, S1],

V S1, 59 € L, which is known as anti-symmetry.

Remark 1.7.1. The associative property, [[S1, S2], S3] = [S1, [S2, S3]], holds if and only

if V S1,52 € L, the commutator [S1, S2| lies in the centre of of L which is defined as

Z(L) = {SZ eL | [SZ,S]] = OVSJ S L}.

Definition 1.7.2. (Commutator) Let S; = wia(x)aa, S; = wjg(x)aa, where x =
o xg

(1,22, ,2n). Then the commutator of S; and S; is defined as:

[5i, 55 = 5iSj = 55 = Zn: Kwia(fv)aio) (%‘ﬁ(iﬂ)&iﬁ)

a,B=1
- <wj6(x)£3) (wz‘a(af)fga)} = ;TB(@&iB,
where Tg(z) = 3>20- lwz‘a(@")w - Wjﬁ(x)&j(;::f)] :
Remark 1.7.2. If we have the operators
S; = wigt —i—Tiaax, 1=1,2.,

then we can define,

51,82 = (S1(2) — Saln)) gy + (51(02) — S2(T1)) 5
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0 0 0
Example 1.7.1. Let S = ta, Sy =tx (8:17 + 8u>’ then,

[S1,99) = 5152 — 5251
()20

Cw(L2)
- ox Ou

Definition 1.7.3. (Basis for a Lie algebra) The basis for a Lie algebra is the basis of its

underlying vector space. More precisely, a set B is a basis for a Lie algebra L if:
1. B is linearly independent, and
2. span(B) = L.

Definition 1.7.4. (Structure Constants) If L is a Lie algebra over a field F with a basis
n
{S1,82,---,5,}, we define scalars c;j;, € F such that [S;, S;] = > ¢;Sk. The scalars
k=1

cijk are called the structure constants of L with respect to the basis.
Remark 1.7.3. 1. The structure constants depends on the choice of the basis of L.

2. By the definition of Lie algebra, it is sufficient to know the structure constants c;j
for1 <i<j<n.

Theorem 1.7.1. Let Ly and Ly be Lie algebras. Then Ly is isomorphic to Lo if and
only if there is a basis By of L1 and a basis Bo of Lo such that the structure constants

of L1 with respect to By are equal to the structure constants of Lo with respect to Bs.

Definition 1.7.5. (Subalgebra) Given a Lie algebra L, the vector subspace M C L is
called a subalgebra of L if [S,T] € M, VS, T € M.

Definition 1.7.6. (Ideal) An ideal of a Lie algebra L is a subspace I of L such that
[51752] S I, VSl S L, S2 el

Example 1.7.2. The set of operators given by equation (1.48) is an ideal in the Lie
algebra of all Lie-Backlund operators with the product as [Sy, S2] = S152 — S251.

Definition 1.7.7. (Quotient or Factor algebra) Let I be an ideal of L, then I is in
particular a subspace of L, and so we may consider the cosets, L/T ={z+1|z € L}. By
defining the Lie bracket on L/I as:

w+TIz+1=[w, 2]+, Vw,z € L,

L/I becomes a Lie algebra with this bracket and is called the quotient or factor algebra
of L by L
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Definition 1.7.8. (Derived algebra) Let M and T be ideals in L. We define [M,T] to
be the span of the commutators of elements of M and T rather than just the set of
such commutators. An important example of this construction occurs when we take
M =T = L. We write L' for [L, L], and L’ is known as the derived algebra of L. (We
note that L’ is an ideal of L).

Definition 1.7.9. (Derived series) We define the derived series of L to be the series
with terms

LW =r" and L® =[L*D LD for k>2.

Remark 1.7.4. As the product of ideals is an ideal, L(*) is an ideal of L (and not just
L(kfl).)

Definition 1.7.10. (Solvable Lie algebra) A Lie algebra L is said to be solvable if for

some m > 1 we have Lm = .

Theorem 1.7.2. If L is a Lie algebra with ideals
L=I)D>DLD> ---DI, :)Im:{O},

such that I_1/1Ix is abelian for 1 < k < m, then L is solvable.
Theorem 1.7.3. Let L be a Lie algebra.

(a) If L is solvable, then every sub-algebra and every homomorphic image of L are

solvable.
(b) Suppose that L has an ideal I such that I and L/I are solvable. Then L is solvable.

Remark 1.7.5. (i) If we can find a sequence
L=L,D>L,1D---D1Ly

of sub-algebras of dimension r,r—1, - - - , 1, respectively such thatV s = 2,3,--- |r, Ls_1

is an ideal in Ly, then the Lie algebra L is solvable.

(ii) Since the derived algebra of any two dimensional Lie algebra is abelian, it follows

that every two dimensional Lie algebra is solvable.

(iii) The vector space of all 2 x 2 matrices over C, with trace zero and with the Lie
bracket defined by [x,y] = xy — yz, where zy is the usual product of matrices z
and y is denoted by si(2,C) and is known as the special linear algebra. For this
three dimensional Lie algebra, we have si(2,C)" = si(2, C). Consequently, this Lie
algebra is not solvable. In fact, upto isomorphism, it is the only three dimensional
Lie algebra L such that L' = L.

More details on Lie algebras can be found in [18].
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1.8 Symmetry Analysis of First Order Partial Differential

Equations

1.8.1 Construction of Infinitesimals for First Order Partial Differential

Equations

The computations required in order to determine a Lie group for partial differential
equations is lengthy. As such, we shall restrict ourselves only to a class of partial
differential equations, in order to keep our calculations to the minimum.

Let u = u(t, z). Then we consider transformations with hi, ho, h3 as smooth functions in

t, x,u having convergent Taylor series in & which are of the form,

t=hy(t,z,u,8) =t + T (t,z,u) + O(5?),
T =ho(t,z,u,8) =2+ 6X(t,z,u) + O(5?), (1.60)
u = h3(t,z,u,8) = u+ SU(t,z,u) + O(§?),

@hl 6h2 8h3
00 ’ 06 ’ 06

5=0 ] 7 ls=0 ] 5=0 ]
In order to calculate the prolongation of a given transformation, we need to differentiate

where T'(t, z,u) = X(t,x,u) = Ult,z,u) =

(1.60) with respect to each of the parameters t and x. To do this we introduce the

following total derivatives:

0 0 0 0

Dt— a‘f'ut%‘f'uxtaiux‘}‘utt%ﬁ"” ) (161)
0 0 0 0

D, = o +Ux%+ua:x87u$+uxtaiw+'” . (1.62)

The first two equations of (1.60) may be inverted (locally) to give ¢t and x in terms of ¢

and z, provided that the Jacobian is non-zero, that is,

Dit Dz
J = #0, when u=u(x,t). (1.63)

D,t D,z

If equation (1.63) is satisfied, then the last equation of (1.60) can be rewritten as

u=u(t,x). (1.64)
Applying the chain rule to equation (1.64), we obtain,

Dyu Dit Diz| |ug

D.u D,t D.,z| |uz
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and therefore by Cramer’s rule,

1 thb Dtii‘ 1 Dtl? Dtﬂ

5 azi —
J D.u D,z J D.t D,u

(1.65)

Uy =

Equation (1.65) can be simplified to get the extended infinitesimal representation,

U = ug + 60U + O(6%), Uiz = ug + 6Up) + O(5%), (1.66)

where,
Uy = Di(U) = uae Di(X) — ue Dy(T), (1.67)
Uy = Da(U) = e Do (X) — ut Do (T). (1.68)

The explicit expression for equation (1.68) is
Uy = Ut — Xyug + (Uy — Tr)ur — Xuugur — T u?,

U] = Uz + Uy — Xo )tz — Toy — Xyu2 — Tyugy.
The Lie invariance condition for the first order partial differential equation A(¢, z, u, us, ug) =

0 is C(l)*A = 0, where
A=0

Y . R P P
w0 0 0 D KA
¢ To+Xgs TUqs T gy, T Umg,

Remark 1.8.1. The infinitesimal generator (or tangent vector field) of the Lie group is

given by,

9 9 9
ol x 9  p2. 1.
Tyt X5 tU% (1.69)

1.8.2 Group Analysis of a Hamilton—Jacobi Type Equation

Consider a Hamilton—Jacobi equation given by,
up = u2. (1.70)

The determining equation (1.76) for equation (1.70) after substituting equation (1.74)

and eliminating u; from equation (1.70) is,
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Setting the various coefficients of u, to zero, we get the splitting equations namely,
Up=0, T,=0, Xy+2U,=0, X,+27,=0, 2X,-T1,-U,=0.
Solving these equations, we get,
T(t,z,u) = A(t,z), X(t,x,u)=—-2A,u+ B(t,x),

Ult,z,u) = —244,u® + (2B, — Ap)u + C(t, ),

where A(t,x), B(t,z),C(t, z) are arbitrary functions.

Substituting these equations in the splitting equations we get,
Apea =0, Aty — B =0, B +2C; =0, Ay =0, Ay—2B, =0, C;=0.
These equations can be solved to give,
A = c362° + (2e37t + c38)x + desgt? + caot + can,

B = 037902 + (4esgt + ca2)x + 2c43t + caa,
C = —639372 — C43% + C45.

This in turn gives the infinitesimals,
T(t, Z, u) = 636x2 + (2037t + 038)1‘ + 4639t2 + C40t + c41,

X(t, x, u) = —2(2636{L’ + 2c37t + C3g)u + 037332 + (4639t -+ 642):11 + 2cy3t + Ca4,
U(t,z,u) = —4esgu’ + (2c372 — cq0 + 2¢42)u — C39 — Ca3T + Cu5,

where ¢3¢, - - - , c45 are arbitrary constants.
The presence of ten arbitrary constants signifies that the Lie algebra is ten dimensional.

It is generated by,

0 0 0 0 0 0
=22l el 42 =2t (2 — dtu+ 20u)— + 20u—
(== g~ drugz- —duto -, ¢ t:vat+(:17 tu + :L‘u)ax—l— Tuz-,

0 0 0 0 0 0 0 0

* = ou— *:427 Aty — — 2 Y T *
G =gy gy TG HdlresmaTe G =g TG %6 T g
0 0 0 0 0 0
*: _ 2 _— *:27— _ *:7 * = —.
C7 xaw—i_ uauv <.=8 tal_ wau7 CQ 81’7 ClO 8u

We note that, for ordinary differential equations, we introduced new variables, u and v,
called the canonical variables, such that the original equation reduced to a new ordinary

differential equation that was separable and independent of the variable v.
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Precisely, under a change of variables (¢,z) — (u,v), and by using equation (1.31), equa-

tion (1.51) gives (* = —, which represents that the new ordinary differential equation
v

admits translation in the variable v.

We extend a similar idea to partial differential equations. In order to obtain solutions of
equation (1.70), we introduce new independent variables r and s and a new dependent

variable v such that,
r=r(tz,u), s=s(tzu), v=uv(txzu),

then by employing a change of variables (¢, z,u) — (7, s,v), we get,

a 9 9
C=To+Xg, +Uq0
)

0 0 0 0 0
—T( (9 +8ta +Uta )+X( a —i—sza —I—Uxav)
+U< g-i- 24- a)
" T S“as U“av

0 0
=(Tri+ Xry +Uru)§ + (Ts¢ + X sz +Usu)%

0
T X Uvy)—
+ (T + Xv, + ’Uu)av>
which upon choosing,
Tri+ Xr, +Ur, =0,

Tsi+ Xs, +Us, =1,
Tv 4+ Xvy +Uvy =0,

gives (* = —.

Hence, after a change of variables, the original equation F'(¢,z,u,u;,u,) = 0, transforms
into an equation independent of s and takes the form, G(r,v,v,,vs) = 0. However, the
transformed equation is still a partial differential equation; but if we assume that we are
only interested in solutions of the form v = v(r), then the transformed equation becomes
K(r,v,v,) = 0, which is an ordinary differential equation!

Thus, just as in the case for ordinary differential equations, we find the canonical
coordinates (r, s,v) for partial differential equations and note a similar result for partial

differential equations below:

Theorem 1.8.1. A one-parameter group of transformations t = f(t,z,u,d),

z = g(t,z,u,d), u = h(t,z,u,0) can be reduced under a suitable change of variables,
called canonical variables

r=r(tx,u), s=s(t,z,u), v=uov(t,x,u), to the translation group r =r, s = s+ 0,

v = .
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Having constructed the symmetries of equation (1.70), as a particular case with c49 =

1 = c42, and the remaining constants zero, we get,
T(t,z,u)=t, X(t,x,u)==x, U(t,x,u)=u.
By using change of variables described above,
try + xry + ury, = 0,

tsy + xS + usy, = 1,
tvy + xv + uv, = 0.

The solutions are given by,

T:R<x7u>’ S:lnt+8<x,u>, ’U:V<mau>a
£t tt L't

where R, S, T are arbitrary functions of ¢, z, u.

If we choose these to get,

| 8

U
r=—, s=Int, v=

~ o+

then transforming the equation (1.70) will give,

V4 vg — TV, :vf.
Setting vs = 0, and simplifying gives us the Clairaut equation,
2 —
v, +ro, —v =0,

whose general solution is,

1L 5 2
U:_ZT , U =467 t+ Chp,

where c4¢ is an arbitrary constant. Passing through the transformation we get the exact
solution given by,
1 22

2
U=———, U= C46T + Cjg4t.
4t 46 T 6
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1.9 Symmetry Analysis of Second Order Partial Differential
Equations

1.9.1 Construction of Infinitesimals for Second Order Partial Differen-
tial Equations

In continuation with Section 1.8.1, we can obtain higher-order prolongations. If ugq is

any derivative of & with respect to t and z, then

8— 1 Dtif thZQ
Uqp = 7? =7 (1.71)
D,z D,uq
ot 1 Diug th
s = % == (1.72)
v Dqiiq Dy
In particular, the transformation of the second derivative is as follows
B 1 Dti‘ Dtl_Lf B 1 Dtﬂj DtLT
Uz = ? , Uzx = 7 iE (173)
Dmi' Dacﬂt_ le_bj Dxt
1 Dti Dtﬂf 1 Dtﬂ{ th
D,z D,uz D,u; Dyt

On simplifying (1.74) we get the extended infinitesimal representations, namely

U = Utt+5U[tt]+O(52), Uzz = um—i—(SU[m]—FO(éQ), Uy = um+5U[m]+O(52) (1.75)
where,

U[tt} = Dt(U[t]) — Uz Di(X) — uye Dy(T), U[zm] = DI(U[:B]) — Uggp Dy (X) — e Dy (T),
(1.76)

and,

U[ta:} = Dt(U[m]) — uth(X) — uth(T)

(1.77)
== Da:(U[t]) - utxDx(X) - Utth(T)

The explicit expressions for Ujy, Ujza), Ujra) given by equations (1.76) and (1.77) are

U = Ut — Xerug + Uy — Tye)ur — 2Xpugu + (Uyy — 2T30)uf — Xuutizty
— Tt} — 2 Xzt — 2Xyustige + (Uy — 2T1)ug — Xytgug — 3Tyupug, (1.78)
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U[;m;] = Uz + (2Uxu - sz)ua: — Toppus + (Uuu - 2Xxu)u§ — 2T Uty — quui
— uuuiut + (Uy — 2X ) ugy — 2Tty — 3XyUgtiye — Tytitiyy — 2T uptiye, (1.79)

U[:vt] =Ux + (Utu - X:ct)ux + (Uxu - T:ct)ut - Xtuug + (Uuu — Xou — Ttu)uxut
- zuu? - quuiut - Tuuuwu? — XipUgy — XyUtUgy + (Uu - Xy — Tt)u:ct

— 2qu$uxt — 2Tuutuxt - Txutt - Tuuxutt. (180)

If the second order partial differential equation is K (t,x, u, ut, Ug, Utt, Uty, Ugy) = 0, then

the determining equation is given by

oK oK 0K oK oK oK oK oK
78 x2S on on g% A
ot + Ox +U ou +Un Ouy + U Ouy + U Ouy + Ul Oy + Ulaal Qazz |je—p 0

(1.81)

Remark 1.9.1. The infinitesimal generator of the Lie group is given by equation (1.69).

1.9.2 Group Methods for the One-Dimensional Wave Equation

The one-dimensional wave equation with constant speed is given by uy; = c>ugy,

where u = u(z,t) denotes displacement from initial position, ¢ denotes time, x denotes
position and ¢ denotes velocity of propagation.

The determining equation (1.81) gives Uy = CQU[M], where U}y and Ul,,) are defined
by equations (1.78) and (1.79). Hence, the determining equations become,

Uy — C2Ux:t - (Xtt + 02(2Uxu - X:c:r:))ux + (2Utu — Ty + csz:c)ut - cz(Uuu - 2X$’Lt)u:2p
—2(Xp + Tow)uzy + (Uyy — 2Tut)u? + CquuUi + C2Tuuu§ut — quuxug — Tuuui3
— AUy = 2X ) gy + (22T — 2X ) gy + AUy — 203 gy + 32 X ytigtiny + Tty

+ 2T ugry — 2Xyuitigt — & Xytgtpy — 3¢ Tytptigy = 0.

Splitting the determining equations with respect to u, g, U2, uptiy, U2, U3, U2 U, UpUs , U, Uy,

Ugty UgUggy Ut Uz, UgpUty, UtUgt, WE gE1,

Uy — CQUmz =0, Xu+ 02(2Uxu - me) =0, 20U —Tyu+ C2T:m: =0,
Uuuw — 2X30 = 0, Xy + Ty = O, U — 2T = O, Xy = 0,
Tw=0 X,-T,=0, *T,-X,=0, X,=0, T,=0.

Solving these equations, we get,

T(t,z,u) = A(t,z), X(t,x,u)= B(t,z), U(t,x,u) = P(t,z)u+ Q(t,x),
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where, P, =0, P, =0= P(t,x) = c47, a constant.
Hence, U = cq7u+ Q(t, z), where A, B are arbitrary functions of ¢ and x, and @ satisfies
the wave equation.

The wave equation admits a four dimensional Lie algebra with generators,

Cl - A(t,fﬁ)g, CQ - B(t’x)al" CB - uau’ C4 - Q(tvx)au

We now seek a solution of the wave equation by making a special choice of the infinitesi-
mals namely, A=z, B=t, Q=0.

The associated invariant surface condition is

TUy + tuy = cq7u, which is solved to get u = P F <t>, where p = c47 and F' is an
arbitrary function. !

Substituting in the one-dimension wave equation, we get,

(*r* = D)F"(r) = 2¢*r(p — DF'(r) + plp — )F(r) =0 where r = i (1.82)

This can be integrated easily giving,

F(T‘) _ (&) rc+ 1

- 1\P 1\?
cl<r—c> —i—cQ(r—i-c) ifp#£0

L c1 ct —x
Ifp=0 t solut t)= =l .
p = 0, exact solution is u(x,t) 2109 (ct—i—x) +c
t t
If p # 0, exact solution is u(x,t) = aP [C1F1 (> + coFy <>},
x x

where F;,i = 1,2 are solutions of equation (1.82).
The solutions of equation (1.82) for some integer values of p are presented in the table

below:
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D Fy Fy
1 1 r
Ar2 —2er+1 Ar? 4+ 2er + 1
2 2 2
c c
313 —3¢%r? + 3er — 1 33 +3¢%r? +3er + 1
3 c3 3
4 Art — 4P + 6622 —der +1 | At + 4633 + 6622 + der + 1
ct ct
4 c c
cr—1 cr+1
5 c? c?
c2r2 —2cr +1 c2r2 4+ 2cr +1
3 3
3 c c
A3r3 —3c?r? + 3er — 1 A3r3 4 3¢2r? + 3er + 1
ct ct
-4
cArt — 433 + 6¢2r2 —der + 1 |t + 433 + 662r2 + der + 1

We shall conclude the analysis for the wave equation by obtaining a particular solution
of the wave equation with unit speed.

To obtain a particular solution, consider, A=¢, B=z2, P=Q=0.

The associated invariant surface condition is tu, + zu; =0

The solution of this linear partial differential equation is u(z,t) = F(t? — 2?), where F is
arbitrary.

To find F, we use the wave equation uy = ugz,, and get rF”(r) + F'(r) = 0, where
r=t>— 22

The solution of this Clairaut differential equation is

F(r) = cagln(r) 4 cag, where cyg, c49 are arbitrary constants.

Re substituting r, we get, u(z,t) = cagln(t? — x?) + c49, which is the exact solution of
the one-dimensional unit speed wave equation.

The analysis of the uni speed one-dimensional wave equation can be found in [5].

1.10 Admitted Generator For Functional Differential Equa-
tions Using Lie-Backlund Operators

In this section we shall present the existing literature found in [410] on obtaining the
admitted generator for (second-order) delay and neutral differential equations. This
approach uses the Lie-Backlund operator and an invariant manifold theorem.

We shall assume the infinitesimal generator of the Lie group admitted by the functional
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differential equation?®
2" = ft,x(t),z(t — 1), 2 (t), 2/ (t —r)), (1.83)

is given by equation (1.51).

The corresponding Lie-Bécklund operator has the form

¢t =t )

(1.84)
where n = 7 — 2/w. In order to obtain the determining equations for functional differential
equations (second-order described here), one has to prolong the canonical Lie-Backlund

operator to the six-dimensional space of variables (¢, z(t), z(t — r), 2/ (t), ' (t — r), 2" (t)) :

C—x——l-mri—l— i_i_w? 9] +$n8
B=T oz " ox(t —r) T e T o' (t —r) T e

(1.85)

where
n(t,x,2') = T(t,z) — 2wt x),

Nt xp,al) =0t (t—ra(t—r), 2 (t—1)) =nlt—r2x(t—7)) -2 (t—r)wt—rz{t—71)),

nx/ (t,z, 2, 2") = D(n®) = Vi(t, ) + [Lolt, z) — wi(t, 2)]z’ — wet, z)(z')? — w(t, z)z”,

0o (ta(t — ), (t— 1), 2" (t—r)) = 0% (t —r,2(t —r), 2 (t —r), 2" (t 7))
=Yt —rx(t—r)+[Telt —rzt—71))
—wit—rxt —r)2'(t —7r) —we(t —rx(t —1))
(2'(t = 7)) —w(t —ra(t —r)a"(t —r),

0 (¢, 2! 2 7") = D) = Ty(t, ) + (2050 (t, ©) — wu(t, z))a’
= [Vaa(t, ) = 2wie (t, 2))(2')? — waa(t, ) (2")°
+ [Tu(t, ) — 2wi(t, 2)]2" — 3w, (t, z)z'z" — w(t, x)2",

0 0
where D is the total derivative operator with respect to ¢ given by, D = En + 1:’8— +-n

The determining equation for the functional differential equation (1.83) is given by,

(s (2" = f(t,2(t), x(t — ), 2" (), 2'(t = 7)) [(1.83)= 0 (1.86)

Equation (1.86) has to be satisfied by any solution of equation (1.83).
Substituting «” = f; + 2’ fo + ). fo, + 2" for + 2 fur + 2] for, 2" = f and x] = f,, the

dx d*z
2For functional differential equations the notation z’ means e Similarly the notation =" means e

and so on.
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determining equation (1.86) can be written as

— Wy ($/)3 + (T:px — 2wy + fox’)(x/)2 + w;:rfx’r (1‘;)2 + (2%51 - wttw,)
+ (Wt + Tm)fx/$/ - 3fox, + 2y —Vifo + (T:Jc - QWt)f - Ttrfx’r + (OJ{ - Ta’gr)fxéw;
— fiw— 27 =T fo, + (W — W) fr 2 + (W — w) frfer =0, (1.87)

where f,. = f(t —r,z(t —r),z(t — 2r),2'(t — r),2'(t — 2r)).

By virtue of the Cauchy problem, one can account the variables® ¢, x, z,., ¥, ., 9, and
xh, where x9, = x(t — 2r) and b, = 2/(t — 2r) in equation (1.87) as arbitrary variables.
If fu # 0, then splitting the determining equation (1.87) with respect to x5, we get
w=w".

If fp =0, then f; # 0. Then splitting the determining equation (1.87) with respect to
x]., we again get w = w".

This shows the periodic property of w, that is,
wt,z) =w(t —rx(t—r)). (1.88)

As this property is satisfied for any solution of the Cauchy problem, equation (1.88)
implies that w does not depend on z, that is, w, = 0. Moreover, the property (1.88)

allows us to write the determining equation (1.87) as

E; (CC,/ - f(t7 xz, $T)x/a l‘;)) |(1.83): 07 (189)
. o 0 o .0 .0 )
where GG =g+ WD =war + T, T gy + 1 gy, gy + Teigm

where all symbols have their usual meaning and expressions as seen in the earlier sections.
In addition,
Y =7T{t—rx(t—r)),

and,

Ty = Yi(t—r,x(t—r))+ Yot —r 2t —7)) —wi(t—r, x(t—r))]a) —we (t—7, z(t—7)) (z])%

r

The generator ¢} acts in the space of variables (t, z, z,., 2/, 2., "), whereas the coefficients
of the operator (g include the derivatives x!/ and 2.

Equation (1.89) means the manifold defined by equation (1.83) is an invariant manifold
of the generator CNS As a result of the invariant manifold theorem, any invariant manifold
can be represented through invariants of the generator 5; Hence, for describing equations
admitting the generator *, one needs to find all invariants of the generator CNS

Direct calculations show that if two generators X and X5 are admitted by equation (1.83),

3The notations ., z,., z;. means z(t — r),z’(t — r),z” (t — r) respectively. Similarly the notations w”
means w(t —r,z(t —r)).
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then their commutator [ X, Xo]| is also admitted by equation (1.83). This property allows
stating that the set of infinitesimal generators admitted by equation (1.83) composes a
Lie algebra on the real plane.

The above can be summarized as the following theorem:
Theorem 1.10.1. The second order functional differential equation given by (1.83),

which contains the infinitesimal generator w, obeys the periodic property for w. That is,

w(t,z) =w(t —r,z(t—r)).

Remark 1.10.1. The admitted group for second order functional (neutral and delay)
differential equations is described above. The same procedure can also be used to get

the admitted generator for first order functional differential equations.

A great detail of literature on group methods for ordinary and partial differential equations
can be found in [2, 3, &, 11, 14, 17, 24, 25, 26, 31, 50, 57].
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2.1 Introduction

The symmetry approach developed for differential equations, cannot be applied to equa-
tions with nonlocal terms, as in delay differential equations. The nonlocality does not
allow the manifold’s approach for defining an admitted Lie group (i.e mapping any
solution of equations into a solution of the same equation), given by Lie. In the sense of
applications of group analysis for constructing equations, this definition of an admitted
Lie group is more appropriate: it excludes the possibilities where an equation admits a
Lie group, but the equation has no solution [22]. This definition was applied to study
integro differential equations [19, 20, 32]. Some retarded equations being of the type of
integro differential equations, we got a similar idea to use the approach, particularly for

delay differential equations.

The definition of an admitted Lie group allows us to construct the determining equations.
The determining equations are then split with respect to arbitrary elements. In the
case of differential equations the arbitrary elements are parametrical derivatives. In
the case of analytical systems the parametrical derivatives are dictated by the Cauchy-
Kovalevskaya theorem for a Cauchy type systems and by the Cartan-Khéler theorem
for involutive systems. For other types of equations an answer to the question about ar-

bitrary elements is obtained on the basis of a theorem of existence of the Cauchy problem.

In this chapter, we state an approach developed in [34] where a delay differential equation
is replaced by an underdetermined system of differential equations for which classical
group analysis is applied. The reduction to underdetermined system widens a class of
equations admitted by a given Lie group. But an extension of equations narrows a set of

admitted Lie groups.

This chapter is devoted to studying symmetry analysis to first order delay differential

equations with constant coefficients.

2.2 Construction of Determining equations

As delay differential equations have terms with delay (nonlocal terms), this serves as a
major hindrance to applying symmetry analysis. To overcome this hindrance, we adopt
the following method. We describe the method for functional differential equations with
one independent variable

S=2'(t)— F(t,z) = 0. (2.1)
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If x(t) is a function defined at least on [t — r,t], then one defines a new function
Xt : [_Tv O] —D by
xt(s) =x(t+s), se[-r0]

where D is an open subset in R™, J is some interval in R, F' is a functional. Here we
have used notations accepted in literature given in [15, 21, 43]. For delay differential

equations

F(t,ze) = f(t, x(91(1), -+ x(gm(2)),

where f : [tg, ) x D™ — R", and g;(t) <t for to <t < g for each j =1,2,--- ,m. A
continuous function x(t),t € [to — r,to + () is called a solution of the delay differential
equation if it is differentiable in the interval (¢o, 3) and satisfies equation (2.1) in the
interval (to, ). The value x/(to) is understood as the right hand derivative.

As done for differential equations, let the symmetry group G of transformations f; :

t= fi(t,x;0), T = folt,z;0),

where f; and fy are smooth functions in ¢ and x having a convergent Taylor series in 6,
with ¢t = f1(t,2;0) and z = fa(t, x;0), map solutions of equation (2.1) to solutions of the

same equation. We usually consider, the following infinitesimal generator instead of a

Lie group,
0 0
X = w(t,a:)a + (¢, x)%,
where,
_ 0Ny _ 0,
W(t,l') - 65 (t,x,()), T(t,$) - 85 (t7x’0)

Let & = x(t) be a solution. A parametrical representation of the transformed function
xs(t) is given by the equations ¢ = fi (¢, x(t);8),Z = fa(t, x(t);8). In order to find (%),
one has to define

t=v(t;0), (2.2)

from the equation t = fi(¢, x(t);d). For differential equations this is guaranteed by local
inverse function theorem. For delay differential equations (2.1), one has to define the
function ¥ not only in a neighbourhood of the point ¢, but also in the interval [t — r,{]
and in a right-hand neighbourhood of ¢. For obtaining this it is not enough only a local
inverse function theorem. Assume that the given Lie group possess this property. Hence,
the function xs(t) is defined by xs(t) = fo(¥(£;6), x(¥(¢;8));d), and then,

dx(t

d> — (fur + FraX (W(5 )

OV (t;6)
ot 7

where f1,; means the partial derivative of f with respect to the i’ argument. Thus

F(t:)_({) = f(t7f117"' 7f1m)7
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where fi; = f1(¥(gi(t); ), x((g:(1);0));:0), i=1,2,--- ,m.
)

Let A(t,x,2') = 2/ — F(t,2¢). Since x(t) and ys(t) are solutions, then,
A(t,x,2") = 0. (2.3)

for x = x(t) and x = x;(t). Differentiating the functions A(t,z, 2), where z = x5(t),
with respect to the group parameter 9, then setting § = 0, we get,

OA(t, xy, )

=0, (2.4)

The left side of these equations is expressed only through the coefficients of the infinitesi-
mal generator X, their derivatives, the function x(¢) and its derivatives. This we denote
by

OA(t !
S(x,w,T) = (é?’x), at 6 = 0.
Thus, equation (2.4) becomes
S(x,w,T)=0.

where x(t) is an arbitrary solution of (2.1).
Note that equation (2.4) coincides with the equations obtained in the result of an action

onto (2.1) by the prolonged canonical Lie-Bécklund operator equivalent to the generator
X: 5
% /

X=2(t,x) —w(t,z)z )% +-
For functional differential equations the action of the derivative 2 has to be considered
in the sense of Frechet derivative; this is the difference in applyinga‘éhe canonical operator
as applied for ordinary differential equations. A Lie group satisfying,
At [S),

S(x,w,T) = X(S)=0. (2.5)

for any solution of (2.1), is called an admitted Lie group. Equation (2.5) is called the
determining equation. The notation [S] in (2.5) means that equation (2.5) has to be
satisfied for any solution of equation (2.1).

The definition of admitted Lie group admits the following features:
1. They must be satisfied for any solution of equation (2.1).

2. The definition is free from the requirement for the admitted Lie group to have (2.2)
globally.

3. In the sense of Lie Bicklund representation, the definition coincides with one of the

classical definitions of an admitted Lie group in the case of differential equations.

4. Was applied for integro-differential equations.
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5. Can be applied for finding an equivalence group, contact and Lie-Béacklund trans-

formations for functional differential equations.

The determining equations are then split with respect to arbitrary elements. Since
arbitrary elements of delay differential equations are contained in determining equations
by similar ways, as for differential equations, the process of solving determining equations
for delay differential equations is similar to obtaining solutions of determining equations

for ordinary differential equations.

2.3 Infinitesimal Generator Admitted by the First Order
Delay Differential Equation With Constant Coefficients

In this section we extend group analysis to delay differential equations of the form,
2/ (t) = ax(t) + bx(t — ). (2.6)

We define the operator,

_ ! 2 T r, 8 i _
=T :cw)ax—k(T x w)aﬂ—l—ff[t]ax,—o. (2.7)
Let,
A =2'(t) —ax(t) — bx(t — ). (2.8)

Then by Lie’s Invariance condition, at A = 0,{A = 0, using the notations z" =
z(t—r), w =wlt—rzt—r1)), T =Tt —r,z(t—r)), we get,
(r - a;’w)aam(x’(t) —az(t) —bx(t —r)) + (" — 2"w")=—(2/(t) — ax(t) — bx(t — r)) +

9 ox"
T[t]@(w’(t) —ax(t) —bx(t—1)) =0.

Therefore, at (tg,zo), we get,

D (tg, g, x1, 2, v3) = —al (tg, xo) + az’(tg — r)w(to, xo) — bY (to — r,x0 — 1) + b’ (tg —
rw(to —r,xzo — 1) + 1y = 0.

Let, 2'(to) = x1,20 = ¥ (to), v2 = Y(to — 1), v3 = ¢'(to — 7).

Now,

T[t} =1+ 27, — 2w — 2w,

=1 + (az((t) + bx(t — )Yy — (az(t) + bz (t — r)ws — (az(t) + bzt — 1))w,.

Therefore, at (¢, xo),

Ty = (aXe(to, mo)—awy (to, To)zo+(bL% (o, 20)—bwi (to, x0)x2+T13 (to, To)—awe (to, To) g —
2abw, (to, To)xoT2 + bPws (to, T0)T3.

Hence, we get,

O (tg, o, 1, 22, 23) = —aX (to, xo) + (aw(to, zo) + bw(to — 1, xo — )3 — bY (t9 — T, 9 — 7) +
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(aYy(to, zo) — awy(to, xo)xo + (Y% (to, xo) — bw(to, xo)z2 + 1i(to, xo) — a2wx(t0,x0)a}% —
2abwy (to, To)Tow2 + b2ws (to, o) 3.

By splitting this determining equation, we get,

aYy — awy =0, (2.9)

by — by = 0, (2.10)

a’w, =0, (2.11)

2abw, =0, (2.12)

b2w, =0, (2.13)

aw(to, xo) + bw(to — r,xo — 1) =0, (2.14)
Yy —bY(to —r,z9 — 1) —al = 0. (2.15)

From equations (2.11), (2.12) and (2.13), wy = 0 = w = w(t).

From equations (2.9) and (2.10), 7'(t,z) = w'(t)z + «(t), where a(t) is an arbitrary
function of ¢. From equations (2.14), (2.15), if a # —b, w =0, hence, 1" = «(t), where
a(t) is an arbitrary solution of equation (2.6)

The generator is given by X = a(t)%, where «(t) is an arbitrary solution of equation
(2.6).

If a = —b, from equations (2.9)-(2.13), w = ¢, an arbitrary constant, " = (t), where
B(t) is an arbitrary solution of equation (2.6).

The generator in this case is X = ¢— + 3(t)=—, where c is an arbitrary constant and

ox

B(t) is an arbitrary solution of equation (2.6).

2.4 Summary

In this chapter, a Lie-Bécklund operator for first order delay differential equations is
defined. We have discussed its construction and properties. Further, using this operator,
we have obtained symmetries of a first order linear delay differential equation with

constant coefficients.
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3.1 Introduction

Delay differential equations are shown in [33] to have a wide range of applications in
control theory, signal processing, heat transfer problems, developing population models,
biosciences (blood flow and disease related problems), ecology, evolution of species,

electrical networking, physics, study of epidemics, etc.

In [59] we are shown the construction of an equivalent Lie-Bécklund operator discussed
by [25, 26] which is applied to delay differential equations to obtain symmetries. Linchuk
in [34] suggests a group method to research functional differential equations based on a
search of symmetries of underdetermined differential equations by methods of classical
and modern group analysis, using the principle of factorization. His method encompasses
the use of a basis of invariants consisting of universal and differential invariants. In the
previous chapter, an admitted Lie group has been defined for first order delay differential
equations with constant coefficients, using Lie Backlund operators, a method different

from the one contained herein; the results of which are seen in the previous chapter.
In this chapter, we establish group methods to delay differential equations of the type

2'(t) = f(t,z,2(g(t))), where g(t) is a differentiable function such that g(¢) < t, (3.1)

and where f is a real valued function defined on I x D?  with I as an open interval
of
dz(g(t))

group methods involve some steps. We first need to find a group under which the delay

in R and D an open set in R. We also assume # 0. The process of applying

differential equation is invariant. We can then use this group for obtaining symmetries
of the delay differential equation. We call this the admitted Lie group, for which we
shall mean that each transformation carries a solution of the differential equation to a
solution of the same equation. We do not define any equivalent Lie-Bécklund operator,
but obtain a Lie type invariance condition, using which we define certain operators
required in obtaining the desired symmetries. We shall be using Taylor’s theorem to do
this. The equations we obtain by acting our operator on the delay differential equation,
will be called as determining equations. We shall then split these equations with respect
to the independent variables to obtain an overdetermined system of partial differential
equations which we shall call splitting equations. We shall finally solve this system to
obtain the symmetry algebra of the delay differential equation. We shall make a complete
group classification of the first order differential equation containing variable coefficients,

and with the most general and most standard time delay.

The rest of the chapter is organized as followed: In the following section, the ideas
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of group methods for ordinary differential equations have been extended to first order
delay differential equations, in a manner different from existing literature for delay
differential equations. In the subsequent Section 3.3 and Section 3.4, symmetry analysis
has been applied for first order linear delay differential equations with most general and
most standard time delay, for which no literature has been found. The section that
follows illustrates the classification and invariance under a Lie group, a delay differential
equation of importance in some practical models. The next section demonstrates group
classification and invariance under a Lie group, a nonlinear delay differential equation

extensively studied by [28, 30] in researching population growth models.

3.2 Lie Type Invariance Condition for First Order Delay

Differential Equations

Formally, a first order delay differential equation is defined as follows:

Definition 3.2.1. (First Order Delay Differential Equation)
Let J be an interval in R, and let D be an open set in R. Sometimes J will be [tg, 3),
and sometimes it will be (a, 3), where a < tq < 3. Let f: J x D3 — R. Conveniently,

a first order delay differential equation is expressed as

'(t) = f(t,2(91 (1)), z(g2(1))), (3.2)

where z and f are real valued functions, and each g;(t) is a retarded argument i.e.
gj(t) <t. Often g1(t) =t.
We consider equation (3.2) for tg <t < 8 together with the initial function

x(t) =0(t),for ~ <t <ty, (3.3)
where v € R, v < tp and 6 is a given initial function mapping [, to] — D.

Definition 3.2.2. (Solution of a First Order Delay Differential Equation)
By a solution of delay differential equations (3.2) and (3.3) we mean a continuous function
x:[v,01) = D, for some §; € (to, 5], such that,

1. z(t) = 0(t) for v < t < ty.
2. z(t) reduces equation (3.2) to an identity on tg <t < 3.
We understand z/(¢p) to mean the right-hand derivative.

In this section we extend the results to delay differential equations of type equation
(3.1). To determine the delay differential equation completely, we need to specify the
delay term, where the delayed function is specified, otherwise the problem is not fully

determined.
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We obtain a Lie type invariance for delay differential equations using Taylor’s theorem

for a function of several variables:

Theorem 3.2.1. For the first order delay differential equation

dx
defined on Iy x D1 X Is X Do, where 11, Iy are open intervals in R and D1, Dy are open

sets in R, the Lie invariance condition is given by
wF,+TF, + wg(t)Fg(t) + Tg(t)Fz(g(t)) =Y+ (T — wp)a' — wpa',
where the notations w9 and Y9 mean w(g(t), z(g(t))) and T(g(t), z(g(t))) respectively.

Proof. Let the delay differential equation be invariant under the Lie group
t=t+dw(t,z)+ 0(5?),
T =x+8Y(t,x) + O(5?).
We then naturally define,
9(0) = g(t) + dwg(t), 2(g(1)) + O(6?),
2(9(0) = w(g(t)) + 0T (g(t),x(g(1))) + O(8?).
Then,

dz
drz. gt
dt dt

dt

dx

= |7 + T+ 1a)5 + O(8)| [1 = (wr +wy')d + O(5”)]

d
= T+ [T+ (T —wi)a’ —wpa)o + O(67)
For invariance, — = F(t,Z, g(t), (z(g(t)))).
With the notations,

w9 = w(g(t), 2(g(1)), 90 = T(g(t), 2(g(1))), we get,

Z—f + [T+ (Yo — wi)a’ — we®)6 + O(6%) = F(t + dw + O(8%), x + 67 + O(5?),

g(t) + 6090 + 0(6%), z(g(t)) + 5790
+0(8%))

= F(t,z,g(t), z(g(t))+
(WF + Ty + w0/ Fy) + T9O Fyg)0
+0(6%).
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Comparing the coefficient of §, we get
wk, +TF, + wg(t)Fg(t) + Tg(t)Fz(g(t)) =1+ (Tx — wt)x’ — wma:’Q. (35)
The above equation (3.5) obtained is a Lie type invariance condition. O

Similar to the case of ordinary differential equations, we can define a prolonged operator,

for delay differential equations as:

0 0 0 0
_ .9 g(t) T— 4 7r9t)__~
S T M R M W)
With the notation,
0 0
D= — +a/—
AR TRIT
We can write,
dr  dx p 9
T a T (D(T) — 2" Dy(w))d + O(6%)
dx
= E + T[t](s + 0(52),

where 1y = Dy(T) — 2’ Dy(w).
We then define the extended operator as:

0 0 0 0 0
M — = 9O~ L rZ Ly9@® 7 . 7 )
CEem T e T e T Gy T Maw (3:6)
Defining, A = (1) — F(t, 2(t), 9(t), 2(g(1))) = 0, we get,
C(I)A = T‘[t] - wFt - TFI - wg(t)Fg(t) - Tg(t)Fl,(g(t)) (37)

Comparing equation (3.7) and equation (3.5), we get,

Tig =T + (Vo —wi)a’ — wex'?.

On substituting 2/ = F into (WA = 0, we get an invariance condition for the delay
differential equation which is ¢((MA |a—o= 0, from which we shall obtain the determining

equations.

3.3 Symmetries of First Order Non-homogeneous Differen-
tial Equations With Most General Time Delay

We establish the following result:

Theorem 3.3.1. Consider the delay differential equation

'(t) = p(t)z(t) + a(t)z(g(t)) + s(t). (3.8)

Then the symmetries of the non-homogeneous delay differential equation
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2/ (t) = p(t)z(t) + q(t)z(g(t)) + s(t) where g is a sufficiently smooth non constant function
such that g(t) < t, p(t), q(t) and s(t) are sufficiently smooth functions satisfying q(t)

not identically zero, admit a symmetry algebra of infinite dimension due to the linear

0
superposition principle, and is represented by the vector fields, :Bg(t)a— and (x—x1(t))=—.
T

ox

Further, if the delay differential equation is homogeneous, then it admits a symmetry
algebra which is again of infinite dimension, given by the vector fields :cQ(t)a— and :1:8—,
x x

where x1(t) is an arbitrary solution of (3.8) and za(t) is the general solution of the

associated homogeneous delay differential equation.

Proof. Let,
g(t) = h(t). (3.9)
We look out for a coefficient of the infinitesimal generator w of the form (that is we
assume) w(t,x) = w(t). Then applying equation (3.6) to the delay equation given by
(3.9), we get,
w(h(t)) = K (t)w(t). (3.10)

Applying operator ¢(V) defined by equation (3.6) to equation (3.8), we get,

T(t2) + (Tl )~ )00 +al0elo(0) +50) =
WP (1)a(t) + ¢ (Dz(9(1) + 5'(1)) + p(OY (¢, 2) + a7
Differentiating the above equation with respect to z(g(t)) twice, we get,
Y(t,z) = M(t)x + N(t). (3.12)

Substituting equation (3.12) in equation (3.11), and splitting the equation with respect
to x(t), z(g(t)), and the constant term, we get

M(t) = p(t)w(t) + My, My = constant. (3.13)
q(t)w'(t) + w(t)q (t) = q(t)(M(t) — M(g(t)))- (3.14)
N'(t) = p(t)N(t) + a(t)N(g(t)) + s(t)w'(t) — s(t) M (2). (3.15)

Substitute (3.13) in (3.14)
q(t)w'(t) + w(t)d (1) = q(t)(p(t)w(t) — p(g(t))w(g(t)))-

Therefore,
W' (t) = (p(t)w(t) — plg(t))w(g(t))) — q (t)w(t)
/0 1) (3.16)
= (p(t) — g’(t)p(g(t)) — q(t) ) w(t)

Therefore, w'(t) = £(t)w(t), where,
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€)= p(t) — g (Owlg(t)) — LY. (3.17)

Differentiate equation (3.10) with respect to ¢, we get,

()W () = B (H)w(t) + W (t)w' (). (3.18)

Using equation (3.10) and (3.17), we get, £(h(t))(R'(t))2w(t) = h"(t)w(t) + B (£)E(t)w(t).
The above equation is the compatibility condition for w(t).

For a general p(t), q(t), s(t), equations (3.10) and (3.16), have only one solution, namely,
w(t,z) =0.

Thus, we obtain the symmetries,

w(t,z) =0, 7T(t,x) = Mox+ N(t), My= constant,

where N (t) solves, N'(t) = p(t)N(t) + q(t)N(g(t)) — Mys(t).

Thus, the general solution of the determining equations corresponds to the generator,

. B) P
¢* = Moz + N(t)5-. 0

3.4 Symmetries of First Order Differential Equations With
The Most Standard Time Delay

In the previous section, we have obtained the equivalent symmetries of (3.8). In (3.8),
we have considered the most general time delay given by g(t) where g(t) < t.
In this section, we shall make a group classification of the first order delay differential
equation given by,

2'(t) = p(t)x(t) + q(t)x(t —r) + s(t). (3.19)

It may be noted that our delay here is chosen by setting ¢g(¢) = t — r in Section 3.3.
However, it is pointed out here that for the differential equation with most general
time delay given by (3.8), we have seen that one of the coefficients of the infinitesimal
generator was 0. It will be seen in this section, that by choosing ¢(t) =t — r, both of
our coefficients of the infinitesimal generator will be non-trivial.

Equation (3.19) is of paramount importance in modeling physical phenomenon arising in

fluid mechanics, physics, ecology, biological processes, etc.

Proposition 3.4.1. If z1(t) is an arbitrary solution of equation (3.19), then by employing
the change of variablest =t, T = x — x1(t), the delay differential equation given by

equation (3.19), gets transformed a homogeneous delay differential equation, namely,
2'(1) = p(O)(t) + q()a(t — 7). (3.20)

Proof. The proposition easily follows by substituting t = ¢ and x(t) = Z +x1(¢) in (3.19),
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and by noting that 2/ (t) = p(t)x1(t) + q(t)z1(t — r) + s(t). O
We establish the following theorem for equation (3.19)
Theorem 3.4.1. The delay differential equation given by equation (3.19) for which

1. p(t) # p(t — r) admits the three dimensional group generated by

‘(1) q(t)
v(t) — Lt v(t) — LWt
¢ = e/ q(?) aat—kxp(t)e/ q(t) %7 G = 55%7 G = $3(75)2

where x3(t) is the general solution of the associated homogeneous delay differential

equation and v(t) = p(t) — p(t —r).
2. p(t) = p(t — r) admits the three dimensional group generated by

i 1
Cl_q(t)

p(t) 0 . 0 .
+$@%7 G = x%, (3 = z4(t)

where x4(t) is the general solution of the associated homogeneous delay differential

9
oz’

SIS

equation.

Proof. We first will obtain the equivalent symmetries of (3.20). We assume that
p(t) # p(t — 7).

With the notations,

w'=w(t —rz(t—r)),

YT =7t —rx(t—r)),

it follows that (3.6) can be rewritten as,

0 0 0 0

0
M= = r = T i
¢ w8t+w 8(t—r)+T(9x+T 8$(t—r)+r[t]8$"

(3.21)

Applying the operator defined by equation (3.21), to the delay equation g(t) =t — r, we
get
wt,z) =wt—r,z(t—r)). (3.22)

Again applying the operator (3.21) to equation (3.20), we get,
T+ Ty — wi)r’ — wee = p(O)T + q(O)Y" +wp' (H)z(t) + ¢ (t)x(t — 7)]. (3.23)

Differentiating (3.23) with respect to z(t — r) twice, we get,

T’r‘

w(t—r)z(t—r) = O which is solved to get,

T(t,z) = a(t)z + B(t). (3.24)
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Substituting equation (3.24) in equation (3.23), we get,

o () + B'(t) + (at) — w) (p(H)x(t) + q(t)a(t — 7)) — we(p*(H)2>(t) + ¢ (1) (t — 7)
+2p(t)q(t)z(t)z(t — 7)) = p(t)(a(t)z + B(t)) + q(t)(alt —r)z(t — 1) + B(t — 1))
+w@ )zt) +d )zt —1)) (3.25)

Splitting (3.25) with respect to x2(t) or 2%(t — r) or z(t)z(t — r) we get w, = 0, which
gives,

w(t, ) = u(t). (3.26)

Since w = w", we get, u(t) = u(t —r). Splitting (3.25) with respect to x(¢) and solving it
gives,
alt) = pyu(t) + o1 (3.27)

where ¢; is an arbitrary constant.
Splitting (3.25) with respect to z(t — r) gives,
q(t)(e(t) — alt — 1)) = u(t)d () + at)p'(t). (3.28)

Splitting (3.25) with respect to the constant term, we get,

B'(t) = p(t)B(t) + a(t)B(t — ). (3.29)

That is, B(t) solves equation (3.20).
Substituting equation (3.27) in equation (3.28), and using the fact that u(t) = u(t —r)
we get,

# ()q(t) = (a()v(t) — ' (t)u(t) =0, (3.30)

where v(t) = p(t) — p(t — r). Equation (3.30) can be solved to give,

q(t) (3.31)

where ¢y is an arbitrary constant.

Substituting equation (3.31) in equation (3.27) we get,

a(t) | 4. (3.32)

Thus, we obtain the coefficients of the infinitesimal transformation as,
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provided cg # 0.

Hence we get the infinitesimal generator of the Lie group as,

/u(t) AGRN 5 (t)e/ o(t) — L8 gy 5

- at) 2 g(t) 9. 9 9
(F=cy e 5 + xp o + 175 + 5(t) B (3.33)
provided ¢y # 0.
If ¢a = 0, then, w(t,z) =0, T (t,z) = ciz+ B(t).
In this case, we get the infinitesimal generator of the Lie group as,
. 0 0
¢ = Q1Ts— + ﬁ(t)% (3.34)

As a special case, we tend to see what happens when p(t) = p(t—r). That is, we study and
make a group classification of the special cases, where p(t) satisfies a periodic property
(this case includes the possibilities when p(t) is any constant).

Following similar analysis as done above, we get from equation (3.30),

pu(t)q(t) = cs, (3.35)

where c3 is an arbitrary constant.
In this case, the coefficients of the infinitesimal generator in this case are given by,
p(t)

w(t,z) = POl Y(t,z) = <C3q(7f) + cl> x+p(t),

provided c3 # 0.
where p(t) solves equation (3.20) with p(t) = p(t — 1) .

The infinitesimal generator in this case is given by,

. 18 p(t)d ) )

provided c3 # 0.
If c3 =0, then w(t,z) =0, 7(t,z) =ciz+ p(t), and the infinitesimal generator is given
by,

. 0 0
= rs- + p(t)a—x. (3.37)

where p(t) solves equation (3.20), with p(t) = p(t — ). O
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The following is an example. In this example, we shall perform symmetry analysis of a
first order delay differential equation arising in models for mixing of liquids. We shall
construct a Lie group under which this delay differential equation is invariant. We shall

first quickly introduce how this delay differential equation comes into our model.

Example 3.4.1. Let us consider a tub with U litres of glucose solution. Assume that
fresh water flows in at the top of the tub at V litres per minute. The glucose solution
s continually stirred, and the mized solution flows out through the bottom, at the same
rate of V litres per minute. Let us assume that this miring cannot occur instantaneously
throughout the tub. Then, if x(t) is the amount of glucose in the tub at time t, the con-
centration of the solution leaving the tank at time t will equal the average concentration
at some earlier instant say t —r. We shall assume that r = g, s a positive constant.

Then the delay differential equation describing this model is given by,

Va(t—r)

/

d(t) = ——— L

(=2

As an example, further assuming, U = V, our delay differential equation becomes
2 (t) = —x(t — g), whose solution is given by x(t) = sin t.

Following the procedure outlined in this section, and using the same notations as in this
section, we see that p(t) = s(t) =0 and ¢(t) = —1.
Hence, w =0, T = ciz+sint.

dt _ d _ _
Solving the system, — = w(t,z) = 0, d—j; =T(t,x) = c1Z+sint, subject to the conditions

_ do
t=t, T =ux whend =0, we get the delay differential equation invariant under the Lie
group given by,

015(

_ _ 1 . .
t=t, x=—[e"(c1z+sint)—sint].

1

The infinitesimal generator of this delay differential equation arising in models involving

mizing of liquids is given by,

x 9 .
(" =cr— +sint—
Ox

oz’

3.5 Symmetries of a Delay Differential Equation Arising
in a Population Growth Model: A Nonlinear Case

If x(t) is the population of any isolated species at time ¢, then the most naive model
for the growth of population is z’(t) = kx(t), where k is a positive constant. A more
realistic model is obtained if we consider that the growth rate k will diminish as z(t)

grows due to overcrowding and shortage of food. This leads us to the differential equation
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2 (t) =k {1 - x(;) x(t), where k and P are both positive constants.

Now suppose that the biological self-regulatory reaction is not instantaneous, but responds
only after a time lag say r > 0, then we have the following nonlinear delay differential

equation which aptly describes the population growth model:
t —
2(8) = k [1 - “"(P’“)] 2(t). (3.38)
We shall perform symmetry analysis of equation (3.38). We have the following result for

equation (3.38):

Theorem 3.5.1. The delay differential equation given by (3.38) arising in population

growth models admits the four dimensional group generated by

*_Q * 2 *_fktg * fkté
Cl 7811_7 CQ 7'%8:1:7 C37€ at’ C4*x€ 81;

Proof. Following the procedure given in the previous section, and applying the operator

defined by equation (3.21) to equation (3.38), we get,
/ 2 k k T
i+ (Vy —wi)a’ —wex™ = kT — FTx(t —r)— FT x(t). (3.39)

Differentiating equation (3.39) with respect to x(t — r) twice and splitting with respect
to xz(t) we get,
T(t,) = B(t)z + (1), (3.40)

Substituting equation (3.40) in equation (3.39) and using equation (3.38), we get,

2
8 () +(6) + (8(2) = ) (alt) — 5 (0)o(t = 1) — wn(B2a2(8) = 25 (D)t — )+

P2 (2%t~ ) = K@)z + (D) — (6 + é(E)e(t — ) — & (6(t ~ r)a(t —7)
+ Yt —r))xz(t). (3.41)

k‘2

P2

Splitting equation (3.41) with respect to either z2(t) or z2(t)z?(t — r) or x2(t)x(t — r),
we get,
w(t,x) = D(t). (3.42)

Since w = w", it follows that ®(¢) = &(t —r).
Splitting equation (3.41) with respect to xz(t — r), we get,

$(t) = 0. (3.43)

Splitting equation (3.41) with respect to x(t), and using equations (3.42) and (3.43) we
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get, after solving,
o(t) = kP(t) + ca, (3.44)

where ¢4 is an arbitrary constant. Since ®(t) = ®(t — r), we get, ¢(t) = ¢(t — r).
Splitting equation (3.41) with respect to x(t)x(t — r) and using equation (3.44), and the
periodic property of 1(t), we can solve it to get,

B(t) = %4 + g, (3.45)

where c5 is an arbitrary constant.

Hence, we get the coefficients of the infinitesimal transformation as,

w(t, ) = % Fese M Tt x) = (2e4 + eske ).

Thus the infinitesimal generator is given by,

* 10 9 it 0 —kt 0
= —— 4+ 2z— — +k —1. 4
(F=cy [k@t + x@x} +c5 {e T + kze 5 (3.46)

O]

Let us also find the Lie group under which this nonlinear delay differential equation
dt - c :

is invariant. To do this, we need to solve the system, i w(t,z) = ?4 + cse

dr _ - _

o _ T(t, %) = (2c4 + cske™*)z, subject to the conditions t =, # = 2 when ¢ = 0.

dé
This system can be solved to obtain the Lie group which is,

_ 1 k
t = . In (04 {6046 (05 + C]:ekt) — 05]> ,
Cy4 -1
) (204—4—07 ecad <C5+kekt> —85:| )
T = xe

)
C4Cs5 . .
where c; = & is an arbitrary constant.

3.6 Summary

1. We have obtained the symmetries of the first order non-homogeneous delay ordinary
differential equation, with a general delay. If x5(t) is the general solution of the
associated homogeneous delay differential equation, then the non-homogeneous
delay ordinary differential equation admits a symmetry algebra of infinite dimen-
sion, due to the linear superposition principle, and is represented by the vector
fields, mz(t)% and (z — $1(t))% Further, if the delay differential equation is

homogeneous, then it admits a symmetry algebra again, of infinite dimension, given
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by the vector fields xg(t)aax and x(‘iﬁ

2. For the delay differential equation given by 2/(t) = p(t)z(t)+q(t)z(t—r)+s(t), such
that p(t) # p(t — r), if 23(t) is the general solution of the associated homogeneous
delay differential equation, then the infinitesimal generator of this delay differential

equation is given by

q) q)
/V(t)— at (t)e/u(t)— at

qt) 9 qlt)y 9 9 9
gr TP oz | Tg, Ty,

(F=co |e

However, if p(t) = p(t — r), and if z4(¢) is the general solution of the associated
homogeneous delay differential equation, then the infinitesimal generator of this

delay differential equation is given by

(L0 O 9 9
¢ =cs (q(t) ot +$q(t) 83:) * U o +x4(t)8:1:'

3. On performing symmetry analysis of 2'(t) = —z(t — g), a delay differential equation
obtained in modeling mixing of liquids, we found its infinitesimal generator to be

(* = cyx— + sint—. Further, this delay differential equation is invariant under

ox ox

- 1
the Lie group given by t =t, = = —[e%(ciz + sint) — sint].
C1

t—
4. We demonstrated the application of group methods to z’(t) = k [1 — M] x(t),
a non linear delay differential equation arising in population growth models and
found that the infinitesimal generator corresponding to this non linear delay differen-

10 0 0 0
29 4o, L —kt kt}. h
T + x@x] + c5 [e BN + kze o Further,

this non linear delay differential equation is invariant under the Lie group given by

-1
1 i . ) <264+C7 ecad <C5+Cl:ekt> 05:| )
t = % In ( [ec45 (05 + 46kt> - 05}) and T = xe .

c4 k

where ¢;,7 = 1,2,3,4,5,7 are arbitrary constants.

tial equation given by (* = ¢4 [

The results can be summarized in Table 3.1 below:
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Table 3.1: Group Classification of First Order Delay Differential Equations

Type of First order Delay Differential Equation

Generators

0
Cf = SIT%,
0

a'(t) = p(t)(t) + a(t)z(g(t)) + s(t), G=Nt)g-

g(t) <t N(t) solves N'(t) = p(t)N(t)+
q(t)N(g(t)) — Mos(t)
where Mj is an arbitrary con-
stant.

With v(t) = p(t) — p(t — ),
/
(t)
v(t) — dt
' (t) = p)x(t) + q(t)z(t —r) + s(t). /
(t)
p(t) # p(t =) /V(t)— R
+xp(t)e e
0
Cék = x%a
0
G =p(t
1 0 t) 0
G=war T ”Cp(t)a’

2(8) = p(t)x(t) + q(t)z(t — ) + s(2). a(t) q(t) Oz

= P(t)%
T

2 (t) = —x(t — 5) (= w%,

(This delay differential equation arises in . 0

models involving mizing of liquids.) G = smt%.

0
Cik = av
, x(t—r)

w(t)—k[l—P] 2(t). G=2l,

(This non linear delay differential equation = e ht 9

arises in modeling population growth.) 3 ot’

* —kt 0
(G =xe .
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4.1 Introduction

In this chapter, we restrict our attention to neutral differential equations. Neutral
differential equations are differential equations in which the unknown function and the
derivative appear with time delays. Such equations are of importance in models involving
flip-flop circuit [53], compartmental systems [61], etc. A lot of research has been dedi-
cated to obtaining solutions of neutral differential equations. In [54], neutral differential
equations are solved using multistep block method. Other methods of solution include
implicit block method [27], and analysing discontinuities of the derivatives as studied in
[1]. Our focus is to obtain symmetries and the corresponding generators of the Lie group
admitted by neutral differential equations. It is noteworthy to mention here that the
concept of symmetry analysis has been recently used by [45] to obtain Lie symmetries of

fractional ordinary differential equations with neutral delay.

In the first part of this chapter, we study the first order neutral differential equation

2'(t) = F(t,z(t),z(t1), 2/ (t1)), (4.1)

where F is defined on I x D3, where I is an open interval in R and D is an open set in R.

The notations z(t1) mean z(g(t)), g(t) < t and 2/(t;) mean % (g(t)). We further assume,

dt
% # 0 and % # 0. To determine the problem completely, we specify the delay
point ¢1 by t; = g(t), where g(t) < t, is the most general kind of delay. We assume that
the delay function g(t) is sufficiently smooth in some interval. We shall first need to find a
group under which this neutral differential equation is invariant. We call this the admitted
Lie group by which we mean that one solution curve is carried to another solution curve

of the same equation. We then use this group to obtain the desired equivalent symmetries.

In the second part of this chapter, we study the neutral differential equation with most

standard time delay ¢ — r, which is given by

Wt x(t), z(t —r),2'(t),2'(t —r)) =0, (4.2)

where 1 is a real valued function defined on I x D* with I as an open interval in R and
D as an open set in R. We assume that 1 is not independent of 2/(t — r). We establish a
result to obtain the determining equations by obtaining a Lie type invariance condition
using Taylor’s theorem for a function of several variables. In addition we make a group
classification of the linear and a nonlinear first order neutral differential equation with
the most standard time delay ¢t — r. We also analyze the case for which equation (4.2)
is independent of a/(t — r), thus becoming a first order delay differential equation and

perform symmetry analysis for the same. By choosing this widely used delay, we shall
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see that we get different results from the ones obtained by choosing the most general

time delay.

4.2 Lie Type Invariance Condition for First Order Neutral
Differential Equations With Most General Time Delay

Definition 4.2.1. (First Order Neutral Differential Equation)
Let J be an interval in R, and let D be an open set in R. Sometimes J will be [tg, 3),
and sometimes it will be (o, 3), where a < tq < 3. Let f: J x D3 — R. Conveniently,

a first order neutral differential equation is expressed as

a'(t) = f(t,2(t), z(g(t)), 2'(9(1))), (4.3)

where x and f are real valued functions, and g(t) is a retarded argument i.e. g(t) < t.

We consider equation (4.3) for tg < ¢t < 3 together with the initial function
2(t) = 0(t), 7 < t < o, (1.4)

where 6 is a given initial function mapping [y, to] — D.

Definition 4.2.2. (Solution of a First Order Neutral Differential Equation)

By a solution of the neutral differential equation (4.3) satisfying (4.4), we mean a
differentiable function x : [, 31) — D, for some (31 € (t¢, 5], such that

1. z(t) = 0(t), for v <t < ty, and

2. z(t) reduces equation (4.3) to an identity on ty <t < ;.

We understand 2/(¢p) to mean the right-hand derivative.

In this section, we extend the results of ordinary differential equations to neutral
differential equations given by equation (4.1). In order to determine the neutral differential
equation completely, we need to specify the delay term, where the delayed function is

specified, otherwise the problem is not fully determined.

Let a function F be defined on a 5-dimensional space. We extend our results to

— = F(t,z,9(t),z(g(t), 2 (9(t)))- (4.5)
Let the neutral differential equation be invariant under the Lie group
t=t+0ow(t,z) +0(8?), T=ax+ 3T (t,z)+O0(5?).

We then naturally define g(t) = g(t) + dw(g(t), z(g(t))) + O(6?) and
2(g(t)) = x(g(t)) + 0T (g(t), 2(g(t))) + O(6%).
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With the notations, w; = w(g(t),z(g(t))), and Y1 = Y(g(t),z(g(t)))), it follows that,

7'(t) = G (9(0))

= 2'(t1) + (Tt + (T1)ay) — (@1)e)2 (t1) — (2 (t1))* (@1) (1)) 0 + O(67).
(4.6)

For invariance, % = F(t,z,g(t), (z(g(t))),2'(g(t)))-

This gives,

9 4 [Ty + (Yo — w2’ — w6 + O(62)

= F(t+ 0w+ O(6?), x + 0T + O(62), g(t) + w1 + O(6%), z(t1) + 6T1 + O(6?%),
@' (t1) + (Tt + (T1)a(e) — (@)’ (t1) = (2 (81))* (W1)a(21))0 + O(6%))

= F(t,2,9(t), x(g(t)),2'(g(t))) + (WF; + T Fy 4+ w1 Fyy + L1 Fy)
+ Y11 For1))0 + O(6%),

where Ty = (T1)ry, + (T1)agy) — (@1)e)2 (B1) — (2 (£1))2(@1) ()
Comparing the coefficient of §, we get

WF, + Y Fy 4+ w1 Fy, 4+ Y1Fy) + Tig Py = Yo+ (Yo — wi)a’ — wea’. (4.8)

The above obtained equation (4.8) is a Lie type invariance condition.
Similar to the case of ordinary differential equations, we can define a prolonged operator

for neutral differential equation as:

0 0 0 0

With the notation D; = % + x’a%, we can write,

92 = & 4 (Dy(T) — ' Dy(w))d + O(62).

a (4.9)
=L T8+ 0(62),
where T = Dy(T) — 2’ Dy(w). We then define the extended operator as:
0 d 0 0 d 0
W=w"dw T+ T —— +7T + Y15 (4.10)

ot ot T ox ozx(ty)  Wox o2’ (1)
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Defining A = 2/(t) — F(t, 2(t), g(t), z(9(t)), 2'(9(t))) = 0, we get
(WA =Ty —wF + TF + w1 By + Y1Fo) + TigFo ) (4.11)

Comparing equations (4.8) and (4.11), we get

Ty ="Te+ (To— W) — wex'.

On substituting 2/ = F into (WA = 0, we get an invariance condition for the neutral
differential equation which is ¢((VA |a—o= 0, from which we shall obtain the determining
equations.

We point out here that equations (4.9)-(4.11) is an easy way of working with higher order
differential equations as compared to equations (4.6)-(4.8) which is simpler to use for

lower order differential equations.

4.3 Symmetries of Non-homogeneous Neutral Differential
Equation of First Order With Most (General Time
Delay

Consider the neutral differential equation, with once differentiable variable coefficients
a(t), B(t),y(t) and p(t) given by,

2'(t) = a(t)z(t) + B(t)z(g(t)) + (1) + p(t)2"(g(1)). (4.12)

We obtain symmetries of the non-homogeneous neutral differential equation (4.12), where
g is a sufficiently smooth function with g(t) < ¢t. Also «(t), B(t), v(t) and p(t) are
sufficiently smooth functions satisfying 5%(t) + p?(t) not identically zero and g(t) is non
constant.

We seek our coefficient of the infinitesimal transformation w of the form, (that is we
assume) w(t,x) = w(t). Then applying the operator defined by (4.11), to the delay
equation t; = g(t), we get,

w1 = ¢ (t)w(t). (4.13)

Applying operator (1) defined by (4.10) to equation (4.12), we get

Ti(t, ) + (Yo (t, z) — (1)) () (t) + B(E)x(g(t)) +7(E) + p(H)2'(9(t)) =
w(t)(@ (z(t) + B (B)a(g(8)) + 7/ (t) + 0/ ()2’ (9(1)) + a(O)Y (¢, 2) + S() T (414)

+p) (Tt + (T1)ae) — @)@ (9(1))))-

Differentiating with respect to z(t1) twice, we get
B L) at)ztr) T PO tz@)z) + (T)z)w)ew) (9(t))] = 0.
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Splitting the equation with respect to z'(g(t)), we get  p(t)(T1)z(t1)a(t)z(t) = 0,

which is solved to give
1
T(t,x) = 5,4(15)1»2 + B(t)z + C(t). (4.15)
Substituting equation (4.15) into the determining equation (4.14), we get
A (t)2? + B/ (t)x + C'(t) + (A(t)x + B(t) — ' () (a(t)
+8()z(g(t)) + (1) + p(t)2'(9(1)))

= w(t)(e/(t)z + B'()z(g(t) + /(1) + o' (t)2' (9(1))) + a(t) (3A(t)z?

+B(t)z + C(1) + B(1)(3A(t1)2* (1) + B(t)z(t) + C(t1)) o
+o(O)[(3A' ()2 (t) + B'(t1)z(tr) + C' (1)) + (A(t1)z(tr) + B(t1)
—wi(t1))z’(g(t))]-
Splitting equation (4.16) with respect to x2, we get
A(t) = exp(— / a(s)ds) + Ao, (4.17)
where Ay = constant.
Similarly splitting equation (4.16) with respect to , #(g(¢)), 22(g(1)), #'(g(¢)),
2(D)2(g(1)), ()2’ (g(t)) and with respect to constant term , we get
B'(t) + A(t)y(t) = ' (t)a(t) + o/ (Hw(t), (4.18)
p(t)B'(t1) + B(t)[B(t1) — B(t)] +w(t)B'(t) + ' (t)B(t) =0, (4.19)
A(t1)B(t) + p(t) A'(t) = 0, (4.20)
B(t)p(t) = w'(t)p(t) + w(t)p'(t), (4.21)
AWB(E) = 0, (4.22)
A(t)p(t) = 0, (4.23)

and
C'(t) + B(t)y(t) — w'(t)y(t) = w(t)y'(t) + a(t)C(t) + BE)C(t1) + p(t)C'(t1),  (4.24)

respectively.

For a general a(t), (t), v(t), p(t) and g(t), equations (4.13), (4.18), (4.19), (4.21)
and (4.24) have only one solution namely, w(t, z) = 0.

Equations (4.22) and (4.23), give A(t) = 0.
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With w(t,z) =0 and A(t) = 0, equation (4.18) gives

B(t) = By, (4.25)
a constant.
With this, equation (4.21) gives
B(t) =0. (4.26)
From equation (4.24), we get
C'(t) = a(t)C(t) + B(t)C(g(t)) + p(t)C"(g(t)).- (4.27)

That is, C(t) satisfies the corresponding homogeneous neutral differential equation.

Thus, we obtain the coefficients of the symmetries as
w(t,z) =0, Y(t,z) = C(t).

Hence the most general solution of the determining equations corresponds to the in-
finitesimal generator (* =C (t)a%, where C(t) solves the corresponding homogeneous

neutral differential equation.

Remark 4.3.1. In obtainining equivalent symmetries of the neutral differential equation
given by equation (4.12), we had assumed that, 52(t) + p?(t) is not identically zero.
However, we remark here that, if p(t) = 0, 8(¢) # 0, then equation (4.12) reduces to a
first order ordinary delay differential equation. From equations (4.18) and (4.21), we get,
B(t) = By, a constant. From equation (4.24), we get

C'(t) = a(t)x(t)+L(t)x(g(t)) — Boy(t). Hence, the infinitesimal generator of the admitted
Lie group in this case is given by, (* = (Boz + E(t))%, where E(t) is the solution of the
delay differential equation x'(t) = a(t)z(t) + B(t)x(g(t)) — Bovy(t).

Remark 4.3.2. If in equation (4.12), p(t) # 0, 5(t) = 0, then from equation (4.24), we get
C'(t) = a(t)z(t) + p(t)C’(g(t)). Hence the generator in this case is given by, (* = G(t)Z,
where G(t) is the solution of equation z’(t) = a(t)z(t) + p(t)z'(g(t)).

Remark 4.3.3. Further, if p(t) = 0, 5(t) = 0, then equation (4.12), reduces to a first
order ordinary differential equation. Again, From equation (4.25), we get, B(t) = Bs, a

constant. Hence, the infinitesimal generator of the admitted Lie group in this case is

¢
given by, (* = (Baz + Cyexp(/[ a(s)ds))a%, where () is an arbitrary constant.
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4.4 Example

We give an example to illustrate the construction of a Lie group under which a neutral
differential equation is invariant.

Consider the neutral differential equation
2'(t) +2'(g(t)) = 0. (4.28)

Compared with (4.12), we get «(t) = B(t) = v(t) =0, and p(t) = 1.
For a smooth g(t) satisfying ¢g(t) < t, z(t) = K, a constant, is a solution of the equation

(4.28). Following the procedure in Section 4.3, we see that, for a nonzero By,
w(t,z) =0 and Y(t,z) = Box + K.

This yields & = w(f,z) =0 and € = Y(f,z) = By + K.

On solving these equations with conditions Z = 2 and ¢t = ¢, when § = 0, we get

t=t and & = 4-[(Boz + K)eP® — K|

which is the Lie group under which neutral differential equation (4.28) is invariant.

This completes the first half of this chapter. In the next half, we consider the most
standard time delay and obtain the Lie symmetries of the corresponding first order

neutral differential equation.

4.5 Lie Type Invariance Condition for First Order Neutral
Differential Equations With Most Standard Time Delay

In this section, we extend the Lie invariance condition for ordinary differential equations
to first order neutral differential equations of type equation (4.2). To determine the
neutral differential equation completely, we need to specify the delay term, where the

delayed function is specified, otherwise the problem is not fully determined.

We obtain a Lie type invariance for neutral differential equations using Taylor’s theorem

for a function of several variables:

Theorem 4.5.1. Consider the first order neutral differential equation

d

d—f =F(t,z,t —r,x(t—r),2'(t — 1)), (4.29)
defined on I x D x I —r x D?, where I is an open interval in R, D is an open set in R,
and I —r={y—r:yel}. Then withw(t—r,z(t—1))=w", Y{Et—rat—r)=7",



Chapter 4. Lie Symmetries of First Order Neutral Differential
Equations 68

the Lie invariance condition is given by

Wk +TF, + W' Fy_, + TTFz(t—T) + (Ttr—r + (T:;(tfr) - w:—r)'r/(t - T‘)

— Wy (@ (t = r))2>Fx’(tfr) =7 + (T — wi)z’ — wex™. (4.30)

Proof. Let the neutral differential equation be invariant under the Lie group
t=t+dw(t,z) + 0(5?),

T=x+87(t,x)+ O(5?).

We then naturally define,

t—r=t—r+owlt—razlt—r))+0(5?),

z(t—r)=a(t —r)+ 0Tt —r z(t—7r)) + O(?).

Then,

dzx
dr _ dt

e dt
di
d

= d—f (T + a2))0 + 0% | [1 — (wr + we')d + O(6%)]

= Z—f + [ 4 (T — w)a’ — wez™]6 + 0(6%).

d _
c% =F(t,z,t —r,x(t —r),z't —r).

For invariance, we must have,
With the notations,
Ww=w(lt—rzt—r), T =Tt —rzt—r)), we get,

‘;—f + [0 + (T — wi)’ — w6 + O(0%) = F(t 4 6w + O(0?), 2 + 67 4+ O(6?),
t—1 40w +0(6%), x(t —r) + 61"
+0(8%),

a'(t —r) + (Y, + (Vypery — wWiey)

@ (t =) = Wy (@' (t = 7))%) + 0(5%))
=F(t,z,t —r,x(t—r), 2" (t —r))+

(WE 4+ TF, +w Fyp + Y Frypy

+ (Y + gy —wi)2'(t — 1)

— Wy (@' (t = 7)))5 + O(6?).

Comparing the coefficient of J, we get equation (4.30) which is a Lie type invariance

condition for first order neutral differential equations. O

Similar to the case of ordinary differential equations, we can define extended operator
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for the neutral differential equation as:

0 0 0 0 0 0
(1) _ ., r_ Y v r Y v r Y 4.31
¢ wat+w 8t—r+T8x+T8x(t—7“)+T[t]8x’+T[t]8x’(t—r)7 (4:31)
. . 0 , 0
where with the notation Dy = — + 2'—,
, ot ox
T[t] = Dt(T) — T Dt(w), and
Ty =17+ Ty — wiy)2 (= 1) = wipy (@' (t = 1))%
Defining, A = 2/(t) — F(t,z(t),t —r,z(t —r),2'(t — 1)) = 0, we get,
<(1)A = T[t] — wFt — TF:E — OJTFt,r — TTF:U(t—r) — T[;]Fat’(t—'r‘)' (432)

Comparing equation (4.32) and equation (4.30), we get,

Ty="+ (Ve — W)z — wpx'.

On substituting 2/ = F into (WA = 0, we get an invariance condition for the neutral
differential equation which is (VA |a—o= 0, from which we shall obtain the determining

equations.

4.6 Symmetries of First Order Linear Neutral Differential
Equations With Most Standard Time Delay

‘We shall obtain symmetries and make a group classification of the first order neutral

differential equation with twice differentiable variable coefficients, namely
2'(t) = at)z(t) + Bt)x(t — 1) + h(t) + p(t)x'(t — 1), (4.33)

where a(t), B(t), h(t), p(t) are twice differentiable functions in ¢.
We shall employ a proposition to convert the non-homogeneous equation (4.33) to it’s

corresponding homogeneous one. This change does not alter the group classification of
(4.33).

Proposition 4.6.1. If z1(t) is an arbitrary solution of equation (4.33), then by employing
the change of variables t = t, T = x — x1(t), the neutral differential equation given
by equation (4.33), gets transformed into a homogeneous neutral differential equation,

namely,
'(t) = at)z(t) + Bt)x(t —r) + p(t)z'(t — 7). (4.34)

Proof. The proposition easily follows by substituting t = ¢ and x(t) = Z + x1(¢) in (4.33),
and by noting that
21 () = a(t)zi(t) + B(t)z1(t — r) + h(t)z1(t) + p(t)w1 (¢ — 1) = h(1). O
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We shall obtain equivalent symmetries of equation (4.34).

Applying the operator defined by equation (4.30) to the delay term g(t) =t — r, we get
w(t,z) =w".

Applying the operator defined by equation (4.30) to equation (4.34) we get

Yy = wlo/ () (t) + B'()x(t — )+ (t)2'(t — )] + Talt) + T"B(E) + Tjp(t).

Substituting the values of 1}; and T[’;] obtained before and then substituting for /()
from equation (4.34), we get,

Ti+ (T — wi)(a(®)z(t) + BH)a(t — 1) + p(t)a'(t — 7)) — wo [042(75)562@)
+ B2 (1) (x(t — 1)) + () (t = 1))* + 20(8)B(t)x(t)z(t — 1) + 2a(t) p(t)a ()2’ (t — 1)
+2B8(t)p(t)z(t—r)x(t —7")] =w[d (x)z(t)+ B )zt —r)+p ()2 (t—r)]+Talt)+T"B(t)

+ [T+ (T — Wi (= 1) = iy (@ (6 = 1) p(8). (4.35)

Differentiating equation (4.35) with respect to = twice, we get w, = 0 which implies
w = w(t).
With this, equation (4.35) becomes

Vi + (Yo — we)(@)z(t) + B(t)a(t —r) + pt)2'(t — 7)) = w {O/(x)w(f) + 8/ ()2t — 1)
+ 0/ (02 (E = 1)] + Tat) + T7B(1) + [T, + (Yo — Wi )2/ (t = 1)] plt). (4.36)
Differentiate equation (4.36) with respect to x(t — r) twice, we get,
By pywi—r) + () {T(er)m(tfr)x(tfr) + (Txr(tfr)x(tfr)m(tfr) - w(tfr)z(tfr)x(tfr))} =0.

Splitting the above equation with respect to 2/(t — r) we get p(t)T;(tiT)x(t%)x(tiT) =0,

which can be solved to give
1
T(t,x) = 5A(t)ac2 + B(t)z + C(t).
Substituting this in equation (4.35) we get,

%A’(t)a:z +B' )z +C'(t) + (Al)x + B(t) — ' () (a(t)z + B(t)x(t — ) + p(t)2' (t — 7))

w)la (O + B (Balt — )+ o (O~ )]+ alt) |5

A(t)2? + B(t)a + C(t)}
4 B(E) [ A = 1)t =)+ Blt = r)alt =) + Oft = )| + p(t) A (¢ = (e = 1)

+ B'(t - r)x(t —r)+C'(t—r)+ (At —r)x(t —r)+ Bt —7r) —'(t)2'(t — 7’)} =0.
(4.37)
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Splitting equation (4.37) with respect to zz(t — r), and solving it for an arbitrary 5(t)
we get, A(t) =0.
Substituting A(¢) = 0 in equation (4.37), we get,

B't)z +C'(t) + (B(t) — /') (at)z + Bt)x(t —7) + p(t)2'(t — 7)) = w(t) [/ (t)x
+ B8 M)zt —r)+p ()2 (t —r)] +a@t)[Bt)x+ C@t)] + L) [B(t —r)x(t —r) + C(t —r)]
+p(t)[B'(t = )a(t =) + C'(t =) + (B(t =) =/ ()2l (t = )| =0. (4.38)

Splitting equation (4.38) with respect to x and solving it we get,
B(t) = a(t)w(t) + c1, (4.39)

where ¢y is an arbitrary constant.

Since w(t) = w(t — 1), we get
B(t) = B(t — 1) = [a(t) — a(t — r)]w(t). (4.40)

Splitting equation (4.38) with respect to the constant term we get,
C'(t) = at)C(t) +BH)C({t—1)+ pt)C'(t — ). (4.41)

That is C(t) solves equation (4.34).
Splitting equation (4.38) with respect to x(t — r), we get,

[B(t) — B(t = 1)]B(t) = w(t)B'(t) + ' (1)B(t) + p(t) B'(t — 7). (4.42)
Splitting equation (4.38) with respect to z'(t — r), we get,

[B(t) = B(t —1)]p(t) = w(t)p (1) (4.43)

Based on the symmetry analysis we have performed so far, we establish the following

results:

Theorem 4.6.1. The first order neutral differential equation given by equation (/.534),

t
for which a(t) # a(t —r), and &/ (t — r) # _B80 admits a three dimensional group

p(t)’
generated by

ult)B(t) — 3 (1) u(t)3(t) — B'(1)
G = NEcrories ‘“; | m@)e/ 50 + ot -0 0.

. 0 . 9
¢ _l‘%a 3 _C(t)ax’

where pu(t) = a(t) — a(t —r) and C(t) solves equation (4.34).
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Proof. Using equation (4.40) in equation (4.42), with the notation u(t) = a(t) —a(t —r),
we get,

[B(t) + p(t)a (t — )]’ (t) + [B'(t) — u(t)B(1)]w(t) = O,

which can be solved to give

u(t)B(t) — B'(t)
w(t) = ch/ B(t) + p(t)a’(t — ) dt, (4.44)

where cg is an arbitrary constant.

Substituting equation (4.44) into equation (4.39), we get,

/ uOBE) —p't)
B(t) = csa(t)e! BE) +p)t—7) " 4 )

Consequently,

[ H0s0 5,
T(t,x) = |caa(t)e B+ e E=7) " Loy ] 2t C(t).

Thus, the most general infinitesimal generator of the Lie group is given by

.8 9

JRECLE: O JECLURS. O
ey |of BOF 0T L ol FO+ DT 2| )

XT

0

If co # 0, the substituting equation (4.40) in equation (4.43), we get

[a(t) — a(t —r)]w(t)p(t) = w(t)p'(t), which can be solved to give p(t) = 03ef“(t)dt, where
c3 is an arbitrary constant.

If co = 0, then w(t) = 0. Consequently, B(t) = ¢; and Y(¢,2) = cix + C(t). The most

general infinitesimal generator of the Lie group in this case is given by

0 0 )

O]

Let us turn to see what happens when a(t) = a(t — r). We establish the following result

for this case:
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Theorem 4.6.2. The neutral differential equation given by equation (4.3]), satisfying
a(t) = a(t —r) admits either

1. A two dimensional group generated by

0 0
= (ﬂﬂ—xl(t))%v G :x1(t)8—x,

Or,
2. A three dimensional group generated by

1 Q xa(t) 0 .
Bt) + p(t)a(t) ot~ B(t) + p(t)a(t) Oz’

: _B)
provided a(t) # D)

depending on w(t).

Proof. Suppose a(t) = a(t — r), then from equation (4.40) we get B(t) = B(t —r), and

hence from equation (4.43) we get
w(t)p'(t) = 0. (4.47)

If w(t) = 0, then consequently B(t) = ¢1, and hence T (t,z) = c1z + C(¢).

Thus the infinitesimal generator of the admitted Lie group is given by equation (4.46).
From equation (4.47), if w(t) # 0, then we must have p(t) = ¢4 an arbitrary constant.
Substituing this value of p(t) in equation (4.42), we get

w(t)B (t) + ' (t)B(t) + caB'(t) = 0.
Using equation (4.39), we get
w(t)B'(t) +w' () B(t) + cald/ (t)w(t) + o' (t)a(t)] = 0,

which can be solved to give

Cs
w(t) = ————7——, 4.48
O= 5@+ o0a® 4
where c5 is an arbitrary constant.
. . : . . csat)
Using equation (4.48) in equation (4.39), we get, B(t) = ——%—— + 1.
) 39 W= 50+ st
Consequently,
t
Y(t,x) = __alh) +o |z+C1). (4.49)

B(t) + p(t)e(t)
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The infinitesimal generator of the admitted Lie group in this case is given by

¢* :wg+T2
[ 4.50)
_ 1 0 za(t) 0 ) o o (4.
=c5 B(t)—l-P(t)oz(t)a"‘/B(t)_i_p(t)a(t)% +clx%+ ()%'
U

Finally, let us turn to the case when p(t) = 0. In this case equation (4.34) becomes a

first order delay differential equation

7' (t) = a(t)z(t) + Bt)z(t — 1), (4.51)

Following the analysis given above equation (4.42) becomes
[B(t) — B(t —r)]B(t) = w(t)B'(t) + &' () B(1). (4.52)

We then establish the following result

Corollary 4.6.1. The first order delay differential equation given by equation (4.51),

for which a(t) # a(t —r), admits a three dimensional group generated by

0 _ B
= e/u(t) B(t) dt(;at +wa(t)e/u(t) A(t) * o e 9 G = D(t)2

Oz 2T T 8T ox’

where pu(t) = a(t) — a(t —r) and D(t) solves equation (4.51).
Proof. With p(t) = 0, equation (4.41) becomes C’(t) = a(t)C(t) + S(t)C(t — r).
Using equation (4.40) in equation (4.52), with the notation u(t) = a(t) — a(t — r), we

get,
[B(t) + &/ (t = m)]w'(t) + [B'(t) — p(t) B(1)]w(t) = 0,

which can be solved to give

foo- 5t

w(t) = cge (4.53)

where cg is an arbitrary constant.

Substituting equation (4.53) into equation (4.39), we get,

s,
B(t) = CGa(t)e/u(t) B(t) t + .
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Consequently,

AW,
Y(t,x) = cGa(t)e/M(t) B(t) t+01 x + D(t).

Thus, the most general infinitesimal generator of the Lie group is given by

R B

L g0
/M(t) A(t) dtgt —I—xoz(t)e/lu(t) p(t) dtaa +611382 + o2

ox

= C2 |€

(4.54)

If ¢¢ = 0, then w(t) = 0. Consequently, B(t) = ¢; and Y'(¢,x) = c1x + D(t). The most

general infinitesimal generator of the Lie group in this case is given by

g‘* — wé + Ti
0 0 ’
=ty + D(t)%.
O

To conclude, we examine what happens when «(t) = a(t — r). We establish the following

result for this case:

Corollary 4.6.2. The delay differential equation given by equation (4.51), satisfying
a(t) = a(t —r) admits either

1. A two dimensional group generated by

a —3”%, G _D(t)ﬁx’
Or,
2. A three dimensional group generated by
1 0  =zalt) 0 0 0

depending on w(t).

Proof. Suppose a(t) = a(t — r), then from equation (4.40), using the fact that
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w(t) = w(t —r) we get B(t) = B(t —r), and hence from equation (4.52) we get

w(t)B'(t) + ' (t)B(t) = 0. (4.56)
which can be easily solved to give w(t) = %, where c¢7 is an arbitrary constant. Then
t
from equation (4.39), we get, B(t) = C;O(Zt(f + ¢1 and hence
t
T(t, z) = {6750(‘5)) + q} z + D(t).
Thus the infinitesimal generator of the admitted Lie group is given by
F= wﬁ + Tg
ot ox (4.57)
=c [18+xa(t)8 +c :cg%-D(t)2 .
~ B ot TR ox) T ox oz’

provided ¢7 # 0. If ¢; = 0, then w(t) = 0. Consequently, B(t) = ¢; and
Y(t,z) = ciz + D(t). The most general infinitesimal generator of the Lie group in this
case is given by equation (4.55). O

4.7 An Example

Consider the first order neutral differential equation given by «/(t) + 2/(t — 7) = 0. The
solution of this differential equation is z(t) = sin¢.

For this neutral differential equation we have seen that, w(t,z) = 0 and

Y(t,x) = cix +sint.

Solving the system,

dt _ dzx — _ .- . i - _
Y t,xz) =0, 5= Y(t,z) = c1Z + sint, subject to the conditions, ¢t = ¢ and = = =z,
when § = 0, we get the above neutral differential equation invariant under the Lie group

- 1
t=t, z=— {ecla(clx + sint) — sin t}.
C1

—~

The generators of the Lie group (or vector fields of the symmetry algebra) corresponding

to this neutral differential equation are given by,

(1= T and (5 = smt%.

4.8 Symmetries of a Nonlinear Neutral Differential Equa-

tion
In this section we consider a nonlinear case obtaining symmetries of

'(t) = z(t)x(t —r)+ h(t) +2'(t — ), (4.58)
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where h(t) is a positive real valued differentiable function.
Applying the operator defined by equation (4.30) to the delay term g(t) =t — r, we get
w(t,z) =w".

Applying the operator defined by equation (4.30) to equation (4.58) we get

Ti+ (T — wi)a’ — we'? = 21T+ z(t — )T + wh'(t)
T+ (Vo) — W) (= 7) =y (= 7)° (4.59)

Splitting equation (4.59) with respect to z’ 2 we get w, = 0 which can be solved to give
w = w(t).
With this and equation (4.58), equation (4.59) becomes

i+ (Vo —wi)zz(t —r) +h(t)+2'(t — )] = 27" + 2t —r)T + wh/(t)
+ Tz;r + ( af(t—r) - w{,,,):z:'(t - T)' (460)

Differentiating equation (4.60) with respect to x(¢t — r) twice and splitting the resulting
equation with respect to z, we get T;(t%) olt—r) = 0 which can be solved to give

Y(t,z) = A(t)z + B(t).

Substituting this value of Y'(¢,z) in equation (4.60) we get

A't)z+B'(t)+(A(t) = () [zx(t—r)+h(t)+2' (t—71)] = 2[A(t—r)x(t—7)+ Bt —71)]
+x(t—r)[A(t)z+B#)]+w )W (t)+A (t—r)x(t—r)+B' (t—r)+(A(t—r)—w'(t))z' (t—r) = 0.

(4.61)
Splitting equation (4.61) with respect to x, we get,
A(t)=B(t—r). (4.62)
Splitting equation (4.61) with respect to the constant term,
B'(t) + h(t)[A(t) — &' (t)] = w(t)R' (t) + B'(t — r). (4.63)
Splitting equation (4.61) with respect to zx(t — r), we get,
At —r) = =u/'(t). (4.64)

Splitting equation (4.61) with respect to z'(t — r), we get,

At) = A(t — 7). (4.65)
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Splitting equation (4.61) with respect to x(t — r), we get,
At —r) = —B(t). (4.66)
Using equation (4.65), equation (4.64) becomes
W'(t) = —A(t). (4.67)
Using equation (4.65), in equation (4.66), we get
B(t) = B(t —r). (4.68)

Using equation (4.67) and (4.69), in equation (4.63), we solving the resulting equation

get
C1
t) = , 4.69

w(t) = i (169

where co is an arbitrary constant.
!/
t
Hence from equation (4.67) we get A(t) = c2 h};/g()t)’ and from equation (4.66) we get
h(t h'(t

B(t) = h5/g ()t) c3 — h3/2((2)€) c4, where co, c3 and ¢4 are arbitrary constants.

Consequently, T'(¢,x) = [ W (t) ]x W (t) n"(t)

sy T T Cherey T )
Hence the general form of the infinitesimal generator of the admitted Lie group is

., 0 o
o b 1 (t) 1 (t) W) o (4.70)
~ VRt ot * {Cz W?(tJ et~ “Rs(t) 0x

Thus we observe that the Lie group is four dimensional generated by

19 . K1) o
C2_xh3/2(t)87x7

G = Vh(t) ot

L MO oo L. M)
G = h5/2(t) Oz’ = h3/2(t)

S

4.9 Summary

We have obtained the symmetries of the first order non-homogeneous neutral differential
equation with a general delay. We can make a group classification of the first order
neutral differential equation into the following cases. In all cases we see that the first order
neutral differential equation admits linear symmetries. The three cases are presented

below:

1. If p(t) #0,5(t) # 0, and if 1 (t) is a general solution of the associated homogeneous
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neutral differential equation, then the non-homogeneous neutral differential equation
admits a symmetry algebra of infinite dimension, due to the linear superposition

principle, given by the vector field xl(t)ai

z

. If p(t) = 0,6(t) # 0, and if z4(t) is a general solution of the associated homogeneous

delay differential equation, then the non-homogeneous delay differential equation
admits a symmetry algebra of infinite dimension, due to the linear superposition
principle, given by the vector fields xg(t)a% and (x — :cg(t))c%, where x3(t) is the
solution of the non-homogeneous delay differential equation, 2'(t) = a(t)z(t) +
B(t)x(g(t)) — Boy(t). Further, if the delay differential equation is homogeneous,
then it admits a symmetry algebra, again of infinite dimension, given by vector
fields zo(t) 2 and x .

. If p(t) = 0,5(t) = 0, then the ordinary differential equation admits a symmetry

algebra of infinite dimension, due to the linear superposition principle, given by

t
vector fields, z-2 and exp([ a(s)ds)) <.

For the first order linear neutral differential equation with variable coefficients and most

standard time delay, we have established a Lie type Invariance condition using Taylor’s

theorem for a function of several variables. We have also illustrated the group methods

for a nonlinear first order neutral differential equations. Our results can be summarized

as

(i)

(i)

(iii)

The general form of the infinitesimal generator of the admitted Lie group for the
first order neutral differential equation (4.34), for which «(t) # «(t — r), and
t
o (t—r)# _ﬁét))’ is given by equation (4.46).
p
The general form of the infinitesimal generator of the admitted Lie group for the
neutral differential equation (4.34), satisfying a(t) = a(t — r) is given by equation

(4.50).

The general form of the infinitesimal generator of the admitted Lie group for the

nonlinear neutral differential equation (4.58), is given by equation (4.70).

The general form of the infinitesimal generator of the admitted Lie group for the
first order delay differential equation (4.51), for which a(t) # a(t —r), is given by
equation (4.54).

The general form of the infinitesimal generator of the admitted Lie group for the
first order delay differential equation (4.51), for which «a(t) = a(t — r), is given by
equation (4.57).
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5.1 Introduction

In this chapter, we study the second order delay differential equation

2/ (t) = f(t,z(t), o' (t),x(t —r), 2" (t — 1)), (5.1)

where f and z are real valued functions defined on the domain I x D*, where I is an

dz
interval in R, D is an open set in R and r > 0. The notation «'(t — ) means — (¢ — r).

dt
&U((z?f—r) # 0 and aﬂv/((?ff—r) # (0. We specify the delay point ¢t — r, in

order to completely determine the problem. We shall see different cases of the equation

We assume that,

under study and obtain the equivalent symmetries for each of these cases.

In papers [59, 60], we find the application of symmetry analysis to delay differential
equations. This research defines and uses an operator equivalent to the canonical Lie-
Bécklund operator. This operator is then used for obtaining symmetries. A research
paper by [51] obtains equivalent symmetries of a second order delay differential equa-
tion by following an approach different from ours. It should be noted that in [51]
too, an operator equivalent to the canonical Lie-Béacklund operator is defined. The
splitting equations obtained by [51] are with respect to terms with double delay as
well. Our approach dosen’t result in any terms with double delay. Systems of second
order linear ordinary differential equations with constant coefficients are thoroughly
provided their group classification in [36]. In chapter 2, an admitted Lie group for
first order delay differential equations with constant coefficients is defined, and the
corresponding generators of the Lie group for this equation are obtained. The approach

in chapter 2 consists of using Lie Backlund operators to obtain the determining equations.

Given any equation, the problem of finding all equations, which are equivalent to that
given equation, is called an equivalence problem. If the given equation is linear, then the
equivalence problem is called a linearization problem. Consider a linear second order

ordinary differential equation
2" +at)r’ + )z = h(t). (5.2)

By an equivalent Lie group we mean a Lie group of transformations of the dependent
and independent variables, and their coefficients which preserve the differential structure.
This group allows simplifying the coeflicients of the equations. Sophus Lie showed that

any linear second order ordinary differential equation (5.2) is equivalent to the equation

2" =0. (5.3)
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In chapter 1, we have seen that the ordinary differential equation given by equation (5.3),

admits the eight-dimensional Lie algebra spanned by the generators

R U R R R}
Cl_aa CQ_%v C3_t8t7 44_178157 C5_$(9a:7
* 9 * Q ZE *_29 E

If one tries to find an admitted Lie group for equation (5.2), then the system of determining
equations consists of four second-order ordinary differential equations. This system, in

general, cannot be solved. In this chapter, we do group classification of

2" (t) +at)'(t) + B)2 (t —r) +y()x(t) + p(t)x(t —r) = h(t). (5.4)

5.2 Lie Type Invariance Condition for Second Order Delay

Differential Equations

Formally, a second order delay differential equation is defined as follows:

Definition 5.2.1. (Second Order Delay Differential Equation)
Let J be an interval in R, and let D be an open set in R. Sometimes J will be [to, (),
and sometimes it will be (o, 3), where a < tq < 3. Let f: J x D* — R. Conveniently,

a second order delay differential equations is expressed as

2/ (t) = f(t,z(t), z(t —r), 2/ (t), 2" (t — 1)), (5.5)

where z and f are real valued functions.

We consider equation (5.5) for tg < ¢t < [ together with the initial function

x(t) = 6(t),for v <t <tp. (5.6)

where 6 is a given initial function mapping [vy,%o] — D, and ~ is some real number less
than to.

Definition 5.2.2. (Solution of a Second Order Delay Differential Equation)
By a solution of the delay differential equations (5.5) and (5.6) we mean:
A differentiable function x : [y, 51) — D, for some 1 € (o, 5], such that,

1. z(t) = 0(t) for v < t < 1y,
2. z(t) reduces equation (5.5) to an identity on to <t < f.

We understand z’(tp) to mean the right-hand derivative.
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In this section, we shall obtain a Lie type invariance condition for second order delay
differential equations. In order to determine this delay differential equation completely,
we need to specify the delay term, where the delayed function is specified, otherwise the

problem is not fully determined.

We establish the following Lie type invariance condition using Taylor’s theorem which is

a novel approach for obtaining symmetries of second order delay differential equations.

Theorem 5.2.1. Let a function F be defined on I x D x I —r x D3, where D is an open
set in R, I is an open interval in R and I —r = {y—r:y € I}. The Lie type invariance
condition for
d*x , ,
ﬁ :F(t,x(t),tfr,x(tfr),x(t),x(t—r)), (57)

is given by

WwF,+TF, +W'F_, + TTFI(t,T) + T[t}Faz’(t) -+ T‘[;]Fx’(tfr) =

2

T + (2010 — wip)x' + (Vpw — 2wiz )2’ — Wy + (Ve — 2wy)x” — 3wpa'z”,

where,
Ty = Di(Y) — 2'D(w) =3 + (T — wi)a — wea”®,
/" a

0 0
Ty = De(Yjy) — 2" De(w), where Dy = ET + 55,% +o B +o

and, w" =w(t —rx(t—r)), Y =Tt —rzt—r)).

Proof. Let the delay differential equation be invariant under the Lie group
t=t+dw(t,z)+ 0(5?),

T =x+87(t,x)+ O(5?).

We then naturally define,

t—r=t—r+0wt—razt—r))+0(?%) and

2t —r) =zt —r)+ 0Tt —rat—r1))+O(5?).

Then,

dz
ir g
. dt
dt

= % 4 L)+ 07| (1~ (1 + )+ O(6?)]
dx

- E + [n + (Tg} - wt)x’ — wxa:’Q]cS + 0(52)

With the notation,
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0 0
Dt a‘i_ﬁ(:%

we can write,

dr _ dz o 9
8 = S (DY) — ' Du(w))5 + O(5?)
_dzx
= Z +T[t]5+0(5)

where 1 = Dy(T) — 2/ Dy(w) = 13 + (L — wy)2’ — wea'.

Considering the second-order extended infinitesimals, we can write

d*z d (dzx

=i ()

% [‘;9; + [Dy(Y) — Dy(w)a')5 + 0(52)}
1+ 6Dy(w) + O(52)

= <f;2 + Di(Y}y)0 + 0(52)> (1= 6Dy(w) + O(8%))
d2a:
T od?

+ (Dy(Yy) — Di(w)a”)s + O(5%).

So,
T[tt] = Dt(T[ﬂ) - .f”Dt((JJ).

As T}, contains ¢,z and 2, we need to extend the definition of Dy, so,

0 0 0
_D 7 . n_-
t= 5 + 2 97 +x o7 +-
Expanding 1, gives,

1

Ty = Yir + (200 — wit) 2" + (Voo — Qte )T — wept™ 4+ (T — 2wp)z” — Bwea'z”.

With the notations,
Ww=wt—rx(t—r7)), T =7(t—rxz(t—r))), it follows that,

= l’l(t - ’I“) + [(Tr)tfr + ((Tr)x(t—r)
= (@)e=p)2(t = 1) = (2" (t = 7))} (W )a(s-r))8 + O(6%).

Let T = (T y + (T )aur) — (@) (E = 1) = (@ ( = 1))2 (@ age .

d’z e ———— d¥ dX
For invariance, F}; = F(t,x(t),t —r, (x(t —r)), d—:;, d%tf(t —7)).
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This gives,

d2

el + 26 + O(0%) = F(t + dw + O(6%),z + 6T + O(6?),

t—1 40w +O(6), 2(t — 1) + 57" + O(6?),

‘fl + 62}y + O(67), Ccll (t—r) + 170 + 0(5%))
=F(t,z,t —rx(t—r),2'(t), 2" (t —r))+

(O.)Ft + TF + wTFt_T + rr Fz(tfr) + T[t]Fx/(t)
+ T Far(i—))6 + O(8%).

Comparing the coefficient of §, we get

WFt+TF +wrFt r—i—T F (t ’f‘) +T[t} (t)—i_:-r\[t] /(t T‘) =
Tie + (2Vie — wip)r' + (Vpw — 2wm)z’2 — Wy + (Ve — 2wy)2” — 3wza'2”.  (5.8)

The above obtained equation (5.8) is a Lie type invariance condition for a second order

delay differential equation. a

We can define a prolonged operator for the second order delay differential equation as:
LA L R L
ot ot —r) Ox ox(t—r)

We then, naturally define the extended operator, for a second order delay differential

equation as:

9 o . 0 8 B, 9
ot a(t — 7») +T%+T m'}‘ym or / [t] a:L'/(t — 1") +T[tt] or (59)

Defining, A = 2”(t) — F(t,x(t),t — r,z(t — r),2'(t), 2’ (t — r)) = 0, we get,

(WA =Yy —wF, = YFy —w Frp = T oy — YigFoy — Yy Foe—ry.  (5.10)

Comparing equation (5.10) and equation (5.8), we get,

Yieg = Vit + 20w — wit) ' 4 (Veow — 2012 )2 — Wt + (T — 2wy) " — 3w’z

On substituting z” = F into (WA = 0, we get an invariance condition for the second
order delay differential equation which is (WA |a—o= 0, from which we shall obtain the

determining equations.
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5.3 Symmetries of A Non-homogeneous Second Order De-

lay Differential Equation

Consider the delay differential equation with variable coefficients which are twice differ-

entiable:
2"(t) + )2 (t) + B(t)2' (t —r) + y(t)x(t) + p(t)x(t —r) = h(t). (5.11)

Proposition 5.3.1. If z1(t) is an arbitrary solution of equation (5.11), then by employing
the change of variables t =t, T = x — x1(t), the delay differential equation given by

equation (5.11), gets transformed a homogeneous delay differential equation, namely,
2"(t) + a(t)'(t) + )2’ (t —r) + y()x(t) + p(t)z(t — ) = 0. (5.12)

Proof. The propsition easily follows by substituting ¢t = ¢ and z(t) = T + x1(¢) in (5.11),
and by noting that
2 (t) + a(t)zy () + B (E —r) +v(O)z1(t) + p(t)zr(t — 1) = h(t). O

Proposition 5.3.2. By employing a suitable change, the delay differential equation
() + o ()2’ () + /)2 (t —7) +n()x(t) + p1(t)z(t —r) =0, (5.13)

with a1 (t), B1(t),v1(t) and pi(t) twice differentiable functions with variable coefficients

can be reduced to a one in which the first order ordinary derivative term is missing.

Proof. By employing a change, x = u(t)s(t), where u(t) # 0 is some twice differentiable

t
function in ¢ and with s(t) satisfying s(t) = equ(_/ al(g)dﬁ

) + so, where sg is an

arbitrary constant, equation (5.13), can be reduced to

W) + B0t = 1)+ ral)ule) + pa(Ou(t ) = 0, where 5a(t) = () ",

s"(t) + an(t)s'(t) + n(t)s(?) _ L)' E—r) + pr(B)s(t —7) B
s(t) ’ s(t) '

This is similar to what is done to second-order ordinary differential equations to remove the

and pa(t)

Y2 (t) =

coefficient of the first derivative term. This change does not alter the group classification
of (5.11).

We shall consider equivalent symmetries of

2" (t) + B)x (t —r) +y()z(t) + p(t)z(t — 1) = 0. (5.14)

Let us specify the delay point,
t"=g(t)=t—r. (5.15)
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Applying operator (1) defined by equation (5.9) to equation (5.15), we get,

w' = w. (5.16)

Applying operator ¢((V) defined by equation (5.9) to equation (5.14), we get,

Ttt+(2Y}m—wtt)$’+(Tm—thx)x'Q—wmx'?’+(Tm—2wt)(—6(t)x'(t—7“)— (t)x—px(t—r))
= Bwe’ (B2 (t —7) = () — pr(t — 7)) = —[w(B ()2 (t — 1)+ )z + o/ (t)z(t — 7))
FAOT + p0)T" + BT, + Ty — i)' (E = 7) = whp (2t = 1)%))].

(5.17)
Differentiate equation (5.17) with respect to z'(t — r) twice, we get,
w;(tfr) = 0, which we can easily solve to get,
w(t,x) = A(t). (5.18)

Differentiate equation (5.17) with respect to z(t — r) twice, we get,
p(t) 5 r)a:(t ) T BOYG 0y wt—r) @(t—r)
+ BV mya—ryott—r) ~ Clr) @(t—r) (- E E—=7) = 0.
Splitting the equation with respect to /(¢ — r), and using the fact that () # 0 we get,
Vove = Wiz = 0,
which is solved to give,

Tt z) = %B(t):vQ + Otz + D(b). (5.19)

Substituting equations (5.18) and (5.19) into the determining equation (5.17), we get,

%B”(t)wQ +C"(t)x + D" (t) + (2(B'(t)x + C'(t)) — A" (1))’ + B(t)(z'(t — r))?
+ (B(t)z + C(t) = 24(1))(—=B(t)'(t — ) —v(t)x — p(t)z(t — 1))
= —[ADOEF' 2"t =)+ Oz + o ()2t = 7)) + 1) (5B t)z? + C(t)z + D(1))
+ p(t)(%B(t — )2t — 1) + Ot — r)a(t — 1) + D(t — 7))
+ B(t )[( "t —r)a*(t —r) +C'(t —r)x(t —r) + D'(t — 7))
+(Bt—-r)zt—r)+Ct—r)—A{t—r))'(t—r)]]. (5.20)

—_

Splitting equation (5.20) with respect to x2, we get,

B'(t) = B(t)y(t). (5.21)
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Splitting equation (5.20) with respect to x, we get,
C"(t) = = (1) A(t) — 2v(t)A'(t) — 2B'(t). (5.22)

Splitting equation (5.20) with respect to z/(t — r), we get,

A"(t) = 20" (t). (5.23)
Splitting equation (5.20) with respect to (2/(t — r))?, we get,
B(t) = 0. (5.24)

As a consequence of B(t) = 0, equation (5.19), reduces to

Y(t,z) = C(t)x + D(t). (5.25)
and equation (5.22) reduces to,
C"(t) = =/ () At) — 27y () A' (D).

Using B(t) = 0, equation (5.20), simplifies to

C"(t)z+D"(t)+(2C"(t) - A"(t))a'+(C(t) —24'(1))(=B(t)2 (t—r) =y ()z—p(t)z(t—7))
= —[A®) (B )" (t—r)+7 (t)z+p (t)2(t—7)) +7()(C(H)z+D(t))+p(t) (C(t—r)a(t—7)
+D(t—71))+BO)[(C'(t—r)x(t—r)+ D't —7r))+ (Ct—r)—A{t—r)a'(t —r)].

(5.26)
Splitting equation (5.26) with respect to z(t — r), we get,
p(M[C(t) — C(t —1)] = p'(A() + BE)C(t — ) + 24/ (t)p(t). (5.27)
Splitting equation (5.26) with respect to #/(t — ), we get,
BHIC(EH) = Ct—r)] = A@t)B'(t) + B(t)(24'(t) — A'(t —1)). (5.28)
Since w = w”, equation (5.28) becomes
BEIC(t) = C(t—r)] = A@)F'(t) + B(H)A'(t). (5.29)

Splitting equation (5.26) with respect to constant term, we get,

D"(t) = =pt)D'(t —r) —=v(t)D(t) — p(t) D(t — 7). (5.30)
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That is, D(t) satisfies the homogeneous second order delay differential equation (5.14)
So far we have obtained from equations (5.16), (5.22), (5.23), (5.25), (5.27), (5.28) and
(5.30)

w=w", T =Ct)z+D(®). (5.31)

wie = 2C"(t), C"(t) = = (H)w — 27(t)w. (5.32)

D"(t) = =Bt)D'(t —r) — 4(t)D(t) — p(t)D(t — 7). (5.33)
BOIC(t) — Ot — )] = wh'(t) + B()w'(t). (5.34)
p(B[C([E) — C(t —7)] = p'(t)w(t) + BE)C"(t — 1) + 20 (t)p(2). (5.35)

Integrating equation (5.32), we get, C(t) = % + ¢1, where ¢ is a constant.
Since w = w", we have, C(t) = C(t —r).
Hence, equation (5.34) gives,
Bt (t) = e, (5.36)

where co is an arbitrary constant.

Equation (5.35) can be written as

P (t)w + 2wip(t) = —B)C'(t — 1)

= - (5.37)
B(t)

=T Wit
2

We now make a complete group classification of equation (5.14), by proving the following

results:

Theorem 5.3.1. The second order delay differential equation given by equation (5.1/4),
for which B # 0, p # 0 admits a three dimensional group generated by

0 1 0 x(ﬂ%t))’ 0 0

o (= e b 2 g =D(t)—.
Proof. Substituting C(t) = % + ¢1, in equation (5.32), we get,
witr = — (2 (H)w + 4y(t)wy or wwyy = — (2 (H)w? + 4y(t)wwy.
Integrating this, we get,
2

Wy — % + 2y(t)w? = 3, (5.38)
where c3 is a constant.
If co # 0, then from equation (5.36),

w=—. (5.39)
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From equation (5.31),

T(t2) = (C; (%) + cl> + D). (5.40)

From equation (5.37), we get, p/(t) — 2

p'(t) (ﬁ’(t))2>
p(t) sy )

This is a linear differential equation yielding solution p(t) = c48%(t) +

o(t) =5 (ﬁ”( ) -
A0
where ¢4 is an arbitrary constant. 2
From equation (5. 38)

B\, B"(t) _
v(t) = l 562(t) — <ﬁ(t)> + ﬁ(t)],where%—cg.
Since, w = w", B(t) = B(t —r),

In this case we get coefficients of the infinitesimal transformation as

2

w= g0y T:x(; (&%)lﬂ%l) +D(t). (5.41)

The infinitesimal generator in this case is

C* —Cl.Taa + e <52)6+926 (5@))/ 0 ) +D(t)881:’ (5.42)

where D(t) is an arbitrary solution of equation (5.14).
If ¢ = 0, then
w=0, T =cz+ D). (5.43)

The infinitesimal generator is given by

0

¢ =(azx+ D(t))% (5.44)

O]

Theorem 5.3.2. The second order delay differential equation given by equation (5.14),
for which B # 0 and p = 0 admits a three dimensional group generated by

*_8 . 0 . 0
Cl*aa CQ*xgv Cg*D(t)afx-

Proof. We see that from equation (5.35)
C(t —r) = cg, an arbitrary constant.

From equation (5.36),

= 30

From equation (5.37),

w = c7t + cg, both ¢7 and cg being arbitrary constants.
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From equation (5.38), yw® = ¢g, where cg = 5| + 5 |- 1san arbitrary constant.
Further, since w = w", we get ¢y = 0 and w = cs.
If cg # 0, then
C9 Co
t)y=—, B(t) = =.
W0 =580 = 2
The infinitesimal generator in this case is given by
0 0
=g — D(t))—. 5.45
¢ Csat+(06$+ ())895 (5.45)
If cg = 0, then w =0 and 7" = ¢z + D(1).
The infinitesimal generator in this case is given by
¢* = (o + D(t)) (5.46)
= (cox —. .
0 Ox
O

Theorem 5.3.3. The second order delay differential equation given by equation (5.1/),

for which B =0, p # 0 admits a four dimensional group generated by

szig C§=K p/(t)):c} 0 c;;:xa%, g;:p(t)a%.

o) O “rw) | oe
Proof. We see that from equation (5.37), we get,
_ [0
p(t)
Hence,

If ¢19 # 0, then from equation (5.38),

1[ e pl(t) 5 ( p'(t)>2
)= |—plt)+ - = .
=3 me( AP OREAW)
The infinitesimal generator in this case is given by,

N clg 0 o' (t)v/c10 ) } 0
U A AT pw| Z.
C=pwmart [( 1) )P0 5,
If ¢c1p =0, then w = 0,7 = 1z + D(¢).

Hence, the infinitesimal generator in this case is given by,

0

¢ =(ax+ D(t))%

(5.47)

(5.48)
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5.4 An Illustrative Example

We shall apply symmetry analysis and make a group classification of a delay differential
equation arising in control systems studied in [9]. Consider, a system whose motion
is governed by a second order, linear homogeneous differential equation with positive
constant coefficients, given by, mz” (t) 4+ ba'(t) + ka(t) = 0. Let b represent the damping
coefficient. In [37], the system studied is a ship rolling in the waves and x is the angle
of tilt from the normal upright position. As one must be more ingenious in trying to
increase b, ballast tanks, partially filled with water, are introduced in each side of the
ship. A servomechanism designed to pump water from one tank to the other attempts
to counteract the roll of the ship. Hopefully, this introduces another term proportional

to 2/(t), in the equation, say g’(t). Thus, we consider,
ma” (t) + ba' (t) + g2’ (t) + kx(t) = 0. (5.49)

If one recognizes that the servomechanism cannot respond instantaneously, then instead

of equation (5.49), we must consider,
ma” (t) + ba'(t) + gz’ (t — r) + kz(t) = 0. (5.50)

The control takes time > 0 to respond and thus the control term is proportional to the
velocity at earlier instant, ¢ — r. It seems possible that such a time lag could result in
the force represented by gz/(t) being in the opposite direction to that which is desired.
Having explained the model, we can make a group classification of the second order delay

differential equation (5.50) representing it. We can rewrite equation (5.50) as:

2" (£) + %x'(t) + %x'(t —7)+ %x(t) = 0. (5.51)

Following the approach given in the previous section, and keeping to the same notations,

we see that, B(t) = g, a constant and p(t) = 0. Performing symmetry analysis of
m

equation (5.50), we get, w = c¢11, a constant and 1" = cjox + E(t), where ¢q2 is an

arbitrary constant and FE(t) solves equation (5.50). Hence, the generators of the Lie

0 0
group (or vector fields of the symmetry algebra) are given by, (f = T ¢ = xa— and
x

0
G=F (t)%-
Furthermore, solving the system,
dt dx

i w(t,z) = c11, 5= T(t,z) = c12% + E(t), subject to the conditions, ¢t = ¢ and
Z =z, when § = 0, we see that the delay differential equation given by (5.50) is invariant
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under the Lie grou
F=t+cnd, &= — |2 (crpm+ B(t)) — E(t + c1nd)].
€12
It is noteworthy to mention here that this model actually arose during tests of systems

for anti rolling stabilization of a ship before World War II which is seen in [38].

5.5 Summary

We have obtained the infinitesimal generators of equation (5.14), and based on the

various cases we can classify the second-order delay differential equation as

1. The delay differential equation (5.14) with 8 # 0, p # 0, admits the infinitesimal

generator given by equation (5.42).

2. The delay differential equation (5.14) with 8 # 0, p = 0, admits the infinitesimal
generator given by equation (5.45).

3. The delay differential equation (5.14) with 5 = 0, p # 0, admits the infinitesimal

generator given by equation (5.47).
The results can be summarized as a Table 5.1 below:

Table 5.1: Group Classification of the Second Order Delay Differential Equation

Type of Second Order Delay Differential Equation Generators
(8 + Bt (t—1) + (D) + (Bt —1) =0, | cr = 9
) B'(t) ox /
pt) = caf*(t) + — =, Cg_la+x(1>a
1) = [ gy - 2 (20 ﬁ"“)] Y R
2™ 2\B(t)/) B G =Dlt)5-
G=2
2(1) + B(t)a’(t =) + y(1)a(t) = 0. oy
(1) = G =g,
8 0
G = D(t)%-
R
Cl - p(t) 8?5’
2 (1) + () (t) + p(t)a(t — 1) =0, a=|( A0, )e] o
A1) = Ly + LD 5 (p’(t)ﬂ pP2(t)) ] Ox
2 C10 2 p(t) 8 p(t) Cék — xax,
G =D(t) 5
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6.1 Introduction

In this chapter, we obtain a Lie type invariance condition and make a complete group

classification of the second order neutral differential equation

2'(t) = f(t,x(t), 2 (t),z(t —r), 2 (t —7r), 2" (t — 1)), (6.1)

where f is defined on I x D°, where I is an open interval in R, D is an open set in
2

d d
R, r > 0 is the delay, 2/(t — r) and (¢ — r) mean d—f(t —r) and ﬁf(t — r) respectively.
of of
— #0, ———— #0and ————
oz(t —r) 70, o' (t — ) 70 an A" (t —r)
find a group under which this neutral differential equation is invariant. We call this

We further assume, # 0. We shall first

the admitted Lie group by which we mean that one solution curve is carried to another
solution curve of the same equation. We then use this group to obtain the desired
symmetries. Such group classification of differential equations aid in modeling problems

in the fields of mathematics, physics, engineering and mechanics.

In [7], the Lie symmetries of systems of second order linear ordinary differential equations
with constant coefficients over both real and complex fields are exhaustively described.
The research also proposes an algebraic approach to obtain bounds for the dimensions of
the maximal Lie invariance algebras possessed by such systems. Further, such systems
are thoroughly provided their group classification in [36, 39], with extensions to linear
systems of second order ordinary differential equations with more than two equations.
Higher order symmetries for ordinary differential equations are studied in [23]. Another
research paper suggests a group method to study functional differential equations based
on a search of symmetries of underdetermined differential equations by methods of
classical and modern group analysis, using the principle of factorization. The method
therein, encompasses the use of a basis of invariants consisting of universal and differential
invariants [34]. In chapter 4, we have obtained an invariance condition and used it to
make a group classification of first order neutral differential equations with variable

coefficients and the most general time delay.

In this chapter, we use Taylor’s theorem to obtain a Lie type invariance condition for
2" (t) + a(t)x'(t) + B(t)2'(t — r) +y(t)x(t) + p(t)ax(t — r) + w(t)z"(t —r) = h(t), (6.2)

where «(t), 5(t),v(t), p(t), k(t) and h(t) are continuously differentiable functions.

Using this, we suitably define an operator, its prolongation and extension and use it
to obtain our determining equations. These equations are then split with respect to
the independent variables to obtain an over-determined system of partial differential
equations, which are then solved to obtain the most general generator of the Lie group

and the corresponding equivalent symmetries. It may be noted that while performing
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the symmetry analysis of this second order neutral differential equation, we have come
across nonlinear ordinary differential equations. It is seen that in most cases, we do
not get an explicit solution due to the arbitrariness of the variable coefficients. As
such, we do not get explicit infinitesimal generators. By then choosing particular values
of the variable coeflicients or restricting our differential equation by choosing certain
values of the obtained constants (which does not alter the symmetries obtained), we
illustrate the infinitesimal generators of the admitted group, which are explicitly obtained,
for these special cases. We then obtain the group classification of this second order
neutral differential equation and as a special case obtain a group classification of the
corresponding second order delay differential equation. The complete classification is
presented as tables at the end. It is noteworthy to point out here that there is no existing

literature on the group classification of neutral differential equations.

6.2 Lie Type Invariance Condition for Second Order Neu-

tral Differential Equations

Formally, a second order neutral differential equation is defined as follows:

Definition 6.2.1. (Second Order Neutral Differential Equation)
Let J be an interval in R, and let D be an open set in R. Sometimes J will be [tg, 3), and
sometimes it will be (a, 3), where a < tg < 8. Let f map J x D> — R. Conveniently, a

second order neutral differential equation is expressed as,

2/ (t) = f(t,z(t), z(t —r), 2 (t), 2" (t —r), 2" (t — 1)), (6.3)

where x and f are real valued functions.

We consider equation (6.3) for tg <t < f together with the initial function

x(t) = 6(t),for v <t <tp. (6.4)

where 7 € R such that v < tp, and 6 is a given initial function mapping [y, to] — D.

Definition 6.2.2. (Solution of a Second Order Neutral Differential Equation)
By a solution of the neutral differential equations (6.3) and (6.4), we mean a differentiable
function x : [y, 81) — D, for some B € (to, 5] such that,

1. z(t) = 0(t) for v < t < 1y,
2. z(t) reduces equation (6.3) to an identity on to <t < f3.

We understand z/(¢p) and z”(tg) to mean the right-hand derivative.
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In this section, we extend the results to second order neutral differential equations given
by equation (6.2). In order to determine this neutral differential equation completely, we
need to specify the delay term, where the delayed function is specified, otherwise the

problem is not fully determined.

We establish the following Lie type invariance condition for second order neutral differ-

ential equations:

Theorem 6.2.1. Consider the second order neutral differential equation

d2z

proi F(t,o,t —rax(t—r),2' (t),2(t—7r), 2"t —r)), (6.5)

where F be defined on a 7-dimensional space I x Dx I —rx D* D C R, I is any interval
inR, and I —r ={y —r:y e I}. Then with the notations, w" = w(t —r,z(t —r)),

YT =7(t—r,x(t —r)), the Lie type invariance condition is given by

W+ T + " Fp + Y Fro oy + Vg Furry + YigFort—r) + Vi Fore—r) =

2

Yo + (2010 — wip)x' + (Vpz — 2wiz )2’ — Wy + (Ve — 2wy)x” — 3wea'z”.

where,
T[t] = Dt(T) — (IZIDt(W),

0 0 0
Ty = Die(Yyy) — 2" Di(w), where Dy = 5% + x'% + x"% +-

T = (" )i—r + (T amr) — (@ )e—r)2' (t = 7) = (2 (t = 1) (W )at—r)

Ty = Oy Y pyatmm) =9y =) E=T) Ve~ 290 — (- (E—
r)? — w;(t_r)w(t_r)x’(t — )34+ (17 = 2wj_ )" (t —r) — Sw;(t_T)x’(t —r)”’(t—r)).

z(t—r

Proof. Let the neutral differential equation be invariant under the Lie group
t=t+6w(t,z) +O0(5?),

T=x+87(t,x)+ O(5?).

We then naturally define,

t—r=t—r+0wt—razt—r))+0(?%) and

r(t—r)=z(t—71)+ 0Tt —r,x(t—1))+ O(?).
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dz
dx _ dr
dt dj
dt
= CC% + (1 + 2p2")s + O(6%) | [1 — (wi + waea’)d + O(5?)]
dx / ” 2
=t 1} + (T — wi)r’ — wez™?]0 + O(67).
With the notation,
0 0
D= — +a/ —
ot T

we can write,

where T = Dy(T) — 2'Dy(w) = 13 + (T — wi)2’ — wpa™.
Considering the second-order extended infinitesimals, we can write
?z  d
a2 dt
d
dt

[DA(T) — ' Dy(w)]6 + 0(52)}

X

s
Cdt?

So,

Yy = Di(Yjy) — 2" Di(w).

As T} contains ¢,z and 2, we need to extend the definition of D, so,

0 0 0
Dy=—+a'—+2"

ot o oz’

Expanding 17}, gives,

Yo = Yo + (2012 — wie)2’ + (Vow — 2wi0) 2" — W@ + (T — 2w)a” — Bwpa’a”.

With the notations,

Ww=wt—rxt—r), T =Tt —-rzt—r1)),

1+ 6Dy(w) + O(42)

+ Dy(Y)d + 0(52)> (1= 6Dy(w) + O(52))

+ (Dy(Yyy) — Di(w)a")5 + O(62).
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it follows that,

=2t —7)+ [T )e—r + (1) ag—r)
— (W) (t = 1) = (& (t = 7)) (W")g—r)]6 + O(62),
and

_ d*z
T'(t—r)= ﬁ(t —r)

="t =)+ [Tioryi—r) T QY Gmrye—r) — Wi—ry@—r) % (E = 7)
2

+ (T;:"(t—r)x(t—r) - 2w(rt—7’)ar(t—r))xl(t - T) - warc(t—r)x(t—r)x/(t - T)g
+ (T = 2wi_, )2 (t — ) = 3wl (¢ —1)a" (t — )]0 + O(6%).

Let 2y = (T )t—r + (T a(e—r) — (@ )t=r)2"(t = 7) = (2"(t — 7))*(W")a(t—r) and

Ty = (T(:ffr)(tfr)+(2T(thr2g’x(t7r)_wafr)(tfr))x/(t_r)—'—(:rxr(tfr)x(tfr)_sztfr)x(tfr))‘rl(t_
r)? — w;(t_r)w(t_ﬂx’(t =)+ (T — 2wj_ )" (t —r) — Sw;(t_T)x’(t —r)”’(t—r)).
For invariance,
d*z ___  —— _dr dx d*z
—=F r.t — — — ., —(t — —(t —
A2 (t,$,t 7A737(t T)v dt’ dt (t 7"), A2 (t T’))
This gives,
4’z 2 2 2
2 + Y10 + O(0%) = F(t 4 dw + O(6%),x + 67 + O(5°),

t—r 46w +0(6%),z(t — )+ 67" + 0(5?),
dx

= 0Ty +0(5%),

P
dt?

=F(t,z,t —rx(t—r),2'(t),2'(t —r),2"(t —r))+
(WFt + TF:E + WTthr + TTFm(t—r) + T[t]Fa)’(t)

+ Vi Forg—r) + g Fore—))0 + 0(8?).

dx

dt
(t—7) + 16 + O(6%))

(t—r) + 50+ 0(6%),

Comparing the coefficient of §, we get

Wi +TF + W' By + Y Fro oy + YigFurry) + YigFort—r) + Vi Fore—r) =
Tie + (200 — wit) 2" + (Vw — 2(,um)gv'2 — Wyt + (Ve — 2wp)z"” — 3wea’z”. (6.6)

The above obtained equation (6.6) is a Lie type invariance condition. O

We can define a prolonged operator for the second order neutral differential equation as:
C_WQ—FWT 9 +T2+TTL
- ot ot —r) Ox ox(t—r)
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We then, naturally define the extended operator, for equation (6.2) as:

B ) B ) B ) )
(1): v r_ Y v r_ Y v r
TR s S R s S G R Uf s SR G 7
0
+ Tiu ox"(t —r)

Defining, A = 2”(t) — F(t,z(t),t — r,z(t —r),2'(t),2'(t — r), 2" (t — r)) = 0, we get,
(WA =Yy —wR =T Fo—w Fro =T Fyyoy =Y For iy =Y For ()= Vi P (- (6.7)

Comparing equation (6.7) and equation (6.6), we get,

Yieg = Vit + 20w — wit) ' 4 (Vo — 2012 )2 — W + (T — 2wy) " — 3w’z

On substituting z” = F into (WA = 0, we get an invariance condition for the second
order neutral differential equation which is (WA |a—o= 0, from which we shall obtain

the determining equations.

6.3 Symmetries of A Non-homogeneous Second Order Neu-

tral Differential Equation

Consider the neutral differential equation with continuously differentiable variable coethi-

cients given by
() + a(t)' (t) + b(t)2' (t —r) + c(t)x(t) + d(t)x(t — r) + k(t)z"(t — r) = h(t). (6.8)

Proposition 6.3.1. If z1(t) is an arbitrary solution of equation (6.8), then by employing
the change of variables t =t, T =x — x1(t), the neutral differential equation given by

equation (6.8), gets transformed a homogeneous neutral differential equation, namely,

2" (t) + a(t)2'(t) + b(t)x' (t — 1) + c(t)z(t) + d(t)z(t — r) + k(t)z"(t —r) =0.  (6.9)

Proof. The proposition easily follows by substituting ¢t = ¢ and x(t) = Z + x1(¢) in (6.8),
by noting that
i (t) + a(t)z) (t) + b(t)z) (t —r) + c(t)xi(t) + d(t)xi(t — ) + k()z{(t —r) = h(t). O

Proposition 6.3.2. By employing a suitable change, the neutral differential equation

2" (t)+ar ()2 (t) +b1()2 (t—7) +er(t)x(t) +di(t)x(t — 1) + ki (t)2" (t —7) = 0, (6.10)
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with a1 (t),b1(t),c1(t),d1(t) and ki(t) twice differentiable functions with variable coef-
ficients can be reduced to a one in which the first order ordinary derivative term is

missing.

Proof. By employing a change, x = u(t)s(t), where u(t) # 0 i 1s some twice differentiable
(

)
function in ¢ and with s(t) satisfying s(t) = exp(— f

) + sg, where sg is an

arbitrary constant, equation (6.10), can be reduced to

w'(t) + ba(t)u (t — ) + ca(t)u(t) + da(t)u(t — r) + ka(t)u” (t — r) = 0, where
_ bi(t)s(t —r) 4 2k(t)s'(t — 1) _S"(t) Fai(t)s'(t) + ci(t)s(t)

b2<t) - S(t) ’ 62(t) - S(t) )

bi(t)s'(t —r)+di(t)s(t —r) + ki(t)s” ki(t)

do(t) = o =7 ond ko(t) = o

This is similar to what is done to second-order ordinary differential equations to remove the

O

coefficient of the first derivative term. This change does not alter the group classification
of (6.8).

We shall consider equivalent symmetries of
2"(t) + b(t)2' (t — r) + c(t)z(t) + d(t)x(t — r) + k()" (t —r) = 0. (6.11)

Let us specify the delay point,
t"=g(t)=t—r. (6.12)

Applying operator ¢(V) defined by equation (6.2) to equation (6.12), we get,

w' = w. (6.13)
Applying operator (V) defined by equation (6.2) to equation (6.11), we get,

Tio + (2o — i)’ + (Lo = 21)a” = et + (L = 2) (-0(B)a’ (¢~ 7) — elt)e
—d(t)z(t—r)— k(t)w”(t—r)) — 3w (=b(t)x (t—71)—c(t)r—d(t)x(t—r)—k(t)x" (t—7))
=— [w(b'(t)x’(t—r) +dWzt)+d Ozt —r)+E )" (t—7))+c®)T+d)T"+b(t)(T]_,

+ (Vg = W2 (6= 1) = W@ (= 1)) + k) (T o) + CTlryaen)
= W) (= 1)+ Clumryoimr) = 290 ry—r) &2 =) = Wi ra(en @t = 7)
+ (T = 2w) )2 (t — 1) = Bwh ' (t — r)a” (t - r))]. (6.14)

Splitting equation (6.14) with respect to 22(t — r), we get,

k(t)w;(tir)x(tfr) = 0, which we can easily solve to get,

w(t,z) = a(t)x + B(1). (6.15)
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Differentiating equation (6.14) with respect to z”(t — r), we get,

E(t) (2w — 1) + 3k(t)wzx’ = 3k(t)w!, ()T "t —r) = (Wk'(t) + k(@) (V) — 2wi_,))
Splitting this equation with respect to a’(t — r), and using the fact that k(t) # 0 we get,
we = 0.

This with equation (6.15) gives,

w(t,z) = B(t). (6.16)

Splitting equation (6.14) with 2'2, we get,

T, = 0, which solves to give,

Y(t,z) =~(t)z + p(t). (6.17)

Substituting equations (6.16) and (6.17) into the determining equation (6.14), we get,

Y/ (B4 p" () + (29 (1) = B/ (1) + (4(t) = 28'(0) (=b(B)a/ (t = 7) = e(t)a — d(t)a(t —7)
—k(B)2"(t=1)) = = [BO)O (O (¢ =7)+¢ (O +d (Da(t—r)+K (B2 (1)) +e(t) (1)
+p(1))+d(8) (Y(E 1)z (t=r)+p(t—1))+b(E) (7 (E=r)z(t—1)+p (t=7) + (y(t=7) =B (t-7))
2 (E=7)) + k() (7 (E =)t —1) + ! (E = 1) + (29 (t=7) = B"(t = ))a’ (t =)+ (v(t —7)

—28(t—m))a"(t—1)]. (

From (6.13), we have,
B(t) = p(t—r). (6.19)

Splitting (6.18) with respect to z(t), we get,
7" (t) + 28’ (t)c(t) + B(t) (t) = 0. (6.20)

Splitting (6.18) with respect to a/(t), we get,

[8'(t) + 1] (6.21)

Using (6.19), we get,
Y(t) =~(t—r). (6.22)

Splitting (6.18) with respect to the constant terms, we get,
P () +b(t)p (t — 1) + c(t)p(t) + d(t)p(t — r) + k(t)p" (t — ) = 0. (6.23)

That is, p(t) satisfies the homogeneous neutral differential equation of second order given
by (6.11).
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Splitting (6.18) with respect to z”(t — r), and using (6.19) and (6.22), we get,

B () = 0. (6.24)

Theorem 6.3.1. The neutral differential equation given by equation (6.11) for which

k(t) # constant, admits a two dimensional group generated by

0 . 0
F g = p(t)—.
Cl xaxv CZ p( )ax
Proof. Equation (6.24), having to be true for an arbitrary 5(t) and k(t) implies that for
a non-constant k(t), we must have, 3(t) = 0, and consequently,
w(t,z) =0 and V(t,z) = %x + p(t).

The infinitesimal generator of the Lie group is given by,

* C1 8 8
= —T— t) = 6.25
¢ =%l o (6:25)
where ¢ is an arbitrary constant and p(t) satisfies (6.11). O

Having obtained the infinitesimal generator for the case when k(t) is non-constant, we
now perform symmetry analysis and a complete group classification of the second order

neutral differential equation given by (6.8), for which,
k(t) = ca, (6.26)

where ¢y is an arbitrary constant.

Splitting (6.18) with respect to (¢ — r), and using (6.22), we get,
k(t)B" (t) +28(t)d (t) + 48 (t)d(t) + 2b(t)v'(t) = 0. (6.27)
Splitting (6.18) with respect to 2/(t — r), and using (6.19) and (6.22), we get,
b(t)B'(t) + BV (t) = 0. (6.28)
Equation (6.28) can be easily integrated to give,
b(t)B(t) = cs, (6.29)

where c3 is an arbitrary constant.
Using (6.16), we can rewrite equations (6.17), (6.20), (6.21), (6.27) and (6.29) as,

T@@:{;m+qﬂx+mm (6.30)
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Wt + 4c(t)wt + 20/(t)w = 0, (631)
1
v(t) = i(wt + 1), (6.32)
cowpgr + 2d' (t)w(t) + 4d(t)ws + b(t)wy = 0, (6.33)
—E
w(t,z) = o) (6.34)

where c1, co and c3 are arbitrary constants.
The following theorems make a complete group classification of the second order neutral

differential equation:

Theorem 6.3.2. The neutral differential equation given by equation (6.11) for which
b(t) # 0,d(t) # 0,k(t) = co admits a three dimensional group generated by

. 0 . 1 0 x/1Y\ 0 . 0
& =T G = @a+§ (b(t)) F G3 —P(t)%~

Proof. If c3 # 0, from (6.34) we get

cs
b(t) = . 6.35
0= o (6.35)
From (6.30), we can write,
T(t,2) = [2(cal ) + e+ pld) (6.36)
, ) = 262 b(t) Cl1)|T 1% . .

Using (6.35) in (6.33), we get,

CowWit + 2w2d'(t) + dwwid(t) + cawy = 0. (6.37)

Equation (6.37) can be easily integrated to give,

€o

CoWWit — 5

w? + 202d(t) + cswp = cu, (6.38)

where ¢4 is an arbitrary constant.
Using (6.34), we can solve (6.38) for d(t) to get,

1 / 2 /
d(t) = % csb?(t) + 0/ (t) + c2 <b ®) -2 (b (t)) + ) >], where c5 = cac3.

b(t) b(t) b2(t)
Since w = w", we get, b(t) = b(t —r).
Using (6.34) in (6.31), we get,

v .1 Vb'(t) () bB(t)
0 c(t) = —5b(t) [6 O — 65 (t)]. (6.39)

Equation (6.39) is a first order linear ordinary differential equation which can be solved

d(t)—2
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to give,

C(t) :1 lb//(t) . g <b,(t)>2 + 061)2(75)] ’ (640)

where cg is an arbitrary constant.

In this case, we have obtained the coefficients of the infinitesimal transformation as,

w= -3 T—x{c (1>/+c}+ t) (6.41)
"oy T 2%\ o R '
The infinitesimal generator in this case is given by,
% C1 0 1 9 x 1 "0 0
=2 — o) = ) — 6.42
¢ 2x8x+c3(b(t)8t+2(b(t)) ax>+p()ax’ (6.42)
where p(t) is an arbitrary solution of equation (6.11).
If ¢3 = 0 then,
w(t,z) =0, T(t,z)= %1:[; + (). (6.43)
The infinitesimal generator is given by,
. c1 0
== —. 44
¢ = (Fa+00) 5 (6.44)

O]

Theorem 6.3.3. The neutral differential equation given by equation (6.11) for which
b(t) # 0,d(t) =0, k(t) = co, admits the infinitesimal generator given by

0 0
F=0(t) = + Uy (t, ) =—
¢ 1()at+ 1(71.)8.737
here @ () solves [ —2_dg—1 0 t) where A is a root
where 1()80'068/ Ftan A "t = , for w(t) where A is a root (or zero) of
B%(1 2
lBln ((—i—teany) —|—D—i—263y] fory, with B = y/2c7¢3 — 3, D = cgB,
C2
1

E=c3+ B, and ¥1(t,z) = =[(®1(t))t + 1]z + p(2).

2
Proof. If c¢3 # 0, then substituting (6.35) into (6.33), we get,
Ccowwyt + cawy = 0. (645)

This is a nonlinear third order differential equation, the solution of which is given by,

YO _e gy, 0 6.46
/ Etan A —=Y (6.46)



Chapter 6. Group Classification of Second Order Neutral Differential
Equations 106

B%(1 + tan?y)

where A is a root (or zero) of lB In ( > +D + 203y] for y, with

cob
B = /2c7¢3 — 3,
D = cgB, and
E=c3+ B.

It is to be noted that the expression in (6.46) may be complex valued and we are finding
the zeroes for y. In this solution, c¢7,cs and cg are arbitrary constants. To obtain the
corresponding infinitesimal generator, we have to solve (6.46) for w(t).

The infinitesimal generator in this case is given by

C* = @1(t)8at + \Ijl(t’x)aa.%‘7 (647)
where ®1(t) solves (6.46) for w(t) and ¥y (t,z) = %[(@1(75)),5 + 1]z + p(t). O

Remark 6.3.1. As the above is not easy to solve in general, choosing B = 0 that is
k(t) = \/62377, we see that, w(t,z) = Z—z(t + c10), solves (6.46).

But the condition w = w" gives c3 = 0.
Consequently, w(t,z) =0 7T(t,z) = Pt + p(t), and the infinitesimal generator is given
by
1 0 0
Y= —r— t)—. 6.48
=t ) (6.48)

By considering a very special case in which ¢; = 1 = ¢3, we obtain from (6.33),
wwirr + wye = 0. (6.49)

Equation (6.49) yields a solution for which some infinitesimal generators can be explicitly

found. It’s solution is given by

W(t)ide t 0 6.50
/ 14+ ¢ tanG = (6:50)

2
where G is a root (or zero) of [ln ((J(fsl?ly> c11 —c11In 6+ ci1c19 + 2y | for y.

In (6.50), ¢11,c12 and c13 are arbitrary constants.

The infinitesimal generator in this case is

C* = @2(t)ﬁ + \Ifg(t,x) 4

= s (6.51)

where ®4(t) solves (6.50) for w(t) and Wa(t,x) = %[(@2(75)),5 +c1]x + p(t).

Corollary 6.3.1. The neutral differential equation given by equation (6.11) for which
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b(t) #0,d(t) =0,k(t) =1 = c3,c11 = 0, admits the three dimensional group given by

= G2 G=pl)y
Proof. 1t can be easily seen that the generators corresponding to c¢;1 = 0 can be explicitly
obtained. In this case w(t,x) = c14t + ¢15 is a solution of (6.49), where c¢14 and ¢15 are
arbitrary constants.
The condition w = w” implies ¢14 = 0.
Hence, w(t,z) = c15, Y(t,z)= %19: + p(t).
If 15 # 0,
The infinitesimal generator is given by

.0 1 b 9

1 2
Using (6.40), c(t) = = o3
4 cis
If ¢15 = 0, then the infinitesimal generator is given by (6.48). Finally, if ¢3 = 0, then the
infinitesimal generator is given by (6.44). O

Theorem 6.3.4. The neutral differential equation given by equation (6.11) for which
b(t) = 0,d(t) # 0,k(t) = ca admits the infinitesimal generator given by
0 0
F=03(t) = + U3(t,x)=—
¢ 3( )8t+ 3(’I)amv

2
where ®3(t) solves cowwy — 02% + 2w (t)d(t) = c1g, for w(t), and

\Iig(t, I) = [(@3(t>)t + Cl]x + p(t).

N

Proof. Then from equation (6.33),

cowygy + 2d (t)w(t) + 4d(t)w; = 0. (6.53)
Equation (6.53) can be integrated once to obtain,

2
CowWys — 02% + 2w2(t)d(t) = c16, (6.54)

where ¢y is an arbitrary constant.

Equation (6.54) is extremely difficult to solve for an arbitrary d(t).

If w(t) = ®3(t) solves equation (6.54), then, The infinitesimal generator in this case is
given by

C* = (133(15); + \Ifg(t,x)aam, (6.55)
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where ®3(t) solves (6.54) for w(t) and V3(t,z) = % [(Pa(t))e + c1] x + p(t). O

Remark 6.3.2. As can be seen the infinitesimal generator given by (6.55) cannot be
explicitly solved due to the arbitrariness of d(t). However, by choosing a few explicit

values of d(t), we obtain the corresponding different infinitesimal generator.

Corollary 6.3.2. The neutral differential equation given by equation (6.11) for which
b(t) =0,d(t) = 1,k(t) = ca admits the five dimensional Lie group generated by

o . [ 2\o o=z o\ o
a0 ST\ rw ) o T e S\ Vrw ) o

. 2 \o e N L0
1T\ kD ) o Rk U\ VR ) 0w T P ae

G=5, G=

N’\H

2
Proof. Taking d(t) = 1, equation (6.54) becomes cowwy — 02% + 2w?(t) = c16, which

can be solved to give

tessin (L) + 2t (6.56)
C Sin C COS E— .
18 \/5 19 \/6 3

where c17 = 4c3g + 4cly + 2c16, C1s, C19 are arbitrary constants. Using (6.56), equation
(6.30) gives,

1 cis 2t c19 . 2t
Y(t,z)= 5 [2@605(\/6) 2\/58111(\/5) +c1

Using (6.31), we see that,

x+p(t).

4
c(t) = (20%8 cos(\/%) \/z—) \/%)
— 4sin(\j:;2)\/a618 — 02002) / (2 COS(\;I%)@C%S —2 COS(\;I(%)CZC% - 48111(?%)

4t
CoC18C19 — 4cos( )02\/01 cl9 — 4sm( )CQ\/017018 — 6026%8 — 6020%9 — 202016).
V2 V2

— 26%9 COS( — 4618619 sin(

We note that, from equation (6.26), k(t) = ca.

The infinitesimal generator in this case is explicitly given by,

T o T 270 T \Fﬁt\ﬁ /2 ) Bz

2t 0 Tz . 2t 0 0
+ c19 (cos (\/@) prie ﬁsm (\F) 8) + p(t)a—x. (6.57)
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are arbitrary constants. O

where c1g, c19, cog and co1 = ~ ;17
Corollary 6.3.3. The neutral differential equation given by equation (6.11) for which
b(t) = 0,d(t) = €', k(t) = ca admits the five dimensional Lie group generated by

t
¢ = (7 (2A))2% + ;f(et)etjo (20) 1 (2A)8%,

" 290 et 0
= (Yo (2/\)> 5 AT Yy (2)\) Y, (zx)%,
G = I (20)0(2) g7~ s (1 (24)%5(20) + 0 (22)(24)) 17
x 0

* * g
G = 29z G5 _p(t)ax’

2
Proof. Taking d(t) = €', equation (6.54) becomes cowwy; — CQ% + 2¢e'w?(t) = 16, which

can be solved to give

w(t) = LB+ 2¢16) <JO <2F)>+ (YO <2F>>

4 C292 C2 C2

t t
+ ca3 o (2 v 226 ) Yo (2 v 226 ) . (6.58)
2 2

where co9 and co3 are arbitrary constants,
From (6.30), we get

1r—1 .t 2(1+2 3 t t Veget t
T(t,w) = 5 | S U g (g Yaet) gy (2 Vaet) g sacy; (o Ve )y, (o Ve )

2L 2 22 Vo€t coet
ca3 et coel coel ca3 et coel coet
— e gy (2¥ad )y (2 v ) - e g (9 e )y (2 Ye) 4 y)x + p(d).
Using (6.31), we see that,
t
q(t) —4fpli(t)dt 4f8(7)dt
c(t) = /(t)e p2 (1) dt +coul e s2(t) ,
r

where,

2\/02?> Ji <2\/627> +2c22023 (Jo (2\/C27> Y (2\/62?>

t) = et |(1+2 2.
pl() e{( + 016)623 O( C2 (&) (&) (&)

P i (o o2

C2 C2 C2
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A coet coel
pa(t) = \/CQ?{(I + 2c16) ¢4 <J0 (2@))  demens o <2\/T> (2\/7>

C2 o

A\ 2
+ 4¢3, (Yo (2\/627>> },
Cc2

q(t) = (1+2ci6)c35¢ 02€t< ( 026t>>

2
Veget 2 t 9 7
+4cgoet ke ( @c ) ( \/627> 23 + (Yb< \/ccjie)) 022)

@> (W)

C2 C2

_4(1 + 2016)62tC§3J0 <

_ 2 2+/coet 2v/coel 2\/cael 2V/cael
Senacae | o €2 C2 Co Co

C2

~16¢2 3, Y} (2\/C2?> <2\/C27>

2
ey s ) ()

2 C2 C2
2
24/ coel
- (0 (22)) )]
2

2¢/coel 2/ coet 2¢/ o€l
Sl(t) = Cgedt [(1 + 2016)C%3Jg < s 2 > J1 ( 622 ) + 2022023 (Jg < 2 )

C2
() ) () o ) )

and

Y coel coet
s2(t) = (Czet)5/2[(1+2616)033 (JO <2\/027>> +4c22Yo (2\/7> (Jo (2\/T> 23

C2 C2 Co
2V coel
+ Y ( 2 > 022)},
C2

where co4 is an arbitrary constant.
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The infinitesimal generator is given by

t

MKJO@\/?)fgt %JO(QJZ?)JIQW) 3}

¢ =

4022

+c22[(YO(2\/Z?>>2§?t j%yo(f/?)yl@‘/z?)i
renl RS - (Y M)
" ‘]0(2\/2?)“ (2\/2?))2,;] + Clga% + p(t)% (6.59)

Corollary 6.3.4. The neutral differential equation given by equation (6.11) for which
b(t) = 0,d(t) = sint, k(t) = ca, admits the five dimensional Lie group generated by

G = (Mathieu0<0, 2 o7 + 5))29

k(t)’ 4 ot
—i—gMathieuC(O,—k(Qt) T + )MathzeuCPmme(O k(Qt)’:T—i_;)@a:U’
¢ = (Mathz'euS((), _k(Qt)’ Tﬂ + 5»2%
+ gMathieuS(O, _k(Qt)’ _4 + 2)MathzeuSPmme(() k(2t)’ _TTF + %)({%,
G = MathieuC(O, — (2t)’ _47T )MathzeuS( ,— (2t)’ _TW + %)%
+ Z(MathieuCPm’me(O, k:(2t _W )MathzeuS(O, k(2t’ Tﬂ + é)
+ MathieuC(O, —k(i), TW + §)MathzeuSPmme (0 _TW %))
G=32 Gl

2
Proof. Taking d(t) = sint, equation (6.54) becomes cowwy — 02% + 2w?(t) sint = ¢,

which can be solved to give

1 cy6” . 2 -1 t\\2
—— M. - 4
w(t) = 1 ( —|—8616)< athieuC (O, PO + 2))
2 —T t 2 2 - t
Mathi A Math o t
+025( athieuS (0, oM +2>> + co6 MathieuC <0 k(t)’ - +2)
MathieuS(O Ty t) (6.60)
9 2 9

where co5, cog are arbitrary constants. Using (6.60), equation (6.30) gives,
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1r1c3 2 - 2
Y(t,x) = 3 {7%(1 + 8¢c16) MathieuC (0, —m, T4 ) MathzeuCPmme(O R’

4
+ ) MathieuSPrime (O

—T t . 2
T + 5) + Co5 MathieuS ( (t), 4 w,
j+f)+1 MathieuCP (o 27 )Mth' S(O—l
1 5 5 C26 Mathieu rime | 0, k(t 5 athieuS | 0, D)
ﬂ+f) L 6 Mathi C( 2 o7 )Mth SPrime(0, _
1 5 5 c26 Mathieu k(t) athieuSPrime WD)
- 1
T + 5) + 01}113 + p(t)
Using (6.31), we see that,
t
C(t) 72fr1t)dt/ () 2fT1 dtdt—l—c €2f1“1 7
¢2(1)
where,
2 t
ri(t) = (026(1+8016) MathzeuC( TR T—}— )MathzeuC’Pmme( t)’ 4 )
2 — 2 - t
~+ 2co5C96 (Mathz’euCPm’me( ( 5 i §)Mathz'eu5 (0 (t) T —+ 5)
. 2 -7 ) . 2
+ MathzeuC’(O, —m, v + i)MathzeuSPrzme (O, _W —I— )
+4c§ MathieuS(O —l ;W—FE)MathieuSPm'me(O —l j—l-E)) (026(1+8016)2
> Tok(t) 4 2 Tok(t) 4 2
. 2 =1 t\\2 . 2 —m ot
(MathzeuC(O, —m, Ve + 5)) + 4025626Mathzeu0<0, —m, e + 5)
. 2 -7 9 . 2 —m t\\2
MathzeuS(O, _M’ e + 5) + 4css (MathzeuS(O, —m, e + 5)) ),
2 . 2 -7t . . 2 -7t
q1(t) = 2c96(1+8c16) MathzeuC(O, —m, T+§)MathzeuC’Pmme(O, —m, T+§>
2 - t 2 - t
sint + 4co5c96 (MathieuC’Prime(O, —w, Tﬂ + §>Mathieu5’(0, _Wt)’ Tﬂ + 5)
. 2 -7t . . 2 -1t .
+ MathzeuC(O, —m, Ve + §)MathzeuSPmme(0, —m, e + 5)) sint
2 -7 2 -
9 . . . .
+ 8025Mathzeu5’(0, _%7 1 + §>MathzeuSPmme<O, —%, e + 5) sint
2 — 2 2
+ co6(1 + 8016)2 (MathieuC(O, 7%, Tﬂ- + %)) cost + 4025026Mathieu0(0, 7%,

) _k:(Qt)’ _Tﬂ—i—%) cos t+4c3; (MathieuS(O, _l<:(2t)’ %4—%))2 cost,

_TTF + %) MathieuS (O

and,
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q2 (t) = k‘(t) (026(1 + 8616)2 (MathieuC(O, ))2 + 4cosco6
Mathz'euC(O, _14:(275)’ % 2)MathzeuS(O k(2t)’ —47T t)
+ 4ck; ( Mathieus (o, —k?t), _TW + %))2)

where co7 is an arbitrary constant.

The infinitesimal generator in this case is explicitly given by,

¢ = izzg(l +8e16) [ (MathieuC (0, _14;(275)’ *T” + ))2;
+ 2 MathieuC (0, —k(zt), T+ %)MathieuCPrime(O, - k(zt), == lt) 8‘1]
+ o5 [ (Mathieus 0. —k(i), _TW n t))Qgt + MathzeuS(O, k?t i %)
MathieuSPrime (0, _k?t), _TW n %) %] + e [ MathieuC(0, - k(zt - % o4
Mathieus (0, —k?t), _f + ;)gt + %(MathieuCPrime(O, —ké), _TW + %)
Mathieus (0, —k?t), _TW + %) + MathieuC 0, —k(zt), _TW + %)
MathieuSPrime 0, —k?t), _TW + %)) ;x} + Clgai + p(t)ai. (6.61)

O]

Corollary 6.3.5. The neutral differential equation given by equation (6.11) for which
b(t) = 0,d(t) =t"™ where m is any constant, k(t) = ca admits the five dimensional

Lie group generated by

G = 1) o (S + ) (<) + P2 g 4 1)) 2
G = 1000+ 2 (S )+ 2 V) (Via () + 252 Y mp2 4 1))
G = 1RV )+ 2 (2 AYoli) + s (< () + 252, )

) (Vo) + ) Yemja 1)) 2

G=22 =y

where V= (m +2)7L 7= (k@) =270,

Proof. Taking d(t) = t™, where m is any constant, equation (6.54) becomes
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2

CowWis — 02% + 2w (t)t

™ = ¢14, which can be solved to give

—14m/2+1
1 ¢o9 2¢ cy t 2
w(t,x) = 1 s (1 4+ 2¢16) (J(m+2)—1 (2 W
\/thm/?-ﬁ-l 9 9

\/@jtm/Hl)Y(erQ)l (2 Vg~ T/ 2+ ),

+entlnin (250 +2 m+ 2

where cog and cag are arbitrary constants,

From (6.30), we get

@tm/2+1>)2 N 1+ 2¢c16

Y(t,z) = 1 Lll 6529: (1 + 2¢16) (J(m+2)_1 (2 m+ 2 cag(m + 2)
[ (L5,

2
9, -1{2
( 29Y(m+2) 1( m+ 2 m+ 2 2\/cy Lem/2 1

\/CZTltm/2+1 (m/2 + 1)) + o8 (}/(m_t'_g)fl (2 W

1
Tt (40281/(’”*2)’1 (2 m+ 2 m+ 2

m+ 2
\th/2+1)

\/Tltm/2+l

Ym m
. +22)\/(7115 /2:12 >>\/C2>1tm/2+1 (m/2+1)) + 20Ty (2 m+2
cy M
2 \/02—7115"1/2“) +

Y(m”)‘l( m+ 2 m+ 2

(2629 (*J(m+2)—1+1 (2 W

C;ltm/2+1

. Jmy2)-1 (2 T) ) \/gtm/2+1 (m/2+1) Yim+42)-1 (2 CrnT

2 /Cgltm/QJrl
—Lym/2+1

—1ym/2+1
+ % (2029J(m+2)*1 (2 Cjnt+2 (_Y(m“)’l“ <2 CinT
v (2 —1tm/2+1)
m -1
(m+2) )rtm/%—l (m/2 + 1)) +c1}x+p( )

2\/>tm/2+1

Using (6.31), we see that,

LB, il
c(t) = /—Cigt)te ' j(t)ddt+030 64 (1) g,
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where,

/ tm/2+1 /Cgltm/2+1
e(t) =/c3 > (14 2016)029J(3+m)(m+2 (

m+2 Tm+2)-2 ( m + 2

gm/2+1 4 9 cy 028029(J(3+m)(m+2 ( \/>tm/2+1 \/>tm/2+1)

m + 2 Yimt2)- (
+J(m+2)*1(2 \/;tm/%—l .

m+ 2

2+1
m+2 (8+m)(m+2)~! (2 m+2 )>tm/
—1ym/2+1 —1im/2+1
1 vyt coy 't
+ 4 C2 C%S}/‘(3+m)(m+2)71 (2 w )/(m_’_g)fl (2 . 2 )tm/2+1
— (14 2¢16)Sg (Jom2)1 (2 5 ) —dexsYimia1 (24—

(‘] (m+2)~1 (2 \/C?tmml) \/C?tm/m

2 co9 + Y(m+2)4 (2

C )
m + 2 28

= -
it = (1 + 20100 (Jonsz)- (QW) oY (Nm

m 4+ 2
(J(m+2 (\/7tm/2+1> rtm/zﬂ

ez )oY (0 en))
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/ m/2+1 [ —1ym/2+1
I(t)y=4 (1+20 )c J 't B ¢y t Lsmt1
16)€29(34m)(m+2)~ m+ 2 (m+2) m+ 2
5 tm/2+1

m/
_2mC§9616(J(m+2) (2 o ))2tm+8 = 028c29(J(3+m)(m+2 ( \/7t 241

m+ 2
m/2+1 m/2+1 1ym/2+1
Y(m+2)-1 ( \/775 : )+J(m+2 ( \/715 ’ \/7t ’

ez asmoma (20
/ -1 2+1 /c 2+1
t3m/2+1 + 16 67162 Y 1 (2 tm/ Y ( tm/ >t3m/2+1
2 0281 (34m)(m+2) m+2 (m+2)~ m+2
02—1tm/2+1

m/2+1
— 8¢39C16 (J(m+2>*1 (2 m+2)>2tm — mcig (J(m+2 ( \/:1 2 - e

“1ym/ )
— dmeagcag J(mq2)—1 (2 \/ii”;ﬂ ) Vo (2 \/gin;ﬂ )tm

I

_ dmel (Y(m+2)71 (2 ﬁtm/2+1

2 ))th_4cgg(J(m+2) (2

m+ 2
—1ym/2+1 m/2+1
— 1628Y (21 (2 \/i: ) (omi2 (2 \/:i 5 )
o Lgm/2+1
+ Y(m+2)*1 (2 m+ 2 628)tm’

[ —1lym/24+1 —1im/2+1
y(t) = \/e3 ' Bo(1+ 2¢16)J (34 m)(m+2)- (27 \r

m+ 2 om2)-1 (2

m/2+1
{2 4 o cy CQBCQQ(J(3+m)(m+2 ( \/::2+ Yimi2)—1 (

m+ 2

\/7tm/2+1)

m + 2

02 tm/2+l 62 t m/2+ -
R Y(3+m)(m+2)_1<2m7+2>)tm/ +dy/ eyl 3

[ —1ym/2+1 [ —1im/2+1

cy, t cy, t
- Y(m+2)_1 (2 27)757”/2“ -1+ 2016)039
m + 2 m+ 2

m/ —1,m/
s YN (VT

m+ 2
(J(m+2)_1 (2 tm/2+1)c29 Yoy ( \/7tm/2+1

m + 2

+ Jms2)-1 (2

Y3 1m)(my2)-1 (2

where c3g is an arbitrary constant.
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The infinitesimal generator is given by

[ —1,m/241 —1ym/2+1
1039 Co t 20 T Co t 2
= o 22 (14-2 (24— — —1(2
¢ 4cQ8( + Cl6)[t(‘](m+2) 1( m+ 2 >) 8t+(2 (‘](m+2) 1( m+ 2
20 ; ) C;ltm/z-i_l ; ) C;ltm/2+1
+m+2(m+2)’1( m+2 G_W“V“& m+ 2

\/Tltm/2+1)

N J(m+2)71 (2

2\fey /241

)rtm/Z—H m/2—|— 1)) }‘1‘028{ (}/(m+2)_1<2 W))Z

m + 2

—T4m/2+1 —Tpm/2+1
Ot (G (YN 4+ B s (Y

t'm/2+l

—Tym/2+1 Yinao)- QCmi
(~Yimr2141(2 @12 - )+ ( +22)\/10(71:7'1/2:12 ))\/C;tm/m (m/“l))a%}

JarTem/z Vet o
e e e L R e e F

T ) \Jey Tem/241
x (—J(m+2)—1+1 (2 \/627115 /2+1)+J(m+2) 1 (2 42m+2 ))\/%Ttm/Q—i—l (m/2+1)

_|_
m + 2 m+ 2 2\/c; tm/2+1
/ tm/2+1 C—ltm/2+1 C—ltm/2+1
Y 2—1( il J 2_1<227 _Y 2)-1 1( 27
(m+2) m+2 T2 2 m + 2 (m+2)~1+ m + 2

241
th/-&-

N Yimi2)-1 (2 W))\/Etm/%rl (m/2 + 1)) ‘1} + le% + p(t)%. (6.63)

2 C;ltm/QJrl

Remark 6.3.3. In all our cases above, we gave assumed k(t) # 0, that is ca # 0. However,
if co = 0, then equation (6.8) reduces to a second order delay differential equation. As

special cases of our group classification, we study the cases for which ¢ = 0.

Theorem 6.3.5. The delay differential equation given by equation (6.11) for which
b(t) #0,d(t) # 0,k(t) = 0 admits a three dimensional group generated by

.0 . 19 =z 1Nao o, D
a =Ta G = @&+§ (b(t)) e G —P(t)%'

Proof. Equation (6.31) reduces to ,
Wity = —(2¢ ()w + de(t)wp or wwyy = —(2¢ (H)w? + 4e(t)ww.
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Integrating this, we get,
2

wwi — % + 2¢(t)w? = 31, (6.64)

where c3; is an arbitrary constant.
If ¢3 # 0, then from equation (6.34),

w= -3 (6.65)

From equation (6.30),

T(t,x) = :c% <C3 ()l + cl) + p(t). (6.66)

From equation (6.33), we get,

b'(t) 1 (¥'(t))?
d(t) —2 dit)y == (V' (t) — 2 .
(1)~ 230 2( 0 -2
This is a linear differential equation yielding solution
b(t
) = esp?(t) + 10,
where csg is an arbitrary constant.

From equation (6.64),

1 3 (V)N V() cs1 :
c(t) = 5 [033b2(t) -5 (b(t) ) + 0 , where c33 = g is an arbitrary constant.

Since, w = w", we get, b(t) = b(t — r),

In this case we get coefficients of the infinitesimal transformation as

G . 1 1 !
w(t,x) = b Y(t,z) = 5 <63 (b(t)) + 01) + p(t). (6.67)
The infinitesimal generator in this case is
. ¢ 0 10 x/1Y\ 0 0
¢ =gy T (b(t) ot "2 (b(t)) 8:):) 055 (6.68)

where p(t) is an arbitrary solution of equation (6.11).
If ¢3 = 0, then the coefficients of the infinitesimal transformation are given by (6.43) and

the infinitesimal generator is given by (6.44). O

Theorem 6.3.6. The delay differential equation given by equation (6.11) for which
b(t) #0,d(t) = 0,k(t) = 0 admits a three dimensional group generated by

0 0 0

¢ = ot G :$%7 (3 :P(t)%-

Proof. From equation (6.33),
b(t)wy = 0, which can be solved to give, w(t,x) = csst + ¢35, where ¢34 and cz5 are

arbitrary constants.
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2
c c
From equation (6.64), c(t)w?(t, z) = c36, where c35 = % + %, is an arbitrary constant.

Further, as w = w", we get ¢34 = 0 and hence, w(t, z) = c35.
If ¢35 # 0, then

C36 C3
t) = -2, b(t) = —.
oft) = 5%, b(t) = =

The infinitesimal generator in this case is given by

* 0 C1
=g (STt at) 5 (6.69)
If ¢35 = 0, then w(t,x) =0 and T (t,z) = %11' + p(t).
The infinitesimal generator in this case is given by(6.44). O

Theorem 6.3.7. The delay differential equation given by equation (6.11) for which
b(t) =0,d(t) # 0,k(t) = 0 admits a four dimensional group generated by

L1 9 o/ d® 9 . xd . D
Cl"w&ﬁaiﬁ’ C2[( dw2@)>x}8x’ G =50 =g

Proof. From equation (6.33), we get,

c
w(t,x) = %, where c37 is an arbitrary constant.

Then from equation (6.30),

!/
1 c37
T(t,z) = |- 5T t
=3 ((\fam) +a) |« o0
Vesr d(t) c1
= (- 2 t
( 1 ang T2)rtew
If ¢37 # 0, then from equation (6.64),
1 [esn d't) 5 (d(t)\?
) == |2La _2 .
(t) 2[@7<)+2aw 8(aw)
The infinitesimal generator in this case is given by,
N cs7 O d'(t)/cs7 Cl> ] 0
_ jen O [(_dWDyer  a <. 6.70
¢ an ot K 1BP@) 2 r+r)| 55 (6.70)
If c37 = 0, then w(t,x) = 0,7 (t,x) = %lx + p(t).
Hence, the infinitesimal generator in this case is given by (6.44). O

6.4 Some Illustrative Examples

Example 6.4.1. Consider the second order neutral differential equation given by
2’(t) + 2" (t — ) = 0. The solution of this differential equation is x(t) = sint.
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Following the procedure given in the previous section, we can show that,
c
w(t,z) = c38, a constant, and V(t,z) = Elx + sint.
Solving the system,
dt _ dx - _ c1 _ . . .. -
B w(t, ) = csg, 5= Y(t,z) = 57 + sint, subject to the conditions, t = t and

T = x, when § =0, we get the above neutral differential equation invariant under the Lie

group
_ 2
t=t+c3s0, T =— |:6015/2 02—133 + sin t) —sin(t + 0385)] .
c1
The generators of the Lie group (or vector fields of the symmetry algebra) corresponding

to this neutral differential equation are given by,

G _Q’CQ =To and (3 —smta:r.

Example 6.4.2. Consider the Cauchy problem,

o' (t) = [0 x(s)ds.

This is equivalent to the second order delay differential equation given by,
2’ (t) —x(t) +z(t —r)=0.

Following the procedure in the previous section, from Theorem 6.5.7, we get,
w(t, x) = c39, where c3g = \/c37, is a constant and V' (t,x) = %lx + z(t).

Solving the system,
dt _ dx - _ cl1_ . - . .. T -
— =w(t, =) = cag, 5= Y(t,z) = —x+x(t), subject to the conditions, t =t and T = x,
when § = 0, we get the above neutral differential equation invariant under the Lie group
_ 2 c
t=t+c390, T =— |:€Cl§/2 (21;1: + a?(t)) —Z(t + 6395)} :
C1
The generators of the Lie group (or vector fields of the symmetry algebra) corresponding

to this delay differential equation are given by,

*_a * 9 * _ & 2
Cl _a7€2 —JI% and C3 _x(t)ax

6.5 Summary

We have obtained the infinitesimal generators of equation (6.11) and based on the various

cases we can classify the linear second-order neutral differential equation as follows:

1. Equation (6.11) with b(t) # 0,d(t) # 0, k(t) = a non constant function, admits the

infinitesimal generator given by equation (6.25).

2. Equation (6.11) with b(t) # 0,d(t) # 0,k(t) = a non-zero constant, admits the

infinitesimal generator given by equation (6.42).

3. Equation (6.11) with b(¢) # 0,d(t) = 0,k(t) = a non-zero constant, admits the

infinitesimal generator given by equation (6.47).

4. Equation (6.11) with b(t) # 0,d(t) = 0, k(t) = 1, admits the infinitesimal generator
given by equation (6.52).
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5. Equation (6.11) with b(t) = 0,d(t) # 0,k(t) = a non-zero constant, admits the

)
infinitesimal generator given by equation (6.55).
6. Equation (6.11) with b(¢t) = 0,d(t) = €', k(t) = a non-zero constant, admits the
infinitesimal generator given by equation (6.59).
7. Equation (6.11) with b(t) = 0,d(t) = sint, k(t) = a non-zero constant, admits the

infinitesimal generator given by equation (6.61).

8. Equation (6.11) with b(¢) = 0,d(t) = t™, k(t) = a non-zero constant, admits the

infinitesimal generator given by equation (6.63).

9. Equation (6.11) with b(t) = 0,d(t) = 1,k(t) = a non-zero constant, admits the

infinitesimal generator given by equation (6.57).

The neutral differential equation (6.11) with k(f) = 0 becomes a delay differential

equation, the results for which are summarized below:

10. With k() = 0, equation (6.11) together with b(t) # 0,d(t) # 0, admits the

infinitesimal generator given by equation (6.68).

11. With k(t) = 0, equation (6.11) together with b(¢t) # 0,d(t) = 0, admits the

infinitesimal generator given by equation (6.69).

12. With k(t) = 0, equation (6.11) together with b(t) = 0,d(t) # 0, admits the

infinitesimal generator given by equation (6.70).

The results can be summarized in the following tables:
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Table 6.1: Group Classification of the Second Order Neutral Differential Equation

Type of Second order Neutral Differential Equation Generators
2'(@t) + o)z’ (t —r) + c®)z(t) + d(t)z(t —r) + k()2 (t —r) =0, G = x§7
k(t) # constant z
G = P(t)af
'(’()) b(t)z'(t —r) + c(t)x(t) + d(t)z(t — r) + k(t)z"(t —r) =0, 5
C2 Cf =T5,
r 2 ox
1 b2 ’ ¢ b"(t) _ v'(t) v'(t) 10 z/ 1\ o
A0 =g [t <b(t) 2(b(t)> +b2(t)>}’ GZ@EJﬁ(@) =
SO NG «_ o9
®=317%0 "2 (b(t) ) + 50 G =rltg,
2" () +0(t)’ (t — 1) + c(t)z(t) + k(t)2"(t —r) =0, 5
L) 3 (V)N e g=22
“W=31%m "2 (b(t) ELaClE 2(‘3;”5
3 G =p(t)5=-
k(t) = N Oz
2"(@) + o)z’ (t —r) + c®)z(t) + k(t)z"(t —r) =0, G = §7
k(t) =1 ot
o) = 152, “ oo
=1 G = plt)
)
Cl - &78
2 (t) + c(t)z(t) + d(t)z(t — r) + k(t)z"(t —r) = 0, “= 20z
d(t) =1,
=i < 21 ) 9
o : 4t 4t . 4t 3 = sin g
c(t) = (2(,%8 cos(ﬁ) —2¢2, COS(E> —4c18c19 sm(ﬁ) ) k(t) : t )
_4C05<\j;)ﬁclg 45111(\/»)\/;018 020c2> / + k(t) COS( k(t)) o’

COS| —— | C2C{g— 4 COS| —— |Ca2Ci{g—4SIN| —— | C2C18C
/762 2618 /?2 2C19 /—CQ 2C18€19

—4005( >c2\/cl Ccl9— 43111(

)

- 602619 - 262016>

NG

Con/C17C18— 6(’2(18
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Table 6.2: Group Classification of the Second Order Neutral Differential Equation

Type of Second order Neutral Differential Equation Generators
2"(t) + c(t)z(t) + dt)z(t —r) + k(t)2"(t —r) =0,
d(t) = et,
LS, S,
c(t) = |:/ %e ! P2 (t)ddt+024 64 SQ(t)d
With \ = Z((f))et
pi(t) = et [(1 +2616) 25 Jo(N) J1 (A) + 2e30¢23 (Jo(/\)Yl(A)
+ Y] + 48 Yo (MY (V)] G = ((22) 2
+ o (20)1(20) 5

palt) = v/eae [(1 -+ 2e16) 35 (Jo(V)*

+ denacag Jo (W)Yo (N) + 4y (Yo (V)]

q (t) = (1 + 2016)033675\/ coet (Jo()\))Q + 40226t\/@<J0()\)Y0()\)623
+ (YO()\))z C22> — 4(1 + 2616)€2tC§3J0(/\),]1(>\) — 8caacog
X (Jo(N)Yi(A) + J1(\)Yo(N)) — 16e*c3, Yo (M) Y1 ()

r(t) = eav/eaet [ (1 + 2e16)cs (Jo(N)? + deaa (Jo(N)Yo (Neas
+ (0(N)° ) |.

s1(t) = 23 [(1 +2616) 25 Jo(N) J1 (A) + 2e30¢23 (Jo(/\)Yl(A)

+ ANV + 4k Yo N3 (V)]

Sg(t) = (Cget)5/2 [(1 + 2016)C§3 (JO()\))Q + 4022)/0(>\) <J0(/\)023

+ Yo()\)sz)]

o (2)\) v (2>\>) o
P

6= g%é

G = P(t)%A
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Table 6.3: Group Classification of the Second Order Neutral Differential Equation

+ 4¢3 (MathieuS (0

2

’_k/‘(t)’

+3)
2

))

Type of Second order Neutral Differential Equation Generators
2" (t) + c(®)z(t) + d@t)z(t —r) + k@®)z"(t —r) =0,
d(t) = sint,
oft) = e—2fr1(t)d: / ql—(?ezfmwdtdt . 6276_2fr1(t)dt.
a(?) = (Mathieuc (07,77
k(t)
where, . . t))Q P
9 4 2 ot
™ i
ri(t) = (026(1 + 8@16)2Mathieu0(0, o d " 7> MathieuCPrime 4+ Z MathieuC(O, i, - E)
2 k() 4 2
2 -7 ot ) ) t 2
0, —m, e + B + 2ca5c26 | MathieuCPrime k(t) + 3 MathieuC’Pm‘me( (
MathieusS (o, 2 omy f) + MathieuC( S 4 3 il E) 9
k(t) 4 2 k(t 4 2 1 2 ) 9z
. . 2 -7 t X 2 -7 t
MathieuSPrime (O, 7%, T + 5)) + 4c§5Math7,euS (O7 fw, e + 5)
MathieuSPrime (o, 71, T 3)) (826(1 + 8c16)? G = (MathieuS (07 fi,
k() 4 2 k(t)
2
2 _ 2 2 ¢ -t 7]
(MathieuC(O, SO LI )) + degsca6 MathieuC (0, oL Tﬂ + 5) -+ 2))2(,%
x - t
2 -7t 2 -7t 2 + — MathieuS |0, ———, — + —
MathieuS |0, — —, — + — 42,(Mth' 5(0,77,— 7)) ) 2 ( k() 4 2)
athieu ( 0] 4+2)+ c55 | Mathiew 0] 4+2 ()
MathieuSPrime (0, -
k(t)
—m  t\ 0
2 } 2 —7m 1 . . —+ - | =
q1(t) = 2c26(1 + 8c16)” MathieuC (0, —m, T + 5) MathieuCPrime 4 2) Ox
(O, 7%, _TW + %) sint 4 4ca5c26 (Mathz'euCPm’me (O, 7%, _Tﬂ + %) ,
2 - t 2 - t 5 = MathieuC (07 -
MathieuS (0, =Ty 7) + MathieuC (0, -= = 7) & k()
k() 4 k@) 4 2 . )
2 _—r 5 — 4+ )MathieuS (O7 -,
MathieuSPrime (O, — — + )) sint + 8c55 MathieuS 4 k(1)
k@)’
2 - t 2 - t ;ﬂ + E) 2
(O,——,—ﬂ—+7)MathieuSPrime(0,——,—+7) sint 4 2) ot
k(t) 4 2 k(t) 4 2 = 9
2 —n ot 2 + — (MathieuC’Pm’me (O, -,
+ c26(1+ 8016)2 (MathieuC (0, 7%, T + 5)) cost + 4cascog MathieuC 4 k(t)
-t 2
— + 7)Mathieu5 (0 -
2 - 2 - : :
(0,——,—7T+E)MathieuS(O,——,i—&-E) cost 4 2 k(t)
k(t) 4 2 k(t) 4 2 ot 2
- ‘ 2 e + 5) + MathieuC (07 M)
+4c%5 (MathieuS(O,ff,f + 7)) cost, k(1)
k@) 4 2 —n
— 4+ = )MathzeuSPmme (0,
and, e}
k(t) )) BN
5 ) 2 -1 t\\?2 9
q2(t) = k(t)| c26(1 + 8ci16)” | MathieunC'| 0, ——, — + — + 4casc26 «_ T O
k() 4 2 U=355
2 -7 t 2 -7 t
MathieuC' (0, ——, — + = | MathieuS (0, — —, — + = G =pt)o—
“m“(’ k(t)’4+2) “"3“(’ k(t)’4+2) 5 =003
-
4
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Table 6.4: Group Classification of the Second Order Neutral Differential Equation

Type of Second order Neutral Differential Equation

Generators

2"(t) + c(Oz(t) + d®)x(t — ) + k()2 (t — ) = 0,
d(t) = t™, where m is a constant,

20 J v

_J e ()
A /‘7&6 ! jt)dtdi+c3o e4 3@ at.
c23(t)

With 6 = (2 M)

m+2

e(t) =/ (k)1 + ZCIG)C%QJ(3+m)(m+2)*1(Q)J(m+2)*1(Q)tm/ﬂl
+ 24/ (k(t)) " tcascag (J(3+m)('m,+2)’1 (0)Y(rmy2)-1(0)
+ Jmt2)-1 (0)Y(34m) (m2)-1 (9)) m/2H
+4 (k(t))_1038)/(3+m)(7n+2)*1 (G)Y(m+2)*1 (e)tm/2+l
2
~ 1+ 201000 (T 1 0)) —eas(puizy 1 0)

(‘](m+2)*1 (0)c20 + Yy o)1 (9)cz8>,

2
30 =11+ 2610035 (21 0))+ deasY{gr10)

(J(m+2)_1 (0)c29 + Y yo)—1 (9)028” ,

U(t) = 4/ (k(1)) 71 (L + 2¢16)Bo I (3.4 my(m-+2)~1 (0) Ty 2y—1 (O)°™/2H1
2
— 2mcggei (J(m+2)’1 (9)> t™ + 81/ (k(t)) " teascao (J(?»+m)(m+2)*1 ©)
Yima2)-1(0) + Jma2)-1 (O)Y(31m) (mr2)-1 (‘9)>t3m/2+1
+ 164/ (k(t))7lc§8Y(3+m)(7n+2)’1 (0)Y(rt2)—1 (o)e>m/2+1

2 2
- 85%9616 <J('m.+2)71 (9)> " — mc%g (J('m.+2)’l (0)> e

— 4m028629J(m+2)71 (0)Y(m+2)71 (e)tm
2 2
— dmc3s (Y(m+2)—1 (9)> " — 4c3 <‘](m+2)_1 (9)) e

— 16¢28Y (1 2)—1 (0) <J(m,+2)’1 (0)c20 + Y(7n+2)71 (‘9)028) e,

y(t) =/ (k(t) Lo (1 + 2¢16)J(34m) (m+2)~1 (0) T (mp2)—1 (oyem/2+1

+ 24/ (k(t)) " 'easc2o <J(3+m)(m+2)*1 (0)Y(ing2)—1(0) + T y2y-1(0)
Y(34m)(mt2)-1 (9)>tm/2+1 + 44/ (k()) =135 Y (54 (mr2)—2 (6)

2
Yimpay-1 (O)™/2 T = (14 2e16)c3 <J<m+z)—1 (9))

— 4c28 Yy 4 2)-1(9) (J(m+2)71 (0)c29 + Yy y2)—1 (9)028>-

With v = (m +2)71,

7=/ (k()=1t™/2H = 27y,

G =10 2
(G0 + 2 )
(—Ju+1(u) + %)

T(m/2 + 1)) %

G =t () o

+x(§(n(u)>2 + v
(¥ + 1)

2T

T(m/2 + 1)) %

0
G = tJV(u)Y,,(u)a

+x<%Jl,(,u)Yu(#)
* mitz ((_JV“(H)
+ %&*‘)yy(u) + o () <*Yu+1(ﬂ>
) en))s
=22,

7]
= P(t)£~
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Table 6.5: Group Classification of the Second Order Delay Differential Equation

Type of Second order Delay Differential Equation Generators
2" () +b(t) 2 (t—r)+c(t)x(t)+d(t)x(t—r) = . o
0, G = f@a
b2 b'(t) ., Lo xz/1Y 0
d(t) CSZb (t) + 9 CQ = %a + 5 <b(t)> %,
gL a3V ) %
o =20 -3 (55) *+ 7 G =g,
G=2.
2 (t) 4+ b(t)a (t — 7) + c(t)z(t) =0, oty
& *
(t) = % G = l’%a
G = P(t)*x-
G = —r
Lot
2 (t) + c(t)z(t) + d(t)z(t — 7) = 0, c [ d@) o
oo Ll d'®) 5 d() 2 s [( d3/2(t)> 4 Oz’
‘=3 e+ "3 d(t)) g0
2 837(;
G = P(t)%-
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7.1 Introduction

In this chapter, we make a complete classification of first order functional (delay and
neutral) differential equations with constant coefficients to solvable Lie algebras. We
provide a basis for the Lie algebra given by the first order linear and nonlinear functional
differential equations. In all the chapters seen so far, the only drawback is that the

inverse of the obtained classification cannot be found.

It may be noted that Lie group—Lie algebra correspondence allows one to study Lie
groups which are geometric objects, in terms of Lie algebras, which are linear objects.
Any Lie group gives rise to a Lie algebra, which is its tangent space at the identity.
Conversely, by Lie’s third theorem, every finite dimensional real Lie algebra is the Lie

algebra of some simply connected Lie group.

We shall be studying the functional differential equation
O(t,2(t), z(t —r),2'(t),2'(t — 7)) = 0, (7.1)

where ® is a real valued function defined on I x D* where D is an open set in R, I is

an open interval in R and r > 0 is the delay. We use the notations z/(t — r) to mean

d
ij(t —r) and the notation " to denote x(t — r). For first order functional differential

dt

0P
equations we assume that, m # 0 or m
differential equation is a delay or neutral type. We shall find a Lie group under which

# 0 depending on whether the

these functional differential equations are invariant. We call this the admitted Lie group
by which we mean that one solution curve is carried to another solution curve of the
same equation. In this chapter we obtain a Lie type invariance condition by setting up a

procedure slightly different from the way we set up in the previous chapters.

The rest of this chapter is organised as follows: The next section extends the results
for ordinary differential equations to functional differential equations by obtaining a Lie
type invariance condition using Taylor’s theorem for a function of several variables. In
the sections to follow, each section will consist of two subsections — one for linear and
the other for nonlinear functional differential equations with constant coefficients. Each
section will independently be concerned with (i) First order delay differential equations
(ii) First order neutral differential equations. We conclude with representation of our

results, which are the basis for the Lie algebras, in a tabular form.



Chapter 7. Classification of First Order Functional Differential
Equations With Constant Coefficients to Solvable Lie Algebras 129

7.2 Lie Type Invariance Condition for First Order Func-

tional Differential Equations

In this section, we extend the results for ordinary differential equations to functional
differential equations. We prove a Lie type invariance condition using Taylor’s theorem
for a function of several variables. A careful look at the proof will see that it is slightly

different from the proof given in chapter 3 and 4.

Theorem 7.2.1. Let a function F be defined on I x D3, where D is an open set in R,

and I is an open interval in R. The Lie type invariance condition for

d
=5 = Flt,a(t),o(t —r).a'(t - 7)), (7.2)
s given by

wky +TF, + TrFx(tfr) + T[Z]F:c’(tfr) =1+ (Tx - wt)x/ - wxx’Z,

where
Ty = DY) — ' Dy(w) =11 + (T — we)a’ — waa'?,

Tl = ()" + (1) — (we)")a'(t —7) — (@' (t = 7))*(wa)",

where Dy = % + x’a%,
and w" =w(t —r,x(t—7r)), " =Yt —r,z(t—71)).

Proof. Let the neutral differential equation be invariant under the Lie group
t=t+0w(t,z)+0(8%), T=ax+T(tz)+0(6%).
We then naturally define #—7 =t — 7+ dw(t —r,2(t — 7)) + O(5?) and

zt—r)=a@t—7r)+ 6Tt —r,x(t—71))+O0(?).

With the notations, w” =w(t —r,z(t —r)), and 7" =7(t —r,x(t —r)), it follows that,

FEI (G
= 2t =)+ 1)+ ((T2)" — (w)")a'(t = 7) (7.3)

— (@'t =7))*(wa)")d + O(6?).

For invariance, 4 = F(t,z, (x(t — 1)), 2/(t — r)).

This gives,
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o 1 4 (T — wp)a! — w0 + O(82)
= F(t+ 6w+ 0(6%), x4 6T + 0(8?), z(t —r) + 67" + O(6?),

' (t=r) + ()" + (T2)" = (w)")a'(t =) = (@'(t = 7))*(wa)")d + O(6?))
= F(t,z,z(t—r),2'(t —7)) + (WE + TE, + 1" Fyp

+T[7;}F$’(t—r))5 + 0(52)7

(7.4)
where 1 = (13)" + ((12)" — (w)")2'(t —r) — (2'(t — 7)) (W)
Comparing the coefficient of §, we get
W 4+ Yy + T Fyyy + Y Foery = L+ (e — wi)a’ — wpa. (7.5)
The above obtained equation (7.5) is a Lie type invariance condition. O

We can define a prolonged operator (the general infinitesimal generator associated with

the Lie algebra) for neutral differential equations as:

8 o .. 9

With the notation D; = % + x’a%, we can write,

L= & (DY) =2/ Dy(w))d + O(87).

(7.6)
= & 1746+ 0(5?),
where Ty = Dy(T) — 2’ Dy(w). We then define the extended operator as:
¢ :w;f+T£c+TT8x(?—r)+TM@i/+Tﬁ]&c’(?—r)' (7.7)
Defining A = 2/(t) — F(t,xz(t),z(t — r),2'(t — 7)) =0, we get
(WA =1y = wF + YFy + Y Fypy + Y Forrr). (7.8)

Comparing equations (7.5) and (7.8), we get

Tig =T + (Vo —wi)z’ — wex'?.

On substituting 2/ = F into (WA = 0, we get an invariance condition for the neutral
differential equation which is ¢((V A |a—o= 0, from which we shall obtain the determining

equations.
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We point out here that equations (7.6)-(7.8) is an easy way of working with higher order
differential equations as compared to equations (7.3)-(7.5) which is simpler to use for

lower order differential equations.

Remark 7.2.1. If the term /(¢ — r) is absent, then the corresponding first order neutral

differential equation reduces to a first order delay differential equation.

We conclude this section by proving a very elementary result which is used in our

subsequent sections:

Proposition 7.2.1. If the linear functional differential equation is given by
2/ (t) + ax’(t —r) + bx(t) + cx(t — r) = d(t), (7.9)

then by employing a change of variables namely t = t, T = x — , where T is a solution
of the functional differential equation, we can convert the given mon-homogeneous linear
functional differential equation to a homogeneous one, namely

' (t) + ax'(t —r) + bx(t) + cx(t —r) = 0.

Proof. The proposition easily follows by substituting ¢t = ¢ and z(t) = Z + Z(t) in (7.9),
by noting that #'(t) + a&’(t — r) + bx(t) + cZ(t — r) = h(t). O

7.3 Classification of First Order Delay Differential Equa-
tions to Solvable Lie Algebras

7.3.1 The Linear Case

We shall make a classification of the first order delay differential equation with constant
coefficients,
2'(t) + ax(t) + Bz(t —r) = 0. (7.10)

The extension and prolongation operator for equation (7.10) is given by,

s, s, 9] s, d
M= = r = r_ Z i
¢ w8t+w 8(t—r)+Tax+T 8x(t—r)+r[t]8$"

(7.11)

Applying the operator defined by equation (7.11), to the delay equation g(t) =t — r, we
get
wt,z) =w(t —r,z(t—r)). (7.12)

Applying the operator defined by equation (7.11), to equation (7.10), we get,

Ty + (T — w)(—ax — Ba") — we(az? — 20fzx” + B22") + o + BT = 0. (7.13)
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Splitting equation (7.13) with respect to the constant term we get,
Y, +aY + BT =0. (7.14)
Splitting equation (7.13) with respect to = we get,
—a(?y —w) =0. (7.15)
Splitting equation (7.13) with respect to 2, 2"2 or xza", we get,
wy = 0. (7.16)
Splitting equation (7.13) with respect to =" we get,
— BT, —wi) =0. (7.17)

We solve the above equations by studying all possible cases and make a complete

classification of (7.10) to solvable Lie algebras by proving the following theorems, with

the notation u = z".
Theorem 7.3.1. The first order delay differential equation (7.10) for which

1. a# —f, admits the two dimensional Lie algebra generated by

0 0 0
51—&, Sz—éﬂ(%-l-m),

with the infinite dimensional Lie sub-algebra given by

Sf;,——( l )8 [9—(0z+ﬁ)wx}§w—[ae—i-lﬁt—l—(a—i—ﬁ)wx (%

a-ﬁ-

a+p g B
2. a = —f, admits the two dimensional Lie algebra generated by
0 0 0 0
Sl_tat—‘_x({*)x—i_%)’ SQ—@,

with the infinite dimensional Lie sub-algebra given by

. (9 d\ 1,0
S3_9<a:c+m>_59tm

Proof. (1) Let a, 8 be arbitrary non-zero constants, a # —/. Then, from equation

(7.16), we get w = w(t).
From equation (7.15), we get,
Y=wax+0(t), T =wz+(t—r).
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From equation (7.14), we get, w; = ¢; — (o + flw, P = _Be — Bet7
Wt

=cC2— 7.18

where ¢; is an arbitrary constant and c; = i 5 Hence,
Y =[c1 — (a+ B)w]x + 0, (7.19)

and,

Y =lc1 — (a+ B)w]z + 1. (7.20)

The infinitesimal generator is given by

., 0 o .0
Cewg e T o

- (02_ oﬁ:ﬁ) %+([01—(@+5)w]x+w) “

ox
« 1 0
+ ([Cl — (a+ Blw]z — (59 - /Bet)) Er
. . 0 0 0 .
The Lie algebra is spanned by S1 = —, Sy ==z ( + ) with
ot dr  Ou

B Wi 0 0 o 1 0
S3 = (Oé+5> 8t+[0 (a + Bwx] o {(a+ﬁ)wm+6¢9—|—59t B
as the infinite dimensional Lie sub-algebra.

The commutator table is given by,

S1 | S
Si, 010
Sy 010

Then L = {51, S2} is a solvable Lie algebra.

(2) Let a, 8 be arbitrary non-zero constants, a = —f3

Then equation (7.14), becomes 1; + (27 — 1) = 0, which can be solved to give

w = c3t + ¢4, (7.21)

Y =c3z+6, (7.22)

T" = c3z + 1, (7.23)
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. 0,
where c3, c4 are arbitrary constants and ¢ = — 4 a.
«

The infinitesimal generator is given by

.0 L9 0

0 o 0
:(63t+c4)5t+(03$+9)ax+(0333—’_;—FO‘)

0
ox"’

) . 0 0 0 0
The Lie algebra is spanned by S; = ta +x (8.%' + 6u> , So = 51 with

1
S3 =40 (8 + 0) — —Htg as the infinite dimensional Lie sub-algebra.
or Ou 6 "ou

The commutator table is given by,

S1| S
Si| 0 | =Sy
Sy | Sy 0
Then L = {51, 52} is a solvable Lie algebra. O

Corollary 7.3.1. The first order delay differential equation given by equation (7.10)
for which a =0, B is an arbitrary non-zero constant, admits the same generators as the

Theorem 7.5.1 (part (1)) above, except that the infinite dimensional Lie sub algebra is

given by S3 = — (“g) gt - ,wa)ai - Vé + Bmw] ;u.
7.3.2 A Nonlinear Case
We make a classification of

x(t—r)

' (t) =k [1 — ] z(t), (7.24)
a nonlinear delay differential equation extensively studied by [28, 30] in modeling popu-
lation growth problems.

Applying the operator defined by equation (7.11), to the delay equation g(t) =t — r, we
get equation (7.12).

Applying the operator defined by equation (7.11), to equation (7.24), we get,

Ty + (Ve —wi)a’ — wea = kT — %[Tg + 27" (7.25)
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Splitting equation (7.25) with respect to constant term, 2/ and 2> respectively, we get,

k E .
Ty =kT — 7 T — f:nT , (7.26)
T, —wg =0, (7.27)
wz = 0. (7.28)
These equations can be solved to give,
w=a0c (7.29)
Y=0, T" =41, (7.30)

k
where ¢; is an arbitrary constant and 6; = ¢0 — F@x" — mezp.

The infinitesimal generator is given by

R R I
Cewmg o 1 o

0 0 0
I Tl
“o o TV aw
. . o 0 0 e .
The Lie algebra is spanned by 57 = g with Sy = 98— + 1/18— as the infinite dimensional
x U

Lie sub-algebra.

7.4 Classification of First Order Neutral Differential Equa-
tions to Solvable Lie Algebras

7.4.1 The Linear Case

We shall make a classification of the first order neutral differential equation with constant
coefficients,
2'(t) + ax(t) + Bzt —r) +y2'(t —r) = 0. (7.31)

The extension and prolongation operator for equation (7.31) is given by,

C(l):wngw’" 0 47yl iy 9 0 0

ot o= Tar T e —r T ey T g (7.32)

Applying the operator defined by equation (7.32), to the delay equation g(t) =t — r, we
get equation (7.12).
Applying the operator defined by equation (7.32), to equation (7.31), we get,

T+ (Y —wi)(—ax — " —yz"") — we(?2® + 20Bxx" + 28y 2" + 2ayza”™ + f2x">
12 12
+ 22" )+l + BYT AT 4+ (L — w2 —wha” ] =0. (7.33)

T
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Splitting equation (7.33) with respect to the constant term we get,
Yi+al + 57" +~7] =0. (7.34)
Splitting equation (7.33) with respect to = we get,
—a(?y —w) =0. (7.35)

2 2™ xa"! or za”, we get,

Splitting equation (7.33) with respect to z2, 2"
wy = 0. (7.36)
Splitting equation (7.33) with respect to =" we get,

— By —wy) =0. (7.37)

Splitting equation (7.33) with respect to 2% we get,
Ywg — wy = 0. (7.38)

Splitting equation (7.33) with respect to 2" we get,
Yo —wr =7, —wj. (7.39)
We solve the above equations by studying all possible cases and make a complete

classification of (7.31) to solvable Lie algebras by proving the following theorems, with

the notation u = .
Theorem 7.4.1. The first order neutral differential equation (7.31) for which

1. a # —f, admits the two dimensional Lie algebra generated by

0 0 0
S1fa, S2w(x+),

with the infinite dimensional Lie sub-algebra given by

o (o (22) o] - (12) ]

2. a = —f, admits the two dimensional Lie algebra generated by
0 0 0 0
Sl—tat+$<ax+au), Sg—a,

with the infinite dimensional Lie sub-algebra given by Si = 962 + 1/)88
x u
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0
3. a=—0, v=—1, admits the one dimensional Lie algebra genemted by S1 = g

with the infinite dimensional Lie sub-algebra given by S§ = 9 —I— 1,!)*

Proof. (1) Let «, 3, be arbitrary non-zero constants, o # —f, v # —1. Then, from
equation (7.36), we get w = w(t).

From equations (7.35), (7.37) and (7.39), we get,

Y =wax+60(t), T =waz+(t—r).

From equation (7.34), we get, w; = ¢3 —

(a+p)

w, O+ al+ By + v =0,
14+~

w=cy— —|—ﬂwt’ (7.40)
h i bit tant 4 and 9 H
where ¢; is an arbitrary constant, c = —— and c3 = ——. Hence,
! Y 2 a—+p 3 1+~
o+
T [03— (Hf)w] 240, (7.41)
and,
(a+B) }
" = |c3 — w|z+ . 7.42
o= ] ot (7.42)

The infinitesimal generator is given by

¢ —wa+T88+T
o E5) 3 (o220
+ <[03— (?If)w}x—i—w) 8(;'

The Lie algebra is spanned by S1 = %, So == (;x + (,i) with

oo (3)e - (22) ] 2o (522) ] 2

as the infinite dimensional Lie sub-algebra.

The commutator table is given by,

S1 | 52
St 010
Sy 010

Then L = {51, 52} is a solvable Lie algebra.
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(2) Let a, 8 be arbitrary non-zero constants, a = —f3, v # —1.
Then equation (7.34), becomes 1; + (Y — 1) + ~27 = 0, which can be solved to give

w = cqt + 5, (7.43)
T = cuz + 0, (7.44)
T = cyx + 1, (7.45)

where ¢4, c5 are arbitrary constants and 6; + «(6 — ) + v, = 0.
The infinitesimal generator is given by
0 0

* 0 r

0 0
= (c4t + c5) g + (cyr + 6) p + (car + )

0
ox"’

. . 0 0 0 0 . 0 0
The Lie algebra is spanned by S; = ta +x (8:6 + 8u> , Sy = g with S3 = 9% ‘HP%

as the infinite dimensional Lie sub-algebra.

The commutator table is given by,

S1 | S
S1] 0 | =52
Sy | S 0

Then L = {51, S2} is a solvable Lie algebra.

(3) Leta# —p,v=-1.
Then equation (7.34), becomes 1; + o2 + 51" — 1] = 0, which can be solved to give

w = ¢y, (7.46)
Y =0(t), (7.47)
T = gt — ), (7.48)

where ¢g is an arbitrary constant, c; = fﬁﬁ and 0; + af + By — Py = 0.
o

The infinitesimal generator is given by

., 0 o .0
Cewg e 71 o

0 0 0
=gt 05 T Vo
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0
The Lie algebra is spanned by S; = o with
0

0
So = 60— + 1yp— as the infinite dimensional Lie sub-algebra.
Ox ou .

Corollary 7.4.1. Subject to the conditions v = —1, in equation (7.31), the same result
of Theorem 7.4.1 (part (3)) is obtained if oo # —f but either oo =0 or 5 = 0.

Theorem 7.4.2. The first order neutral differential equation (7.31) for which

a=0=p, v =1 admits the three dimensional Lie algebra generated by

0 0 0 0 0
Sl:t@)ﬁ_‘_x(@a:—’_@u)’ SQZ§, 53:%7

with the infinite dimensional Lie sub-algebra given by
; 0 0
=0 = —-—=1.

Si [8:1: au}

Proof. Let a=0= 03, v=1.
Then equation (7.34), becomes 1; + 17 = 0, which can be solved to give

w = cgt + o, (7.49)
T =csx +6(1), (7.50)
Y =csx+(t—r), (7.51)

where cg, cg, c19 are arbitrary constants and ¢ = c19 — 6.

The infinitesimal generator is given by

.0 0 D

0 0 0
= (cgt + 09)& + (csx + 9)% + (cgx + c10 — 0)@.
. . 0 0 0 0
The Lie algebra is spanned by S7 = ta +x ((% + 6u> , S = ETe
S3 = g with Sy =6 (8 — 6) as the infinite dimensional Lie sub-algebra.
ou ox Ou

The commutator table is given by
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St S | 53

Si1 0 =50

Sy S22 0 0

S3 | 0 0 0

Then L = {57, 52,53} is a solvable Lie algebra.
O

Corollary 7.4.2. For the first order neutral differential equation given by (7.31) with
a=0=8,v+#0,—1, the same generators as in the previous Theorem are obtained,

only that the infinite dimensional Lie sub-algebra is given by

7.4.2 A Nonlinear Case

We make a classification of
)+ )zt —r)+ 2 (t—r)=0(t), (7.52)

This is a nonlinear and nonhomogeneous equation.

Applying the operator defined by equation (7.32), to the delay equation g(t) =t — r, we
get equation (7.12).

Applying the operator defined by equation (7.32), to equation (7.52), we get,

T+ (Ve — wi)a’ —wet + 27" + 2" + 77 + (17 — )" — Wz = . (7.53)

T

12
Splitting equation (7.53) with respect to constant term, z’, 2’ 2, 2" and 2"~ respectively,

we get,
T+ 27" + 2"+ 717 =w, (7.54)
Y, —we =0, (7.55)
wy =0, (7.56)
Y, —w; =0, (7.57)
wy = 0. (7.58)

These equations can be solved to give,

w=cy, (7.59)
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T=0, T =4, (7.60)

where c1, co are arbitrary constants and 6 = c1v + co — .
The infinitesimal generator is given by
0 0

9
*x _ Y r— "
Cewy T ot o

0 0 0
=cig + (c1v +ca — wt)—ax tg
. . 0 0 o .
The Lie algebra is spanned by S1 = o + G So = E with

S3 = —Q/th + @Dg as the infinite dimensional Lie sub-algebra.
ox ou

The commutator table is given by

S1 | S
St 010
Sy 010

Then L = {51, S} is a solvable Lie algebra.

7.5 Summary

With the notation L], where m denotes the dimension of the solvable Lie algebra and
S% to mean the infinite dimensional Lie sub-algebra, the entire classification of first order
functional differential equations with constant coefficients to solvable Lie algebras is

summarized in Table 7.1 and Table 7.2 below:
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Table 7.1: Group Classification of First Order Functional Differential Equations

Type of Functional . . Solvable
Differential Equation Basis for the Lie Algebra Lie algebra
S1 = 9 Sy =ux <6 + 8)
o 7P \or T du)
' (t) + azx(t) + Bx(t — . w P
=0 Sé:<a4:ﬁ)f9if Lj
« 7é _B a !
+ [0 — (a+ ﬁ)wx} p
« 1 0
s —t8+m<a+a> 5= 2
'(t) + a(x(t) — ot - 71T ot o Nz du ’a 2T oo 12
r) =0 i Z 4 = l il
% =0 (ax * au> Ao
Si=g Si=o(gta)
Z'(t)+ Bz(t—r) =0. w\ 8 * v 9 L3
Sy =— (IB) 7 + (0 — Brw)— —,Ba:w%
a'(t) =
0 0 0
z(t—r -z i g— il Ll
k{l (P )}az(t) 51 ot’ 52 93$+¢6u 4
0 0 0
Sl—a, Sa $<8 +8u)
' (t)+ax(t)+px(t—r)+ i_ (1 +7) 9 1y
ya!'(t —r) =0, 55 = a+ wt@t—i_{e L?
a#F =B, v#-1 (a"i'B)wx}a
147 ox
a+pg 0
0 _8[¢_8<1+7)wx}8%
P+l et s =t va (), Sim g
’)/IL‘/(t _ 7‘) — 0, ' 8(% gl‘ ou ot L%
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Table 7.2: Group Classification of First Order Functional Differential Equations

Type of Functional . . Solvable
Differential Equation Basis for the Lie Algebra Lie algebra
() +az(t)+Bz(t—r)— | 5 = O
Z(t—r)=0, ' 8t8 ) Ly
51=t§+w<;+;>7 Szzg
#(t) (¢ ) = 0. 5 0y t z
53 = gy 91 =0 ax‘aJ
simtd e (D4 D) 522
() +~y2'(t—7r) =0, ! gt . 890_86u ’6 T ot L3
53 ou’ 51=0 10z ~yOu
g 0 0 g _ 0
o)+ a0t =) P T T g 2 s 1%
' (t—r)=wv(t). i g
53 wtax + ou
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8.1 Introduction

In this chapter, we make a complete classification of second order functional (delay and
neutral) differential equations with constant coefficients to solvable Lie algebras. We
shall use certain facts stated later to simplify our second order functional differential
equations. We provide a basis for the Lie algebra given by second order linear and
nonlinear functional differential equations by simplifying them and using an approach
different from the existing literature. We also make a classification for some second order

nonlinear functional differential equations.

It is noteworthy to mention here that by using Lie-Béacklund operator and invariant
manifold theorem, [10] classifies second order delay differential equations to solvable
Lie algebras. We see that [10] performs a symmetry analysis without simplification of
the linear delay differential equations, the simplification of which will be seen in this
chapter. In addition several crucial cases are not considered in [40]. The approach for
classification of delay differential equations to solvable Lie algebras is extended to some
nonlinear differential equations in [41, 412]. The drawback of the analysis in [51, 59, 60]
is that the inverse of the obtained classification cannot be found. We extend the results
we have obtained in the previous chapter to obtain symmetries for linear and nonlinear

functional differential equations.

We shall be studying the functional differential equation

O(t,z(t),z(t —r),2'(t),2'(t —r), 2" (t), 2" (t —r)) =0, (8.1)

where ® is defined on I x DS where D is an open set in R, I is an interval in R and

r > 0 is the delay. We assume that, = 0. We shall find a Lie group under

__ o0
ox'"(t —r)
which these functional differential equations are invariant. We call this the admitted Lie
group by which we mean that one solution curve is carried to another solution curve of

the same equation.

The rest of this chapter is organised as follows: The next section extends the results
for ordinary differential equations to functional differential equations by obtaining a Lie
type invariance condition using Taylor’s theorem for a function of several variables. In
the sections to follow, each section will consist of two subsections — one for linear and
the other for nonlinear functional differential equations with constant coefficients. Each
section will independently be concerned with (i) Second order delay differential equations
(ii) Second order neutral differential equations. We conclude with representation of our

results, which are the basis for the Lie algebras, in a tabular form.
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8.2 Lie Type Invariance Condition for Second Order Func-

tional Differential Equations

In this section, we extend the results for ordinary differential equations to functional
differential equations. The notation z" whenever it appears will denote z(t — r).

We establish the following Lie type invariance condition for second order neutral differ-
ential equations. A careful look at the proof will see that it is slightly different from the

proof given in chapter 5 and 6.

Theorem 8.2.1. Consider the second order neutral differential equation

dQI / / i
g = Flt,z,a(t =),/ (t),'(t = r),a"(t = 1)), (8.2)

where F' be defined on a 6-dimensional space I x D®, D is an open set in R and I is any

interval in R. Then the Lie type invariance condition is given by

(A}Ft + TFI —|— TTFx(t_T) —|— nt]F$/(t) —|— T‘[’;‘]le(t—T) + T[;t]Fa?”(t—’l‘) =
Yo + 2V — wi)r' + Ty — 2wm)a:’2 — Wy + (Ve — 2wy)z"” — 3wea’z”,

where,
T[t] = Dt(T) — ,I/Dt(CU),

0 0 0
Ty = Di(Yiy) — 2" Dy(w), where Dy = ot + ﬂfl% + fEH% +o

Ty = ()" + (L) — (w)")a'(t —7) — (@' (t = 7))*(wa)",

Yy = M) + 2(Te)" — (wi)" )2 (t = 1) + (Loa)” — 2(wea)")2! (t = 7)?
— (waa)"@'(t —7)° + (Yo)" = 2(we)")2" (t = 7) = 3(we) 2/ (t — )2 (t — 1)),
and w" =w(t —r,x(t—7r)), " =Tt —r,z(t—71)).

Proof. Let the neutral differential equation be invariant under the Lie group
t=t+0w(t,z)+0(6?), z=ux+3T(tz)+ 0.

We then naturally define #—7r=t—r+dw(t—r,z(t —r)) + O(§?) and
z(t—r)=a@t—7)+ 6Tt —r,x(t—71))+O0(?).
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With the notations, w” =w(t —r,z(t —r)), and 7" =7(t —r,xz(t —r)), it follows that,

FE
= 2t =)+ (1) + (V)" — (w)")a'(t = 7) (8:3)

— (@t —7))%(we)")d + O(62).

Considering the second-order extended infinitesimals, we can write
br_d (i)
de2 — dt \ dt

G |5+ (1)~ D)+ 0|
dt Lat v

1+ 6D¢(w) + O(42)

dt?
d2:1:
T ode?

= (d% + Di(Tp)d + 0(52)> (1 — 0Dy (w) + O(6?))
+ (Dy(T}y) — Di(w)z")s + O(6?).

So, Ty = De(Ypy) — 2" Di(w).

As T}, contains ¢,z and z’, we need to extend the definition of D;.

0 0 0
Let Dy = +alg, T2 50 T

Expanding 17}, gives,

Yy = Vit + (200 — wie) 2’ + (Voo — Qe )2 — wapt™ 4+ (Ve — 2wp)z” — Bwea'z”.
It follows that,

RET

"t —r) = dQ(t—r)

=a"(t = 7) + [(Va)" + 2(T3a)" — (wie)")2'(t —7)
+ (V)" — Q(Wtﬂcy)x,(t - T)Z - (wm)’"x/(t - r)g
+ ((T)" = 2(w)")2" (t — r) = 3(wy) 2! (t — )2 (t — r)]6 + 0(8?).

Let 7y = (Y1) + ((T2)" — (we)")'(t = 7) — (2'(t = 1))*(ws)" and
Tiig = ()" + (2(Lia)” — (wie)")2' (¢ — 1) + ((Vow)" — 2(wia)" )2 (t — 1)
— (Wa) 2 (t = 7)3 + (V)" = 2(we)") 2" (t — 1) — 3(ws)" 2" (t — r)2" (t —1)).

For invariance,

d*z . — _dr dx . d’z
—=F(t.x t— —, —(t — —(t — .
=Pzt 1), o ), S )
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This gives,
d2
Ff + Y0 + O(0%) = F(t + 6w+ O(6%), 2 + 67 + O(6%), x(t — r) + 67" + O(6?),
dz 9 dz - 9
2+ T3y + O(8%), - (t = ) + Tjs + O(5%),
d*z .
ﬁ(t —7) + g6 + 0(6%))

= F(t,x,x(t —r),2'(t), 2 (t —r), 2" (t —r))+
(WFt + TF;Z- + TTFx(t_T) + T[t]F.I/(t) —|— T‘[’;]Fxl(t_r)
+ T For(e—r))0 + 0(6?).

Comparing the coefficient of §, we get

wF +TFy + Y Fopry + Vg Fury + YigFore—r) + Vg For(p—ry =
Yot + (200 — wi)x' 4+ (Vw — 2wiz)’? — wapa™ + (L — 2wy)x” — 3wz, (8.4)

The above obtained equation (8.4) is a Lie type invariance condition. O

We can define a prolonged operator (the general infinitesimal generator associated with

the Lie algebra) for the second order neutral differential equation as:

o .0 .. 0

We then, naturally define the extended operator, for second order neutral differential

equations as:

0 0 0 0 0 0 d
Oy r = Y= AT 477 T, 17 .
¢ Yot * ox * ox(t —r) Rl ox’ Rl ox'(t —r) e ox" o ox"(t —r)

(8.5)

Defining, A = 2”(t) — F(t,z(t),x(t — r),2'(t),2'(t — r),2"(t — r)) = 0, we get,
(WA =Yy = wF = YFo = Y Fory — YigFurey = Yy Fore—r) — Vg Fore—ry- (8.6)

Comparing equation (8.6) and equation (8.4), we get,

Yiryg = Yoo + (2000 — wie)®" + (Vo — 2w12) 2" — W + (T — 2wy) " — 3w’z

On substituting z” = F into (WA = 0, we get an invariance condition for the second
order neutral differential equation which is (WA |a—o= 0, from which we shall obtain

the determining equations.

Remark 8.2.1. If the term a” (¢ —r) is absent, then the corresponding second order neutral

differential equation reduces to a second order delay differential equation.

We conclude this section by proving two very elementary results which we shall be using



Chapter 8. Classification of Second Order Functional Differential
Equations With Constant Coefficients to Solvable Lie Algebras 149

in our subsequent sections:

Proposition 8.2.1. If the linear functional differential equation is given by
2/ (t) + b2 (t) + e’ (t —r) +da" (t — 1) + ex(t) + jx(t —r) = m(t), (8.7)

then by employing a change of variables namely t = t, T = x — I, where T is a solution of
equation (8.7), we can convert the given non-homogeneous linear functional differential
equation to a homogeneous one, namely

2 (t) + b’ (t) + ca'(t —r) + da”" (t — r) + ex(t) + ja(t —r) = 0.

Proof. The proposition easily follows by substituting ¢t = ¢ and z(t) = & + Z(t) in (8.7),
by noting that Z”(t) + b2’ (t) + c&'(t — r) + dz"(t — r) + ex(t) + jz(t —r) =m(t). O

The next proposition is particularly useful in simplifying second order functional differ-

ential equations.

Proposition 8.2.2. If the linear functional differential equation is given by
2" (t) + b2’ (t) + e’ (t —r) + da” (t —7) + ex(t) + ja(t —r) = 0, (8.8)

then by employing a suitable transformation, we can convert the given non-homogeneous
linear functional differential equation to a one in which the first derivative (ordinary

derivative) term is missing, that is to the equation

2 (t) + e’ (t —r) +da" (t — r) + ex(t) + jz(t —r) = 0. (8.9)

Proof. We have seen a proof of this proposition in chapter 6. O

Remark 8.2.2. Tt should be noted that this transformation does not affect the symmetries

of equation (8.8).

8.3 Classification of Second Order Delay Differential Equa-
tions to Solvable Lie Algebras

8.3.1 The Linear Case

‘We shall make a classification of

() + ax'(t) + B2’ (t — r) + yx(t) + pz(t —r) = 0. (8.10)
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By using Proposition 8.2.2, we make a classification of
2" (t) + B2/ (t — ) +ya(t) + pz(t —r) = 0. (8.11)

The extension and prolongation operator for equation (8.11) is given by,

9 d d 9 d d 9
W — 9 9y 9 9 i 9 iy 9
¢ mwg e at—1) Tor TT oxt — 1) T g+ Ttggr T g

(8.12)

Applying the operator defined by equation (8.12), to the delay equation g(t) =t — r, we
get w(t,z) =w(t —r,x(t —71)).
Applying the operator defined by equation (8.12), to equation (8.11), we get,

i+ (2 e —wie) ' + (Ve — thx)x'2 — wmxlg + (Y —2wy) (=B (t—7) — vz — px(t—7))

— 3wt (=B (t —7) —yx — pr(t —7)) + BT + (YL —wj)z" —w;mrl2) +4T+pY" = 0.

(8.13)
Splitting equation (8.13) with respect to the constant term we get,
Yy + BYT + 4T+ pY" = 0. (8.14)
Splitting equation (8.13) with respect to = we get,
vy —wy) = 0. (8.15)
Splitting equation (8.13) with respect to z’ we get,
2Y 0 = wit. (8.16)
Splitting equation (8.13) with respect to z/* we get,
Vow = 2t (8.17)
Splitting equation (8.13) with respect to 2’ 3 we get,
Wp = 0. (8.18)
Splitting equation (8.13) with respect to 2’2", zx’ or 2’2", we get,
wy = 0. (8.19)

Splitting equation (8.13) with respect to =" we get,

—p(Yy — 2wy) = 0. (8.20)
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Splitting equation (8.13) with respect to 2" we get,
— pwy = 0. (8.21)
Splitting equation (8.13) with respect to 2" we get,
— BTy —2wi) + BT —wi) =0. (8.22)

From equation (8.19) and (8.21), we get w = w(t).
From equation (8.17), T = A(t)z + 6(t).
From equation (8.15) or (8.20), we get,

1
we = SA(). (8.23)
1
From equation (8.22) and using equation (8.23), we get 1" = §A(t):v +(t —r).

The following theorems make a complete classification of the second order delay differential

equation to solvable Lie algebras. The notation u is used to denote x".
Theorem 8.3.1. The delay differential equation given by equation (8.11) for which
B#0,v# —g admits a three dimensional group gemerated by

0 0 0
Sl_aa 52_'%%7 53_x%7

with the infinite dimensional Lie sub-algebra given by

p

4(v+3) 4(y+3)

. 1 9 0 2 9 0

Sh=- + Al =+ |0—z| A+ —=w|| =

4 2(,Hg) g ot B8 g O
20+ 5 Y] o

Proof. Let 3,7, p be arbitrary non-zero constants, v # —g. Then from equation (8.14),
we get,
B Pa_
Att + §At + ’}/A + §A = 0, (824)

and Oy + By +~0 + pyp = 0.
Solving equation (8.24) using equation (8.23), we get,

At—i—éA

w=c — —2_ (8.25)

p b)
2 -
('7+2)
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where ¢; is an arbitrary constant. From equation (8.25),

43+ 5)
M= 2a - 20
de1(v + 2)

where ¢y = 2 .

This yields,

and,

T+,

C2
where c3 = —.

The infinitesimal generator is given by

R I
Cen T e T o

B
A+ =A 9 dw(y+ )
——2 gﬁ O WL R B
2(v +35) T

+ 1A2w(7+g) +¢ 0
C3 B t B X 8:1,‘74.

The Lie algebra is spanned by S1 = 27 Sy = acg, Sg = xz
ot Oz ou
With g = 2w;, we get

Sy =—

is the infinite dimensional Lie sub-algebra.

The commutator table is given by

(8.26)

(8.27)

(8.28)
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St S | 53

Si1] 0 0 0

Sy | 0 0 | S3

S3 1 0 =53] 0

Then L = {57, 52,53} is a solvable Lie algebra. O

Theorem 8.3.2. The delay differential equation given by equation (8.11) for which
B#0,v= —g admits a four dimensional group generated by

a:|7 S4Zx|:a+;a:|a

0
Si=t—, Sy=—, S3=tz [—f— % ou

1
ot or ' 20u

A ) )
Sh = =5 + (0= Baw) — + (¥ - %)%.

Proof. Let 3,7, p be arbitrary non-zero constants, v = —g. Then from equation (8.14),

we get,
Wett + gwtt =0, (8.29)
and 0y + By + ge b =0.
Solving equation (8.29) we get,
A
w=cet+cy— =, (8.30)
g
X 264 265 .
where ¢y, c5 are arbitrary constants and cg = 7, cr = 7 From equation (8.30),
A(t) = cgt + cg — Pw, (8.31)
where cg = Bcg, cg = Ber. This yields,
Y = (gt + cg — pw)x + 0(t), (8.32)

and, )
1= 5(08t +cg — pw)z + Yt —1). (8.33)
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The infinitesimal generator is given by

R S R

= (c6t+ cr — A) gt + [(est + cg — Bw)z + 9];; + [%(Cgt-ﬁ-Cg — Bw)z + Y] 0

B oxr’
. . 0 0
The Lie algebra is spanned by S; = ta, Sy = p
o 10 o 10
Ss txi8x+28u}’ Sy ${8x+28u} wit
S5 = _Baat + (60— ﬁmw)% + (¢ — 5%«0)({% as the infinite dimensional Lie sub-algebra.

The commutator table is given by

Sh Sy | S3 | Sa

Sh 0 —S2 | S35 0

52 52 0 54 0

S3 | =83 | =S4 0 0

Sy 0 0 01]0

Then L = {51, 52, 53,54} is a solvable Lie algebra. O

Theorem 8.3.3. The delay differential equation given by equation (8.11) for which

B8 =1,v=0=p admits a three dimensional group generated by

Slztg—f—tl'

ot

{5 18} 0 [8 10
0x  20u]’ O0x 20u ou’

—+t- Sy=—+=zx +}, S3 = —
with the infinite dimensional Lie sub-algebra given by

i 0 0 zw) 0

Proof. Let § =1, v= 0= p. Then equation (8.14) becomes 13; + 2y = 0, which yields,
1
Ay + §At =0, (8.34)

and v = —0; + cqg.
Solving equation (8.34) we get,

w = et + cr2 — A(t), (8.35)
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where ¢y, 11, c12 are arbitrary constants. From equation (8.35),

A(t) =ci1t+ci9g —w. (836)
This yields,
Y = (c11t + c12 —w)z + 0(1), (8.37)
and, )
T = §(Cl1t + c12 — w)x + c19 — 6. (838)

The infinitesimal generator is given by

R Y Y
0

= (et + c12 — A(t))gt + [(e11t + c12 —w)z + e(t)]%

1 0
+ [i(cllt + c12 — w)x + 10 — 4] 9

The Lie algebra is spanned by
10 0 o 10 0

0 0
Sl_t<%+tx[8x+28u}’52_8t+x{8x+28u}’53_8u’

with Sy = —Ag+(9—xw)g— (915 + :):w>

5 o 5 ) 5, 2 the infinite dimensional Lie sub-algebra.

ou

The commutator table is given by

St S | 53

St 0 =50

Sy S22 0 0

S3 | 0 0 0

Then L = {5, 52,53} is a solvable Lie algebra. O

Theorem 8.3.4. The delay differential equation given by equation (8.11) for which
B #0,v=0=p admits a five dimensional group generated by

0 0 0 10
Sl:tav 52257 SSth |:8x+28u:|7
0 10 0
S4_${8x+20u}’ 55—%3
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with the infinite dimensional Lie sub-algebra given by

;A0 0 0 0

Proof. Let v = 0 = p, 8 be an arbitrary non zero constant. Then equation (8.14) becomes

Ty + BY] = 0, which yields,
A+ gAt ~0, (8.39)

0 . i c13
and v = ¢4 — —, where c13 is an arbitrary constant and cy4 = ?

Solving equation (8.39) we get,

0
w=ci7t +c18 — E, (8.40)
. C15 C16 .

where c15, c16 are arbitrary constants and ci7 = ?, c1g = F From equation (8.40),
A(t) = c15t + c16 — Pw. (8.41)

This yields,
T = (61575 + c16 — 5w)x + 9(75), (8.42)

and,
. 1 0

T = 5(61515 + ci16 — ﬁw)a: + c14 — E (8.43)

The infinitesimal generator is given by

.0 o .. 0
Cowg T T o

0.0 9
= (c1rt + c18 — ) + [(e15t + 16 — Bw)z + O(t)]

B)at ox
1 0,1 0
+ [2(015t + c16 — Bw)T + c1a — 5} oz
. . 0 0
The Lie algebra is spanned by S1 = ta, So = —,
o 10 o 10 o .
Sg—tl'|:a$+2au:|, S4—l'|:8$+2au:|, S5—%Wlth
Se = _49 + (H—BCCM)E + <0t + ﬂxw) 9 as the infinite dimensional Lie sub-algebra
= 3ot or '\ B ou gebra.

The commutator table is given by
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Sl SQ 53 S4 55

Si 0 —Sy 1S3, 00

Sy | S 0 [ S4] 0 0

S3 | =83 =S4, 0 00

Sy 0 0 0100

Ss | 0 0 0] 010

Then L = {51, 52,53, 54,55} is a solvable Lie algebra. O

8.3.2 A Nonlinear Case

We make a classification of
2"(t) + 2/ (t) + 2/ (t — r)z(t) = 0. (8.44)

Applying the operator defined by equation (8.11), to the delay equation g(t) =t — r, we
get equation w(t,z) = w(t —r,z(t —r)).
Applying the operator defined by equation (8.11), to equation (8.44), we get,

Tie+ (2010 —wit) 2"+ (Vo — 2wtw)x’2 — wmx’S + (T —2w) 2" — 3wz’ 2" + 1+ (T —wi) 2’
12
—wa? 2T+ Y]+ (T —w)a" —wia” ] = 0. (8.45)

Splitting equation (8.45) with respect to constant term, o/, 2/%, ', 2, 2’2", "' and

,r./

x" " respectively, we get,
Yu+71 + 2] =0, (8.46)
20 —wi + 1 —wp =0, (8.47)
Ve — 2wig — wy = 0, (8.48)
Wez = 0, (8.49)
T, — 2w =0, (8.50)
wy =0, (8.51)
T+ 2] —wy) =0, (8.52)
awy = 0. (8.53)

1
From these equations we get, w =w(t), 7 =A{t)z+0(t), 1" = §A(t):n + Pt —r),
where A(t) = 2w;.
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Substituting the values of 7,7" in equation (8.46) and solving it, we get,
A(t) = c19, ¥ = ca0, 0 = co1 — 04, and

w = ¢t + C23, (8.54)

T = ci9x + co1 — Oy, T" = conx + €20, (8.55)

where c19, cog, €21, C22, C23, C24 are arbitrary constants.
The infinitesimal generator is given by
0 0 0

Cevm T o

0 0 0
= (coot + 023)& + (c197 + €21 — 91&)% + (c2az + 020)a$r-

The Lie algebra is spanned by

0 0 0
Sl_xng 82_8:35 S3_t§7 5
Sy = e Sy = x%, Sg = 90 with S7 = —Hta—m as the infinite dimensional Lie

sub-algebra.

The commutator table is given by

51 S2 53 S4 SS SG

Si 0 —S2 | 0 0 | S5 0

So | Sy 0 0 0 | Se| O

Ss 0 0 0 =S4/ 0] 0

Sy 0 0 [ Ss O 01]0

Ss | =S5 | =S¢ | 0O 0 00

Se 0 0 0 0 01]0

Then L = {51, 52, 53,54, 55,5} is a solvable Lie algebra.

Remark 8.3.1. For the non-homogeneous nonlinear second order delay differential equation
2'(t) + 2/ (t) + 2'(t — r)z(t) = h(t), we get exactly the same generators as in the
homogeneous case, only that S7; = (6; — y)% is the corresponding infinite dimensional
Lie sub-algebra, where y = cay [t h'dt + co3h.
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8.4 Classification of Second Order Neutral Differential
Equations to Solvable Lie Algebras

8.4.1 The Linear Case

We shall make a classification of
() + ax'(t) + B’ (t — r) + yx(t) + px(t —r) + k2" (t — 1) = 0. (8.56)
By using the Theorem 8.2.1, we make a classification of
2" (t) + Ba’(t — r) + yx(t) + pa(t — r) + k2" (t — ) = 0. (8.57)

The extension and prolongation operator for equation (8.11) is given by,

0 0 0 0 0 0 0 0
(1) _ ., r v r_ Y v r T
G “or Tw ot —r) +T8x +7 dx(t—r) +7y o' +1y oz’ + Ljay oz + 2 oz
(8.58)

Applying the operator defined by equation (8.58), to the delay equation g(t) =t — r, we

get equation w(t,z) = w(t —r,x(t —r)).
Applying the operator defined by equation (8.58), to equation (8.57), we get,

0="u+ 20 —wi)r'+ Vi —thz)x'2 —wmmlg’—{—(Tz —2w) (=B (t—r)—vyx—px(t—7)

—ka" (t—1))=3w,a’ (- B’ (t—r)—yz—pr(t—r)—rKa" (t—7))+3 {T[—{—(T;—wtr)azw—w;ﬂ&}

12 '3 " "
+fyT—i—pT’"—|—m{Tﬁ—i—(?Tt’;—w{t)m’"’—i—(T;x—wax)xr —wh 2" (T —2w] )" —3wha " }

rx x

(8.59)
Splitting equation (8.59) with respect to the constant term we get,
it + BY) +47 + pY" + KT, = 0. (8.60)
Splitting equation (8.59) with respect to = we get,
(Y — 2wy) = 0. (8.61)
Splitting equation (8.59) with respect to z’ we get,
201r —wy = 0. (8.62)

Splitting equation (8.59) with respect to 2’ % we get,

Yoo — 2wiz = 0. (8.63)
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Splitting equation (8.59) with respect to z/° we get,
Wee = 0. (8.64)
Splitting equation (8.59) with respect to z'z", za’, 2'z", or 2’2" we get,
wy = 0. (8.65)
Splitting equation (8.59) with respect to =" we get,
—p(Vy — 2wy) = 0. (8.66)
Splitting equation (8.59) with respect to " we get,
— Bwl 4+ k(Y1 — 2wi,) = 0. (8.67)
Splitting equation (8.59) with respect to 2" we get,
— B(Ye = 2wi) + B(Yy — wp) + K(20F, — wiy) = 0. (8.68)
Splitting equation (8.59) with respect to 2" we get,
— kw!, = 0. (8.69)
Splitting equation (8.59) with respect to =" or """ we get,
— kwl, = 0. (8.70)
Splitting equation (8.59) with respect to z"” we get,
— k(Yy — 2w) + k(Y] —2wy) = 0. (8.71)
From equation (8.65), we get w = w(t).
From equation (8.63), T = A(t)x + 0(¢).
From equation (8.61) or (8.66), we get,
1
we = ZA(1). (8.72)
From equation (8.71) and using equations (8.70) and (8.72), we get 1" = A(t)z+(t—7).

The following theorems make a complete classification of the second order neutral

differential equation to solvable Lie algebras. The notation u is used to denote z":

Theorem 8.4.1. The neutral differential equation given by equation (8.57) for which
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B #0,k# 0,7 # —p admits a two dimensional group generated by

0 0 0
512&7 SQ_JU(&C‘F%),

with the infinite dimensional Lie sub-algebra given by

S =~ (5o + 5 A) i+ [0 - o (At 20+0),)] &

o B0 2

Proof. Let 3,7, p, k be arbitrary non-zero constants, v # —p. Then from equation (8.60),
we get,
(1+r)Aw + BAL + (v +p)A =0, (8.73)

and Oy + B¢y + 90 + pyp + kpy = 0.
Solving equation (8.73) by using equation (8.72), we get,
1+k I5;

=y — A, — A, 8.74
YT ) T 2(v 1) (8.74)

c
where c¢; is an arbitrary constant and co = Tl From equation (8.74),
p

1+k 2(v + p)

A(t) =c3 — 5 Ay — 3 w, (8.75)
where c3 = M
This yields,
1 2
T - (03— ALy <'V+p)w>:c+9, (8.76)
B s
and,
1 2
T = (Cg — * KAt — (7 + p)w> T + 1/1 (877)
s g
The infinitesimal generator is given by
y 0 0 . 0
1+k I&; >8 K 1+k 2(y + p) ) ] 5}
= - A - —A) = — A — 0| —
(CQ O NI M T AN Y B A 7
1+k 2(y+p) ) ] 0
— Ay — .
+ [(03 5 A 3 w)z+ Epe

The Lie algebra is spanned by S7 = g, So==x (8 + a).
oxr Ou
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With g = 2wy, we get

53——(21+”A+ P A>a+[e—x<1+’“/xt+2<7+p)w)}a

(to) 20k p) ") ot E E 2z
1+k 2(y+p) )} 0
_ A il
+ |:1/J x ( 3 ¢+ 3 w 9
is the infinite dimensional Lie sub-algebra.
The commutator table is given by
S1 | Sy
St 010
Se | 00
Then L = {51, 52} is a solvable Lie algebra. O

Corollary 8.4.1. For the neutral differential equation given by equation (8.57), we

obtain the same result as in Theorem 8.4.1, if either ~ or p is O.

Theorem 8.4.2. The neutral differential equation given by equation (8.57) for which
B#0,v=—p,k# —1, admits a four dimensional group generated by

0 0 0 0 0 0

with the infinite dimensional Lie sub-algebra given by

- 1+x , 0 2Pwx] O 2B8xw] 0O
g =— A—+ |6 — — — —.
55 203 8t+{ ]3$+{¢ 1+/<;]8u
Proof. Let 3,7, p,k be arbitrary non-zero constants, v = —p,k # —1. Then from
equation (8.60), we get,
(1 + K)wi + Bwu = 0, (8.78)
and Oy + By +7(0 — ¥) + Ky = 0.
Solving equation (8.78) we get,
1
W= cgt+cr— ;;HA, (8.79)
where ¢y, ¢5 are arbitrary constants and cg = %4, cr = %5 From equation (8.79),
2
A(t) = cgt + co — Bw, (8.80)

A
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B 261 o 202 . .
where cg = T cy = T n This yields,
20
T = |cst+cg— Sv)e +0(t), (8.81)
and,
" 2p
"= <08t +c9 — Aw) T+t —r). (8.82)

The infinitesimal generator is given by

N O N
Ty i

= (Cﬁt+c7— 1+KA>§t+ [(Cgt+69—2/8w)$+9:| 9

28 A ox
+ KcstJrCQ — %fw) x+w} 8(3957“'

0 0
The Lie algebra i d b =t— = —
e Lie algebra is spanned by 51 5 So 3%’

53:t$[8+8:|, S4:x|:a+a:|with

Ox %u 8 (%va ou 3 5
1+k 2Bwx 2Bzw . . . . .
Sy = — 25 Aa + {9 “1x /@] e + [w ey ,J I, 28 the infinite dimensional Lie

sub-algebra.

The commutator table is given by,

S1 Sy | S3 | Sy

S1 0 —Sy | S31 0

82 SQ 0 54 0

S3 | =83 | =S4 0 0

Sy 0 0 01]0

Then L = {57, 52,S53,54} is a solvable Lie algebra. O

Theorem 8.4.3. The neutral differential equation given by equation (8.57) for which
B#0,v=—p,k=—1, admits a three dimensional group generated by

0 0
Sl =t, S2 - &)

0 6}
ot ’



Chapter 8. Classification of Second Order Functional Differential
Equations With Constant Coefficients to Solvable Lie Algebras 164

with the infinite dimensional Lie sub-algebra given by
- 0 0

Sy =0— —.
4 ox * wau

Proof. Let (5,7, p, k be arbitrary non-zero constants, v = —p, kK = —1. Then equation
(8.60) becomes 13 + Y] +~v(T —T") — Y}, = 0, which yields,

Ay =0, (8.83)

and Oy + Bt + (0 — ) — by = 0.
Solving equation (8.83) we get,
w = cyot + c11, (8.84)

where c19, c11 are arbitrary constants. From equation (8.84),

where c19 = 2¢19.
This yields,

T =ciox + 9(15), (8.86)
and,

T" = ciox + 2. (8.87)

The infinitesimal generator is given by

., 0 o .0
TRy i

0 0
= (c10t + c11) o + (122 4+ 0) = + (c122 + ¥)

ot Ox oxr’
The Lie algebra is spanned by
0 0 0 0 .
Sl—ta, Sg—a, Sgl'[ax-i-au} with

0
Sy = 0— + 1»)— as the infinite dimensional Lie sub-algebra.
Ox ou

The commutator table is given by

S1| S | S3

Si1 0 =50

Sy S22 0 0
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Then L = {57, 52,53} is a solvable Lie algebra. O

Theorem 8.4.4. The neutral differential equation given by equation (8.57) for which
B#0,v=0=p,k #0, admits a five dimensional group generated by

0 0 0 0
Sl_téu SQ_&J 53_tx|:a$+au:|7
0 0 0
Si=a [a Ou} T o
with the infinite dimensional Lie sub-algebra given by
: 14k, 0 2Bwx 1 Zﬁw
(A A= — —.
56 28 ot T o~ 1+,J8:(: {ﬁwt 5t ] ou

Proof. Let 3,k be arbitrary non-zero constants, v =0 = p.
Then equation (8.60) becomes 13 + 81} + 1}, = 0, which yields,

(1 + R)Att + ﬁAt = 07 (888)

and ¢ = c13 — Bwt 69,5, where cq3 is an arbitrary constant.

Solving equation (8.88) we get,

14+ &
= c16t ———A 8.89
w = c1gt + C17 283 ) ( )
. C14 C15 .
where cy4, c15 are arbitrary constants and ci6 = F, c17 = ? From equation (8.89),
A(t) = c1st + c19 — 11 A% (8.90)
2 2
where c1g = 1?_65 and c19 = 1?_76 This yields,
28
T = t - — 0 8.91
<018 + c19 1_|_Kw)$+ ) ( )
and,
243 K 1
T’"—(c t+c —w)a:—i—c — =y — —b,. 8.92
18 19 T 13 6% 5% (8.92)
The infinitesimal generator is given by
0 0 0
=w—+7T—+7"
v t ot g
1+x 0 2/ 0
= t ———A| = t - — 0| —
(016 +ci7 28 )8t+{<618 + c19 1—|—/<cw)$+ }83:

2 1 0
+ [(Clgt + ci9 — 1_’/_6%(,0) T+ ci3 — %1/% — /Bgt] el
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0 0
The Lie algebra is spanned by S; = t87’ So = o

0 0 0 0 o
Sg—tl‘[ax—'—auil, S4—.'L‘|:6w+au:|, 85—%Wlth

1 2 0
gt sy 2001 0

56 =~ 3 B 1+k] Ou

1—|—I£A8 [0 2wa]8_[

28 ‘ot " 14k 0x

as the infinite dimensional Lie sub-algebra.

The commutator table is given by

S1 | S2 | S3 54 S5

Si 0 =S S3| 00

So | SS9 0 S+ 0 |0

S3 | =S3 | =S4 0 00

Sy 0 0 0010

Ss 0 0 000

Then L = {5y, S2,S3, 54,55} is a solvable Lie algebra. O

Theorem 8.4.5. The neutral differential equation given by equation (8.57) for which

B8 =1,k =1, admits a three dimensional group generated by

si=tgrto|or o], Si=gau|o 4] s= o
P T o Toul P T o T oe T ou) T ow
with the infinite dimensional Lie sub-algebra given by
; 0 0 0

Proof. Let f=1=k,y= —p,k # —1. Then equation (8.60) becomes 13 +717 + 717}, =0,
which yields,
2A4 + Ap =0, (8.93)

and ¥ = coo — (0 + 1¢), where ¢y is an arbitrary constant.

Solving equation (8.93) we get,

w = co1t + c90 — A, (8.94)
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where co1, co9 are arbitrary constants. From equation (8.94),

A(t) =co1t + Cco2 — w. (895)
This yields,
T = (ca1t + coo —w)z + 0, (8.96)
and,
"= (Cglt + coo — w)x + c20 — ((9,5 + wt) (897)

The infinitesimal generator is given by

R R R
Cowg 0 T 50

0 0
= (ea1t + co2 — A)— + [(ca1t + co2 — w)x + 0] —

ot ox
0
+ [(ca1t + ca2 — w)x + c20 — (0¢ + 1y)] S
. . 0 0 0
The Lie algebra is spanned by S =t— + tz { + ] ,
5 5 5 5 ot oxr  Ou
SQ:&;‘I‘{@Z‘_{—&L&]?’ ngauWItha
Sy = —Aa +1[0— wx]% — [wz+ (0 + )] B0 & the infinite dimensional Lie sub-algebra.
The commutator table is given by
Si1| S | S
S0 =S 0
Sy S 0 0
S3 | 0 0 0
Then L = {51, S2, S3} is a solvable Lie algebra. O
8.4.2 A Nonlinear Case
We make a classification of
2"(t)+2"(t—r)+ 2 (t —r)+ 2 (t)x(t) = 0. (8.98)

Applying the operator defined by equation (8.57), to the delay equation g(t) =t — r, we
get equation w(t,x) = w(t —r,z(t —r)).
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Applying the operator defined by equation (8.57), to equation (8.98), we get,

Ttt+(2Tm—wtt)m'+(Tm—ZoJm):U'2 —wmx’3+(Tx—2wt)x"—3ww:r:'x"+T[t+(2Tt’; —wpy)x"

’2 '3 12

+ (1), — 2wi,)z" —wla" + (1) — QwZ):cr” - 3w;xwx”/ +77 + (T — wf)a:w —wra”

+ 2T+ 21y + (T — w2’ — wea’’] = 0. (8.99)

3w oaom ot a2
’x’xx?x7$ )

Splitting equation (8.99) with respect to constant term, 2/, /%, z’

ER

2", 2" and "'z

respectively, we get,

Yu+71,+2 +27,=0, (8.100)
e — i + 1 =0, (8.101)
Yy — 2wip = 0, (8.102)
R (8.103)

T, — 2w, =0, (8.104)

Wy = 0, (8.105)

27}, —wy + 71, —w; =0, (8.106)
Yo — 2wy, —wy, =0, (8.107)
W =0, (8.108)

TT — 2wl =0, (8.109)

W’ = 0. (8.110)

From these equations we get, w = w(t), 1T =A(t)x+0(t), 1" = %A(t):v + Yt —r),
where A(t) = 2wy.

Substituting the values of 7,7 in equation (8.100) and solving it, we get,

A(t) = co3, 0 =coa, 1 =cos— 1y, and,

w = coet + C27, (8.111)
T = 23T + Co4, T = C23% + Cop — 1/),5, (8.112)
c
where ca3, co4, Co5, Co7 are arbitrary constants and cog = %

The infinitesimal generator is given by

R BN B
Covm Tl T o

0 0
= (ca6t + 027)a + (co3x + 624)% + (co3x + c25 — Y1)

oz’
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The Lie algebra is spanned by

0 0 0 0
Sl—tgt, 52—a, Ss—x{%ﬂL%}
S4=—, S5=— with S¢ = —1y— as the infinite dimensional Lie sub-algebra.
ox ou ou

The commutator table is given by

S1 | So Ss Sy Ss
S11 0 =5 0 0 0
Sy | S 0 0 0 0
Ss | 0 0 0 —S4—55| 0
Sy 0 0 | Si+ S5 0 0
S5 | 0 0 0 0 0

Then L = {51, 52,53, 54,55} is a solvable Lie algebra.

Remark 8.4.1. For the non-homogeneous nonlinear second order neutral differential

equation z”(t) + 2" (t — r) + 2/(t — r) + 2'(t)z(t) = h(t), we get exactly the same

generators as in the homogeneous case, only that Sg = (y — zpt)—r is the corresponding
i

infinite dimensional Lie sub-algebra, where y = co6 [t h'dt + ca7h.

8.5 Summary

With the notation L], where m denotes the dimension of the solvable Lie algebra and
S% to mean the infinite dimensional Lie sub-algebra, the entire classification of second
order functional differential equations with constant coefficients to solvable Lie algebras

is summarized in Table 8.1 and Table 8.2 below:
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Table 8.1: Group Classification of Second Order Functional Differential Equations

Type of Functional . . Solvable
Differential Equation . Basis for thae Lie Alg(—;bra Lie algebra
S1= ot Sy = 93%7 S?@”@a
P
Si=— ! +4(7+5)A i
1 P ot
2(t)+Ba’ (t—r) +ya(t)+ 2v+5) P
px(t—r) =0, I3
) (2, 105 o 1
2 + [ - B t + 3 w B
1, 2049 V] o
+ w — T B t + /8 w %
0 0
Sl ta» SQ - aa
o 10
2'(t) + Ba'(t — r) + | SB=1T ot oo \
ga:(t)—i-px(t—r):o. 54—3;[6 13} L4
T lox  20u]’
;, A0 0 Brw. 0
s =t2 4t [8+18]
' ot " Low 20 ’ )
1
" Iy _ _ Y -~ - Y _ 3
() +2'(t—r)=0. S 8t—;x[8x+268u , Ss au,a L
i — A% L) L Ty 9
S §8t+(9 ;w)8x (Gt 5 ) 5"
S1 = ta» Sa av
S3 =tx [8 + 10 ]
1
2" (t) + B’ (t — r) = 0. S4:$[8x+28u}’ 55:%; L
— A0 0
56 = —Ea + (9 — Bmw)% +
04 0
(5 *5(;”) ou
Sl = xgixa SQ :8671"
2t + () + 2t — | T3ty Sa=gp r
r)a(t) = v(t). _ .9 _9 °
55 Tou b:; - ou’
S = (0 — y)%.
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Table 8.2: Group Classification of Second Order Functional Differential Equations

Type of Functional
Differential Equation

Basis for the Lie Algebra

Solvable
Lie algebra

0 0 0
Sl—a, S2 x(aiL‘+81L)’
2" (t)4px' (t—r)+yz(t)+ g _ < L+k g A> 9
pa(t—r)tra(t—r) =0, =3 210”20 B 2
v F —p. 1+k 2(v+p) 0
+{0m( 3 A+ 3 w)}ax
_ (1+k 2(y +p) )]8
Sl _tdt7 SQ da
2'(t) + Bt — r) + [6 8} {3 6]
y(z(t) — z(t — 7)) + 53 =t 9z " ou  S=w 0z | ou)’ 74
kx'(t —r) =0, gi — 1+HAQ {025&135]8 7
K #£—1. > 26 ot 1+k] Ox
M B Qﬁxw} E
la—i—/i ou 3
S1=t—, So = —,
2'(t) + pa'(t — r) + at@ 8375
Yolt)=alt—r))-a"(t~ | Si=z |50+ L], g
g o,
S1 t&7 So = &7
Sy =t [a+a
R
g 0 0 g 0
o)+ - 4 = g ] 5 gy .
k" (t —r)=0. 9
i 14k ,0 ~ 2fwzy O
5 = 23 Aot [ l—i-/i]&x
K 1 20w ] 0
5t 5t e o
Sttt |24 o
TR T
d 5 9 9
)+ (t—r)+a(t— | 2=t [&C + au} OB T g I3
4T T Wil — T
%)]aua ; ;
Sl —t77 SQ_ a0 53_7)
ot ot ox
() + 2" (t—r)+a2'(t— g - a 0 g — 0 15
r) + @' (t)x(t) = v(t). e :E[a? * %} ° T "
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9.1 Introduction

The Burger equation also known as Bateman-Burger equation is a fundamental partial
differential equation most commonly occuring in fluid mechanics, nonlinear acoustics,
gas dynamics and traffic flow. For a given field u(t, z) and diffusion coefficient v, the

general form of the Burgers’ equation is

o, ou_ o
ot u(?:v_yaxQ‘

When the diffusion term is absent, the Burgers’ equation becomes the Inviscid Burger

equation
ou ou 0

o "on
which is a prototype for conservation laws that can develop discontinuities called shock
waves.

Literature on the Burger equation with its applications can be found in [6]. Further
periodic wave shock solutions for the Burgers’ equation can be found in [4]. Also in
[52] we can find numerical solutions of the non-homogeneous and nonlinear one dimen-
sional Burgers’ equation. As differential equations with delay cannot easily be solved,
our biggest motivation was to apply symmetry methods in finding a representation
of analytic solutions to the Burgers’ equation with delay. These solutions obtained
will be of utmost importance to researchers in fluid mechanics. The group methods
indeed help us in studying the properties of solutions of this partial differential equation
with delay. The analytic solutions obtained can further be studied to understand their

qualitative properties which will help in better modelling of the physical problem at hand.

Not many research papers on symmetry analysis of partial differential equations with
delay are available. Symmetry ideas and techniques for solutions of partial differential
equations are presented in [62]. In [16] symmetry analysis is used to reduce the number
of independent variables of time fractional partial differential equations and obtain
some exact solutions. Approximate symmetries of a class of nonlinear reaction-diffusion
equations are comprehensively analyzed in [44] and also one-dimensional sub algebras
are constructed. Lie symmetry theory is extended to the class of space-time fractional
differential equations with a delay in [46] and the admitted symmetries of the time
fractional Poisson equation with constant delay have been found. Group analysis to the
reaction-diffusion delay differential equation has been applied in [35] and the complete
group classification of the reaction-diffusion equation with delay is made. The research
interest in group analysis of differential equations is so much that admitted Lie groups
for stochastic differential equations have been defined in [56] and stochastic differential
equations with multi-Brownian motion have been studied. New exact explicit solutions of

(241)-dimensional dispersive long wave equations using similarity transformation method
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are obtained in [55]. The method therein, reduces the dimension of the partial differential
equations by one. Further, very recently in [10] Lie group theoretic method is used
to carry out the similarity reduction and solitary wave solutions of (2+1)-dimensional
Date—Jimbo-Kashiwara—Miwa equation. The infinitesimal generators for the governing
equation have been obtained therein. These papers add to the motivation for applying
symmetry analysis to differential equations with delay as many systems are accurately
modelled by delay differential equations and finding analytic solutions to them become
of paramount importance. The existing computational technique to obtain symmetries
of delay differential equations are based on the Lie-Backlund operator and result in
magnification in the delay term when obtaining the determining equations. No such
magnification appears while using our technique obtained from Taylor’s theorem for a

function of several variables.

In this chapter, we perform group analysis of the Inviscid Burgers’ type equation with

delay, which is of the form,

8—?(75, x) + u(t, :c)gZ(t, z) = Gu(t —r,x)), (9.1)
where u is a real valued function defined on I x D, and where [ is an open interval in R
and D is an open set in R.

Equation (9.1) under study is a nonlinear first-order partial differential equation with
delay and an arbitrary differentiable functional G.

We have used Taylor’s theorem for a function of several variables to obtain a Lie type
invariance condition for first-order partial differential equations with delay. We have
studied the Inviscid Burgers’ type equation with delay and an arbitrary differentiable
functional and have obtained its symmetries and made a group classification. Further,
we have found the kernel and extensions of the kernel to classify (9.1) with respect to its
symmetries for an arbitrary and the special case for its functional G. We have obtained a
representation of solutions from the invariants and used these representations to reduce

the equations to ordinary functional differential equations.

9.2 Lie Type Invariance Condition for First Order Partial
Differential Equations With Delay

Let u = u(t,z). Then we consider transformations of the form,

t=filt,x,u;0), T= folt,m,u;d), u= f3(t,z,u;d),
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where f1, fa, f3 are smooth functions of ¢, x,u having a convergent Taylor series in .

Defining,

8f1 an afB

_ X = — = —

86 Y (t7 x? U) 8(5 Y U 85 )
0=0 6=0 0=0

T(t,z,u) =

we can write the transformations as,

t=1t+46T(t,z,u) + O(6?),
T=x+5X(t,x,u) + O0(?),
u=u+6U(t,z,u) + O(5?).

We establish the following Lie type invariance condition for first-order partial differential

equations with delay using Taylor’s theorem for a function of several variables:
Theorem 9.2.1. Consider the first-order partial differential equation with delay

ou ou

(t,2), S (t2), 52—, x)) —0, 9.2)

0
F(t,t—r,x,u,u(t—r,x),(;z

where F is defined on a 8-dimensional space I x I —r x DS, where D is an open set in
R, I is any interval in R, and I —r ={y —r :y € I}. Then the Lie type invariance

condition is given by
TEH+T Fp + XF, +UF, +U"Fyr + Uy Py, + Uy Fu, + U[?;U]Fug =0,

where T" =T(t — r,x,u(t —r,x)), U" =U(t —r,z,u(t — r,x)) and the total differential

operators given by,

D=2 vul pu vy
P T "ou T Man, T M o, ’
and,
T dx Y ou 9y T Oy '

The extended infinitesimals are given by,
U[t] = Dt(U) - utDt(T) - uth(X),
Ua) = Dz(U) = s Do (T) — uz Dy (X),
Uy = Uz +uzUyr — ujer (T +ul T ) —ul(XE +ul X, ).

Proof. We seek the invariance of equation (9.2) under Lie group of infinitesimal transfor-
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mations given by,

t=1t+0T(t, z,u) + O(5?),
T=x+06X(t,x,u)+ 0(6?),
o =u+ oU(t,z,u) + O(5?).

Then, it naturally follows that,
t—r=t—r+0T{t—rz,ult—rz))+0(5?),

u(t —r,z) = u(t —r,x) + 06Ut — r,x,u(t — r,z)) + O(6%).

Let T(t—r,z,u(t—r,z)) =T", X(t—r,z,u(t—r,z))=X", U(t—r,z,u(t—r,z))=U".
As the partial differential equation given by equation (9.2) contains first-order deriva-
tives %(t,x) = w(t,x) and 6—Z(t,m) = u,(t,x), it is necessary to obtain extended
transformations for these.
In analogy with ordinary differential equations, we define the extended transformations
uy and uz as,

U = ug + 60U}y + O(87),

Uz = Ug + 5U[x] + 0(52).
We introduce the total differential operators D; and D, where,

ot T "o T M au, T o, ’

* = oz "oy “maut umﬁux '

We can write equation (9.2) as F(t,t — r,z,u, u", us, ug, ul,) = 0 where u” = u(t — r, x).
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‘We shall now construct the extended transformations for u; and u, as follows,

e + 8D (U) + O(6%) g + 6D, (U) + O(62)

§Dy(X) + O(6?) 1+ 6D, (X) + O(8?)

14+ 6D(T) + O(8%)  6D,(T) + O(5?)

SDUX) +0(6%) 1+ 6Dy(X)+ 0(5?)

N 1+ 6[Dy(T) + D (X)] + O(62)

(
= u; + 6[Dy(U) — uyDy(T) — up Dy(X)] + O(6%).

Thus we define,
U[t] = Dt(U) - utDt(T) - uth(X),

Uy = Da(U) = us Do (T) — 1, Dy(X).

Then,
u(t —7,7) = ug(t —r,2) + U (t —r,2,u(t —r,x)) + 0(52).
Now,
Uy = Ut + Uy — we(Ti + wTo) — ua(Xe + ueXu), (9.3)
and,
Ul = Us(t — ry2,u(t — 1, 2))

+ g (t — 7, 2)Uy(p—pg) (t = 12,0t — 7, 2,u(t — 7, 2)))

— Uy (t =y 2) (T (t — ryz,u(t — 7y x))

+ g (t — 7, 2) Tyt —p ) (t — 72, u(t — 7,7)))

—up(t —r,x)(Xp(t —ryz,u(t — 7, x))

+ U Xyt —py) (= 12, u(t —7,7))).
Then,

Ul = Up +uUpr — e (Tg + 0y T ) — up (Xg + up Xopr).
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Then, it follows that,
uz(t=7,T) = ug(t — r,2) + UL + O(5%).
For invariance, we need to have,

0=F(t,t—r,z,u,u",uz, Uz, %)
= F(t4 06T + 0(6?),t —r + 6T + 0(6%), 2 4+ 6X + O(6?),
u+0U + O(6%),u” + 6U" + O(6%), ug + Uy + O(52),
Uy + UL + O(8%), uj, + 6UL; + O(6%))
=F(t,t —r,x,u,u’ up, ug,ul) + S(TF, + T Fyr + XFy, + UF, + U Fyr
+ Uy Fu, + Uy P, + Ul Fug) + O(8°).

Equating the coefficient of d, we get,

TF+T Fy + XF, +UF, +U"Fyr + Uy Py, + Uy Fu, + U[;]Fu; =0.

O
The infinitesimal generator of the admitted group for the equation given by (9.2) is,
0 0 0
=T —+X—+U—.
C= T T e TV
The system of characteristics for this is
dt dr du
T-X-T" (9.5)

The first extension is given by,

0 0 0 0 0 0 0 0
S iy N — T— — — T— .

¢ o T o T8 T Vg TV g TGy, T UG, TG, (96)
The Lie type invariance condition is given by ¢ A |a—o= 0, where

A=F(t,t —r z,u,u", u, ug,ul) = 0.

9.3 Symmetries of the Inviscid Burgers’ Equation With
Delay

In this section, we shall obtain symmetries of the Invisid Burgers’ equation with delay
given by equation (9.1). We can rewrite equation (9.1) as us + uuy = G(u"). Here,
A =u +uuy — Gu") =0.

We establish the following result:
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Theorem 9.3.1. The time-delayed Inviscid Burgers’ equation given by equation (9.1)

admits the three dimenstonal Lie group generated by

R R B )
gl_aa C2_w8$+u8u’ CS_ax

Proof. Applying the first extension ¢(!) to the delay condition h(t) = t — r, we get,
T(t,z,u) ="1T".
Applying the Lie type invariance condition given by equation (9.6) to equation (9.1), we
get,

u U — G'(u")U" + Upy + uly) = 0.

Using equations (9.3) and (9.4), we get the determining equation,

uU — G'(u" U + Uy 4+ wUy — wgTy — u2 Ty — up Xy — gty Xo,
+ w(Uyp + upUy — w Ty — ugy Ty — up Xp — u2Xy) = 0. (9.7)

xT

Since Uy, uu,, uuy and u; are independent variables, we can split (9.7) with respect to
these variables.

Splitting equation (9.7) with respect to u2 we get X,, = 0 which can be solved to give,
X(t,z,u) = A(t,x). (9.8)

Splitting equation (9.7) with respect to u? we get T, = 0 which can be solved to give,
T(t,z,u) = B(t,x). (9.9)

Splitting equation (9.7) with respect to uu, and solving we get U, = A (¢, x) which can
be solved to give,
U(t,z,u) = Az (t,z)u+ C(t, x). (9.10)

Substituting equations (9.8), (9.9) and (9.10) in equation (9.7), we get,

24, (t,2)G(u") — Ax(t", 2)u" G (u") + u Ay (t, ) + upO(t, ) + uCy(t, x)
+udg(t,2) — ugA(t, ) + Cy(t, ) — uy By(t, x) — uuy B (t, 2) — G'(u")C(t", z) = 0.
(9.11)

Equating the coefficient of u? to 0, we get A..(t,2) = 0, which can be solved to give,
A(t,z) = artx + b1 (t). (9.12)
Equating the coefficient of u to 0, we get,

Cu(t,x) + Age(t,x) — uy By (t,x) = 0. (9.13)
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Splitting equation (9.13) with respect to u;, we get, B,(t,z) = 0, which can be solved to
give,

B = B(t). (9.14)
Using equations (9.12) and (9.14), equation (9.13) gives,
C(t,x) = —ay(t)x + as(t). (9.15)
Splitting equation (9.11) with respect to us, we get,
B(t,z) = e, (9.16)

where c; is an arbitrary constant.

Splitting equation (9.11) with respect to u,, we get,
C(t,x) = A(t, x). (9.17)

Using equations (9.12) and (9.15), equation (9.17) can be solved to give, a1(t) = c2,
where ¢ is a constant, and b} (t) = as(t).
Hence equation (9.15) gives,

C(t,x) = as(t). (9.18)

So far we have obtained,
At,z) = a1z + bi1(t), B(t,z)=c1, C(t,x)=as(t).
With these values of A, B, C' equation (9.11), simplifies to
colu"G'(u") — 2G(u")] = 0, (9.19)

and,
as(t) = G'(u")ag(t"). (9.20)

Since equation (9.20) is true for any functional G, we conclude that a3(t) = 0. Conse-
quently, by (t) = c3, where c3 is an arbitrary constant.

Hence we get the coefficients of the infinitesimal transformation as
T(t,x,u) =c, X(t,x,u)=cox+cs, U(t,x,u)=cou.

Thus, the infinitesimal generator of the admitted Lie group is given by

0 0 0
C=To + X UL (9.21)
0 3}
=g, + (cox + 03)% + Catig . (9.22)
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O

9.4 Kernel of the Admitted Generators

Definition 9.4.1. A kernel of admitted generators is the set of symmetries, which are

admitted for any functional G appearing in the equation.

This implies that for the Inviscid Burgers’ equation with delay (9.1) the coefficients of
G'u" and G vanish. Therefore, co = 0. Thus,

T(t,x,u) =c1, X(t,z,u)=c3, U(t,z,u)=0.

Thus, the obtained infinitesimal generator (which is admitted for any functional G) is

given by,

0 0
"=ciq, + 35

5 T (9.23)

We have just obtained the following result:

Theorem 9.4.1. The kernel of the admitted Lie group for the time-delayed Inviscid

Burgers’ equation (9.1) is two dimensional with generators

0 0

C1:a, CzZ%-

To obtain the symmetry derived by this infinitesimal generator, we need to solve,
dt

s
dzr

dé
du —
dic; =U(t,z,u) =0, subject tou=1wu, when J=0.
Solving this, we get,

=T(t,z,u) = c¢1, subjecttot=t¢, when &=0,

= X(t,Z,u) = c3, subjecttoZ ==, when =0,

t=t+dc;, T=x+0c3 U=u. (9.24)

9.5 Extensions of the Kernel

Definition 9.5.1. Extensions are symmetries for the particular functional G only.

In the case of the Inviscid Burgers’ equation with delay (9.1), 3 G(u") satisfying equation
(9.19).

Here the extensions of the kernel given by (9.23) will be considered.

Since T'(t,xz,u) = c1, X(t,x,u) =c3, U(t,z,u) =0, are considered in the case of the

kernel, the functions for this case are,

T(t,xz,u) =0, X(t,z,u)=czz, U(t,z,u)= csu.
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For the non-trivial case ca # 0, we seek a solution of equation (9.19), which is
u'G'(u") = 2G(u").
This is a separable equation, which can be solved to give,
G(u") = (u")%ey,

where ¢4 is an arbitrary non-zero constant.

Then the extension of the kernel given by equation (9.23) is

0 +ud } . (9.25)

" =c [$8x+uau

We have just proved the following result:

Theorem 9.5.1. The admitted Lie group for the extensions of the kernel of the time-

delayed Inviscid Burgers’ equation (9.1) is one dimensional with generator

To obtain the symmetry derived from equation (9.25) we solve,

dt _ _

5 T(t,z,u) =0, subjecttot=1t, when =0,

dz _

d—zg = X(t,z,u) = cox, subject tox ==z, when =0,
du

5= U(t,z,u) = coi, subject to 4 =wu, when §=0.

Solving this, we get the symmetries derived from equation (9.25) which are given by,

t=t, =12, °=ue?. (9.26)

9.6 Representations of Analytical Solutions for the Time-

Delayed Inviscid Burgers’ Equation

In this section, we obtain the representation of invariant solutions for equation (9.1)

which is given in our following result:

Theorem 9.6.1. The representation of invariant solutions for the time-delayed Inviscid

Burgers’ equation given by equation (9.1), for which
1. G(u") is arbitrary is u(t,z) = ¢1(cst — c12).
2. G(u") = cq(u")? and for which

(a) c1 =0 isu(t,z) = (x + c5)pa(t).
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(b) c1 # 0 is u(t, z) = elps((z + c5)e<ot),

where ¢1, @2, @3 are arbitrary functions.

Proof. We give a proof as follows:

9.6.1 Representations of Solutions for
uy(t, x) + u(t, x)ux(t, x) = G(u(t — r,x)) for an Arbitrary Functional
G.

The system of characteristics for equation (9.23) is given by

dt dr du
—=—=—. (9.27)
Cc1 C3 0
Solving equation (9.27) we get, u = constant and cst — c;x = constant.
Hence the invariants are u and cgt — cqx.
For constructing a representation of solutions, the relation between these two invariants
is

u(t,x) = ¢1(cat — c1x), (9.28)

where ¢ is an arbitrary function.

We call u in equation (9.28) as a representation of solutions of equation (9.1) for the
infinitesimal generator given by equation (9.23).

At the outset we immediately observe that, if ¢; is bounded, then all solutions u(t, x)
are also bounded.

We now discuss the solution for some choices of the function ¢;:

Case i Let ¢(.) = e).

Then, u(t,z) = est—ae,

We observe that if c¢3 < 0, then all solutions are positive, decrease with time and
eventually tend to zero, as t tends to infinity.

However, if c¢5 > 0, then all solutions increase exponentially with time and eventually
tend to infinity, as ¢ tends to infinity.

Case ii Let ¢1(.) = ()™, for any m € N.

In this case, all solutions tend to infinity as ¢t — oo.

The graphical representations of the analytical solutions for some choices of ¢; are shown

in Figure 9.4. Here ¢ varies over [—10,10] and x varies over [—5, 5].

9.6.2 Representations of solutions of
ug(t,x) + u(t, x)uy(t,x) = G(u(t — r,x)) for G = cy(u")?.

The infinitesimal generator for the equation

ug(t, ) 4+ u(t, £)ug (t, ©) = cyu®(t — 7, z), (9.29)
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Figure 9.1: ¢1(.) = e, 3 = —3,¢; = —2.

100 -50

Figure 9.2: ¢1(.) =sin(.),c3 =5,¢1 = —T.
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Figure 9.3: ¢1(.) = (.)%,c3 = 1,¢c; = 4.

Figure 9.4: Graphical representation of solutions for some choices of ¢;.
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is a linear combination of the kernel given by equation (9.23) and extension of kernel

given by equation (9.25). Thus,

. 0 0 13}
¢ = Cly, + (cox + 03)% + Colis - (9.30)

The system of characteristics for the infinitesimal generator given by equation (9.30) is

dt__dr__du

c1  cx+cy  cou

(9.31)

Case 1: Let ¢; = 0.
Then solving the equation relating the first and third term of equation (9.31) we get,
t = constant.

Solving the equation relating the second and third term of equation (9.31) we get,
u

T+ c3/co
In this case, the invariants are ¢t and

= constant.

x+ecs/ca

c
Since ¢o and c3 are arbitrary constants and ¢y # 0, we shall denote c5 = =,

C2
Hence a representation of solutions of equation (9.29) is

u

= p2(1).

T+ c5

That is a representation of solutions for equation (9.29) in this case, is given by

u(t, z) = (z + c5)pa(t), (9.32)

where ¢ is an arbitrary function and c5 is an arbitrary constant.

We immediately observe that if ¢o is a bounded function, then all solutions u(t, x) are
bounded if and only if, z belongs to a bounded set.

We now discuss the solution by taking certain choices for the function ¢s:

Case i: Let ¢o(t) = e, a € R.

In this case, all solutions u(¢,x) tend to 0 as t — oo, provided « < 0.

On the other hand, all solutions u(t, z) tend to oo as t — oo, if a > 0.

Case ii: Let ¢o(t) = t™, m € N.

In this case, all solutions u(¢,x) tend to oo as t — oo.

The graphical representations of the analytical solutions for some choices of ¢o are shown

in Figure 9.8. Here ¢ varies over [—20,20] and « varies over [—10, 10].

Case 2: Let ¢; # 0.

Then solving the equation relating the first and second term of equation (9.31) we get,
(z + c5)e2t/1 = constant.

Solving the equation relating the first and third term of equation (9.31) we get, ue=¢2t/¢1 =

constant.
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Figure 9.6: ¢(t) = sin(t),c5 = —4.

200 -100

Figure 9.7: ¢o(t) =3, ¢5 = 0.

Figure 9.8: Graphical representation of solutions for some choices of ¢o.
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In this case the invariants are (z + c5)e~"/° and ue=c2!/c1,

A representation of solutions of equation (9.29) in this case is
u = e g ((a: + 65)e_c2t/61) ,

c

where ¢3 is an arbitrary function. Letting cg = —2, we get a representation of solutions
C1

for equation (9.29) as

u(t,z) = g3 ((x + 65)676615) . (9.33)

We discuss the behavior of the solutions with passing time for some choices of ¢3 :
Case i: We first note that if ¢3 is bounded and cg < 0, then all solutions tend to zero,
with increase in time, that is, as ¢ tends to infinity.

Case ii: If ¢3 is bounded and c¢g > 0, then all solutions increase with increase in time,
become unbounded and approach infinity as t tends to infinity.

Case iii: If ¢3 is an identity function, i.e ¢3(.) = (.), then u(t,z) = x + ¢5. In this case, we
see that the solution is independent of time, and represents the “steady state” solution.
Case iv: Let ¢3(.) = e).
Then, u(t, ) = estelrtes)e

We deduce from here that, if ¢g > 0, then all solutions are positive, become unbounded

—cgt

and tend to infinity as time increases to infinity.

However, if ¢g < 0, then all solutions exponentially decrease to 0 as t — oo, provided
Z + c5 is non-positive.

The graphical representations of the analytical solutions for some choices of ¢3 are shown
in Figure 9.12. In Figure 9.9 and Figure 9.10, ¢ varies over [—30, 30] and x varies over
[—15,15] while in Figure 9.11, ¢t varies over [—0.3,0.3] and x varies over [—0.1,0.1]. O

9.7 Reduced Equations

Representations of solutions that we have obtained simplify the Inviscid Burgers’ equation
with delay (9.1). They reduce the number of independent variables appearing in the
equation. The representation when substituted in equation (9.1) reduces it to an ordinary

functional differential equation called a reduced equation.

Case 1: Let u = ¢1(cst — c1x).
Then by substituting this, equation (9.1) becomes

e3¢ (st — c1w) — e1p (et — crx)d1(est — crz) = Gg1(es(t — ) — c1x)).
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5.0
300 -150
Figure 9.9: ¢3(.) = (.),c5 = 2.
18.0
3.0
-12.0
30.0 2.0
30,0 -150
Figure 9.10: ¢3(.) = sin(.),c5 = 3,¢6 =
—1.
213150."E_S 3
10657543 5
0.30 010

0.20 -010

Figure 9.11: ¢3(.) = el), c5 = 4,c6 = —5.

Figure 9.12: Graphical representation of solutions for some choices of ¢3.
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Putting £ = c3t — c1x and simplifying the above equation we get,

/ _ G((bl(‘f - C3T))
P1(§) = . (9.34)

Case 2: Let u = (z + c5)p2(t).
Then by substituting this, equation (9.29) becomes

(x4 c5)Bh(t) + (z + ¢5)[B2(t)]* = calm + ¢5)[g2(t — )],

which can be solved to give
$5(t) = ca(x + c5)[da(t — 1)]° — [P2(t)]*. (9.35)

Case 3: Let u = e“!¢3 ((x + c5)e 1) .
Then by substituting this and putting n = (z + ¢5)e™!, equation (9.29) becomes

_C677666t¢f3(77) + 66666t¢3(77) + €Cﬁt¢3(ﬁ)¢§(77) _ C4ec6(t—r)¢3 ((.T + C5)€_CG(t_T)) ’
which gives,
—c63(n) + cods(n) + ds(n)ds(n) = cae™ " g3 (ne”),

which on simplification yields,

cae” " 3 (nes’”) — CG¢3(77)'

P5(n) = 93(n) — 1co

(9.36)

Remark 9.7.1. Tt should be noted that equations (9.34), (9.35) and (9.36) are nonlinear

ordinary functional differential equations.

9.8 Summary

The following are our results of symmetry analysis of inviscid Burgers’ equation with
delay (9.1):

1. The inviscid Burgers’ equation with delay (9.1) admits the three dimensional Lie

algebra with generators

R B B
Cl_aa C2_$8:B+u8u’ C3_8.’L‘

2. The kernel of the admitted Lie group is two dimensional with generators

0 0

C1:aa C2:%'
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3. The extensions of the kernel of the admitted Lie group is one dimensional with

generator

0 0
* P —_— —_—
G = Y or + You
4. The symmetry (admitted Lie group) for the inviscid Burgers’ equation with delay

(9.1) for an arbitrary function G is given by (9.24).

5. The symmetry (admitted Lie group) for the inviscid Burgers’ equation with delay
(9.1) for G = cqu?(t — r,x) is given by (9.26).

6. A representation of solutions for the inviscid Burgers’ equation with delay (9.1) for
an arbitrary function G is given by (9.28), while a representation of solutions for
the inviscid Burgers’ equation with delay (9.1) for G = cqu®(t — r, ) is given by
(9.32) and (9.33).

7. The further analysis of these solutions discussed will aid researchers studying
Burgers’ equation with delay to accurately model and predict the behavior of the

system with the passage of time.

8. The reduced equations of the inviscid Burgers’ equation with delay (9.1) are found
and given by equations (9.34), (9.35) and (9.36).
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10.1 Introduction

Existing research on symmetry analysis of partial differential equations with delay include
the complete group classification of the reaction-diffusion equation with delay. More
literature on symmetry analysis of first order partial differential equations with delay,
using Lie-Béacklund operators can be found in [58]. Wave equations with delay are

discussed in [29, 63].

In this chapter, we perform group analysis of the one-dimensional wave equation with

delay, which is of the form,
—(t,z) — == (t,x) = G(u(t — r,z)). (10.1)
x

Here u is a real valued function defined on I x D, I is an open interval in R and D
is an open set in R. Equation (10.1) is a nonlinear second order partial differential
equation with delay term in the arbitrary differentiable nonzero functional G, with c as
the constant speed.

Wave equations find applications in modeling the air column of a clarinet or organ pipe,
modeling tension via springs, motion of a vibrating string, study of damping, elastic
waves in a rod, acoustic model for seismic waves, sound waves in liquids and gases, etc.
We have used Taylor’s theorem for a function of several variables to obtain a Lie type
invariance condition for second order partial differential equations with delay. The
procedure of getting and splitting the determining equations is different from any
literature on symmetry analysis of partial differential equations with delay. We have
studied the wave equation with delay and an arbitrary functional and have obtained
its symmetries and made a group classification. Further we have found the kernel and
extensions of the kernel to classify (10.1) with respect to its symmetries for an arbitrary

and the special case for its functional G.

10.2 Lie Type Invariance Condition For Second Order Par-
tial Differential Equations With Delay

Let u = u(t,z). Then we consider transformations of the form,
E:fl(tvxau;é)a .’f:fg(t,l’,u;é), ﬂ:f-g(t?xau;é)a

where f1, fa, f3 are smooth functions of ¢, x,u having a convergent Taylor series in .

Defining,

Of _9fh _9fs
2 , X(t,x,u) = 2% , Ult,z,u) = 2 ,
6=0 6=0 6=0

T(t,x,u) =
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we can write the transformations as,

E=t+06T(t,z,u) + 0(5?),
T+ 0X(t,x,u) + O(52),
w+ 0U(t, x,u) + O(62).

51
Il

U

We establish the following Lie type invariance condition for second order partial differential

equations with delay using Taylor’s theorem for a function of several variables:

Theorem 10.2.1. Consider the second order partial differential equation with delay

F(t,x,u,t —ru(t—rx), 8—1;(15, x), gu(t,x), gu(t —r,x),
b x

9%u 9%u 9%u 9%u

i i —(t— _— = 10.2
55 (10), 55 (02), 55 (6= ), 5o (t,2)) =0, (10.2)

where F is defined on a 12-dimensional space I x D?> x I —r x D8, D is an open set
in R, I is any interval inR, and I —r ={y —r:y € I}. Then, the Lie type invariance

condition is given by

TFi+T"Fp + XFy + UF, +U"Fyr + Uy Fuy, + U Fo,
+ Uy Fup + Uy Fuse + Utaa Fuso + Uy Fu, + U Fur, = 0, (10.3)

[z]

where, T" =T (t —r,z,u(t —r,x)),U" =U(t —r,x,u(t — r,z)), and the total differential

operators given by,

D—g%—ug%—ui%—u i%—
ot o Mou T ouy ’
and,
D=2 v vl gty
T o Yz ou Ut ouy Yzz Ouy

the extended infinitesimals are given by,
Uy = Di(U) — ut Di(T) — up De(X),
U] = Da(U) = wDo(T) — up Do (X),
Uy = Uz +uzUyr — upe (T + ug Ty ) — ug (X5 + up X)),
Uy = Di(Upyg) — uae De(T) — uge Di(X),
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U[T:px} = UaTciac - X;x) - QU;TUQT;‘UT + (U;)Q(Uﬁrur - QX;UT)
— (Ul e — (Wl X e — 2upe T + by (Ul — 2X5) — 2ulur, The

u"u"
s T T T, T T
- utruxxTur - 3u1.u1.qur,

zu”

U[tx] = Dt(U[az}) - utth(T) - uszt(X) - D:E(U[t]) - uttD:v(T) - utacDa:(X)

Proof. Extending transformations to partial differential equations, we seek invariance of

equation (10.2) under Lie group of infinitesimal transformations given by,

t=1t+0T(tz,u) + O(6?),
T=1x+0X(t,x,u)+ 0(5?),
o =u+oU(t,r,u) + O(5?).

It naturally follows that,
t—r=t—r+06T{t—rz,ult—rz))+0(5?),

u(t —r,z) = u(t —r,x) + 06Ut — r,x,u(t —r,z)) + O(6%).

Let, T(t—r,z,u(t—r,x)) =T1", X({t—r,z,u(t—r,z)=X", Ult—r,zult—rz)) =

Ur.

As the partial differential equation given by equation (10.2) contains first order deriva-

ou (t,2) (t,2) d ou

—(t,z) = ue(t,x) and —
n ’ t\b, O

transformations for these.

tives (t,z) = uy(t,z), it is necessary to obtain extended

In analogy with existing work for partial differential equations without delay, we define

the extended transformations uy and uz as,
U = ug + Uy + O(6%),
Uz = Ug + 0Upy + O(6%).

Equation (10.2) can be written as F(t,t — r,z,u,u”, Uz, Ug, UL, Utt, Ugg, Upy, Utz) = 0,

where u" = u(t — r, x).
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We shall now construct the extended transformations for u; and u, as follows

s + 8D (U) + O(6%) g + 6D, (U) + O(62)

SD(X) + O(8?) 1+ 0D, (X) + O(6?)

14+ 6D(T) + O(8%) 6D, (T) + O(5?)

SDy(X) +0(8?) 1+ 68Dy(X) + O(6?)
B 14 0[Dy(T) + Dz(X)] + O(6?)
= U + (5[Dt(U) - ’LLtDt(T) - Uth(X)}

0(5%).

Thus we define,
U[t] = Dt(U) - utDt(T) - uth(X),

U] = D2(U) = ut Dy (T) — uz Dy (X).

Then,
u(t —7,7) = ug(t —7r,2) + U (t —r,2,u(t —r,x)) + 0(52).

Now,
Up) = Up + w Uy — w(Ty + ueTy) — ue( Xy + w Xu),

and,
Uy = Uz + uaUy — we(Ty + uzT) — ua(Xa + uzXy)-

Let t" =t—r, " =u(t—r,x). It can then be seen that,

It then follows that,

Uzt =7,T) = ug(t — r,2) + 6U[; + O(5%).

(10.4)

(10.5)

(10.6)

In line with the procedure described above, we can obtain the second order extended

transformations. We obtain the extended transformation to us. Similar analysis can be
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used to obtain the extended transformations for wyg, ul,., Ui

Ut + (5Dt(U[t]) + 0(52) Utz + 5Dz(U[t]) + 0(52)

5Dy(X) + O(82) 14 6D,(X) + 0(5?)

1+6Dy(T)+O(6%)  §D.(T)+ O(6%)

SDi(X) +0(8%)  1+3D.(X) +0(6%)
- Ut =+ 5[uttDw(X) -+ Dt(U[t]) — Utth(X)] + 0(62)
1+ 86[Dy(T) + D.(X)] + O(52)
= uge + 6[D(Upyy) — uge Di(T) — uea Dt (X)] + O(6%).

Thus we have obtained,
g = ugt + 6(De(Upy) — uee Di(T) — uge Dy (X)) + 0(6?),

Uz = Uge + 0(Dy(Upyg) — e Do (T) — gz Dy (X)) + O(82),

"L_LE = Uty + 5(Dt(U[x]) - Umth(T) - uth(X)) + 0(52),
= Uty + 5(Dm(U[t]) — utth(T) — utmD;,;(X)) + 0(52)

Using the expressions for D; and D, we see that,

Up = Ut + we(QUpu — Tit) — e Xee — 20ty Xopw + u?(Uuu —2T) — UxU%qu
— U?Tuu — QU Xt + Utt(Uu — 2Tt) — 2 Xy — UgpUpp Xy — Ut Ty, (107)

U[gcx] - U:vac - utTmm + ux(QUacu - Xx:v) - 2utuxTzu + ui(Uuu - 2Xxu) - Utu%Tuu
- 'Uiqu — 2ug Ty + ua::z:<Uu - 2Xa:) — Ui Ty — Uptge Ty — SUgUpy Xy,
(10.8)

—-2X;

xur)

= Xp) = 2upu Ty + (uf)* (U]

u"u”

ru”

— ugrtg, Tor — 3ubuy, X, (10.9)
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For invariance, we need to have,

0=F(t,t —r,z,u,u", U, Uz, Uy, Us, Uzz, Uz, Upy)
= F(t+ 6T +O(6*),t —r + 6T" + O(6%),2 + 6X + O(6?),
u+ 60U + O(6%),u” + 6U" + O(6%),uz + U + O(6%),
Uz + 0U + O(8%), uly + U[ + O(8%),
uie + 6Uj) + O(6%), e + 0Ujgg) + O(8%), . + U, + O(6%), ths + 0Ujgy) + O(6%))
= F(t,t —ryx,u,u”, Up, Uy, Ul Uy Ugay Uiy, Uts) + 5(TFt +T"Fyr+XF,+UF,
+ U " Fur + U Fu, + Uy Fu, + Ul Fug, + Upg Fuy, + Upga) Fu
+0(8?)

T

Equating the coefficient of d, we get equation (10.3) which proves the theorem. O

The infinitesimal generator of the admitted group for the equation given by (10.2) is,

. .0 ) 9
(=To 4 X UL

The extension is given by,

(W =TF,+ T Fp + XF, + UF, + U"Fy + UyFy, + Uy Fu,

The Lie type invariance condition is given by ¢(M)A |a—o= 0, where

_ r r T T _
A - F(t)t y Ly Uy U ,ut,ux,um,utt,um,um,um) - 0

10.3 Symmetry Analysis of the Wave Equation with Delay
We shall be making a complete group classification of

U (t, ) — g (t, ) = Gu(t — r, x)) (10.10)
Applying the operator defined by equation (10.3) on the delay term g(t) = ¢t — r, we get

T=1".

The Lie type invariance condition for the time-delayed wave equation (10.10) gives

Upy) — ¢ Ulyy) = UG’ (u"). (10.11)
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Using equations (10.7) and (10.8), we get,

Ut + s (2Usy — Tht) — e Xot — 205t Xt + 02 (U — 2T50) — gtz Xy — U3 T — 250 Xt
+ up(Uy — 2T3) — 2wty Xoy — Ugupe Xoy — Supup Ty — ? (Um — Ty + Uy (2Uzy — Xoz)
— 20ty Ty + 2 (U — 2X10) — w2 Ty — 13 X — 2002 Ty + e (U — 2X ) — 2up11e Ty

— Uty Ty — 3umumXu> =U"G'(u"). (10.12)

Substitute uy = cuy, + G(u”) in equation (10.12), we get,

Ut + 1wt (2Usy — Tht) — e Xot — 205t Xt + 102 (U — 2T50) — g2 Xy — U2 T — 250 X
+ P Uy — 2P Uz, Ty + G(u" Uy — 2G (U™ Ty — 2uitiye Xy — Cligtipe Xy — e G(u") Xy,
— 3P upug, T, — 3uyG(u" )T, — 2 (Um — Ty + g (2Ugy, — Xaz) — 2wty Ty,

+ U2 (U — 2X ) — w2 T, — U Xy, — 202 Ty + U (U — 2X3) — 2ugg, T,

— WU Ty — 3umumXu> =U"G'(u"). (10.13)

Splitting equation (10.13) with respect to u}, we get,

which can be solved to give,

T(t,z,u) = A(t,z)u+ B(t, z). (10.14)
Splitting equation (10.13) with respect to u3, we get,

CQqu =0,

which can be solved to give,

X(t,z,u) = C(t,z)u+ D(t,x). (10.15)
Splitting equation (10.13) with respect to u; we get,

U — Tyt — 3G (u") Ty + 2Ty = 0. (10.16)

Splitting equation (10.13) with respect to u, we get,

— Xy — Gu") Xy — 2¢%Upy + 2 Xy = 0. (10.17)
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Splitting equation (10.13) with respect to u,, we get,
2¢%(X, — Ty) = 0. (10.18)
Splitting equation (10.13) with respect to uz; we get,
2(*T, — X;) = 0. (10.19)
Splitting equation (10.13) with respect to u2 we get,
(2X 3y — Unu) = 0. (10.20)
Splitting equation (10.13) with respect to u? we get,
Usu — 2T4, = 0. (10.21)
Splitting equation (10.13) with respect to u?u, we get,
— Xyu = 0. (10.22)
Splitting equation (10.13) with respect to u;u2 we get,
AT = 0. (10.23)
Splitting equation (10.13) with respect to usu, we get,
— 2X4y 4+ 2¢° Ty = 0. (10.24)
Splitting equation (10.13) with respect to usu,; we get,
—2X, =0. (10.25)
Splitting equation (10.13) with respect to u,u.: we get,
2¢*T, = 0. (10.26)
Splitting equation (10.13) with respect to usuz, we get,
—2¢*T, = 0. (10.27)
Splitting equation (10.13) with respect to uzu,, we get,

2¢2X, = 0. (10.28)
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Splitting equation (10.13) with respect to the constant term we get,
Uy + Gu")U, — 2G(u")Ty — Uy — UG’ (u") = 0. (10.29)

From equations (10.14) and (10.26), we get, A(t,z) = 0.
From equations (10.15) and (10.28), we get, C(t,z) = 0.
Hence,
T(t,z,u) = B(t,x), X(t,z,u)= D(t,z). (10.30)

From equations (10.20) and (10.30), we get,
U(t,z,u) = E(t,x)u+ F(t,x). (10.31)

From equations (10.18) and (10.19), we get,
¢*B, = D;, D, = DB (10.32)

As T =T", from equation (10.32) we see that X = X.
From equation (10.16) we get,

2F; — By + * By, = 0. (10.33)
From equation (10.17) we get,
— Dy — 2¢°E, + 2Dy = 0. (10.34)

Using equation (10.32), equations (10.33) and (10.34) give E(t,x) = H, a constant.
Hence, equation (10.31) gives

U(t,z,u) = Hu+ F(t,z). (10.35)

It follows that, U" = Hu" + F", where F" = F(t — r, x).
Solving the system of first order partial differential equations given by equation (10.32),

we get,
T(t,z,u) = %f(—ct—x) +%g(—ct+x), X(t,z,u) = f(—ct—x)—g(—ct+x). (10.36)

Since T'=T" and X = X", it follows that f and g are periodic, that is, f(t) = f(t — )
and g(t) = g(t — ).
Using equations (10.35) and (10.36), equation (10.29) gives,

G'(u")[Hu" + F") — 2(f' + ¢) + HIG(") + [*Fyy — Fy] = 0. (10.37)
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The infinitesimal generator of the admitted Lie group for the wave equation with delay

given by equation (10.10) is

¢t = [ 5(et =)+ Tg(ct+2)| o+ (et — ) gl—ct + )

+ [Hu+ F(t, x)]% (10.38)

10.4 Kernel of the Admitted Lie Group

Definition 10.4.1. A kernel of admitted generators are the set of symmetries, which

are admitted for any functional G appearing in the equation.

We prove our following result:

Theorem 10.4.1. The symmetry of the wave equation given by (10.1) admit a two-

dimensional Lie group generated by

0 0

C1=§7 42:%-

Further the representation of the invariant solution is found to be u(t,z) = g1(cst — cax),

where ¢4, c5 are arbitrary constants and g1 is an arbitrary function.

Proof. We assume that equation (10.37) is valid for an arbitrary functional G. Without

loss of generality we consider the particular case,
G(u") = ap + aru” + ag(u”)? + as(u")?,

where a;, 0 < i < 3 are arbitrary constants.

Substituting this value of G(u") in equation (10.37) we get

2a3[H — (f' 4+ ¢)](u")? + [3asF" + Hag — 2as(f' + ¢')](u")?
+ 2[aoF" — a1 (f' 4+ ¢)u" + [a1 F" — Hag — 2ao(f' + ¢') + ¢*Fpp — Fi] = 0. (10.39)

Since u” is arbitrary, equating the various powers of u” to zero, we get,
f'4g =H, a3F"+H =0, aF —a1K =0, a1F —3agH+c*F,,—F,; =0. (10.40)

From the second equation in (10.40), we see that F" must be a constant. Further since
as is arbitrary H = F' = 0.
Therefore, U(t,z,u) =0 and ¢'(—ct + ) = — f'(—ct — z). Hence,

g(—ct+z) =ci(—ct+z)+c2, f(—ct—2x)=—ci(—ct —2x)+cs, (10.41)
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where c1, ¢o, c3 are arbitrary constants. But since g(t) = g(t —r) and f(t) = f(t — ), we

must have ¢; = 0. Thus,
g(—ct+z) =co, f(—ct—x)=cs. (10.42)
Consequently, using equations (10.36) and (10.42) we get,
T(t,z,u) =cq, X(t,z,u)=c5 U(t,z,u)=0, (10.43)
1 e .
where ¢4 = —(ca + ¢3) and ¢5 = c3 — ¢o. The general form of the infinitesimal generator is
c

0 0
C=cay o5

. 10.44
ot ox (10.44)

Hence the Kernel of the admitted Lie group is defined by the infinitesimal generators,

Lo ., @
Cl_aa CQ_%

A solution which is invariant with respect to this generator has to satisfy the equation

C*u(t,z) = 0. Hence solving the corresponding system, namely

dt dx du
T(t,z,u) X(t,z,u) Utz,u)’ (1045)

that is, by solving,

dt dr du

ca ¢ 0
we get the representation of an invariant solution namely u(t, ) = g1(cst — cqz). This
solution is a travelling wave which reduces equation (10.1) to the second order ordinary

functional differential equation

G(g91(0 — cs7))

"
Q) =
91(0) cg — 2 6421
where 6 = c5t — cqx and ¢ is an arbitrary function. O

10.5 Extensions of the Kernel

Definition 10.5.1. Extensions are symmetries for the particular functional G only.

We establish the following result:

Theorem 10.5.1. The wave equation with delay usy + c*uze = G(u”) for which
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1. G(u") = K1e~%2v" admits the infinitesimal generator given by

0 2

P
O KQ(f“”

c_ 1 9 e
C—C(f+g)6t+(f g) v

Further a representation of the invariant solution is given by

u(t, z) = ;2 In|f(—ct — ) + g(—ct + )| + g (c/(f(—ct — ) — g(—ct+ ))dt
_ /(f(—ct —x)—g(—ct + a:))da:),

where Ko is a non-zero constant and gs is an arbitrary function.

2. G(u") = Kj1u" + Kq2 admits the infinitesimal generator given by

.9 9 9
¢ = %a —1—09% + [Hu—l—F(t,:v)]%,

where H is an arbitrary constant and F solves
K\ F"—HK 9 = Fyy — 2 Fyy, with K11 as a non-zero constant. Further a represen-
tation of the invariant solution is given by u = T [eH(t_CS%(CQt_Csx))/CS - F(t,m)} ,

where cg, cg are arbitrary constants and gs is an arbitrary function.
Proof. Differentiating equation (10.37) with respect to u” we get
HUTG”(UT) + FTG//(U’!’) _ 2(fl +g/)G/(u7‘) _ O,

which can be written as
Ha+ F'B—2(f +4)y=0. (10.46)

That is,
<HF',=2(f'+4¢)>.<a,B,7>=0, (10.47)

where a = v"G"”, B =G", ~ = G'. Analysis of equation (10.46) is similar to the

analysis given for gas dynamics in [19)].

Let us consider the vector space V = span{< a, 8,7 >}.

10.5.1 dim(V) =3

Then from equation (10.46), using the fact that «, 3, are linearly independent, we get

H=0, F'=0, f+¢=0,
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which implies that,
flt,x) =ci(—ct —x) + 2, ¢g(t,z) = —ci(—ct+z)+cs.

Since f(t) = f(t —r) and g(t) = g(t — r), we get ¢; = 0.
Consequently using equation (10.36), we see that T'(t,x,u) and X (¢,x,u) are constants.

Also U(t,z,u) = 0 and hence in this case there is no extension of the Kernel.

10.5.2 dim(V) =2

if dim(V) = 2, then by the Gram-Schmidt orthogonalisation process there exists a
non-zero constant < &,7,¢ > which is orthogonal to V.
That is, < £,1,¢ > . < a, 8, >= 0, which implies

{UTG” + 77G” + §G/ — 0

Letting 2z = G’, we get
(Eu” +n)2 +52=0. (10.48)

We discuss the following cases:

Case 1: Let £ = 0. Then necessarily n # 0, and
nZ = —¢z, (10.49)
which can be solved to give,

z=G'(u") = Kje K20 (10.50)

. S
where K7 is a non-zero constant and Ko = —.

Since the integration for z depends on Ky, we consider the following two cases:

Case 2: If Ky = 0, then from equation (10.49), we get G(u") = Ksu" + Ky, where K3
and K, are arbitrary constants.
This implies that dim(V) = 0 which contradicts the fact that dim(V) = 2.

Case 3: If K3 # 0, then from equation (10.49), we get z = G’(u") = Kje K2v",

Integrating this equation with respect to u”, we get,

K ,
G(u") = —f;e‘l@‘ + K, (10.51)

where K3 is an arbitrary constant.
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Substituting equation (10.51) in equation (10.37) we get,

(Hu"+F")(Ke 52— [2(f'+¢')+ H] (—261@” - K5> +2Fpp—Fy = 0. (10.52)
Splitting equation (10.52) with respect to u"e 52%" and using the fact that K # 0, we
get H = 0.

Splitting equation (10.52) with respect to e
Fr = —é[g’(—ct +z) — f/(—ct — x)].
Splitting equation (10.52) with respect to the constant term we get
Fyy — Fy — 2K5(g' (—ct + ) + f'(—ct — 2)) = 0.

Thus from these equations we get

2u”

and using the fact that H = 0, we get

Ks5(g' (—ct + )+ f'(—ct — z)) = 0.

We shall study two cases according to K.

Case 4: If K5 # 0, then this lead to f and g being constants, which does not extend the
Kernel of the admitted Lie group.

Case 5: If K5 = 0, then,
1
T(t,wu) = ~lg(—ct +2) + f(—ct )], X(t,a,u) = f(~ct — ) — g(~ct + )

and

Ut,z,u)=Hu+ F" =F" = —Ki[g'(—ct + )+ f'(—ct — x)].
2

Thus the admitted infinitesimal generator in this case is

0 0 2

1
(9+f)a+(f—g)%—f2

* / / 0
¢ == (f'+ )5 (10.53)

ou”

An invariant solution of equation u; — Ry, = Kie 52%" ig obtained by solving the

corresponding system, namely equation (10.45) that is, by solving,

cdt dx Ky du

f(—ct —a)+g(—ct+x)  fl—ct—z)—g(—ct+z) 2 f(—ct—x)+g (—ct+x)

we get the representation of an invariant solution namely

u(t,x) = I?gln|f(—ct —x)+ g(—ct+ )| +gg<c/(f(—ct—x)

—g(—ct+x))dt — /(f(—ct —z) — g(—ct + x))dm), (10.54)
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where g is an arbitrary function.

Case 6: If £ # 0, then from equation (10.48) we get (£u” 4 1)z’ = —¢z, which ca be solved
to give
2= G'(u") = Kg(€u" 4 n)~/%, (10.55)

where Kg is a non-zero constant.

Since further integration depends on —S, we study two cases:

§

Case 7: If % # 1, then integrating equation (10.55) we get

(Eu” + n)E=9)/¢
§—¢

G(ur) = Kg + K7, (10.56)

where K7 is an arbitrary constant.

Differentiating equation (10.56) with respect to u” we get
G'(u") = Kg(€u" 4 )=/, (10.57)
Substituting equations (10.56) and (10.57) in equation (10.37), we get

K6(£'LLT + n)(g_g)/g

Ko[Hu"+F"|(€u"+n) "/ = [2(f'+4')+ H] + K7 |+ Fyp— Fy = 0.

§—¢

(10.58)

Differentiating equation (10.58) with respect to u” we get

SHu" +cF" Y

— +2(f +g)=0. 10.59
e+ 2f 4 ) (1059

Differentiating equation (10.59) with respect to u” we get
S(F"¢ —nH) = 0. (10.60)

We consider two cases depending on .

Case 8: If ¢ = 0, then from equation (10.55), we get G'(u") = Kg, which yields
G(u") = K¢u" + Kg, where Kg is an arbitrary constant.
This implies that dim(V) = 0 and contradicts the assumption that dim(V) = 2.

Case 9: If ¢ # 0, then from equation (10.59), we get

SHu" 4+ ¢F" = =2(f" + ¢")(&u" +n).
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Splitting this equation with respect to u™ we get

i
2€

This implies that H = 0. Further as f(t) = f(t —r) and ¢(t) = g(t — r), this case does

not give extensions of the Kernel.

ff+4¢ = (10.61)

Case 10: If £ = ¢, then from equation (10.61) we get

H
! /__7
f'+g = 5

which again implies that H = 0 and hence does not give an extension of the Kernel.

10.5.3 dim(V)=1

This implies the existence of a non-zero constant vector < &,7,¢ > such that

<a,B,y>= f(u") <&, >,

where f is any arbitrary non-constant function.
Without loss of generality assume that ¢ = 1.
From equation (10.47) we see that

< UTG”,G//,G/ >= f(ur) < £7n7§ >7

from which it follows that & = nu” which gives n = 0 and consequently £ = 0.
Hence G’ has to be a constant say Ko, which implies that G(u") = Kgu" + K9, with

Ko as an arbitrary constant, contradicting the dimension of V = 1.

Remark 10.5.1. If G’ is a constant or G is linear with respect to u” then dim(V) = 0.

10.5.4 dim(V) =0

This implies that < «, 3,7 > is a constant vector say < &,7,¢ > .

That is < u"G",G",G' >=< &,n,¢ >, which gives £ = n = 0. Without loss of generality
assume that ¢ # 0.

Then G(u") = qu” + K12 = K11u" + K12, where K17 = ¢ and K9 are arbitrary constants.
Substituting this value of G(u") in equation (10.37) we get

Ky (Hu" + F") = 2(f' + ¢) + H|(Kju" + Ki3) + 2Fpp — Fyy = 0. (10.62)

Splitting equation (10.62) with respect to u” we get f'+ ¢’ = 0.
As f(t) = f(t —r) and g(t) = g(t — r), we get f and g are constants say
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flt,x) =cq, g(t,x) = c7. .

Consequently T'(t,z,u) = cg, X(t,z,u) = cg, where cg = —(cg + ¢7),c9 = 7 — Cg.
c

Splitting equation (10.62) with respect to the constant term we get

K\ F" — HK5 = Fyy — 2 Fy,. (10.63)
Hence the infinitesimal generator is given by

[Hu—i—F]2

0
+ co— au7

0
" =cs o

o (10.64)

where F' is an arbitrary solution of equation (10.63). An invariant solution of equation
Uy — gy = K1u” + Ko is obtained by solving the corresponding system, namely
equation (10.45) that is, by solving,

dt dr  du

cs ¢9 Hu+F’

we get the representation of an invariant solution namely

u(t,z) = 7 [Hesoeatesaes ()] (10.65)

O]

This solution reduces equation (10.1) to the second order ordinary functional differential

equation

2T [G (Heﬂ - m) b (P — )|+ H [Pl ()] — (1 eseog/ ()2
gé,’(w) = 2(02 2 2) )

cglc™cy — Gy

H

where ¢ = cgt — cgz, T(t,x) = —(t — cgg3(cot — csx)), T(t—r,z)=7" and g3 is an
cs

arbitrary function.

10.6 Summary

This chapter deals with the symmetry analysis of the one-dimensional wave equation
with delay and constant speed given by

0%u 82

S (t2) = PSS (ta) = Glult - 1,)),
The complete group classification is given in Table 10.1 below.

Further this classification leads to the complete set of invariant solutions given Table
10.2 below.



Chapter 10. Lie Group Analysis of the One-Dimensional Wave
Equation With Delay 209

Table 10.1: Group classification of uy — c2uz, = G(u').

Functional G(u") Generator
" s . . 0 0
G(u") is arbitrary ¢t = 0845 + C5 - ;
G(u ):Kllu + K19 Cl :Cgat(;—Can—i—[Hau—i—FQ(t,$)]au. )
™ — K, e K2u” * - g = (¢ nN_—_.
G(u") = Kie C=Utag U -95 - +d)5,

Table 10.2: Representation of invariant solutions of usy — 2z, = G(u").

Representation of the invariant solution of wus;y —
Augy = G(u")

G(u") is arbitrary u = gi(c; — ca).
G(u") = Knu” + Kis w= % [elt—cssteot=csales _ pit,z)]

If + 9l +g2(c [(f — g)dt — [(f + g)dx).

Functional G(u")

Gu") = Kje K" u= % In




Future Scope

Symmetry analysis can be applied to

1.

6.

Classify ordinary functional differential equations with variable coefficients to

solvable Lie algebras.

. Integro-differential equations with delay specifically arising in population dynamics

of species and prey-predator models.

. Systems of delay differential equations.

. Linear, semi-linear and quasilinear partial differential equations with delay.

Classify partial differential equations with delay and with constant and variable

coefficients to solvable Lie algebras.

Neutral partial differential equations.

to obtain Lie type invariance conditions and study their group classification/invariant

solutions.

In addition special partial differential equations with delay like the Laplace equation,

Potential Burgers’ equation, Chaplygin’s equation, Korteweg de Vries equation, Boussi-

nesq quation, etc. can be studied using Lie group analysis and provided with their group

classification and invariant solutions depending on the dimensions of the underlying

Vector Space. Research in this area can also be extended to systems of partial differential

equations with delay.

Finally symmetry analysis can be applied to discrete systems and a study of difference

equations can be done.
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