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Chapter 1

INTRODUCTION

The study of differential Equations is a broad area of mathematical research. It
has contributed significantly to the growth of Mathematics and its uses, particu-
larly for the advancement of Physics, Chemistry and Engineering. From last two
centuries, differential equations have been widely used in Biology, Information
Technology, Social Sciences and Economics, to mention few outside the group of
physical sciences. Different real world problems can be converted into mathemat-
ical problems (model) and analysed. Most of the mathematical models contain
differential equations which are mainly non-linear and cannot be solved analyti-
cally. In the absence of method of solving these equations, the study of properties
of solutions, without obtaining it, attains importance. Hence it is seen that one
studies properties such as boundedness, oscillatory behavior, periodicity, stability,
etc. of the solutions.

In 1940, the study of stability problems for various functional equations was
sparked by the famous talk presented by Stanislaw Marcin Ulam [62], at the Math-

ematics Club of the University of Wisconsin. In this talk he discussed a number



of important unsolved problems. Among them was one concerning the stability
of group homomorphism.

In 1941, D.H. Hyers [19], solved this problem of Ulam for the case where
G| and G, are Banach spaces. This gives a partial solution to Ulam’s question
in terms of stability of linear functional equations and opened up new avenues
for research in the field of functional equations and differential equations. The
result in [19], is now known as Hyers-Ulam (HU) stability for the additive Cauchy
equation f(x+y) = f(x) + f(y).

The various extensions of HU stability has been named with additional word.
One such extension is Hyers-Ulam-Rassias (HUR) stability, published in 1978 by
Th. M. Rassias [55]. In this paper the condition for stability is weakened and
result is proved for Cauchy difference equation by making use of a direct method.
After this remarkable HUR stability result, many mathematicians have looked into
stability results for other types of differential equations. Since then, many results
on HU and HUR stability of various functional equations, linear and non-linear
ordinary differential equations, linear and non-linear partial differential equations,
delay differential equations, fractional differential equations etc. have been stud-
ied. In 1993, Marta Obloza seems to be the first researcher who investigated the
HU stability of linear differential equation.

E. Ahmed et. al. [2], focused on HU stability applications in Biology and Eco-
nomics. It is important to notice that there are many applications for HU stability
in other topics e.g. in nonlinear analysis problems including differential equations

and integral equations.



1.1. RESEARCH OBJECTIVE

Differential equations are used in many different areas of study, including
physical and applied sciences. In most of the cases, these equations are non-linear
and cannot be solved analytically. If there is no way to solve these equations, it
is important to study the properties of the solution without obtaining it. One of
the important property is stability of the solutions of these equations. The study
of stability of solutions of the differential equations has developed considerably
in past few decades. This stability theory of differential equations have motivated
to take up the study on HU and HUR stability for differential equations.

The objective of this research work is to study HU and HUR stablility of dif-
ferent types of non-linear ordinary differential equations, linear partial differential
equations and non-linear partial differential equations.

Our objectives are :

To study

e HU and HUR stablility of different linear and non-linear ordinary differen-

tial equations.

e HU and HUR stablility of different linear and nonlinear partial differential

equations.

e Generalised HUR stability of different non-linear partial differential equa-

tions, by using various techniques.



1.2. ORGANIZATION OF THE THESIS
The thesis is divided into seven chapters. The outline of these chapters is as

follows :

1. The first chapter gives an introduction to the topic and motivation for taking
up the study. We give the objective of our work and chapter wise description

of the work done.

2. Chapter 2 deals with the survey of the available literature on HU and HUR
stability of different types of equations such as functional equations, differ-
ence equations and differential equations. The survey is divided into two
parts. The first section gives the brief survey of the literature. Second sec-

tion give some basic results used for our work.

3. Chapter 3 is devoted to the study of HUR stability of third order ordinary
differential equation. In this chapter we study the HUR stability of follow-

ing third order ordinary differential equation

Y (@) + p(x)y” (x) + g (x)y' (x) + r(x)y(x) = £ (x), (1.1)
where y € C3[a,b],p,q,r,f € Cla,b] and —eo < a < b < oo,

This stability result is proved by imposing certain integrability conditions
on the coefficients functions p(x),q(x) and r(x) of the differential equation.

An example is provided in support of the result.

4. In chapter 4, we establish the HUR stability for first and third order linear

homogeneous partial differential equations. Further, we extend the method



to obtain the result for n" order linear homogeneous partial differential

equation of the form :

du  ,9"u

3 = o t>0,0<x<l,a>0. (1.2)

These results are proved by employing Laplace transform method and using

the idea presented in [54].

. Chapter 5 is on HUR stability of linear non-homogeneous partial differential
equations. Here we prove the HUR stability of the second order partial

differential equation of the type

r(,)uge (x,1) + p (e, )iy (x,1) + q(x, )ur (x,1) + pr(x, 1) ux(x, 1)
(1.3)

—px(x, ) ur (x,1) = g(x,t,u(x,1)).
Further in the chapter, we have established the HUR stability for the third

order non-homogeneous partial differential equation:

sOe,t)ugrr (x,8) 4 () uge (x,8) + p (o, ) (x,1) + q(x, 1) ur (x,1)
(1.4)
+pr (x, ) ux (x,1) — px(x,£)ug (x,1) = g(x,2,u(x,1)).

These results are proved by using Banach contraction principle and some

results in [18].

. The Chapter 6 deals with the HU stability of the nonlinear ordinary and

partial differential equations :

ux(x,t) + K(x,u(x,1)) =0, (1.5)

uxx(x,1) + F (x,u)ux(x,t) + H(x,u) = 0. (1.6)



These results are proved by employing Banach’s contraction principle.

Further in this chapter, we have established the HU stability for the second

order non-linear ordinary and partial differential equations :

wer(,6) = Flotyu(x 1) ux(r)), 0<x<a,0<e<b  (17)

and

uxr (x,1) = f(x,t,u(x,t),ux(x,1)) 0<x<a,0<t<b. (1.8)

These results are proved by employing Grownwall type inequality and some

integral inequalities.

. Finally in Chapter 7, we discuss the generalised HUR stability of the fol-

lowing second order non-linear ordinary partial differential equation :

uxx(x,t) = f(x,t,u(x,t),ux(x,1)). (1.9)

Then, we establish the generalised HUR stability for the following second

order non-linear partial differential equation.

uxr (x,1) = [t u(x,t),ux(x,1),ur (x,1), uxx(x,1)). (1.10)

These results are proved by employing Grownwall type inequality, some

integral inequalities and using the result in [41].

At last, we give a brief summary of the results obtained in
this thesis and present some problems for further study. The thesis ends

with a complete bibliography.



Chapter 2

SURVEY OF LITERATURE

2.1 INTRODUCTION

This chapter deals with the survey of the literature on Hyers-Ulam (HU) and
Hyers-Ulam-Rassias (HUR) type stability of various linear, nonlinear ordinary
and partial differential equations. HU stability of differential equations has drawn
much attention since Ulam’s presentation [62] of the problem on stability of group
homomorphism in 1940. Its various extensions have been named with additional
word/s. One such extension is HUR stability. We plan to give review of HU and
HUR stability results of ordinary and partial differential equations in section 1.

Section 2 contains some basic theorems (results) used for the work undertaken.

2.2 REVIEW OF LITERATURE

In 1940, Stanislaw Marcin Ulam [62], presented a wide ranging talk to the Math-

ematics Club of the University of Wisconsin, where he discussed a number of
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important unsolved problems. Among them was one concerning the stability of
group homomorphism, namely:

Let G; be a group and G, be a metric group with a metric d. For a given € >0,
does there exist a 6 > 0 such that if a function 4 : G| — G satisfies the inequality
d(h(xy),h(x)h(y)) < 8, for all x,y € Gy, then there exists a homomorphism

H: Gy — Gy with d(h(x),H(x)) < &, for all x € G?

In 1941, D.H. Hyers [19] solved this problem of Ulam for the case where G;
and G, are Banach spaces. He proved that, if f: G| — G, be such that f(rx) is
a continuous function in ¢ for each fixed x € G|, where t € (—oo,00) and if 3 & >0
such that ||f(x+y) — f(x) — f()|| <€, for all x,y € G}, then there exists a linear
map 7 : Gy — G, such that || f(x) — T(x)|| < 6, for all x € G;.

This is now known as Hyers-Ulam (HU) stability for the additive Cauchy
equation f(x+y) = f(x) + f(y).

In 1945, D. H. Hyers and S. M. Ulam [20], established the existence of a
true isometry U (x), which approximates given e-isometry 7'(x). An g-isometry is
a transformation T'(x) : E — E’ such that, |p(x,y) — p(T(x),T(y))| < €, for some
€ > 0, where E and E’ are metric spaces. Precisely, they proved the existence
of a constant k > 0 depending only on the metric spaces E and E’ such that
[|(T(x),U(x))|| < ke, for all x e E.

In 1978, Th. M. Rassias [55] weakened the condition for Cauchy difference
equation and proved the following result by making use of a direct method.

Theorem 2.1.1 : [55]

Consider G| and G, to be two Banach spaces, and let f : G| — G, be a mapping
such that f(zx) is a continuous function in ¢ for each fixed x. Assume that there

exist & > 0 and p € [0,1) such that ||f(x+y) — (x) = f)I| < (|}xl|P +[y]|P), for
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all x,y € G;. Then there exists a unique linear mapping 7 : G| — G, such that

17(0) =T ()| < 7255 ([Ial|P), for any x € Gy.

This stability criterion is now called Hyers-Ulam-Rassias (HUR) stability.
This result of Rassias stability has influenced a number of Mathematicians to in-
vestigate the stability problems for various functional equations (see [7], [19],[23],[25],
[311,[33],[36],[38],[40],[56] and [59]). Since then, this type of stability criteria
have been applied to various other kinds of equations (see Jung [33], Sahoo and
Khannapan [59]).

S. Czerwik [15], established the following result of the HUR stability of quadratic
functional equation f(x+y)+ f(x—y) = 2f(x) +2f(y), by applying fixed point
Method.

Theorem 2.1.2 : [15]

Let E; and E, be a normed space and a Banach space respectively. If there is a
function f : E| — E, satisfying the inequality

1 Ge43) + (=) = 2£(x) = 2/ )| < 8+ 8((|[x||P + |Iy]|P), for some 8,6 >0
and p < 2 and for all x,y € E; \ {0}, then there exists a unique quadratic function
Q: E| — E; such that ||f(x) — Q(x)|| < (%)(6 +¢)+2(4—2P)~1g||x||P, for any x €
E\ {0}, where ¢ = [[£(0)]|.

Next, we have the following result giving the direct method.

Theorem 2.1.3 : [8]

Let a and b be nonnegative real numbers with o =a+5b > 0. Let H : [0, 00)2 — [0,00)
be a function, for which, there exists a positive number k£ < a such that

H(as,or) < oH(s,t), for all s,z € [0,00). Given a real normed space E| and a real
Banach space E,, assume that a function f : E{ — E, satisfies the inequality

[|f(ax+Dy) —af(x)—bf(y)|| < H(|[x||,]|y]]), ¥x,y € E{. Then there exists a unique
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function A : E| — E; such that A(ax+by) = aA(x) +bA(y), for any x and y in E| and
17 () = ACN| < (= k)~ H(|[]], [Ixll), Vx € Ey.

This result was proved by using additive function A which is explicitely con-
structed from the given function f by A(x) = ng’”oo 2" f(27""x). This method is
known as direct method. It’s an important and the most powerful tool for study of
stability for various functional equations.

L. Losonczi [40] has proved the stability of the Hosszu’s functional equation
fx+y—xy)=f(x)+ f(y) — f(xy). Result is given below.

Theorem 2.1.4 : [40]

Let Y be a Banach space and suppose that a function f : R — Y satisfies the func-
tional inequality ||f(x+y—xy) — f(x) — f(y) + f(xy)|| < €, for some € > 0 and for
all x,y € R. Then there exist a unique additive function A : R — E and a unique
constant b € Y such that ||f(x) —A(x) — b|| < 20¢, for all x € R.

This result is proved by using local stability, in HU sense, for Cauchy’s func-
tional equation. Further paper contains a local stability theorem for additive func-
tions in Banach space settings.

In 1997, S. M. Jung [23] has proved some results on HU and HUR stability of
the gamma functional equation. Following results are from [23].

Theorem 2.1.5 :

If a mapping f : (0,0) — R satisfies the inequality |f(x+1) —xf(x)] < 8, 6 >0,
Vx > ng, ng 1s a given non-negative integer, then there exists a unique solution
F : (0,00) — R of the gamma functional equation f(x+ 1) = xf(x) with

IF(x) = £(x)] < 38, x> ng.

In the following theorem, let §,e > 0 be given and o(x),(x) be functions
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defined as follows:
a(x) = T2 o [1 = 8 (x+i) (18], Bx) = 12 o [1 + 8 (x 1)~ (1)),

for any x > s1/(1+€ and ny € Z.

Theorem 2.1.6 :

If a mapping f: (0,00) — (0,00) satisfies the inequality ]f)gﬁa;) —1|< Vx > ny,

o)
xl+€’
then there exists a unique solution F : (0,00) — [0,0) of the gamma functional
equation with a(x) < F(x)/f(x) < B(x), for any x > max{ng, 5!/ (1+€)}.

This is called general or modified HUR stability.

In [24], Jung has investigated the stability problem of the quadratic func-
tional equation of Pexider type viz. f(x+y)+ f(x—y) =2f(x)+2f(y). This re-
sult generalizes the result in [15]. Using the same ideas, Jung and Sahoo [35]
proved the HU stability of a quadratic functional equation of Pexider type, viz.
fix+y)+ ol —y) = f3(x) + f4(y)-
Next, Jung has discussed HU stability of logarithmic functional equation
flx+y) = f(x) = f(y) = fF(x~ 1 +y~1). Following is the result.

Theorem 2.1.7 : [25]
If a function f: R — R satisfies the functional inequality
lF(x+y) — f(x) = FO) — fFlx~ L4y~ 1) < 8, for some 0 < & < log(2) and for all
x,y € R\ {0}, then there exists a unique logarithmic function / : R\ {0} — R such
that |f(x) —I(x)] <56 — % log(2 feé), for each x € R\ {0}.

In 2001, J. Chmieli’nski and S. M. Jung [13], established the HU Stability of
the Wigner Equation | < f(x)|f(y) > | =| <x|y > |, for all x,y € E, where E is a real
or complex Hilbert space with the inner product and the associated norm denoted

by < |- > and || - || respectively. Let 1 # ¢ > 0 and d > 0 be given constants. D be
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the set defined by
{x€E:||x|| >d}, ifO<c<],

{xeE:||x]|<d}, ifc>1.
The case D = {0} is trivial and not considered. Let ¢ : E x E — [0,) be a

function satisfying the property

lim  ™¢(cMx, ¢ y) =0,Vx,y € D.
i T y) y

We have the following result from [13].
Theorem 2.1.8 :
If f: E — F satisfies the property || < f(x)|f(y) > |—| <x|y> || < ¢(x,y), forall x,y €
D, then there exists a unique (up to a phase equivalent function) mapping / : E — F
satisfying the Wigner equation and such that ||f(x) — I(x)|| < \/¢(x,x),Vx € D.
Next, we have a result that gives HUR stability of the Beta functional equation
by construction of a Cauchy Sequence.
Theorem 2.1.9: [38]

Let F : (0,00) x (0,00) — (0,0) be a mapping that satisfies the inequality

| xy F(x,y)
(x+y) (x+y+1) Flx+1y+1

y~ 1| < y(x,y), forall x,y > ngy, where ny € Z and

Y : (0,00) x (0,00) — (0, 1) is a mapping such that

ox,y) =Y olog(1 —y(x+iy+i)) and B(x,y) :== Y2 log(1 + W(x+i,y+i))

are bounded for x,y > ng. Then there exists a unique solution 7 : (0,00) x (0,00) —

(0,00) of the beta functional equation

—1_ )ty +1)

~1
F b) b
o (x,y)

F(x+1,y+1)

1

Wlth eOC()C,y) S Tgigjg S eﬁ (x,y)_

In 2002, G. H. Kim, Bing XU and W. Zhang [37], proved the generalized

HUR stability of the generalized gamma functional equation g(x+ p) = a(x)g(x),
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by using Ratio Test and under some conditions of convergence of the series. They
proved the following result.

Theorem 2.1.10 : [37]
Consider the approximate solution f : (0,+e) — R of g(x+ p) = a(x)g(x) , which

satisfy the inequality | f(x+ p) —a(x) f(x)| < ¥(x), for all x > ngy, where ¥ : (0, +-o0) —

iminf ¥(x+p(k—1))

k—oo —B(xtpk)

(0,+-<0) is a fixed function and n( is a non-negative constant. If !
a(x+ pk) > 1, for all x > n(, then the equation g(x+ p) = a(x)g(x) has the general-

ized Hyers-Ulam-Rassias stability.

In 2006, S. M. Jung and P. K. Sahoo [36], established the HUR type stability
for a Davison functional equation f(xy)+ f(x+y) = f(xy+x)+ f(v), for a class of
functions from a Ring into a Banach space. They proved the result by using the
Direct method.

In the following result, L. C Adariu and V. Radu [11], proved the stability of
Jensen’s functional equation. This result was proved by using fixed point Method.

Theorem 2.1.11 : [11]

Let E; and E, be a (real or complex) vector space and a Banach space, respec-
tively. Assume that a function f: E| — E; satisfies f(0) = 0 and the inequality
\|2f(’%) —f(x)=fW)l < o(x,y), for all x,y € Eq, where ¢ :El2 — [0,0) is a given
function. Moreover, assume that there exists a positive constant L < 1 such that
0(x.0) = Lq;9 (£, 0), where g =2 and ) = L.Xf ¢ satisfies /™ ¢="0(q'x.qly) =
0, for all x,y € Eq, then there exists a unique additive function A : E{ — E; such
that, |[£(x) — A(x)|| < 57 9(x,0), for any x € E.

In 2009, S. M. Jung [31] proved the HU stability of generalized Fibonacci

functional equation f(x) =pf(x—1)—¢qf(x—2), in the class of functions f : R —

X, where X is a real (or complex) Banach space.
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Theorem 2.1.12 : [31]
If a function f: R — X satisfies the inequality ||f(x) — pf(x—1)+qf(x=2)|| < &
, for all x € R and for some € > 0, then there exists a unique solution function
F :R — X of the functional equation f(x) = pf(x—1) —qf(x—2) such that

a|—|b
) - Pl < M e forall xe R,

Note that the estimate obtained in above theorem is better than the estimate
obtained for the equations of higher order in [9]. In 2011, P. K. Sahoo and P.
Kannapan [59], proved the result for the HU stability of Abel functional equation

f(x+y) = g(xy) + h(x—y). We state the result below.

Theorem 2.1.13 : [59]
If functions f,g,h: R — R satisfy the functional inequality  |f(x+y)—g(xy)
—h(x—y)| <€, for some € > 0 and for all x,y € R, then there exists a unique additive
function A : R — R such that |£(x) ~ (%) — f(0)] < 22¢,
g(x) —A(x) — f(0) +h(0)] <21e and |h(x) —A(f) —h(0)] < 22¢, for all x € R.
Now we shall have a look at the results on HU type stability of differential
equations. HU stability for differential equations is defined as follows.

Definition 2.1.1 : The differential equation

O(F(1),y(0),y (1), ¥ (1)) =0 2.1)

is said be Hyers-Ulam stable on an interval 7, if for a given € > 0 and a function

y1 such that
01, y1(0),5; (1), @) <e, 2.2)

there exist a solution y, of (2.1) such that

v1(8) —y2 (1) < k(e), (2.3)
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where k(€) — 0 as € — 0 and does not depend on y; and y,.

A differential equation (2.1) is said to be Hyers-Ulam-Rassias stable with a
preassigned function &(z), if € is replaced by £(¢) in the inequality (2.2) and k(¢)
is replaced by y/(¢) in the inequality (2.3)

In a similar way one can define HU and HUR stablility for partial differential

equation,

(P(g(J,C),M(l),Mxl (5)’1")62(16% e ’Mxn(z)auxlxz(z)a' o auxlxz"‘xn(l)) =0,x= (X1,...,xn)

on a domain Q C R".

M. Obloza (see [48], [49]) seems to be the first researcher who investigated the
HU stability of linear differential equations in 1993. The author has established
the following results.

Theorem 2.1.14 : [48]

Let I C R be a bounded interval and suppose that g is a continuous real valued
function defined on I such that [;|g(¢)|dt < . Then the equation x'(¢) + g(¢)x(t) =
p(t) is stable in sense of Hyers, where p is a continuous real valued function
defined on interval I.

In the same paper [48], following two results are proved.

Theorem 2.1.15 :

Let 7 denote the interval [A, +), for some A > 0. Suppose that there exits C > 0
and T <A such that g(¢) < C, fort > T. Then the equation x’(¢) + g(¢)x(¢t) = p(t) is

stable in the sense of Hyers.
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Theorem 2.1.16 :
Let I = [A,+<), for some A > 0. Suppose that there exits a positive number 7 > A
such that g(r) < #,Vr > T. Then the equation x’(¢) + g(t)x(¢) = p(t) is stable in the
sense of Hyers.
Further in 1997, Obloza established the connection between HU stability and Lya-
punov stability. Following results are proved in [49].

Theorem 2.1.17 :
Let 6 > 0 and let us assume the following:

(i) f: R — R is a continuous function Lipschitzian with respect to the second

variable with constant L .

(ii) x1,x, are solutions of equation x’(¢) = f(t,x(t)) defined on R.

(ii1) There exists 7 € R such that |x|(t) —xy(7)| < 8, then there exists ad >0
(independent of 6 )such that the inequality |x;(z) —x,(7)| < 26 holds for all 7 €
[t —d,t+d]. This result is used to prove the following:

Theorem 2.1.18 :

Let us assume the following:

) f: R? — R is a continuous function Lipschitzian with respect to the second

variable.

(ii) The equation x’ = f(t,x), f € (C,Lip) is stable in the sense of Hyers.

Then it is stable in the sense of Lyapunov.

The converse of the above theorem is not true and an illustrative example is given
in the same paper. In 1998, Alsina and Ger (see [5]), proved the stability for first

order linear differential equation . They proved the following result.
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Theorem 2.1.19 :

Given € > 0, if f: 1 — R is a differentiable function satisfying | f'(x) — f(x)| < & , for
all x € I, then there exists a function g satisfying g’ = g such that | f(x) — g(x)| < 3¢,
forall x € I.

After this paper ([5]), many researchers have investigated the HU and HUR
stability of different types of differential equations. For more results on HU and
HUR stability of ordinary and partial differential equations, one can refer [ [1],
[14], [16], [17], [26], [27], [28], [29], [32], [34], [43], [44], [45], [46], [47], [52],
[53], [54], [55], [57] and references therein].

In 2002, Takahasi et al. [60] extended the work for Banach space valued dif-
ferential equation y(f) = Ay over an interval I. Defining m(I,A) = inf{e ReAt;r e 1}

and M(I,A) = sup{e ReAl;; I}, their main result is stated as follows:

Theorem 2.1.20 : [60]
For € >0 and ¢ : I — X, a strongly differentiable function such that ||¢/(¢) —
A9(t)|| < e, forall z € I, following assertions are true :

a) If Re A # 0, then there exists an element x4 € X such that

19(t) — *x|| < |Re A~ 1{1 - A”;((’Ii{)) Y, for all r € . In particular, if m(I,1) = 0,

then xy with the property that [[¢(r) — e’ux¢ || < eois unique.

b) If Re A =0 and the diameter §(/) of I is finite, then there exists an Xp € X
such that [[¢ (r) — e xy || < €8(1), forall 1 € 1.

c) If Re A =0 and 6(I) = o, then the HU stability of the differential equation
y' = Ay does not hold.

In 2003 , the above result was extended to Banach space valued first order

differential equation of the form u’ 4 hu = v. They proved the following result.
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Theorem 2.1.21 : [43]
Let 4 : R — C be a continuous function and 7}, : C}(R,X) — C(R,X) be the lin-
ear operator defined by (T,u)(t) = u/(¢) + h(t)u(t) , for all u € C(R,X) and t € R.
Suppose that one of Cj,%¢f fgﬂg o 18@)lds, Dy, el P L vl ', 1i(s)|ds and
E,“% def sup |\ fO |h(s)|ds| is finite. Then T}, has the Hyers - Ulam stability with

= 1eR|j(
Hyers Ulam stability constants Cj, Dy, and Ej, respectively. Moreover if, C;, < o
or Dj, < o then for each v e C(R,X) and u € Ccl(R,X) satisfying 177, (1) — v||oo < o0,
there exists an element u € C (R, X) with the condition Thug =v and ||u—ug||e <
oo 1s uniquely determined.

In 2003, T. Miura, S. Miyajima and S. Takahasi [43], proved the converse of
the above theorem. They have proved the following.

Theorem 2.1.22 :
Let i: R — C be a complex valued continuous function and let 7}, : cl(R,X)—
C(R,X) be the linear operator defined by (Tju)(t) = u/(t) + h(t)u(t), for all u €
Cc!(R,X) and r € R. Suppose that T;, has the Hyers - Ulam stability. Then the

following assertions held.

a) If inf, |h( )| =0, then Cj, < o. Moreover, Cj, is the HUS constant for
b) If infc (o0 ) |A(t)| = 0, then Dj, < . Moreover, D, is the HUS constant for

¢) If inf,c | ()| > 0, then Ej, < .

d) Either inf,¢ (o, ¢ |h(t)| or infy e (0,00) |h(1)] is positive.

In [61], the authors completely characterised the HU-stability of the above
first order linear Banach space valued differential equation in terms of Cy,, Dj, and

Ej,. HU stability of linear differential equation of second order with constant co-
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efficients for compact intervals were studied by Y. Li. et al. [39]. HU stability for
Banach space valued n'” order linear differential equations with constant coeffi-
cients was studied by Cimpean and Popa [14] by using the arguments provided in
[39]. In this paper authors obtained stability of the linear differential equation in
Aoki -Rassias sense. We state the definition.

Definition 2.1.2 : Let (X, ||.||) be a Banach space over C and I = (a,b), a,b €
RU{+£e},a < b and ¢ : I — [0,0) be a given mapping. The equation y(”) (x) —
Z’};(l) a jy(j ) (x) = f(x),x €I is said to be stable in Aoki-Rassias sense if there exists
a mapping v : I — [0,c) such that for every function y € C"*(1,X), satisfying the
relation Hy(”) (x) — Z;?;(l) a jy(j) (x) — f(x)]| < ¢(x), ¥x € I, there exists a solution
u € (M (1,X)) of the equation such that [|y(x) — u(x)|| < ¥(x),Vx € I.

Note that when ¢ and y are constants, the equation is said to be HU stable.
Here y depends on ¢. As a consequence we obtain the HU stability of the equa-
tion. A connection with the dynamical system is established.

Let R(A) denote the real part of the complex number A and let f € C(1,X) . De-

eRA)X (b p(1)e= R gy if R(A)x > 0,
fine Ly (h)(x) = for every h for which
eRA)X X1y~ R g if R(A)¥ < 0

)

integrals converge.

The main result is given below:

Theorem 2.1.23 : [14]
Let & :1— [0,0) be a continuous function and suppose that Ly, oLy, _ 0oLy, (&)
are integrable on every interval [c,b) if R(r; 1) > 0, respectively on every interval
(a,c] if R(rgy1) < 0,1 <k <n—1. Then for every mapping y € C"(1,X) satisfying
the inequality ||y (x) — ”ié ajy)(x) — f(x)|| < (x), Vx €1, there exist a unique

]:

solution u € C"(I,X) of equation y(m) (x)— 8

il ajy(j)(x) = f(x) Vx€I=(a,b) such
j=0
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that ||y(x) —u(x)|| < Lp,oLy, _j0---0Lr (€)(x), Vx €L

Jung [28] proved the HUR stability for first order non-homogeneous linear dif-
ferential equation with variable coefficients, where the coefficient function satisfy
certain integrability condition. These ideas were applied to second order non-
homogeneous equations by Javadian et al. [22]. This was then extended to nth
order linear equations in [21]. Also using Grownwall’s inequality HU stability for
second order linear differential equations was established in [4].

HUR stability for linear differential operators of n* order with non constant
coefficients were studied in [51] and [45]. In 2012, D. Popa and I. Rosa [51],
proved the HUR stability under the assumption that the n”* order equation can be
factorized into n first order equations [12]. This factorisation methods could be
applied to non linear equations such as Riccati and Lienard equations.

In [52], the authors proved the following HU stability results.

Theorem 2.1.24 : [52]
Suppose that |a(x)| <L < 1, for all x > x; and that
yeC(I), 1= [x0,x] C R, x¢ > 0. is such that it satisfies the inequality
Y +y— a(x)y| < &, with the initial conditions y(xg) = 0= (xg).
Then the equation y” +y = «(x)y has the HU stability.
In the same paper, they have obtained the following result.
Theorem 2.1.25 : [52]
Let I = [xp,x] C R, xg > 0. Suppose |h(x)| <A, for all x > xp and that y € (1), is
such that it satisfies the inequality [y +y— h(x)yP| <€, B € (0,1) with the initial

conditions y(xg) = 0 = yr(xg). If 4 < LU {18 1y(x) } P, for x > xg, then the

equation y” +y = h(x)yB, B € (0,1), has the HU stability.
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Using this result the authors have proved the HU stability for the nonlinear

equation
B—1

'+ pd +qz= h(x)zﬁe(T)efp(t)dt , B €(0,1),
where h,p € C1(I), p(x) > 0, x9 >0, g€ C(I), I = [xp,x] and h is bounded for all
sufficiently large x € R.

The results in this paper are supported by illustrations. Some special case of
the equation under study is discussed.

In [3], the authors proved the HUR stability of linear differential equation of
second order and a nonlinear differential equation of second order with initial
condition. They prove these results by using same arguments as used in [52].

In [53], the authors proved the HU stability of nonlinear differential equation

y'' —F(x,y(x)) =0 on [a, b], with initial condition at y(a) = 0. Here the e —approximate
solution z is assumed to satisfy

IF (x,2(x))] S AJ2|%, >0, |z(x)] < |2/ (x)] and 0 < A < {210 [2(x)[}1 .

The idea used here is similar to that used in [52]. Using this they proved the
HU stability of Emden - Fowler nonlinear differential equation with zero initial
conditions at x = a. Following is the result.

Theorem 2.1.26 : [53]

2
Suppose that z: [a,b] — R is a twice differentiable function. If @

< 1, then
the equation z”/ = ¢ (x,z(x)), with the initial condition z(a) = z/(a) = 0, is stable in
the Hyers-Ulam sense, where z € C(I),] = [a,b],—e0 < a < b < ooand ¢(x,z(x)) 18
continuous for x € I,x € R.

In [4], the authors proved the HU stability of nonlinear differential equation

of second order of the form u”(¢) + F(t,u(t)) = 0 , where F : [tg,) x R — (0,0)

with 7y > 0 and u : [fy,0) — [0,0) is a twice continuously differentiable function
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with u(ty) = 0= u/(ty) and Iy |u/(¢)|dt < L,L > 0 by using a variant of Grownwall’s

inequality. They proved the following.

Theorem 2.1.27 : [4]
Given constants L > 0, g > 0 , assume that F : [fy,) x R — (0,00) is a function
satisfying f;,/((tt”;((f)))) > 0 with F(t,0) =1, for all > ¢y and u € U(L,1;). If a function
u: [tg,o0) — (0,0) satisfies u € U(L,ty) and the inequality |u”/ (1) +F (¢,u(t))| < €, for

all r > 1y and for some € > 0, then there exists a solution u : [fg,o0) — [0,0) of
the differential equation u'/(¢) + F(t,u(t)) = 0 such that |u(t) — ug(t)| < Le, for any
1> 1.

In the same paper, they have proved the following result.

Theorem 2.1.28 : [4]

Given constants L > 0, #y > 0, assume that 4 : [f,e0) — (0, 0) is a differentiable
function. Let o be an odd integer larger than 0. If a function u : [f,o) — [0,0)
satisfies u € U(L,tg) and the inequality |u'/(t) + h(t)u(t)%| < &, for all ¢ >t and
for some € > 0, then there exists a solution u() : [fy,o) — [0,0) of the differential
equation u'/(¢) +h(t)u(t)* = 0 such that |u(t) — ug(t)| < (}?(tLOg))é’ for any 1 > 1,
where f =a+1.

In 2003, T. Miura, S. Miyajima and S. Takahasi [44], proved that, if P(z) is a
polynomial of degree n with complex coefficients and D = %, then the differential
equation P(D)f =0 is HU stable if and only if the equation P(Z) = 0 has no pure
imaginary solution. This work has been extended in [10] to n x n complex linear
system x’ = Ax , where A is n x n complex matrix. It is shown here that this linear
system is HU stable iff A is dichotomic i.e. the spectrum of A does not intersect

with the imaginary axis.

The stability for partial differential equations have been investigated in [18],
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[30], [42] and [54]. In [18], authors have proved the HU stability of the first and
second order partial differential equations of the forms :

yx(x,1) = f(x1,y(x,1)) 5 ayx(x,2) + bye (x,1) = f(x,y, f(x,1)),

P 1)yxe (1) +q(x, 1) yr (x,1) + pr (x,1)yx (x,1) = pxc(x,)ye (x,1) = f(x,1,y(x,1))

and p(x,1)yxx(x,1) + q(x,0)yx(x,1) = f(x,t,y(x,1))
by using Banach’s contraction principle.

n [30], Jung proved the HU stability for linear partial differential equation of
first order of the form : aux(x,y) + buy(x,y) +g(y)u(x,y) +h(y) =0, a < 0,b > 0.
They proved the result by using change of axes and the result concerning the HU
stability of a linear differential equation of first order established in [28].

In 2012, N. Lungu and D. Popa [42], proved the HU stability of first order par-
tial differential equation of the form : p(x,y)ux(x,y) +q(x,y)uy(x,y) = p(x,y)r(x)u+
f(x,y). They proved the stability by using change of co-ordinates and using the
following result.

Theorem 2.1.29 :

Let ¢ : [a,h) — R be a solution of the differential equation y’ = 90Y) Then u is a

p(x.y)
solution of equation p(x,y)ux(x,y) +q(x,y)uy(x,y) = p(x,y)r(x)u+ f(x,y) if and only

if there exists a function F € C!(7,X) such that
_ [ 9 <P )Hy—¢(x)) L
u(x,y) = {fx OEE IOk (0)d0 +F(y—¢(x )}, for every (x,y) €D,

where L(x) = — [7r(0 )de,x €la,b),I={y—¢(x): (x,y) € D}, X is a Banach space
over K (K is one the fields R or C) , D = [a,b) x R,a € R and b € RU {400} ,
p,q€C(D,K),f € C(D,X) and r € C([a,b),R).

In [54], HUR stability for the heat equation have been studied. In this pa-
per author have proved HUR stability for heat equation on R" by using Fourier

transform method and result on its convolution. Further he has proved the HUR
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. . 2 .
stability for heat equation of the type: % = az%, t>0,0<x<la>0,with
X

the initial condition u(x,0) = u(x), 0 <x </ and boundary conditions u(0,7) =
vi(t),ux(0,¢) = vy ()t >0,
where [ € R, 1 (x) € C(—o0,00),v((t),v2(t) € C(—o0,00) and u(x,t) € C%(R X (0,00)).
The above stability result was proved by using Laplace transform.

In [41], authors have proved the HU stability of the hyperbolic partial differen-

. . 2
tial equation of the type gxédy = f(x,y,u(x,y), %(x,y), g—;(x,y)) O<x<a,0<y<b

. They proved the following result.
Theorem 2.1.30 : [41]

One assumes that

(i) a < 00,b < oo (ii) f € C([0,a] % [0,b] x B3, B);

(i) 3 Ly > O such that | f(x,y,z1,20,23) — f(x, 311, 12,13)| < Lymax{[z; —;|,i=1,2,3},
for all x € ([0,d],y € ([0,b] and zy,z2p,23,11 15,13 € B,where B is a real or
complex Banach space.

Then,

(a) for ¢ € C1([0,a],B) and ¥ € C1([0,5],B) ,the hyperbolic PDE

82 a a
ﬁ;y(x,w = flxy,ulx,y), (TZ(x,y), a—;t(my)), (2.4)

has a unique solution, which satisfies
u(x,0) = ¢ (x),¥x € [0,], u(0,y) = (y),¥y € [0,5];
(b) Equation 6.12 is Hyers-Ulam stable.
They proved this by using the result involving integral inequalities. In the same
paper authors have discussed the HUR stability of the equation 6.12.
In [6], the authors have proved the HU stability for poisson’s problem with

. o —Au=f,inQ | . .
Dirichlet boundary conditions { ,_q ;. 9q > With respect to weak solutions in
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Hé (Q), where f e H~1(Q),H : G; — G,,G be a group and G, be a metric group,
operator A : Hé (Q) — H(% (Q), Q be a bounded domain in R9 such that it’s border
dQ is sufficiently smooth. They proved the HU stability using fixed point equation
as x = A(x) , weakly picard operator and by the following result :

Theorem 2.1.31 :
Let (X,d) be a metric group. If A: X — X is a y- weakly picard operator then the
fixed point equation x = A(x) is generalized HU stable.

Further, in the same paper, authors have proved the HU stability of nonlinear
elliptic problem { _Aubfi); ];flxéyg)i né> , where f: Q x R— R and remaining symbols
with their meaning as discussed above.

It may be mentioned that HU stability has application in Biology and Eco-

nomics [2].

2.3 PRELIMINARIES

In this section, we shall state some basic theorems, without proofs, used during
this work.

THEOREM 2.2.1 [22] :
Let X be a complex Banach space. Assume that p,¢g:1 — C and f:I — X are
continuous functions and y; : / — X is a nonzero twice continuously differentiable
function which satisfies the differential equation y} (x) + p(x)y] (x) +g(x)y (x) = 0.
If a twice continuously differentiable function y : I — X satisfies
Iy (x) + p(x)y' (x) + q(x)y — f(x)| < w(x), for all x € I, where k = ——~ € X and

y1(a)

y : 1 — (0,0), is a continuous function, then there exists a unique xy € X such that
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y(x) —yl(x){/ax [e{— a5 ) +p(u))du}
v 23’/1(“) N
(xo+fa yj;((vv)) Ja Gy TP dv) ds+k}H

THEOREM 2.2.2 [54] :

If u(x,r) € C%(]R X (0,0)), then the initial-boundary value problem

2
% :az%,t >0,0<x<],
X
with initial condition u(x,0) = pu(x), 0<x<lI

and the boundary conditions u(0,7) = v (t), ux(0,t) = vo(t) t>0,

where 11(x) € C(—o0,00), is stable in the sense of Hyers-Ulam-Rassias.

THEOREM 2.2.3 [18] (Banach Contraction Principle) :
Let (X,d) be a complete metric space and 7 : X — X be a contraction, that is, there

exists a € (0,1) such that d(Tx,Ty) < ad(x,y),Vx,y € X. Then 3 a unique a € X

such that Ta = a. Moreover, a = nll”oo T"x and d(a,x) < (l—la) d(x,Tx),Vx € X.

THEOREM 2.2.4 [18] :
Letcel,l=a,b] witha <b, p,q:IxI— R be continuous functions with
p(x,t) #0,Vx,t €1, ¢ : I x I — (0,00) be a continuous function, L : I x I — [1,0) be

an integrable function and f : I x I x R — R be a continuous function. Assume that
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there exists, 0 < 8 < 1 such that
X
[ Lo (wads < Bo(x):
C

h(x7 C) = —{p(x, C))’x(xv C) _Px(xv C)y(xv C) +Q(x7 C)y(xv C)};
K(xat7y(x7t)) = —{p(x,t)}_l{(px(x,t) —q(x,t))y(x,t)—i—h(x,c) _/th(xﬂ:ay(x? T))dl'}

and

|K(xat>u(x7t)) _K(x>tav(xvt))| < L(x,t)|u(x,t) _V(xat)‘a
Ve,x,t € Iand h,y,u,v € C(I xI). Lety: I x I — R be a function such that

’p(x7t)y)€l(x7t) +Q(xvt)yt(xvt) +pt(xvt)yx(xvt) —px(x,t)yt(x,t) _f(xatay(x7t))|

< ¢ (x,1),
Vx,t € I and px(x,t) = g(x,t) holds.

Then there exists a unique solution yg : / x I — R of the differential equation

p(xat)yXl‘(xat) +q(xvt)yt(xat) +pt(xvt)yx(xvt) _pX(xat)yt(xvt) = f(x7t7u(x>t))

such that

y(x,1) = yo(x, 1) < (l_ﬁ)¢(x,t), Vx,t € 1.

THEOREM 2.2.5 [41] :
One assumes that
(i) f € C([0,00) x [0,00 x B3, B);
(ii) there exists [ € C1(]0,00) x [0,00,R ) such that
[f(x,3:21,20,23) = f(x, 3,11, 12,13) < Lp(x,y)max{|z; —1i],i = 1,2,3},
for all x,y € [0,);

(iii) there exist lql) , )Lq%, Ag > 0 such that
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Jo Jo #(s.1)dsdt < A9 (x,y), Vx,y € [0,00);
Jo #(s.0)dt < A0 (x,y). Vx.y € [0,00);
Jo'ds < A39(x,y), Vx,y € [0,e0);

(iv) ¢ : Ry x Ry — R is increasing.

Then the hyperbolic partial differential equation

2
St = flxyu(x,y), 94 (x,y). G4(x.y)), 0<x<a,0<y<b(a=eoandb=eo),

is generalised Ulam-Hyers-Rassias stable.

28



Chapter 3

HYERS ULAM RASSIAS
STABILITY OF THIRD ORDER
LINEAR ORDINARY

DIFFERENTIAL EQUATION

Some contents of this chapter is presented at the Conference [see CP1].
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3.1 INTRODUCTION

In this chapter we study the Hyers Ulam Rassias stability of third order linear
ordinary differential equation. As mentioned earlier generalized Hyers - Ulam
stability of the linear differential equation of second order have been investigated
in [22]. In fact, they proved the stability of the linear ordinary differential equation

of the type
() +p)y' (x) +q(x)y(x) = f(x),
with the condition that there exists a nonzero twice differential functiony; : 7/ —C

such that y{ + p(x)y} +¢(x)y; =0, for all x € I = (a,b), where C is a complex Ba-

nach space.

We extend this idea to prove the stability of the third order non-homogeneous

linear ordinary differential equation of the type

Y (@) + p()y" (x) + q(x)y' (x) + r(x)y(x) = £ (x), (3.1
where y € C3[a,b],p,q,r,f € Cla,b] and —eo < a < b < oo.

We prove the result by imposing certain integrability conditions on its coeffi-
cients. An example have been considered as an illustration.
First, we define the Hyers Ulam Rassias stability of the differential equation

(3.1).

DEFINITION 3.1.1 : Let X be a normed space and let I be an open interval.

We say that the differential equation (3.1) has the Hyers - Ulam - Rassias stable,
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if for any function s : I — X satisfying the differential inequality
(K" () + p(x)h" (x) +q(x)K (x) + r(x)h(x) — f(x)| < ¥(x),for all x € 1,

there exist a solution g : 7 — X of (3.1) such that |h(x) — g(x)| < y(x), for any
x €1, where ¥,y : I — (0,0) are continuous functions not depending on 4 and g

explicitly.

3.2 MAIN RESULT

In this section we prove our main result of this chapter. We discuss the Hyers-
Ulam-Rassias stability of (3.1). For the sake of convenience, all the integrals and
derivatives will be viewed as existing.

Let I = (a,b) be an arbitrary interval and y; : I — C be a non- zero solution of
corresponding homogeneous equation of (3.1), where

Y () + p()y] (x) + q(x)y} (x) + r(x)yq (x) = 0. 3.2)

It may be noted that there exists a solution y; of (3.2) (may be complex valued)
such that it does not vanish on I (see for example [12]). We have the following

result.

THEOREM 3.2.1: Let C be a Banach space. Assume that p,q,r, f:1 — C are
continuous functions and y; : I — C is a non-zero thrice continuously differential
function which satisfies the differential inequality (3.2). If a thrice continuously

differential function y : I — C satisfies

Y7 () + )y () + )y (6) + r(x)y(x) = f0)] < (), (3.3)
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for all x € I, where W : I — (0,0) is a continuous function, then there exist a

unique z(b) € C such that

/
¢ - 32l | (1))

‘)’(X)_)’l(x){ /xuo(;) ¥ (@) +2() / RN EY s

a a

el e, ey SR ()
Lfle " uol) ({fl—e 1 (%) dz)ds}dzw(a)}‘

S ”ZJ(X)
(x)|></ax (;)|[/te_%<fa(2uo(x) +P1(x))dx)'

< |ugy ;
2ul (x)
R 112207 X)|dx
/ ’, (f“[uo(x) Pl )‘PQ(t)dt‘ds]dt, (3.4)
/ X X
where v(a) = yy(cg eC, vll (a) = ;O((L;))a ¥y (x) = gol((x))| Pix) = |;{1l((x))\’

tion which is a solution of

ugy (X) + p1 (X)ug (x) + 1 (x)ug (x) =0,
3 (x) | 2p(0)y| (%)
y1 (%) y1 (%)

3y) (x)

with py(x) ={ y1 (@)

+p(x)} and g (x) = { +4q(x)}

Proof. : Assume that

y(x) = yyl (22) Vxel (3.5)

It follows from equation (3.2), (3.3) and (3.5) that

|(v(x)y1 ()" + p(x) (v(x)y1 ()" + g (x) (v (x)y1 (x)) + 7 (x) (v()y1 () = f ()]

= [(v/ )y (x) +v(x)y| ()" + p(x) (V (x)y1 (x) +v(x)y] (1))
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() (0 () () V()] () 1) (o)1 () = £ ()
= 10701 () +V (@] () +V (0] () + v ()

() [V (01 () v (@) () +V (V] () + @)y ()]

() (x)31 () + (@) (9] + () () () = £
= [V (w1 () + 9 () () 0 ()4 () () () " ()] ()

v () 4V (] () () ()] +

P ()31 () +V (V] (3) + v ()] + v ()]

() (0 () () V() () + (vl (6) = ()]
= ")y () /" () 3 () + (e ()}

(0 ()35 () + 2P () () + g (v ()}

(@D () + PO () + ()Y () + () (9} — £ ()
= V" (v () " () {39 () + () ()}

V() 357 () + 2p ()5 () + g(x)y ()| = 1)

33
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I+ ({21 )}/

y1(x

3y (x) | 2p(x)y) (%) f(x)
St et =

Letting |;Ill((§))| =¥, (x), we get
3y/1 (x) 3)’/1/()‘) 2p(x)y/1 (x) f(x)

V") v ()] o +p() } +/ )] B R a(x)} el

<¥i(x)
(3.6)
/ X //x X / X
Let (21 p) = pi (0, (215 + 22 4 ) = 4y (o) and
filx) = LB

Then (3.6) becomes
V" (@) + p1 (V' (1) + g1 (V' (%) = f1 ()] < W (). (3.7)
Let ug(x) be a solution of
1 (x) + p1 (0)ugy(x) + g1 (x)ug (x) = 0. (3.8)

Let

=V, (), (3.9)
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fa<2”0( Lipi x|,
Vl S)—

and let z(s) = up(x)

¢ 2up(x) Ndx
uog;e.fa( MO(X) +P1( ))d }d[.

Then
1 2up (x)
s d fa + (x))dx t S +p1 (x))dx
)—Dl= ‘/ - /a Z:(I)Ez;( ol " )]
fa ‘|‘P x))dx 2 i)
U @) M”O(%) +p1(x))v’{(z)—£(1)mdt(.
(3.10)
Then using the equations (3.7) and (3.9), we get
/ X
Uo(x) [v’l”(x)Jr (2;:)0(%) +p1(x )) v (x) = i(l)gxﬂ < ¥(x).
That is
! X X
o+ (G + )0 - 5] < i
Letting E; 01(())3' =W, (x), we get
2uy
')+ ( u”o(%) + (0] () - 5(1)8 <W(x). (3.11)

2ul, (x)
R(JAZ2 +py (x)]dx)
Then from (3.10), the integrability condition [Ze  ~* 400) "1 (g, (1))ar <

oo, implies

)

gy (x
l2(s) —z(I |<]/S EK(I“[ ()+p1()]dx)(‘l’2(t))dt‘. (3.12)

which implies that {z(s)} ., is a Cauchy net. So

sli_r;;)Z(S) =2z(b)

exists, where z(b) € C.
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For any x € I, consider
ff5<2“3<’“> p1 ()
s -] [ [ gy

B 2u0 ( ) X
e J5( e L py (x))dx (f; 5(1)8 (e Mo( Y 1) dl)ds

dt+v(a) H
s 2u’0(x)

X —J5( +p7(x))dx
= v<x>y1<x>—y1<x>{ / uo<r>[v’1<a>+z<b> /’e ISR

dt+v(a) } |

[ (2up(x)
+p1(x))dx (fs fl(g al o () +p1(x))dx

dl>ds

X s 2ub(x) O
yﬂx){v(x)— / uo (1) [vi(am(b) / T aCygy TP
_ (s M Ndx ! M i

+fate a( uo(x) +Pl( ))d (fg% f ("‘O( ) pl( ))d

dl> ds

dl+v(a)}

e RN
i Lol S
2up(x) | 1, 2ul(x)

—Ja( p1))dx o 1) Ja (550 Hp1(x)dx
+Jae “ol ) (fa u(l)(l) 1o (x) dl)ds] dt}

By using equation (3.9) we get,
* . 15 ZM/O(x) x))dx
- yl(x){/ (0% ()i = [ "ol [v’1<a>+z<b> [ JaCugtg TP10E

a

2u0( ) N -] ZMIO(X) )dx
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x s 2up (x) N
- y1<X>{ | w00 [vﬁ(r)—(vi<a>+z<b> / JaCugay tr1tdx

a

gy [ (2ol x
i B g B 0

_ 2“0( ) Ndx
{ [ t 5)ds z(b)/ Ja gyt
2u0( 2u’0(x) Ndx
a ()
Wh) | e )
{ [ fa( ”O( X) +P1( ))d <efa( ”O(x) +p1( ))d VII/(S)

] [ 2u0() gy
—2(b) — fill) Ja gy + P10 dl)ds] dt}

;- 5 2up(x)
< |yl / ‘MO /t cﬁ(fa(zuo(x) —I—Pl(x))dx) ’Z(S) _Z(l)’ds} di s

2ug (x ) dx
) [l [e s m(w)um—amMQw

By using equation (3.12), we have
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< ‘/ |lug () [/ ([a( (())+p1( ))dx).

e (208 o

)‘Pz(t)dt’ds] dt

2“0() ¥)dx
@ [lol[ ¢ s pl()d>|z<z>—z<b>|ds}dt

”0()
Sl [ o) [/ xSy ).

h()
2 R0 1 (s )%(Z)dt‘dsl )

asl —b.

Now, we prove the uniqueness of z(b). Assume that z(b1),z(by) € C also satis-

fies the inequality (3.4) in place of z(b). Then we have,

up (x ),
‘yl(x)| ja( ( ) pl(x))dx

wolt) [{z(@) o)} [ e ds] »

”0( )
<2lyp(x ’/ |ug (t) !/ (fa(z e —i—pl(x))dx).

0 o B208) o)

x ¢ 2R ) (ga
/a uo(t)( /a e W) ds)dt

‘I’z(t)dt‘ds] dt

= |z(b2) —z(by)

<2 [“luglr)

h)
2 R0+ e )%(t)dt‘dsl )
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= |z(by) —z(by))

It follows from the integrability hypothesis that

2u6 (x)
g (x)

bem(ﬁﬁ 1 (x))d)

Ik

‘Pz(t)dt’ —0ass—b.

This implies that z(by) = z(b).
Hence, every third order linear differential equation has the Hyers - Ulam -
Rassias stability with the condition that there exists a solution of corresponding

homogeneous equation. ]

Remark 3.2.2 It follows from Theorem (3.2.1) that

s, 2 (x)
X t — [5(525 +py (x))dxds
500 =] [uo)[er ey [Te robd TR,
s () o L)
+/te “ ot e < L{(I)Ell;ga( *o®) e dl>dS]dt+03}
(3.13)

is the general solution of the differential equation (3.1), where c¢y,cy,c3 are

arbitrary constants.
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3.3 AN ILLUSTRATION

We now give an example in support of the result obtained in previous section.

Example 3.3.1 Consider the differential equation

Y (x) = 2y(x) = f(x) (3.14)

where A € C. Let I = (a,b) be an open interval and a,b € R be arbitrarily given
witha <b. Let f:1 — C, y: I — (0,%0) be continuous functions. Assume that
y:I — Cis a thrice continuously differentiable function satisfying the differential
inequality

Y7 () = Ay(x) = £ ()] < w(x) (3.15)

1
forallxel.LetA3 =a+iband (3a-+3) <O0.
We know that y; (x) = ¢ % is a solution of corresponding homogeneous equa-

1
tion (3.14), where k = 13.

(33K,

2

It follows from Theorem 3.2.1 that there exist a solution ugy = e of

3yl 3y/l
ug(x) + y—llulo(x) + y—lluo(x) =0.
Again it follows from Theorem 3.2.1, Remark 3.2.2 and (3.15) that there exist

a solution y: I — C of (3.14) such that

_ ¢V/3ki(a—
cl+c2<le\;3kki(t)>

+ /t {emV3kils=a) (/Sf(l)e(*@i_l)]g‘\@ki“dl> bds

a a

a

¥(x) — o kx {/xe(32k+\§ki)t

dt+C3}, (3.16)

for all x € I with the integrability condition |, é’ {e%(,fé V/3kidx) Y (1) }dt < oo where
_ v

~ uol

v (1) = ¥4 and

v (1)
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x 3k \/3ki _ V/3ki(a—t)
)’(x)—e_kx{/a e(2+ 2 [Vll(a)Jrz(b)(le\/gki)

yy {e—\@ki(s—a) (fgf(l)e(\@i—l)kzl—ﬂkiadl) }ds
< ek /x e @kf>f| [/te—i)i(\@ki(s—a)).

’fsbe%(\@ki(t—a))<|e_kt|e(q3'2](;l\/§ld)t|)dt‘ds}dt.

dH—v(a)H







Chapter 4

HYERS-ULAM-RASSIAS
STABILITY OF LINEAR
HOMOGENEOUS PARTIAL

DIFFERENTIAL EQUATIONS

Some contents of this chapter is published [see PP1 and PP3].

Some contents of this chapter is presented at the Conference [see CP2].
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4.1 INTRODUCTION

In this chapter, we establish the Hyers-Ulam-Rassias (HUR) stability for linear
homogeneous partial differential equations. We use the Laplace transform method
to prove our results.

First , we establish the HUR stability of first order linear homogeneous partial

differential equation, of the form

Jdu @

3 =99, t>00<x<l,a>0 4.1)
with the initial condition
u(x,0) = pu(x), 0<x<lI 4.2)
and boundary condition
u(0,1) = v (1), t>0, 4.3)

where I € R, p1(x) € C[0,1], vo(t) € C(—o0,e0) and u(x,1) € C] ((0,1) x (0,00)).
Then, we establish the HUR stability of third order linear homogeneous partial

differential equation, of the type

ou  39%u
5, = ¢ 53 t>00<x<l,a>0 4.4)
with the initial condition
u(x,0) = p(x), 0<x<lI 4.5)

and boundary conditions

u(0,) =vg (1), ux(0,¢) = v (1), uxx(0,2) = vo(t),t > 0, 4.6)
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where [ € R, u(x) € C([0,1], vo(),vy(t),v2(t) € C(—o0,00) and
u(x,t) € C3((0,1) x (0,%0)).
Further , we extend the result and prove the HUR stability of the n”* order

linear homogeneous partial differential equation, of the form

Ju 2 0"u
E—Cl W’ t>0,0<x<l,a>0 (47)
with initial condition
u(x,0) = p(x), 0<x<lI (4.8)

and the boundary conditions
u(0,t) = v (1), ux(0,¢) = vy (t),uxx(0,2) = vp(t), ----- uxx-x(0,1) =v,_1(r) (4.9)

where a,l € R, u(x) € C[0,1], vo(t),vi(t),vo(t),v3(t),------ ,Vp—1(t) € C(—o0,0) and
u(x,t) € C{((0,1) x (0,0)).

First, we define HUR stability of the equation (4.1).

Definition 4.1 : We will say that the equation (4.1) is HUR stable with respect
to ¢(x,¢) >0, if 3 y(x,7) > 0 such that for each € > 0 and for each solution w(x,?) €

C1((0,1) x (0,%0)) of the inequality

Ju

Ju
12 a2 <) (4.10)

with conditions (4.2) and (4.3), 3 a solution u(x,?) € C% ((0,1) x (0,0)) of the equa-
tion (4.1) such that

wlx,2) —u(x,1)| < ey(x1) (4.11)

V(x,1) € ((0,1) x (0,90)), 0 (x,1) € C((0,1) x (0,00)) and w(x,1) € C((0,1) x (0,00)).



4.2 HUR STABILITY OF (4.1) 45

Similarly, we can define the HUR Stability of Initial - Boundary value prob-

lems (I-BVPs) (4.4) — (4.6) and (4.7) - (4.9) .

Definition 4.2 : [58] For each function f: (0,.0) — F (R or C) of exponential
order, the Laplace transform of f(r) is defined by
LU0} =Fls) = [ e (1),
There exists a unique number —eo < ¢ < o such that this integral converges if
R(s) > o and diverges if R(s) < o . The number o is called abscissa of conver-

gence and is denoted by o

Definition 4.3 : [58] Let f(z) be a continuous function whose Laplace trans-
form F (s) has the abscissa of convergence . Then the inverse Laplace transform
is given by

oo

£() = 5 [Z0 el DV F (0 + iy)dy, for any real o > .

4.2 HUR STABILITY OF 4.1)

In this section we prove the HUR stability of first order linear partial differential

equation (4.1). We obtain the results by using the idea in [54].

Theorem 4.2.1 : If w(x,7) €C 11 ((0,1) x (0,e0)) 1s an approximate solution of the
I-BVP (4.1) - (4.3), then I-BVP (4.1) - (4.3) is HUR stable.

Proof : Given € > 0. Suppose w(x,t) be an approximate solution of the I-
BVP (4.1) - (4.3). We have to show that, there exists an exact solution u(x,?) €
Cll ((0,1) x (0,00)) of the equation (4.1) such that |w(x,7) —u(x,t)| < ey(x,t), where

v(x,1) € C((0,1) x (0,0)).
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From the definition of HUR stability, we have

\W—aa | <eoft— l).

/ d l
:—ea(r—;) < 5 99y gea(t—g), (4.12)

where a(r —c¢) =0, forr <cand a(t —c) =x(t —¢), fort > c¢,c > 0.
Taking Laplace transform of equation (4.12), we get
—eLl{a(r— )}<L{W_aa }<el{o(t— )}
= |L{wr —awx}| < eLl{o(t — 5)}. Hence
150} —al )| < et~ )}, @.13)
Also since w(0,1) = vq(t), we get L{w(0,1)} = L{vo(z)} =W(0,p) = Vy(p).
Assuming the operation of differentiation w. r. t. x is interchangeable with

integration w. 1. t. t in Laplace transform, we get

ow aw
L{g = E(X,P) (4.14)
and
P)
L{aitv} = pW (x, p) — w(x,0). (4.15)

From equations, (4.13),(4.14) and (4.15), we get

W (x,p) = w(x,0) —aD¥ (x, p)| < eL{a(r— L)}

{4V (v, p) — EVEP) L B0y < epfau(r— L)),

=|—a v

= a{ G (v.p) — PV EEEL 4 By < efale - D).

= [ (p) = PEED 4 B < Eafali— ).
_pl

W (x, =
) V) )

Hence
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Integrating the equation (4.16) from O to x, we get

2 I X * ° l
e pl p 1 ex= _DP!
_ < — - = - =
2ap26 a <Wi(x,p)—Ww(0,p) a/o W (s,p)ds+ a/o p(s)ds < 2ap2€ a,
“4.17)
where
W(0,p) = L{w(0,1)}. 4.18)

It is easily verified that the function U (x, p) = £{u(x,?)}, which is given by
Ux,p) =W(0,p)+£ JyU(s,p)ds — éfé‘u(s)ds has to satisfy the equation

AW (. p)— PVCer) | X _ ¢ with the boundary condition (4.18).

Next, consider the difference
A= ‘W(X,p) - U(X,p)’
= |W(x,p) =W (0,p) = B [§U (s, p)ds+ } [ u(s)ds].

< ’W(X,p) _W(Ovp) _%f(')xw(&p)ds—i_%f())cu(s)ds‘ +%f6€ |W(Sap) _U(Sap)|ds‘

2 _pl )
< B o7 a + & [F|W(s,p) — U(s, p)lds, (by equation (4.17)).

~ 2ap

_pl
< S L W (s, p) Ulsp)lds.

By using Grownwall inequality, we get

elx _n fg %ds.

W(x,p) ~Ulx.p)| < E5e™a@ xe
2ap

pl px

= [W(x,p) = U(x,p)| < e '@ xea.
2ap

pl
= W(x,p) —Ulx,p)| < E&e7a xe
2ap

= |W(x,p) —U(x,p)| < £
2ap

2,

= [W(x,p) =Ulx,p)| <

[\

X
X .
a p2



4.3 HUR STABILITY of (4.4) 48

= |W(x,p) = U(x,p)| < §& x £{a()}.

= —ELx L{a()} <W(x,p) ~U(x,p) < £ x L{a(n)}.
= £l o{a()} < L{w(xt) —u(x,0)} < £ x L{a(r)}.
Taking inverse Laplace transform, we get,

L !
_%l X (X(t) < w(x,t) —u(x,t) < % X a([).
= [w(x, 1) —u(x,1)] < % x at).
Consequently, we get
[
osre W) —ulx,n)] < 52 xa(r).

Hence the I-BVP (4.1) - (4.3) is HUR stable.

4.3 HUR STABILITY of (4.4)

In this section we discuss the HUR stability of third order linear partial differential

equation (4.4).

Theorem 4.3.1 : If w(x,7) € C%((O,l) x (0,00)) be an approximate solution of
the I-BVP (4.4) - (4.6), then I-BVP (4.4) - (4.6) is HUR stable.

Proof : Given € > 0. Suppose w(x,t) be an approximate solution of the I-
BVP (4.4) - (4.6). We have to show that there exists an exact solution u(x,?) €
Cf’((o,l) x (0,00)) of the equation (4.4) such that |w(x,z) — u(x,t)| < ey(x,t), where
W(x,1) € C((0,1) x (0,09)).

From the definition of HUR stability we have
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dw _ 39 3
En E) 3| 580‘@‘;3)-
3 aw 3w 3
_ _ B o
= —ea(t a3)_ FTRRC <ea(t a3)’ (4.19)

where a(r —c¢) =0, forr <cand a(r—c) =x(t —c), fort > ¢,c > 0.

Taking Laplace transform of the equation (4.19), we get

_eL{ali— %)} c{d ig}qz;{a(z—i%)}.
= 16{% 32y < etfa(r- ).
wy 3 3w 3
;»m{y} 5{83}]<8L{(x( =)} (4.20)

Also since w(x,t) satisfies boundary conditions (4.6) , we get
L{w(0,1)} = L{vp(t)} = W(0,p) = Vo(p), L{wx(0,)} = L{v{ (1)} = Wx(0,p) =
Vi(p) and L{wxx(0,1)} = L{v (1)} = Wxx (0, p) = V2 (p).

Interchanging of operations within Laplace transform, we get

3w 3w
5} ="F ) (4.21)
and
ow
{55} =pW(xp) = w(x,0) (4.22)

Equations (4.20), (4.21) and (4.22) give

pW(x.p) —w(x0)~ @ LY (x.p)| < eL{al— 7))

3 " " 3
= |- { LY (x,p) - VG4 BQY < epfar - L)),

= |a3{‘27v3v(x,p) - 7”WCE§"”) + “;§>}| <elf{al— é%)}.

3w pW(xp) | ux)| _ & &
:>|ﬁ(x7p)— 3 + 3 ’Sajﬁ{a(f—aﬁ)}
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3
pl
3w pW(xp) | px)| o e 3
$|dx (x,p) — 23 +a3]§a—3xﬁe a
3 3
73 _pl
ex 3 _d°W pW(x,p) u(x) ex 3
gy xe a < 3 (x,p) — 3 + 3 < P Xe a (4.23)
Integrating the inequality (4.23) thrice, from O to x we get
et dw Pw, X2
- 3 < —W(0,p) — =—(0 0
423’ @’ <W(x,p)=W(0,p) = —-(0,p)x— o ——>0.p)>
3
4 _pl°
2 2 EX 3
W (s, p)(x—s5)2d +— / _9)2ds < 4.24
/ (s,p)(x—s)ds (s s)“ds 24p2a36 ( )
where
W(0,p) =Vo(p),Wx(0,p) = V1(p), Wxx (0, p) = V2(p)- (4.25)

It is easily verified that the function U (x, p) = £L{u(x,?)} which is given by

Uep) = Vo(p) + Vi (p)x+ Va(p) 2

5Ly [FU(s,p) (e —5)2ds — Ly [ (o) (x—5)2ds

has to satisfy the equation

aw o pW(ep) | pw)

with the boundary condition (4.25).

Next, consider the difference ,

= [W(x,p) =U(x,p)|-

= W (5, 0) ~Vo(p)—Vi(p)x—Valp)s — L5 [FU (s, p)(v—s)2ds + 5Ly 5 (o)
= W (x,p) —Volp) Vi (p)e—Va(p) g — L5 J§ W (s, p)(v—s)2ds-+ 2L i a(s)

2
525 J§W (s p) (r = 5)2ds — S5 [FU (5. p) (x— 5) s
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< |W(X,p) _VO(p)

By using Grownwall inequality, we get

3
|W(x,p) =U(x,p)| < LXSe x e2a

= 24p2a

S

x eba

pl3

a3

£l3x e

24p2a3

= [W(x,p) =Ulx,p)| <

pl3

6a

pl3
3

3
= [W(x,p) ~U(x,p)| < 25~ x e

36

5pi3

3
elPx 6a

236

= [W(x,p) =Ulx,p)| <

24p

)| 8[3

= W (x.p) - £

U(x, x Le
p2

53

6a3

= |W(x,p) —U(x,p)| < -£5 x L{a(r —

S50} < W(x, p) -

0 _
x L{a(t »

_ &l
2443

= —

« L{ou(t — lé )< C{w(nt) —u(x

24

Taking inverse Laplace transform, we get,

813
24 a

L x {ali— %)} <) —

3
51

= |w(x,t) —

)}

3
t<sl
u(x,n)] < 525

U <
(X,p) = 24 Cl3

3
N} <
’ )}—24a3

3
u(x,r) < £
24 a

51

JEW (5,p) v—s)ds-+ L 31 (s) (r—5) 2|

W (s, p) = Uls, p)|(x = 5)ds.

l3
—P;—?’ % fg(x—s)zds

3 .

)}

813

3
51
x L{o(t — =%
{alr—23

)}-

€l

3
51
x L{o(t — ==
{alr -2

)}

53
6a3

3 x{alt—=7)}.



4.4 HUR STABILITY OF (4.7) 52

Consequently, we have

2L ) — ()] < oy e 333,

Hence the I-BVP (4.4) — (4.6) is HUR stable.

4.4 HUR STABILITY OF (4.7)

In this section we shall extend the results of previous sections and prove the HUR

stability of n”" order linear homogeneous partial differential equation (4.7).

Theorem 4.4.1 : If w(x,t) € C((0,1) x (0,%0)) is an approximate solution of the I-
BVP (4.7) - (4.9), then I-BVP (4.7) - (4.9) is HUR stable.
Proof : Let € > 0 be given. Let w(x,7) be an approximate solution of the [-BVP
(4.7) - (4.9). We shall show that there is an exact solution u(x,t) € C{((0,1) x (0,0))
of the equation (4.7) such that |w(x,t) — u(x,t)| < ey(x,t), where y(x,t) € C((0,) x
(0,09)).
Using the definition of HUR stability, we get
n
%Vt" a %—W <ea(t— é—n).
This gives

n ow o"w n
— S I G < N
ea(t )_ o a o S ea(t a”)’

(4.26)

where o(t —c) =0, forr <cand o(t —c) =x(t —c), fort > ¢,c > 0.

Taking Laplace transform of the equation (4.26), we get

n n
—etfalr— )} < L5 - a" G0} <elfa(t- Lo,
and hence

n
£{Q -Gy < esfal— L)y,
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This gives,
n

[ e N

Further, since w(x,) satisfies boundary conditions (4.9), we get
L{w(0,1)} = L{vo(1)} =W (0, p) = Vy(p),

L{wx(0,1)} = L{v1 (1)} = Wx(0,p) =V1(p),

L{wxx(0,)} = L{vy(t)} = Wxx(0,p) = V5 (p), -+ :

------ L Were(0.0)} = L0, 1 (1)} = Warooox(0.9) = Vi1 (p).
As L{%“Ty} 4W (x, p)n L{%V;} pW (x, p) — w(x,0) and

-
L{oc(t— CZTZ)} = e Pam with (4.27), we get

pw (x7P) ,LL(x) ‘ x ~Pom
+ < eg=5e "~ a-’,
‘ {dx” (x,p) — al all } pz

ll’l
n W (x, _pt
= " (G o) = P Y < e e,

ll’l
n W (x, X —P-n
= cﬁlx"/zV(x’p)_P a(np)+“61(n) Sainﬁe a
Hence we get
e x —pl  a"w pW(p)  plx) _ € x —ply
Tt TS (xp) ==+ Sapt (4.28)

Integrating the inequality (4.28), n times from O to x, we get
ln

el - aw (0,p) 22
—me a <W(x,p)—W(0,p) — dx d 2 (0 P)T
3 3 n—1 n—1

d>w "W -

—<30p) g 1 0. P) S = i oW (s p) (=) s
ln

1 x n—1 et —Pn
+(n71)|al’lf0 ‘U(S)(X—S) dSS (n—f—l)'pza € ’
1. €.
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1 x n—1 et 0
S — - < T . .
+(n_1)!an/0u(s)(x s < S T (4.29)

It is easily verified that the function U (x, p) = £{u(x,7)} which is given by

U(x,p) =Vo(p) +Vi(p)x+Va(p) gy 4 +Va1(P) oy

-I-W f())CU(s,p)(x—s)”_lds— m f(’)‘u(s)(x—s)”_lds

has to satisfy the equation ‘2 (x,p) — W P (x,p)+ 2 a(") = 0, with the boundary
conditions
W(0,p) =Vo(p),Wx(0,p) = Vi (p),----+ s Waxx(0,p) = Vy—1(p)- (4.30)

Next consider, the difference,
A= ‘W(X,p) - U(X,p)|

= [W(x,) ~Vo(p) Vi (phx—Va(p) g — o Vant (P

—W ng(s,p)(x—s)”_lds—}—mfgu(s)(x—s)”_lds .

2 -1
— W (x,p) = Vo(p) = Vi(p)x = Va(p) gy =+ Va1 (P) By
—W f())CW(s,p)(x—s)”*lds—i—mfox,u(s)(x—s)”_la’s

+W fécW(S,P)(X—S)n_ldS— W[gU(s,p)(x—s)”_lds‘.

< W (5.) = Volp) = Vip)x—Va(p)r =+ = V1 () sy
~ Gy Jo W (s p) (= )" s (g S () (v = 9)" s

+W f(‘)x [W(s,p)— U(s,p)|(x_s)n—1ds.

pl"

T P [ W) UG p)l (- )" s,

(by equation (4.29)).

et t1 .
= (n+1)!p2an

el" pl: )4 X n—1
Sm “5e +mfo (W(s,p)=Ul(s,p)|(x—s)"""ds.
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By using Grownwall inequality we get

_p X P (x—s5)"
_ el x O (n—1)ld"
’W(xap) U(xap)’ S (l’l-f‘l)'an pze a e ( )

n LN T
= W(x.p) = Ulep)| < iy ¢ @™

= W (x,p) ~ U, p)] < gl ot — o),

(n!—1)I"
nla

" e )}gW(x,p)—U(ij)S%L{a(t_ i

(n+1)1a"

~ _ﬁﬁ{‘m_ (nia};llen)} SL{w(x, 1) —ulx,1)} < (ng%il{a(t_ (”!f )

Taking inverse Laplace transform, we get,

= —%{a(;_ (”;Talrgl”)} <w(x,t) —u(x,t) < (nf{’;!an {Ol(t— ol )}

= o) —ats) < e {se— S0

Consequently, we have

" n!—1)I"
ogﬁ%l |W(xvt) _”(xvt)‘ < (n—fl)!an {OC(t - ( n!an) )}

Hence the I-BVP (4.7) - (4.9) is HUR stable.

Remark 4.4.1. We have established the HUR stability for first, third and nt or-
der linear homogeneous partial differential equations (4.1), (4.4) and (4.7) respec-

tively by employing Laplace transform method.



Chapter 5

HUR STABILITY OF LINEAR

NON-HOMOGENEOUS PDE

Some contents of this chapter is presented at the Conference [see CP3].
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5.1 INTRODUCTION

In this chapter, we study the HUR stability of the second and third order linear
non-homogeneous partial differential equation. We prove the results by employ-
ing Banach contraction principle.

For this purpose, we consider second order linear non-homogeneous partial

differential equation of the type

r(c,)ugr (x, 1) + p (e, uye (x,8) + q(x, )ur (x,1) + pr (1) ux(x, 1)
G

—px(x,t)ur(x,1) = g(x,1,u(x,1)).
Here p,q,r:J xJ — R are differentiable functions at least once w. r. t. both the
arguments and r(x,7) #0,Vx,r € J,J = [a,b] is aclosed interval and g : / x J x R - R
is a continuous function.
Also, we consider third order linear non-homogeneous partial differential equa-

tion of the type

sCe,t)ugrr (1) 4+ r(, ) uge (x,1) 4+ p(oe, e (x,1) + q(x, 1) ug (x,1) + pr(x, 1) uy (x,1)
(5.2)

—px(x, ) ur (x,1) = g(x,t,u(x,1)).

Here s,p,q,r: J x J — R are differentiable functions at least once w. r. t. both the
arguments and s(x,7) # 0,Vx,r € J,J = [a,b] is a closed interval and g : J x J x R - R
is a continuous function.

We have proved the HUR stability of the above two equations. First, we need
following definition.

Definition 5.1.1 : A function u : J x J — R is called a solution of the equation
5.D)(or (5.2))ifue C2(J xJ)(orue c3 (J x J)) and satisfies the equation (5.1)

(or (5.2)).

We now define the HUR stability for (5.1) and (5.2).
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Definition 5.1.2 : The equation (5.1) is said to be HUR stable if the following
holds:

Let ¢ : J xJ — (0,0) be a continuous function. Then there exists a continuous
function ¥ : J x J — (0,0), which depends on ¢ such that whenever u:J xJ — R

1s a continuous function with

[P, 8 )uge (x,8) + p(x, ) uxe (x,1) + q(x, 1) ur (x,1) + pr (1) ux(x, 1)
(5.3)

—px(x, t)ur (x,1) — g (x, 1, u(x,1))| < @ (x,1),

there exists a solution ug : J x J — R of (5.1) such that
lu(x,1) —ug(x,1)| <W¥(x,1), V(x,1) €J xJ.

Definition 5.1.3: The equation (5.2) is said to be HUR stable if the following
holds:

Let ¢ : J xJ — (0,0) be a continuous function. Then there exists a continuous
function W : J x J — (0,0), which depends on ¢ such that whenever u:J xJ — R

is a continuous function with

|s (e, )ugrr (x,8) 4 () uge (x,8) + p(o, 1) e (x,1) + q(x,1)ur (x,1)
(5.4)

"’pt(x’t)ux(x?t) - px(xvt)ul(xat)_g(x’ta”(x7t))| < (P(xvt)a

there exists a solution ug : J x J — R of (5.2) such that
lu(x,t) —ug(x,1)| <W(x,1), V(x,t) € J xJ.

We need the following result.

Theorem 5.1.1:( Banach Contraction Principle ) :
Let (Y,d) be a complete metric space, then each contraction map 7 : Y — Y has a
unique fixed point, that is, there exists b € Y such that Tb = b.

Moreover, d(b,w) < (l—la)d(w’ Tw),YweY and 0 < o < 1.

We shall follow the approach of Gordji et al. [18] to establish our results.
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5.2 HUR STABILITY OF (5.1)

In this section we prove the HUR stability of the second order linear non-homogeneous
PDE (5.1). We have the following result.

Theorem 5.2.1: Letc e J. Letp, g, 1, gbe as in (5.1) with following additional
conditions:
@) |r(x,2)| > 1,Vx,t € J.
(i) ¢ :JxJ — (0,00) be a continuous function and M : J x J — [1,) be an inte-
grable function.

(ii1) Assume that there exists a,0 < o < 1 such that

/c " M(x, )0 (x,5)ds < b (x.1). (5.5)

Let

h(x,c) = —{r(x, c)ug(x,¢) + p(x,c)ux(x,c) — px(x,c)u(x,c) + q(x,c)u(x, c)} (5.6)
and

K(x,t,u(x,1)) = f{|r(x,t)|}_1 X {p(x,t)ux(x,t) + h(x,c)

. (5.7)

_/ctf(x,f,u(x,T))dT_/c ut(x,T)rt(X,T)dT}-

Suppose that the following holds :

Cl: |K(x,t,1(x,t)) — K(x,t,m(x,1))| < M(x,t)|l(x,t) —m(x,t)|, ¥Vc,x,t €Jand

hyu,l,m e C(J x J).
C2: u:JxJ— R be afunction satisfying the inequality (5.3) .

C3: px(x,t) =q(x,1),Y(x,t) € J x J.
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Then there exists a unique solution ug : J x J — R of the equation (5.1) of the

form
t
ug(x,t) = u(x,c) —I—/ K(x,s,uqp(x,s))ds
C

such that

lu(x,1) —ug(x,1)| < O (x,1),Vx,t € J.

a

(1-a)

Proof : Consider

() uge (x,1) + p(x, ) uxe (x,1) +q(x,)ug (x,1) + pr (x,1)ux(x,1)
—Px(x, )ur (x,1) — g (x, 1, u(x,1))

= [{r(x,0)uz (x,1) + p(x, 1) ux(x,1) — px (o, )u(x,1) + q(x,t)u(x,1) }¢

—g(x,t,u(x,t)) — re(x, 1) ur (x,1)|
From the inequality (5.3), we get

\{r(x,t)u,(x,t) +p(x7t)ux(xat) —px(x,t)u(x,t) +Q(x7t)u(xvt)}t
—g(x,t,u(x,t)) _rt<x’t)uf(xvt)| < (P(x’t)'
Integrating from c to z, we get,

e, (x,0) + Pl a5, 1) = pclo 1)) + g, 1) 1)
—{r(x, c)ug(x,¢) + p(x,c)ux(x,c) — px(x,c)u(x,c) +q(x, c)u(x,c)}
— JE gl T, 0)dT — fLur(x7)re(x,7)d ] < 16 (x, ).
Using condition C3, we get,
e (1) + pl, () + h(x,€) = [Lg(x,T,u(x, 7)) d T
— [fuz(x, 7)re(x,7)| < [L O (x,T)dT,

where A(x,c) is given by equation (5.6).

= |r(x,1)]

ur(x,1) + \r(x,t)|_l {p(x,t)ux(x,t) +h(x,c) — [Lg(x, T, u(x,7))dt

~JturleDyre(e )| < Jo (.t

= |r(x,t)|ur (x,1) — K(x,t,u(x,1))| < fctq)(x, 7)dT,
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where K (x,t,u(x,t)) is given by equation (5.7).
= |ug (x,1) — K (x,t,u(x,t))| < ]r(x,t)]_l fgq)(x, 7)dT.
= Jur (x,1) = K (x,1,u(x,1))| < [Lo(x,7)d7, (o) > 1).

Since M : J x J — [1,%0) is an integrable function, we have
g (x,8) — K (x,t,u(x,1))| < [IM(x,7)¢(x,T)dT.
Using inequality (5.5), we have

= |ug (x,1) — K (x,t,u(x,1))| < [EM(x,7)d (x,7)dT < ad(x,1).
= |ur(x,1) — K(x,t,u(x,1))| < ad(x,1).

= |ur (x,1) — K(x,t,u(x,1))| < ¢(x,1), (C0<a<l).
= —(x,1) <ur(x,t) — K(x,t,u(x,1)) < ¢(x,1). (5.8)

= ur(x,1) — K(x,t,u(x,1)) < ¢(x,1).

Integrating from c to 7, we get

t t
/c {we(x,7) — K (x, 7, u(x, 7)) YT < /C 0 (x,7)dt
ol t) — {ulwe) + /C tK(x,T,u(x,T))d'L’} < /C "o (x, D).

Since M : J x J — [1,¢0) is an integrable function, we have

u(x,t) — {u(x,c) —i—/CtK(x,T,u(x, T))dr} < /CIM(x, )¢ (x,7)dT.

By using inequality (5.5), we get

()~ {utx, ) + /c "K(Tul, o)t} < /c "M(x, )0 (x,)de

< o (x,1).
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Thus

t
()~ {ulx.0) + / K (o T,u(x,7)de | < af (x,) (5.9)
In a similar way, from the left inequality of (5.8), we obtain
_ [u(x,t) - {u(x, ¢) +/t1<(x,r,u(x, r))dr}] < ad(x,1) (5.10)

From the inequalities (5.9) and (5.10), we get

ute,r) = {utx,c) —|—/ctK(x,‘L',u(x, ©))dt}| < ag(x.n) (5.11)

Let Y be the set of all continuously differentiable functions / : J x J — R. We define

a metric d and an operator 7 on Y as follows : For ,m €Y

m) = |l(x7t)_m(xvt)|
d(l’ ) B x?;lep,] (P(X,t)

and the operator

(TM)()CJ) :u(x’c)—i_/tK(x’Tam(xa T))df. (512)
Consider
d(T1,Tm) = sup, ;c; { (Tl)(x,t(g(—xEtT)m)(x,t) }
= Sup, e { . Ct,K(x,T,l(x,T))dqf(:c{tc;K(x,T,m(x,r))dr}
<supy ey { Jé |K(xvf’l(xvf)(;(—xf)(xﬂ,m(x,’r))|d7: }

By using condition C1, we get

TIM(x x,T)—m(x
d(T1,Tm) < suprej{]c{M( ,r)ll((P(,;)t) (,T)|}dr}

_ fg{M(%"')d’(&T)x%}dT
= SUpyreJ { e }
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|l(x71)7m(x71)

fct{M(X’T)(b(xaT)XSUPx,TGJ o(x,7)

IN
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‘}dr

SUPyreJ { o(x1)

M D)0 (x
= d(I,m) x Supx,tej{fC{M( (})’L'()x(l;() ,’L’)}dr}

By using inequality (5.5), we get

d(T1,Tm) < od(l,m).

}

Hence by Banach contraction principle, there exists a unique u € X such that

TMO = U, that is

u(x,e) + [LK(x, T,up(x, 7))dT = ug(x,1) (by using equation (5.12))

and

d(u()»u) <
Now by inequality (5.11), we get

u(x, 1) = (Tu)(x,1)| < 0@ (x,1).
|u(x,1) = (Tu) (x,1)]

= <.
¢ (x,1) B
’M(X,l) — (TM)()C,[)’
= su (04
prG] (P(.X,f) —
Thus
du,Tu) < a
Again
d(uo,u): sup ’MO(X,[)—M(X,[)’.

x,teJ ¢<x7t)

(5.13)

(5.14)
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From equation (5.13), we get

1

d(ug,u) < = )d(u ,Tu).
ole) —ulen) _ 1
T e (R
) )| _ ) )| 1
e B (T B (e )
) ~uen) 1

¢ (x,1) ~(l-a)

From equation (5.14), we get

ug(e,) —u(e,) 1
o) S (-a)

Ju(x, 1) —up(x,1)| <

.

( fa)(])(x,t), Vx,t € J.

Consequently, the equation (5.1) is HUR stable.

5.3 HUR STABILITY OF (5.2)

In this section we prove the HUR stability of third order linear non-homogeneous
PDE (5.2). We prove the following result.

Theorem 6.3.1: Let c€J. Letp, q, 1, s, g be as in (5.2) with additional
conditions:
@) |s(x,2)] > 1,Vx,t € J.
(1) ¢ : J xJ — (0,0) be a continuous function and M : J x J — [1,0) be an integrable
function.

(ii1) Assume that there exists &,0 < o < 1 such that

/_IM(x,s)(b(x,s)ds < ad(x,1) (5.15)
and

[ s 0021dzay < aoen. (5.16)
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Let

h(x,c)=— {s(x, c)uge (x,¢)+r(x,c)ur(x,¢)+ p(x, c)ux(x,c) — px(x,c)u(x,c) +q(x,c)u(x, c)}
(5.17)

and
K(x,t,u(x,1)) = —{|s(e,0)|} L x {r(x,t)ut(x,t) ¥ (1) (x, 1)+ h(x, )
_/Ctg(x,r,u(x,r))dr—/:uf(xnr)rf(x,r)dr—/Ctsr(x,r)um(x,r)dr}.
(5.18)
Suppose that the following holds :
Cl: |K(x,t,l(x,1)) — K(x,t,m(x,t))| < M(x,1)|l(x,t) —m(x,t)|, Vc,x,t€Jand

hyu,l,me C(J xJ).
C2: u:JxJ— R be a function satisfying the inequality (5.4).
C3: px(x,0) =q(x,1),Y(x,0) € J X J.

Then there exists a unique solution u : J x J — R of the equation (5.2) of the
form
ug(x,1) = u(x,¢) + [ J& K (x, 2,0 (x,2))dzdy

such that

lu(x,t) —ug(x,1)| < O(x,1),Vx,t € J.

a

(1-a)

Proof : Consider

[, )uree (x,8) 4 r(x, t)uge (x,1) + p(x, e (x,1) + g (x,)ur (x,1) + pe (x, 1 )ux (x, 1)
—px(x, g (x,1) — g(x, 1, u(x,1))]

= [{s (v, (x,0) + (o, g (x,1) + p(x, ) (x, 1) = p(x,1)u(x, 1) + g (x, D)l 1)

—g(x,t,u(x,t)) —re (e, t)ur (x, 1) — s (o, 1) ugr (x,1) ’
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From the inequality (5.4), we get
{5 (e, 1) g (o, 1) + r (e, £ )ug (x, 1) 4 p(x, 1)ux (x,1) — pa(x,0)ux, 1) + g (x, t)u(x, 1) }t
_g(xatyu(xat)) - rt(x7t)uf(xvt) _St(x7t)uft(x’t)’ < (P(X,l‘).

Integrating from c to 7, we get

|5, )uage (ox,1) + r (o, 1 )ug (x,1) 4+ p(x, ) ux (x,1) — prc(x, )ulx,1) + g (x, 1 )u(x,1)

— {s(x, c)ugr (x,¢) +r(x,c)ur(x,¢)+ p(x, c)ux(x,c) — px(x,c)u(x,c) +q(x,c)u(x,c) }

—fctg(x,r,u(x, T))dT—fCt ug(x,7)re(x, T)df—fé st(x, T)urr(x, ‘E)d‘c‘ < fct(])(x, 7)dT.
Using condition C3, we get
s(x ) uge (x,1) + r(x,)up (x,1) + p(x, g (x,1) + h(x,¢) — [ g(x, T,u(x,7))dT

— [Lur(x,T)re(x,0)dT — [Lsz(x,T)ure(x,7)d7| < [Lo(x,T)dT,
where h(x,c) is given by equation (5.17).
= [s(x,1)||uge (x,1) + |s(x,t)|71 {r(x,t)u; (x,1) + p(x,t)ux(x,t) + h(x,c)
— fgg(x, T,u(x,7))dt — fct ug(x,t)re(x,7)dT — fct st(x, T)urr(x, ’L')d’c}‘
< JL9(x, )dr.

= |s(x, 1) ||ure (x,8) — K (x,t,u(x,1))| < fCt o(x,7)dT,

where K (x,t,u(x,t)) is given by equation (5.18).

= |ugr (x,1) — K(x,t,u(x,1))| < |s(x,t)|_1 fct(})(x, T)dT.
= |ugr(x,1) — K(x,t,u(x,1))| < fctd)(x, 7)dT, (.o ls(x, )| >1).

Since M : J x J — [1,00) is an integrable function, we have

luge (x,8) — K (x,t,u(x,1))| < [EM(x,7)¢(x, T)dT.

Using inequality (5.15), we have

lugr (x,8) — K (x,t,u(x,0))| < [IM(x,7)9(x,7)dT < ad(x,1).
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= |ugr (x,1) — K(x,t,u(x,1))| < ad(x,t).
= ‘M”(XJ) —K(X,T,M(X,l‘))’ < ¢(X,[), (0 o< 1)

= —(P(X,t) < Mtt(xat) —K(X,[,M(X,t)) < (])(x,t). (5.19)
= Mtt(x,t) _K(x7t7u(xat)) < (P()C,t).
Integrating from c to 7, we get

t t

/C {urz(x,7) —K(x,7,u(x, 7)) }dt S/c o(x,7)dT.

o (x,1) —ug(x,¢) — [LK (x,T,u(x, 7))dT < [L¢(x,T)dT.

Since M : J x J — [1,%0) is an integrable function we have,

wr(x,1) — {u;(x,c)—i— /C "K (e ul, T))d’v} < /C " M(x, 7)o (x, 7)dr.

By using inequality (5.15), we get

(1) = s (x,) + /C Kt ul, 0))dt} < /c "M(x. )0 (x,T)de

< af(x,1).

= s (x,1) — ur (x,0) — [LK (x, T, u(x, 7))dT < ad(x,1).
= ur(x,1) —ur(x,¢) — /CIK(x, T,u(x,7))dt < P(x,1), (FO0<a<]l). (5.20)

Again, integrating from c to ¢, we get

(1) — (. 0) — {u(r.0) — ulx,0)} — [1 [ K (x,z,u(x.2))dady < [1 9 (x.7)dT.
= u,t) —u(x,) — £ 2 K (x,z,u(x,2))dzdy < [19 (x. 7)d.

Since M : J x J — [1,¢0) is an integrable function, we have

= u(x,t) — {u(x,c) + [ [2 K (x,z,u(x,z))dzdy} < [EM(x,T)(x,7)d7.

Again, by using inequality (5.15), we get
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= u(x,1) — {u(x,c) + 1 [T K(x,z,u(x,2))dzdy} < [IM(x,7)¢(x,7)dT.
< ag(x,z).

Thus

u(x,t) — {u(x, c) —i—/ct /cyK(x,z,u(x,z))dzdy} < ag(x,t). (5.21)

In a similar way, from the left inequality of (5.19), we obtain

_ [u(x,t) - {u(x,c)+ /C t /C ' K(x,z,u(x,z))dzdyH < ag(x,1). (5.22)

From inequalities (5.21) and (5.22), we get

‘u(x,t) - {u(x, c) —i—/ct /cyK(x,z,u(x,z))dzdyH < ag(x,r). (5.23)

Let Y be the set of all continuously differentiable functions /: J x J — R. We
define a metric d and an operator 7 on Y as follows :

ForiimeY

e )]
d(l’ ) xsy;lep.] (P(xvt)

and the operator

(Tm)et) = ute.e)+ [ [ Kexzm(s,2)dady (5.24)
Consider
_ (T1) (x,t)—(Tm) (x.1)
d(Tl,Tm) = supx’,ej{ r1em) }
Y X X — t Y X,Z,m\x
— SquJgJ{fc (& K( ,Z,l( 7Z))dzd¢);(x£c) [ K( e ( 7Z))dzdy}

LY X X —K(Xx,Z,m(x
S Supx,té]{fc fC |K( ,Z,l( ’sz))(xJI()( »Zs ( 7Z))|dzdy}
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By using condition C1, we get,

ATVTm) < sy LB M) mta

JE R oa(e2)o (e 0G0 gy

= supx,teJ{ o (x,1) Pl }
. {fé M (52) (52) % 50Dy g W}dzdy}
= xte o (x1)

t Yy X X
= d(I,m) x supreJ{fc Je {M(q;é)ﬁ)( ,z)}dzdy}

By using inequality (5.16), we get
d(T1,Tm) < od(l,m).

Hence by using Banach contraction principle, there exists a unique uy € X such
that Tugp = ug, that is
u(x,c)+ [! JY K (x,2,uq(x,2))dzdy = ug (x,1) (by using equation (5.24))

and
1
(1-a)

d(”()?u) <

d(u,Tu). (5.25)
Now by inequality (5.23), we get

lu(x,t) — (Tu)(x,1)| < ad(x,1).

ulx, 1) = (Tu) (x,1))|

9 (x,1) =
:xs;lepj |M(X,Z)¢()E77;I;t)(x,t)| .
Thus
d(u,Tu) < o (5.26)
Again
d(ug,u) = sup Jug(x,1) — u(x,1)]
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From equation (5.25), we get

d(ug,u) < (1_1a)d(u,Tu).

xf?£f|u0(x?¢?<;>t(x’t)’ e
) ) ) et
\uo(xgzgtu(x,tﬂ < (1_1 )d(u,Tu)

From equation (5.26) we get,

(e —u(rs)|
o) = (1-a)

a.

lu(x,t) —ug(x,1)] < (lt—xa)q)(x’t)’ Vx,t e J.

Hence the third order PDE (5.2) is HUR stable.
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HYERS - ULAM STABILITY OF
NON-LINEAR ORDINARY AND
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EQUATIONS

Some contents of this chapter is published [see PP2].
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6.1 INTRODUCTION

In this chapter, we study the HU stability of the first and second order non-linear
ordinary and partial differential equations. We employ the well known Banach
contraction principle to establish our results. Also, we prove the HU stability of
the second order non-linear ordinary and partial differential equations by using
Grownwall type inequality and some integral inequalities .

We consider the following first order partial differential equation
ux(x,t)—l—K(x,u(x,t)):O, (6.1)

where K : J x R — R is a continuous function, u(x,z) € C1(J x J),J = [a,b] be a

closed interval and the second order partial differential equation
uxx(x,1) + F (x,u)ux(x,t) + H(x,u) =0, (6.2)

where F,H : J x R — R are continuous functions and u(x,7) € C2(J x J).

First, we define HU stability for these two equations.
Definition 6.1.1 : The equation (6.1) is said to be HU stable if the following
holds:

Let £ > 0. Assume that, for any function u(x,7) € C! satisfying the differential
inequality

lux(x,t) + K (x,u(x,1))| <&, Vx,t €J, (6.3)

there exists a solution ug(x,?) € c! of equation (6.1) and M(g) > 0 such that
(1) — ug (x,1)] < M(e), ¥(x.t) €7 xJ.

Next, we define HU stability for equation (6.2).



6.1 INTRODUCTION 73

Definition 6.1.2 : The equation (6.2) is said to be HU stable if the following
holds:

Let £ > 0. For any function u(x,7) € C? satisfying the differential inequality
luxx (x,8) + F (x,u)ux(x,t) + H(x,u)| < &, Vx,t €J, 6.4)
there exists a solution ug(x,?) € C? of equation (6.2) and M(g) > 0 such that
lu(x,1) —ug(x,t)| < M(€), V(x,1) € J xJ.

Further we have proved, the HU stability for the second order non-linear ordi-

nary and partial differential equations of the form:
uxx(x,1) = f(x,t,u(x,t),ux(x,1)), 0<x<a,0<r<b, (6.5)

and

ux (x,1) = f(x,t,u(x,t),ux(x,t)) 0<x<a,0<t<b, (6.6)

where a,b € (0,), f € C(]0,a] x [0,b] x B2, B) and (B,||.||) be a real or complex
Banach space.

Now we define HU stability of the equations (6.5) and (6.6).

Definition 6.1.3 : Equation (6.5) is HU stable if 3 real constants cl ,c} >0

such that for any € > 0 and for any solution v(x,) of the inequality
HVxx(x,l) —f(X,l,V(X,t),Vx(X,t))|| < €, Vxe [O,(l],Vl € [Oab]a (67)

3 a solution u(x,t) of (6.5) with ||v(x,t) —u(x,1)|| < € chc and

v (x,1) — ux (x,1)]] < ecff, Vxel0,a],Yte0,b].

Remark 6.1.4 : A function v(x,?) is a solution to the inequality (6.7) iff 3 a

continuous function g(x,#) which depends on v(x,¢) such that
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D lletr0)ll <e,

i) Vx € [0,a],Vt € [0,b],vxx(x,t) = f(x,t,v(x,1),vx(x,1)) + g(x,1).

Definition 6.1.5 : Equation (6.6) is HU stable if 3 real constants c}, c;‘C > 0 such

that for any € > 0 and for any solution v(x,#) of the inequality
[Vt (x,2) = f (1, v(x,1),vx(x, 1)) | < &, Vx € [0,a], V2 €[0,D], (6.8)

3 a solution u(x,r) of (6.6) with
v(x,1) —u(x,1)|| < e c} and

v (x, 1) — ux (x,1)]] < ec;t, Vxe[0,a],Ytel0,b].

Remark 6.1.6 : A function v(x,7) is a solution to the inequality (6.8) iff 3 a
continuous function g(x,#) which depends on v(x,¢) such that
D g0l <e,

i) Vx € [0,a],Vt€0,b],vx(x,t) = fx,2,v(x,1),vx(x,7)) + g(x,2).

In proving main results, we need the following results.
Theorem 6.1.1 (Banach Contraction Principle) [18] :
Let (X,d) be a complete metric space and 7 : X — X be a contraction, that is, there

exists a € (0,1) such that d(Tx,Ty) < ad(x,y),Vx,y € X. Then 3 a unique a € X

such that Ta = a. Moreover, a = nlgnoo T"x and d(a,x) < (1—1a) d(x,Tx),Vx € X.

Lemma 6.1.2 : [50] One assumes that
Du,vheCRE,Ry),
ii) for any ¢ > 1, u(t) < h(z) —i—f,to v(s)u(s)ds.
ii1) h(z) is positive and increasing.

Then u(r) < h(t) x exp{ [{, v(r)dr}, for any 1 > 1.
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6.2 HU STABILITY OF (6.1) and (6.2)

In this section, we prove the HU stability of (6.1) and (6.2). We prove
these results by using Banach contraction principle. First, we have the following
result for (6.1).

Theorem 6.2.1 : Let xj € J and K : J x R — R be a continuous function such
that

|K (x,v(x,1)) — K(x,w(x,1))| < Alv(x,1) —w(x,1)|,Vx,t € J, (6.9)

where A > 0,4 € R and v(x,7),w(x,) € C!. Let

X
M, = sup / ds|. (6.10)
xeJ /X0
with 0 < AM| < 1. Let u(x,r) € C! satisfy
lux(x,1) + K (x,u(x,t))| < €,Vx,t €J, (6.11)
then there exists a unique function ug(x,?) € ¢!, such that
40 (1,1) + K(x,up (1)) = 0 and Ju(x,1) — g (x,1)| < 1_]‘;{}”1 :.
Proof. Consider the differential equation
ux(x,t) + K(x,u(x,1)) =0, Vx,t € J. (6.12)
We define a metric d and an operator P on C!, respectively by
d(§.m) = sup |(x1) ~n(x.r)| and
x,teJ
X
(PO t) = ulso,t) — [ K(s,L(s.)dsvg el (6.13)
X0

Consider,

A(PE.Pm) = sup |(PE) (1) = () o)
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= sup [ =g Kl Sls.0)ds [ K (5.1 (s.1))ds|

:xf}l& i K(5:8(s,1))ds — [3) K(s,m(s,1))ds

< sup ,'vxo ’K(S,&:(S,l‘))—K(S,T](S,l‘))|ds

x,teJ

< sup ;Ox\g(s,z))—n(s,t)yds( (by equation (6.9))

x,teJ
<A sup | [ sup [€(s.1)) —ns,)ds]
x,teJ s;teJ
<A sup [d(c,n)x X ds }
x,teJ 0

<AMd({,n) (by equation (6.10)).

Then by using Banach contraction principle, there exists a unique ug(x,z) €
c! such that Pug(x,t) = ug(x,t). Thus ug(x,1) satisfy u(xq,t) — f;co K(s,ug(s,t))ds =

up(x,7) and

d(uo,u) <

Now by inequality (6.11) we get,

—e< %(x,t)—i—l((x,u(x,t)) <eVx,rel.

Integrating from x to x, we get
—& [ ds < [3 {94(5,1) + K(s,u(s,1)) s < & [ ds,
= —¢€ f}'cxo ds <u(x,t) —u(xq,1)+ ;CO K(s,u(s,t))ds < sffo ds.

= z—:supfxO ds < —¢
xeJ

0als < u(x,t) —u(xq,t)+ ; K(s,u(s,t))ds

< sfdes < ngx
X

= —esup ‘ 1 ds‘ < su[}f;co ds < —g [ ds <u(x,t)—u(x,0)+ [ K(s,u(s,1))ds
X X

<eg ds<sup ds < esup

X
ds|.

X

xeJ 0

X0
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= —eM| < u(x,t) —u(xg,1) —i—f;o K(s,u(s,t))ds < eM
= |u(x,t) — u(xg,t) + [0 K(s,u(s,t))ds| < eM;.
= |u(x,t) — (Pu)(x,1)| < eM].
= sup |u(x,t) — (Pu)(x,t)| < eM].
x,teJ
= d(u,Pu) < eMj.
Using this inequality and equation (6.14), we get

ju(x,1) —ug ()| = [ug (x,1) — u(x,1)|

< sup MO(x7t) —u(x,t)
x,teJ

=d(uq(x,1),u(x,t)).

< 1_/{M1d(u,Pu).
My
< T, € = M(E)
Hence the result. [

Next, we prove the HU stability of (6.2).
Theorem 6.2.2 : Let xy € J and F,H : J x R — R be a continuous functions

such that
|F (x,v(x,1))vx(x,2) — F (x,w(x,2) )wx (x,2)| < Aq|v(x,1) —w(x,1)], (6.15)

and

|H (x,v(x,1)) —H(x,w(x,1))| < Ay|v(x,t) —w(x,1)|, Vx,t € J, (6.16)

where 41,4, > 0,1,y € R and v(x,1),w(x,1) € C2(J x J).

X1y
/ / dsdy
X0 /X0

Let

) (6.17)

M, = sup
x,yeJ
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with 0 < {A; + 1My < 1. If u(x,1) € C2(J x J) satisfy
luxx (x,8) + F (x,u)ux(x,t) + H(x,u)| <€, Vx,t €J, (6.18)

then there exists, a unique function, ug(x,) € C2(J x J) such that

9%ug
ox2

(5.0)+ F(xt01)) 2 (5.0 4 Ho, g (x:.) = O
and

My
lu(x,1) —ug(x,1)| < 0 +7LZ}M2£‘

Proof. Consider the differential equation

9%u du
— (x,1) + F (x,u(x,t)) == (x,1) + H (x,u(x,t)) = 0,Vx,t € J. (6.19)
dx2 dx

We define a metric d and an operator P on C2(J x J), respectively by

a(gm) = sup [¢(x0)=n()| and

X

PE 0 =t~ [ [ Fs S n@snasiy— [1 [ His.gsn)asay

X0 X0
(6.20)
V ¢ eC2(Ix).
Consider
d(Pg,Pn) = sup |(PC)(x,1) = (P) (1)
xteJ
= sup [ = i) g Fs: (5.0 &0y = [ [ H(5: s.0)dsdy

Iy Ly F s, (s,0)ms(s,0)dsdy+ [ [ H(s,n(s.))dsdy|

= sup
xteJ

Sz e F (5. € (s.0)s(s.0)dsdy + [ e H (s, E(s.1))dsdy

— [ Ry F(sm(s,))msls.)dsdy — [ [ H(s,n(s.1))dsdy|
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= sup | [ fig Fs: S (5s0) (s 0dsdy = [y [ F (5.1 (5.0 1)
xX,re
L Ry H (s, E(s.0)dsdy — [ 3 H(s,n(s,1))dsdy]
S SuPJ )?Of)%/OF(svC(S)t))cs(s)t)dey_ )?COf)%joF<s7n(s’t))ns(s’t)d‘9dy‘
PRAS
o sup | [ R H s, §(s,0))dsdy— [ [ H(s,m(s.1))dsdy]
x,teJ
< sup | [ 1 1F (5, 5,0))Es(s,0) = F (s, (s,1))ms(s,1)|dsdy
xted 00
+ sup [ [ [y 1H (s, E(s.0)) = H(s,m(s.0)) dsdy]
x,teJ
< sup [ i) By M16 (5:0) = n(s.0)ldsad|
x,te
+ sup | [ [ Al (5.1) = n(s.0)ldsay
xteJ

(by equation (6.15) and (6.16))

<Ay sup | By sup € (s.1) = s, dsdy|+
x,teJ s;ted

R sup | 5 [y sup E(s.0) = (s,0)] dsdy|
x,teJ s;ted
<Ay sup | [ Ry d(C.m)dsdy|+ g sup | [ [ d(C.m)dsdy]
xted xted

< {4+ sup | (&)

x,teJ

[ Rydsay | |
<{AM + M }d(E,n)M; (by equation (6.17))
<{M +2A2}Mp xd(§,n).

Hence using Banach contraction principle, there exists a unique, ug(x,t) €

C2(J x J) such that Pug(x,t) = ug(x,t). Thus ug(x,r) satisfy
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”(XOJ) - f)?co f)%}oF(Svu()(svt))us(sﬂt))d*gdy - f)?co f)%)OH(S,Mo(S,l))dey = u0<x7t)

and

1
(A1 +242)Mp

d(ug,u) < - d(u,Pu). (6.21)
Now by inequality (6.18), we get
—8<a—2”(x t)+F(x u)@(x 1)+ H(x,u)<e, Vxitel

= axz ’ ’ ax ) I — & ) .

Integrating from x to x, we derive

e [ ds< 9 (x,1)— 9 (xg,1) + S F(s,u(s,1))us(5,0)ds+ [ H(s,u(s, ))ds <€ [ ds.

u u
X X

Again integrating from x to x, we obtain
—& ;CO f)%}O dsdy < u(x,t)—u(xg,t)— [u(xq,t) —u(xq,1)]+ ;CO f}o F(s,u(s,t))ug(s,t)dsdy
+ ;CO f)%]OH(s,u(s,t))dsdy < sffo f%o dsdy.
By using the equation (6.20), we get
—e [X [ dsdy < u(x,t) — (Pu)(x,) < & [¥ [¥ dsdy.
xo XO —= 9 ’ = xo xO

:—ewg&ﬂ%wws—agﬁ%mwsMwﬂ—wmmﬂse@ﬂ%ﬁ@

X,ye
<€ sup ;CO fxyo dsdy
x,yeJ
= —¢& sup |3 fxyodsdy‘g—e sup [3 fgodsdyg—e X[y dsdy < u(x,t) — (Pu)(x,1)
x,yeJ 0 x,yeJ 0 00
<efi Rydsdy<e sup [ [%dsdy<e sup | [ [} dsdy|.
x,yeJ x,yeJ
= g sup | [X[) dsdy’ <ulx,t) — (Pu)(x,1) <& sup | [* [2 dsdy’.
X0 710 X0 710
x,yeJ x,yeJ

= —eMy < u(x,t) — (Pu)(x,t) < eMy
= |u(x,t) — (Pu)(x,t)| < eMy.

= sup |u(x,t) — (Pu)(x,1)| < eMy.
xted
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= d(u,Pu) < eM, , which with equation (6.21) yields

(1) —ug(x,1)| = [ug (x,1) — u(x,1)|

< sup Jug(x.1) — u(x,1)|
x,teJ

=d(uq(x,1),u(x,t)).

1
= A P
My _
= T2y = M)
Hence the result. [

Thus, we have proved the HU stability of first and second order partial dif-
ferential equations (6.1) and (6.2) respectively by employing Banach contraction

principle.

6.3 INTEGRAL INEQUALITIES

In this section, we have developed some integral inequalities, which will be used

to prove results in the next section. First, we prove the following.

Theorem 6.3.1 : If v(x,7) is a solution to the inequality (6.7) then (v,vy) satisfies
the following integral inequality system.
2
Hv(xvt) —V(O,t) - f())cfgf(svtﬂv(sat)vVS(S7t))deyH < %7

||vx(x,7) —vx(0,7) — fé‘f(s,t,v(s,t),vs(s,t))ds]] < ex.

Proof. Let v(x,t) be a solution to the inequality
[vae (1) = f(x, 2, v(x,1), vx (3, 1)) || < €.
Integrating w.r.t. x, we get

Jo lIvss(s;t) = fs.t,v(s,1),vs(s,1))[|ds < [y eds.
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Since

1o {vss(s,0) = f(s,6,v(s,8),vs(s,0)) Y| < [ [[vss(s,2) = f(s,2,v(s,1),vs(s,1))lds,
we get

| o {vss(s,0) = f (5,8, v(s,1),vs(s,1)) bs|| < [ eds.

= |[vx(x,1) =vx(0,2) — [i f(s,2,v(s,1),vs(s,7))ds|| < ex.

Integrating w.r.t. x, we get

SNy (s0) = vy(0,8) =[5 f (5 8,v(s5,1), vs(s.1))ds|ldy < [§ esds.

Since ||f6‘{vy(y,t) —vy(0,1) —fgf(s,t,v(s,t),vs(s,t))ds}dy||
< f())CHVy(y’t) - Vy(ovt) —fgf(s,t,v(s,t),vs(s,t))dsty,

we get
Gy t) =vyp(0,0) = 3 f (5.8, v(s5.1),vs(s,1) )dsYy| < fo' esds.

= ||v(x,t) —v(0,1) — {v(0,¢) —v(0,1)} —fgfgf(s,t,v(s,t),vs(s,t))dsdy||

2
EX
< &

= Hv(xvt) —V(O,t) _fgfgf(safav(s7t)7VS(Svt))deJ’H < # .

Next, we prove the result related to the inequality (6.8).

Theorem 6.3.2 : : If v(x,7) is a solution to the inequality (6.8), then (v,vy,v¢)
satisfies the following integral inequalities.

[[v(x,1) = v(x,0) —v(0,2) +v(0,0) — [6 Iy F(s,2,v(s,2),vs(s,2) )dsdz|| < ext,

v () = v 0,1) — Jif £(s.1,v(s,1), v (s,1))ds]| < ex,

HVX(XJ) _Vx(xv 0) - féf(x,z,v(x,z),vx(x,z))dz|| < ét.
Proof. : Let v(x,t) be a solution to the inequality

[[var (x,2) — £, 2, v(x,8),vx(x,1)) || < €, (6.22)
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Integrating w. 1. t. x, we get

Jo vst (s,2) = f(s,2,v(s,1),vs(s,1))||ds <[5 €ds.

Since

Hf(;c{vﬂ(svt) _f(svt’V(S’t)>VS(Sat))}ds|| < f(')xHVSt(svt) —f(s,t,v(s,t),vs(s,t))Hds,

we get,

| S st (5,2) = fs,2,v(s,8),v5(s,0)) }ds| | < [ eds.

= HVt(X,l) —Vt(o,l‘) _fécf(sataV(SJ)?VS(SJ))ds‘| < ex.

Integrating w. r. t. #, we get

Jollv=(x,2) = v2(0,) = J§ £(s.2,v(s.2).vs(5,2))dsldz < [ ex
Since

15 {vz(x:2) = v2(0,2) = o £ (5,2, v(s,2),vs(s,2) )ds }dz]|

< Jollvz(x,2) = vz(0,2) = fg f(s,2,v(5,2),vs(s5,2) )ds]|dz,

we get,

|| J§{vz(x,2) = v2(0,2) = [ f(s5,2,v(5,2),vs(5,2))ds}dz|| < [} exdz.

= [|v(x,1) = v(x,0) = v(0,1) +v(0,0) — f§ [ f(s,:2,v(5,2),vs(s,2))dsdz|| < ext.

Integrating equation (6.22) w. 1. t. t we get,

SE vz (x,2) = £(x,2,v(x,2), vx (x,2))||dz < [ edz.

Since

[0 {vae (e, 2) = £ (x,2,v(x,2), v (x,2)) Yzl | < G Hvaz (x,2) = f 6,2, v(x,2) va(,2) )z,
we get,

1S5 vxz (x,2) = f o2, v(x,2), vx(x,2)) Yzl | < [ edz.

= |[vx(x,1) = vx(x,0) = [} £(x,2,v(x,2), vx(x,2))dz|| < et.

which proves the required integral inequalities. [
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6.4 HU STABILITY OF (6.5) and (6.6)

In this section, we prove the HU stability of second order non-linear ordinary and
partial differential equations (6.5) and (6.6). We use integral inequalities estab-

lished in the previous section. First, we have the result for the equation (6.5).

Theorem 6.4.1 : Assume that
i) £ € C(]0,a] x [0,b] x BZ,B), where a,b € (0,c0) .
ii) There exists  Ly(x,t) € C(]0,a] x [0,b],R ;) such that félLf(x,t)dx <o and

Hf(X,Z,ZI,Zz)—f(x,[,ll,l‘Q)H SLf(xﬂt)ier??ja}{”zi_ti”}v Vxe [O,G], Vi€ [Ovb]
and 21,22, 11, p € B.

Then (6.5) is HU stable.

Proof. Let v(x,r) be a solution to the inequality
[|[vax (x,2) — f(x,2,v(x,1),vx(x,2))|| < €,V x €[0,a],Vt €[0,b] .
Let u(x,t) be the unique solution to the problem
x (x,1) = f (6, 1,u(x, 1), ux (x, 7)),
u(0,1) = v(0,1),¥ 1 € [0,b], (6.23)
u(x,0) = v(x,0),Vx € [0,a].

Then (u,ux(x,t)) satisfies the following system.

u(x, ) = v(0,1) + /O * /0 Y f s, u(s,1), us(s5,1))dsdy,

(6.24)
X
e (x,1) = ve(0,1) + /0 F(s.t,u(s, 1), us(s,1))ds.
By using Theorem 6.3.1, it follows that
X ry 8x2
[v(x, 1) — v(0,1) — /0 /0 Fls.1,v(5,8), vs(s,0))dsdyl| < - (6.25)
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and
[V (x,2) —vx(0,1) — /Oxf(s,t,v(s,t),vs(s,t))ds\\ < &x. (6.26)
Consider

[[v(x, ) =u(x0)[| = (v, t) = v(0,0) = Jgf J§ £(s,t,uls,1),us(s,1))dsdy]|-

= |[v(x,1) =v(0,1) — [§ fgf(s,t,v(s,t),vs(s,t))dsdy
+f())cfgf(s,t,v(s,t),vs(s,t))dsdy

—fgfgf(s,t,u(s,t),us(s,t))dsdyH.

< ||V(x7t) *V(Ovl‘) *fgfgf(s’taV(S7t)7VS(Sat))dey||

+Hfgfgf(s,t,v(s,t),vs(s,t))dsdy—fgfgf(s,t,u(s,t),us(s,t))dsdyH.

< |v(x,7) —v(0,t) —fgfgf(s,t,v(s,t),vs(s,t))dsdy]\

G IS (52, 0(s,0),vs(s,0)) = f (s, 8,u(s, 1), us(s,1)) | dsdy.

< #Jrf(’f Jo Ly (s,1) xmax{|[v(s, ) —u(s,1)[], [|vs (s,1) —us(s,1)|| Ydsdy.

(by using hypothesis (ii) and equation (6.25))
2
< 8=+ [§dy f (Ly(s,t) xmax{||v(s, 1) —u(s,0)||, |[vs(s,1) —us(s,0)][})ds.
= %4_
Jo =)L y(s,t) x max{|[v(s,t) —u(s,1)||,[|vs(s,t) —us(s,1)| |} ds.
2
<e (x + %) +

fya X L (s,t) xmax{[|v(s,t) —u(s,)[|,||vs(s,t) —us(s,2)[|}ds,

(" (x—s) <max(x—s) < (a—x) <a).
< £<x+%2>+

Jo (1+a) < Ly(s,t) xmax{[|v(s,t) —u(s,t) ], [vs(s,2) —us(s,0)| [} ds.
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x2 X
[[v(x,t) —u(x,1)|] < €(x+ 7) +/O G(s,t) x max{||v(s,t) —u(s,t)||,||vs(s,t) —us(s,t)|| }ds,

(6.27)

where G(s,t) = (14a) x Lg(s,1).

Again consider

v (x,7) — ux(x,0) || = [|vx (x,2) — vx(0,1) —fgf(s,t,u(s,t),us(s,t))dsH.

= ||vx(x,2) —vyx(0,1) —fécf(s,t,v(s,t),vs(s,t))ds

+ Jo f(s,2,0(s,1),vs(s,1))ds — [ f(s,1,u(s,t),us(s,1))ds]|.

< ||vx(x,t) —vx(O,t) _f()xf(svtﬂv(sat)vVS(SJ))dSH

+Hfgf(s,t,v(s,t),vs(s,t))ds—fgf(s,t,u(s,t),us(s,t))a'sH.

S €x +f6€‘|f(S,Z,V(S,I),VS(S,I)) —f(s,t,u(s,t),us(s,t)ﬂ|ds.
(by using Theorem 6.3.1)
By using hypothesis (i1), we get

|| (x,7) —ux(x,1)|] < ex + f())CLf(s,t) x max{||v(s,t) —u(s,t)||,||vs(s,t) —us(s,t)||}ds.

2
§8<x+x7> +

(1 +a) X Lg(s,t) xmax{[[v(s,1) —u(s,t)[|,[|vs(s,1) —us(s,1)|| }ds.

x2 X
[[vx(x,1) — ux(x,2)|| < S(x—i— ?> —1—/0 G(s,t) x max{||v(s,t) —u(s,0)||,||vs(s,t) —us(s,t)|| }ds,

(6.28)

where G(s,1) = (14a) x Ly(s,1).

By using equations (6.27) and (6.28), we get



6.4 HU STABILITY OF (6.5) and (6.6) 87

max {|[v(x.0) — (). [oa(e.0) — (o0l [} < e (x5 )+
Jo Gls,t) x max{|[v(s,t) —u(s,t) |, [[vs(s,1) —us(s,1)||ds.

By using Lemma 6.1.2, we get
X2 X
max{||v(x,1) = e[| v r) = welr )l [} < & (x+ %) < exp ([ Gls,0)ds).

From which it follows that, each of ||v(x,7) —u(x,7)|| and

velet) —uxen)l| is < e(x+%5 ) xexp (J Gls.i)ds).

i (o) —ue) < efx+ %) xexp ([§ G(s.0)ds)  and
Ioat) — )| < (x+ %) x exp (J§ Gls.1)ds ).

= [|v(x,1) —ulx, )] S€<a+ %) X exp (fé’G(s,t)ds) and

Ivar) —usCen)l| < ea+ % ) x exp ([§ Gls.1)ds).

= |[v(xe,t) —u(xt)|| <excp  and  [jvx(x,t) —ux(x )| <€ xcy,
where ¢y = (a+ %) Ob exp (fo G(s, t)ds).

Hence the equation (6.5) is HU stable. U

Next, we prove result for the equation (6.6).

Theorem 6.4.2: Assume that
i) f € C([0,d] x [0,b] x B2, B), where a,b € (0,00).
i) There exists  Ly(x,t) € c1([0,4] x [0,b], R ) such that f(’)’ Ly(x,t)dt <eo and
1/ (x,t,21,20) = fxtt1,0)|| < Lipet) i f1 oy Ll —8ill}, Y2 €[0,a], ¥ € [0, 5]
and zy, 2, 1], 1p €B.

Then the equation (6.6) is HU stable.
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Proof. : Let v(x,r) be a solution to the inequality
||vxe (x,2) — f(x,2,v(x,1),vx(x,1))|| < €, Yx€[0,a],V1€[0,b].
Let u(x,t) be the unique solution to the problem
e (x,) = £, 1), (3,1),
u(0,1) =v(0,1),V 1 € [0,b], (6.29)
u(x,0) =v(x,0),vx € [0,q].

Then (u,ux(x,1),ur(x,1)) satisfies the following system.
t rx
ursr) = v(.0)+v(0,0) =v(0.0)+ [ [ f(s.z.u(s.)us(5,2) s
wlxt) =00+ [ flstuls.o)us(so)ds, (630

t
ux(x,t) = vx(x,O)—i-/O Fx,zou(x,z),ux(x,z))dz.

By using Theorem 6.3.2, it follows that

Hv(x,t) —v(x,0) —v(0,7) +v(0,0) — /Ot /Oxf(s,z,v(s,z),vs(s,z))dsdz)‘ <ext, (6.31)

and
v (x,1) — ve(x, 0) — /0 02w, 2) ve(x, 2))dz]] < et (6.32)
Using equation (6.30), we get
||v(x,) — u(x,1)|| = ||[v(x,7) — v(x,0) — v(0,7) +v(0,0)

— J§ SG £ (s,2,u(s,2), us(s,2) dsdz]|.

= |[v(x,t) —v(x,0) —v(0,1) +v(0,0)
_fé fécf(s7zaV(S>Z>7VS(S,Z))deZ
+f6 fécf(s,z,V(S,Z),VS(S,Z))dst

_fé fgf(svza”(S’Z)’us(svz))deZH'
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<|v(x,t) —v(x,0) —v(0,7) +v(0,0)
—fé 1o F(s,2,v(s,2),vs(s,2) )dsdz]|
+\|f6 Iy f(s,2,v(s,2),vs(s,2) )dsdz

_fé f())cf(s7z,u(s,z),us(s,z))dsdzﬂ.

< |v(x,t) — v(x,0) —v(0,7) +v(0,0)
—fé Iy (s,2,v(s,2),vs(s,2) )dsdz]|

+ [ S N1 f(5,2,v(s5,2),vs(5,2)) — f (5,2, u(s,2), us(s,2))||dsdz.

< éxt
+ 15 S 11 (s, 2,v(s,2),vs(5,2)) = £ (5, 2,u(s,2),us(s,2))||dsdz.

(By using equation (6.31)).

= &xt

—|—f6dZ'x<||f(X1,Z,V(Xl,Z),Vx(XI,Z))—f(X1,Z,M(XI,Z),M)C(XI,Z))H),

where x; € (0,x).

t
o) —ute)l| < exto+ [ 2prn.2)xmax {[Iv(e 2) =ty | Ivaler,2) =l 2) | s,
(6.33)

(by hypothesis (ii)).

Again, by using equation (6.30), we get

HVX(XJ) _”x(x7t)” - Hvx(xvt) —vx(x,O) - féf(X,Z,M(X,Z),Mx(X,Z))dZH-

- Hvx(x7t) _Vx(xv 0) - fotf(x,z,v(x,z),vx(x,z))dz

+f6f(x,z,v(x,z),vx(x,z))dz—fé fx,z,u(x,z),ux(x,z))dz||.

< HVX(xvt) *Vx(xv 0) - f6f(X,Z,V(X,Z),Vx(X,Z))dZ||

—i—Hféf(x,z,v(x,z),vx(x,z))dz—féf(x,z,u(x,z),ux(x,z))dz||.
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[[va (e, 1) = e ()] < || () = vx(x,0) = f f (6,2, v(x,2), v (x,2) )z

+ fé [1{f(x,2,v(x,2), vx(x,2)) — f(x,2,u(x,2),ux(x,2)) }dz]|.

[lvx(x,1) —ux(x,1)|| < et+/0t {Lf(x,z) x max [||v(x,z) —u(x,2)||,|[vx(x,2) —ux(x,2)|[] }dz.
(6.34)
(By using equation (6.32) and hypothesis (ii)).
Again, we have the following inequalities

(1) ext <eg(14+a)b and er<e(l+a)b, Vxe[0,a],Vt €]0,b)].
(ii) Lp(x,2) < Oa {Ly(x,2)} =G(z), Vz €[0,b].
(i) [[v(x.2) —u(e.2)| < 8% {[v(x.2) —uCe2)l]} = k1 (2.9 2 € (0.5

(V) [Ivx(x,2) —ux(x, 2| < 257 Uve2) =3 2)l} = ha(2),V 2 €10,8].

Using the above inequalities (i)-(iv) and the equation (6.33), we get

[|[v(x,2) —u(x,0)|| < e(l14+a)b+ (1+a) /Ot G(z) x max[hy(z),hy(z)]dz. (6.35)

Again using the inequalities (i)-(iv) and the Equation (6.34), we get
t
[[vx(x,2) —ux(x,2)|| < €(1+a)b+(1 +a)/0 G(z) x max[hy(z),hy(z)|dz.  (6.36)

Using equation (6.35), we get,

max

xe 0.4 [v(x,t) —u(x,0)|| < e(1+a)b+ (1 +a) /OIG(Z) x max|hy (z), o (2)]dz.

hy (1) =
(6.37)
Using equation (6.36), we get,

max

o ) =y ) < (1) (1-+) [ GL6) % maxi (2 (€)=

hy(t) =

(6.38)
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Using equations (6.37) and (6.38), we get
max[hy (1), hy(1)] < e(1+a)b+ (1+a) J§ G(z) x max[hy (z), o (2)]dz.
By using Lemma 6.1.2, we get

max

b
t € [0,] [hy(2),hy(1)] < eb(1 +a)2 X exp{/o G(Z)dz}. (6.39)

From equation (6.39), we get
Iv(x,0) = ux,0)l| < eb(1+a)? xexp{ [§ G(2)dz}
and

v (,t) — ux(x,1)|| < €b(1 +a)? x exp { I G(z)dz}.
= |[v(x.1) —u(x,0)|[ <excp and  [lvx(x, ) —ux(x,1)|[ < € xcy,

where ¢y =b(1 +a)? xexp { fé’ G(z)dz}.
Hence the equation (6.6) is HU stable. U

Thus, we have proved the HU stability of the second order non-linear ordinary
and partial differential equations (6.5) and (6.6) respectively by using the integral

inequalities.
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7.1 INTRODUCTION

In this chapter, we have studied the generalised HUR stability for the second order
non-linear ordinary and partial differential equations by using the results in [41].
We have obtained the generalised HUR stability for the second order non-

linear ordinary differential equation of the type

Mxx(xvt):f(xatau(xvt)>ux(x7t))> (71)
where f € C(]0,a] x [0,b] x B2, B) and (B, ||.]|) is a real or complex Banach space.

Further we prove the generalised HUR stability for the second order non-linear

partial differential equation of the type

uxe (x,1) = f(ox,t,u(x, 1), ux(x,1),uz (x,1), uxx(x,1)), (7.2)

where f € C([0,d] x [0,b] x B*,B).

We have obtained the required integral inequalities to prove our main results.

First, we define generalised HUR stability of the differential equations (7.1)
and (7.2).

Definition 7.1.1 : Equation (7.1) is generalised HUR stable if there exists
real constants ¢ (f,0):€2(f,9) > 0 such that for any continuous function ¢ : [0,4a] x

[0,b] — (0,20) and for any soluion v(x,#) of the inequality
[y (o,2) = f (6,2, v (x,2), v (3, 0) || < @ (%), (7.3)
there exists a solution u(x,#) of (7.1) with
vlwt) —u(n )| < €1 f.9)9 (e)

and [|vx(x,2) — ux(x,1)|| < CZ(f,¢)¢(x’t)’ Vx € [0,a], Vt € [0,D].
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Remark 7.1.2 : A function v(x,7) is a solution to the inequality (7.3) iff there

exists a continuous function g(x,7) which depends on v(x,#) such that

D) [lg(x0)|] < ¢ (x,1),

11) vix (x,1) = f(x,t,v(x,1),vx(x,7)) + g(x,1),Vx € [0,a], Yt € [0,D].

Definition 7.1.3 : Equation (7.2) is generalised HUR stable if there exists
real constants CU(£,0) C2(f,0) C3(f,0) € > 0 such that for any continuous function

¢ : [0,a] x [0,b] — (0,c) and for any soluion v(x,) of the inequality

[var (2, 8) — £ (2, (x,8), v (x,2), ve (x,8) v (3, 2)) || < € (x,2), (7.4)

there exists a solution u(x,¢) of (7.2) with
[v(x, 1) —ulx )l < cqr,9)@(0),

et — w0 < (7 ) 0 0)

and [|lve (x,0) — e (x,0) ]| < c3(f’¢)(])(x,t),Vx € [0,qd], Vr € [0,D].

Remark 7.1.4: A function v(x,7) is a solution to the inequality (7.4) iff there
exists a continuous function g(x,z) which depends on v(x,¢) such that
D llgCe0)ll < ¢(x,0),

11) vy (x,1) = f(x,t,v(x,2), vx(x,2), v (x,1), vax (x,7)) + g(x,1),Vx € [0,a], Vr € [0,D].
In proving main results following Gronwall type Lemmas are required.

Lemma 7.1.5 : [50] Assume that
DuvheCRE,Ry).

i) For any ¢ > tg, u(r) < h(t) + ftto v(s)u(s)ds.
ii1) h(z) is positive and increasing.

Then u(t) < h(t) exp{ffo v(r)dr}, for any t > 1.
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Lemma 7.1.6 : [50] Let u(x,y),n(x,y) and c(x,y) be nonnegative continuous
functions defined on x,y € R4, and let n(x,y) be nondecreasing function in each
variable x,y € Ry If u(x,y) <n(x,y)+ [ fgc(s,t)u(s,t)dsdt, for x,y € Ry,
then

u(x,y) < n(xy) xexp{fg J c(s,1)dsdr}, forx,yeRy.

7.2 INTEGRAL INEQUALITIES

In this section, we have proved some results on inequalities, which are required in

proving our main results. First, we prove a result for the inequality (7.3).

Theorem 7.2.1 : If v(x,7) is a solution to the inequality (7.3), then (v, vy) satis-

fies the following integral inequality system.

HV(X,I) —V(O,t) - fgfgf(svtaV(s7t)7vs(s7t))dey|’ < f())cfé(P(svt)deZv
[[vx(x,2) = vx(0,2) = [§ f(5,2,9(5,2),vs(s,2))ds|| < [o @ (s,2)ds.

Proof. 1f v(x,t) is a solution to the inequality

[V (x,8) = f (x,2, v (x,2), vx (x,2)) || < @ (x,2),

then integrating w. r. t. x, we get

Iy vss(s,0) = f(s,2,0(s,1),vs(s,1))||ds < [ @ (s,1)ds.

Since

H.[())C{VSS(SJ) _f(s7t>V(Svt)>vS(svt))}ds|’ < f())CHVSS(Sat) —f(S,t,V(S,I),Vs(S,Z))|‘dS,

we get

Hf())c{vss(svt) —f(s,t,v(s,t),vs(s,t))}ds|] < f())cd)(svt)ds'

= |[vx(x,1) —vx(0,1) — [o f(s,2,v(s,2),vs(s,1))ds|| < [ O (s,1)ds.
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Integrating w. 1. t. x, we get

Jo 1oy (t) = vy (0,1) = 3 f (5,2, v(s,1), vs(s,0))dsldy < [¢f [ 9 (s.1)dsdz.

Since || [§{vy(1) = vy(0,1) = J§ f(s,8,v(s,1),vs(s,1))ds}dy|
< féc H"y(%f) - Vy(O,t) —fgf(s,tjv(s,t),vs(s,t))dsty,
we get

15 vy 1) =vy(0,0) = 3 £ (s,1,v(5,0),vs(s.0))ds}yl| < [ [G 9 (s,1)dsdz.

= ||v(x,t) —v(0,1) — {v(0,¢) — v(0,1)} —fécfgf(s,t,v(s,t),vs(s,t))dsdy]\

< Jo J§ 9(s.t)dsdz.

= |[v(x,1) —v(0,1) —fgfgf(sjt,v(s,t),vs(s,t))dsdyH < jgféq)(s,t)dsdz. [

Similarly, we have the result for the inequality (7.4).

Theorem 7.2.2 : If v(x,¢) is a solution to the inequality (7.4), then v,v; and vy
satisfy the integral inequalities

||v(x,2) = v(x,0) —v(0,7) 4+ v(0,0)

7[6 fgf(S,Z,V(S,Z),VS(S,Z),VZ(S,Z),Vss(S,Z))deZ|| < f(g f(;C(P(S?Z)deZ?

Ve (1) = v (0,8) = Jiy £(s,2,v(5,1),v5(5,1), v (5,2),vss(s,2))ds|| <[5 @(s,1)ds

and

||vx(x,2) — vx(x,0) —féf(x,z,v(x,z),vx(x,z),vz(x,z),vxx(x,z))dz\] < fé(])(x,z)dz

respectively.
Proof. If v(x,t) is a solution to the inequality

[lvar (2, 8) — £ Oy, (0, 8) v (2, 8) , ve (3, 8) v (3, 8)) || < @ (x,8), (7.5)
then integrating w. r. t. x, we get

ngvst(s,t) — f(s,2,v(s,1),vs(s,1),ve (s,1),vs5(s,1))||ds < fgq)(s,t)ds.
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Since
[ Jg {vse (s,8) = £s,2,(s5,8),v5(s,2),ve (s,2), vss(s,1)) bs||
< Jo lvse (s,2) = f(s,8,v(s,),vs(s5,2),v2 (s,1),vss (5,7)) [|ds,
we get

S {vst (s,2) = fs,2,0(5,1),v5(5,1),ve (5,1), vss(s,2)) Yds|| < [ @ (s,2)ds.

= [[ve (1) = ve(0,2) — Joy £(5,8,v(s,2),vs(s5,1),ve(s5,1),vss(s,1))ds|| < [o @ (s,7)ds.

Integrating w. 1. t. 7, we get

JlIv2(r.2) = v2(0.2) = J§ £(5,2.0(5.2),vs(5,2),v2(5,2). vss(5,2)ds]|
< 805 0(s.2)dsdz.
Since
5 02002) = v2(0,2) = Jif £(5.2v(5,2),5(5,2),v2(5. ), vss 5. 2))ds) ]
< 8 lIv2(02) —v2(0.2) = J§ £ls.2v(5,2),v5(5,2).v2(5.2). s (s.2) s .
we get
S 00202) = v2(0,2) = J§f £(5.2.v(5,2), (5.2 v2(5.2). vss 5. 2))ds ]|

< fé 1§ 0(s,2)dsdz.

= ||v(x,7) — v(x,0) — v(0,7) +v(0,0)

—fé f(;cf(sazvV(Saz)7VS(SaZ)7VZ(S7Z)aVSS(SaZ))deZ|| < fé f())C(P(S,Z)deZ.

Integrating equation (7.5) w. 1. t. r, we get
Jo vz e,2) = (2,9 (x,2), v (3, 2), vz (2,2), vax (3,2)) dz < [ 9 (x, 2)dz.
Since
1 {vwz(x,2) = £ (2, v(x,2), v (3, 2), vz (6, 2), vex (3, 2) ) 12|
< o lvxz(x,2) = 2,0 (x,2), vx(x,2), vz (x,2), vax (3,2) )z,

we have
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Hf(l;{vxz(xvz) —f(X,Z,V(X,Z),Vx(X,Z),VZ(X,Z),VXX(X,Z))}dZH < fé ¢(X7Z)dz‘

= Hvx(x7t) - Vx(xv 0) - féf(x7Z’V(X’Z)7VX(X’Z)7VZ(X7Z)7Vxx(xﬂz))dz" < fé (P(X’Z)dz'

]

7.3 GENERALISED HUR STABILITY OF (7.1)

In this section we prove generalised HUR stability for the second order non-linear
ordinary differential equation (7.1). We have the following result.

Theorem 3.1 : Assume that

i) f € C([0,a] x [0,b] x B2, B) .

ii) There exists  Ly(x,1) € c'(]0,a] x [0,b], Ry ) such that félLf(x,t)dx <o and

1/ (et 21,22) = et ,) 1 S Lp(x,t) {1y Iz —ill}, YV €0,a], V1 € [0,0]
and zy, 2, 11, 1h €B.
ii1) ¢ : [0,a] x [0,b] — (0,00) is an increasing function.

iv) There exist constants l(; , ?L(% > 0 such that
I S5 0(s.1)dsdz < A9 (x,1), fo @ (s.)ds < A59(x,1),Vx € [0,a], Vit € [0,B].
Then (7.1) is generalised HUR stable.

Proof. : Let v(x,t) be a solution to the inequality
H"xx(xa[) —f(X,I,V(X,[),Vx(X,I»H S (])(X,[), Vx € [O7a]7VZ € [Ovb]
Let u(x,t) be the unique solution to the problem
uxx(x,1) = f(x,t,u(x,t),ux(x,1)),
u(0,1) = v(0,1),Vt € [0,B], (7.6)

u(x,0) =v(x,0),vx € [0,q].
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If u(x,1) is a solution to (7.6), then (u,ux(x,7)) satisfies the following system

u(e,t) = v(0,1) + /O ) /0 © F(s,t,uls, 1), us(s,1))dsdz, -

ux(x,t) = vx(0,1) +/Oxf(s,t,u(s,t),us(s,t))ds.

Then by using Theorem 7.2.1 and hypothesis (iv), it follows that

Hv(xvt) —V(O,t) _f())cfgf(svtﬂv(sat)vVS(Svt))deyH < f())cféd)(svt))deL

1.e.

) =v(00) = [ [ flsansnossn)dsas]| < 2000n)  (78)

and

|[vx(x,2) = vx(0,2) = [5 f(s,2,v(s,1),vs(s,2))ds|| < [ @ (s,2)ds, i.e.
ste) = v00) = [ Fstrls.0)vs(s0)ds | < 2300e0). (7.9)

Consider

V(1) —u(x,0)[] = [[v(x,1) =v(0,1) — [y J§ (st u(s,1), us(s,1))dsdz]|.

= |[v(x,1) =v(0,8) — [§ J§ [ (5,2, v(s,1),vs(s,1))dsdz
-f-fécféf(s,t,v(s,t),vs(s,t))dsdz

= Jo J§ F(sst,u(s,t), us(s,t))dsdz]|.

<l t) =v(0,8) — fi S5 £ (s,8,v(s,1),vs(s,1) )dsdz]|

HILJG Jo £ (s52,v(s,0),vs(s,0))dsdz— [o [§ £ (s,t,u(s,),us(s,1))dsdz]|.

< |v(x,1) =v(0,8) = 3 Ji5 f(s,1,v(s,1),vs(s,1))dsdz]]

—I—fgfé||f(s,t,v(s,t),vs(s,t)) — f(s,t,u(s,t),us(s,1))||dsdz.
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[lv(x,2) —u(x,1)]| < l$¢(xvt)
+Jo S Ly(s,t) xmax{[[v(s, 1) —u(s,t)|[,||vs(s.1) —us(s,1) | }dsdz.
(by using hypothesis (ii) and equation (7.8) )

< Ao (x.1)
+f6€dzf§Lf(s,t) xmax{||v(s,t) —u(s,t)||,||vs(s,t) —us(s,1)|| }ds.
< Ay@(x,1)
+fg(x—s)Lf(s,t) xmax{||v(s,t) —u(s,t)||,||vs(s,t) —us(s,t)|| }ds.

< Ayo(x0)
—l—f())CaLf(s,t) x max{||v(s,t) —u(s,t)||,]|vs(s,1) —us(s,1)|| }ds,

(x—s<max(x—s) < (a—x) <a).

<449 (1)

+ [y (L+a)Lp(s,t) xmax{[|v(s,t) —u(s,t)||,[[vs(s,2) —us(s, )| }ds,

[v(x,1) —ulox, 1) < 7t$¢(x7f)+/0x G(s,1) xmax{|[v(s,r) —u(s,0)[[, ||[vs(s,7) —us(s,0)[| }ds,
(7.10)

where G(s,t) = (1+a)Lf(s,t).
Again consider

HVX(XJ) _”JC(x?t)H = Hvx(xvt) _VX(OJ) _f(;cf(‘g?tvu(svt)?MS(Svt))dSH‘

= [[vx(x,1) = vx(0,1) — Joy f(5,2,v(s,1),vs(s,1))ds

+ o £, 2,v(s,2),vs(s,1))ds — Joy £(s,8,u(s,t),us(s,t))ds]|.

< |Px(x,1) =vx(0,2) = [5 f(s,2,v(s,2),vs(s,7))ds]|

[ Jo f(s,8,v(s,1),vs(s,2))ds — [ f (5,8, u(s,t),us(s,1))ds]|.
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< fgq)(s,t)ds
+ S5 1LF(s,1,v(s,2),vs(s,1)) — f(s,2,u(s, 1), us(s,2))||ds.

(by using Theorem (7.2.1) )

By using hypothesis (ii) and (iv), we get
Hvx(x7t) _“X(x7t)” < ;L(%¢(x7t)
+Jo Ly(s,t) xmax{[[v(s,0) —u(s, )|, [[vs(s,0) —us(s,0)|[}ds.

< A0 (x.1)

+Jo (L+a)Ly(s,t) xmax{[[v(s,t) —u(s, )], [|vs(s,2) —us(s,0)[| }ds,

[[vx (e, 1) = (x,1) | < A (x,1) +/0x G(s,t) xmax{||v(s,) —u(s, )] [|vs(s,1) —us(s,1)|[ }ds,
(7.11)
where G(s.t) = (1+a)L /(s,1).
Let zg (x,1) = max{?té (x,t),l(%(x,t)}.
Then equation (7.10), yields
[1v(e,t) —ulx,0)|| < 430 (x,1) + fo Gls, 1) xmax {[[v(s,0) —u(s,0)|], ||vs(s,0) —us(s, )| [}ds
and equation (7.11), yields
(e, 1) = (e, 1) ]| < A3 (x, 1) + Jif Gl ) xmax{ |[v(s, 1) —u(s, )], [[vs(s, 1) —ug(s,1)|[ .
From these two yields
max{||v(x, ) — (o0l Ve rr) —ux(en)l[} < 259 (x,0)+
Jo G(s,t) x max{||v(s,t) —u(s,0)||, [vs(s,1) — us(s,)[| }ds.

By using Lemma (7.1.5), we get

max{||v(x,t) —u(x,t)|],||vx(x,1) — ux(x,2)||} < 7L£¢(x,t) X exp{fg G(s,t)ds}.

From which it follows that
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e |[v(x,7) —u(x,1)]] < lq%(b(x,t) x exp{ [ G(s,t)ds} and
[[vx(e,1) —ue(x, )|l < A30(x,1) x exp{ [ G(s, 1)ds}.
= ||v(x,1) —u(x,1)|| < )L(g’(])(x,t) x exp{ J§ G(s,t)ds} and

[lvx (x,8) — ux(x,2)|| < l£¢(x7t) X exp{fé’ G(s,t)ds}.
v t) —ule )l S @) x e gy and  [[vx(x,1) —ux(x,0)[] < O (x,1) X (£ 4,
where ¢ 7 ) = Ag X on p exp{ J§ G(s,1)ds}.

Hence equation (7.1) is generalised HUR stable. [

7.4 GENERALISED HUR STABILITY OF (7.2).

In this section we prove generalised HUR stability for the second order non-linear
partial differential equation (7.2). We have the following result.
Theorem 4.1 : Assume that
i) fecC([0,a] x[0,b] x B*B) .
ii) There exists Ly(x,t) €C 1(]0,a] x [0,b], Ry such that Ly(x,t) is integrable
and
176 ,21,22,23,24) = £ 1112, 314l < L) e 5% 4y Al =11,
Vxe€0,a],Yte€0,b] and zy, 22, 23, 24, 1], 2, 13, 14 € B.
1i1) ¢ : [0,a] x [0,b] — (0,°0) 1s an increasing function in each variable.

1v) There exist constants lé,k‘%,lg > 0 such that fé J§ 0(s,2)dsdz < A$¢>(x,t),
J69(x,2)dz < Ago(x,1), Jo @(s.1)ds < A9 (x,1), ¥ x € [0,a],V 1 € [0,]
Then (7.2) is generalised HUR stable.

Proof. :
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Let v(x,¢) be a solution to the inequality
|vxe (x,2) — f(x,2,v(x, 1), vx (o, 1), ve (x,2), vixe (x,8) ) || < @ (x,2), Vx € [0,a],Vt € [0,b].
Let u(x,t) be the unique solution to the problem
Mxl(-x7t) = f(-x7t7u(x7t)7ux<x7t)7 ut(-xat)vux.X(-xat))a
u(0,£) = v(0,),Vz € [o0,b], (7.12)
u(x,0) = v(x,0),Vx € [0,q].
If u(x,t) is a solution to equation (7.12), then (u,us(x,),ux(x,t)) satisfies the
following system.
u(x,t) =v(x,0)+v(0,) —v(0,0)
torx
+/ / f(S,Z,M(S,Z),Ms(S,Z),Mz(S,Z),Mss(S,Z))deZ,
7070 (7.13)

ug (x,1) = v (0,1) —|—/Oxf(s,t,u(s,t),us(s,t),u;(s,t),uss(s,t))ds,

t
”x(x,t) = VX(xvo) +/0 f(x’za”(xvz)vux(xaz)7MZ(X7Z)’MXX(X7Z))dZ'

Then by using Theorem 7.2.2 and hypothesis (iv), it follows that

v(x,t) —v(x,0)—v(0,7)+v(0,0) —f6 fgf(s,z,v(s,z),vs(s,z),vz(s,z),vss(s,z))dst"

< 5 S5 0(s.2)dsdz.
That is

t rx
Hv(x,t)—v(x,o)*/o/of(s’Z’V(S’Z)’VS(S’Z)’VZ(S’Z)’VSS(S’Z))deZ (7.14)

—v(0,1) —i—v(0,0)H <2jo(xn).
Also

|ve (x,2) — v (0,7) —fgf(s,t,v(s,t),vs(s,t),vt(s,t),vss(s,t))ds|| < fé‘(})(s,t)ds.

= ||ve(x,2) — v (0,) — /Oxf(s,t,v(s,t),vs(s,t),vt(s,t),vss(s,t))ds|| < lgqb(x,t),
(7.15)
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(By using hypothesis (iv))
Next

HVX(x?t) _Vx(xv 0) - féf(x,z,v(x,z),vx(x,z),vz(x,z),vxx(x,z))dz|| < fé‘P(X,Z)dZ-

= oaot) = v(5,0) = [ 2 9(5,2) 120, 2(0,), v (2l < A3,
(7.16)
Using equation (7.13), we get
(1) — u(x,0)|| = [[v(x, 1) — v(x, 0) — v(0,7) + (0, 0)

_fé fgf(svzaM(Saz))MS(S7Z),Mz(S,Z),Mss(S,Z))deZ|‘.

= ||v(x,t) — v(x,0) — v(0,7) +v(0,0)
—f(t) 1o F(s,2,v(5,2),v5(5,2),v(5,2), vss(s,2) )dsdz
+f6 fécf(sazaV(Saz)vVS(S>Z)7VZ(S7Z)7VSS(S7Z))deZ

_f(l; f())cf(svzaM(Saz)yus(saz),Mz(S,Z),Mss(S,Z))deZ|‘.

<|v(x,t) —v(x,0) —v(0,7) +v(0,0)
_f(l; fgf(sazaV(S7Z>7VS(S7Z)7VZ(S7Z)7VSS(S7Z))deZH
+Hféfgf(S,Z,V(S,Z),Vs(S,Z),VZ(S,Z),VSS(S,Z))deZ

_f6 fgf(S,Z,M(S,Z),MS(S,Z),MZ(S,Z),MSS(S,Z))deZ|‘~

< |[v(x,1) —v(x,0) — v(0,7) +v(0,0)
— I5 S f(5,2,v(s,2),vs(s5,2),vz(5,2), vss(s,2) )dsdz|
-l-f(t)fg"{f(S,Z,V(S,Z),VS(S,Z),VZ(S,Z),VSS(S,Z))

—f(s,z,u(s,z),us(s,z),uz(s,z),uss(s,z))ﬂ]dsdz.

< Ao (x.1)
o I6 I { Ly (s.2) min[[[v(s,2) = us,2) ] lIvs(s.2) —us(s.2)

|[vz(s,2) —uz(s,2)|], |[vss(s,2) —uss(s,2)|[] }dsdz.
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(by using hypothesis (ii) and equation (7.14) )
Ivr) = uCe, )| < AFQCr) + I J5 {Lp(s.2) lIv(s,2) = uls, )| fdsdz.

By using Lemma (7.1.6), we get

<240 (x1) xexp { I fgLf(s,z)dsdz}.

[lv(x,2) —u(x,z)
< kégb(x,t) X exp{fgf(g’Lf(s,z)dsdz}.

<cq(r,9)9(1),  wherecyr ) :l(; xexp{fé’fé’Lf(s,z)dsdz}.

Again, by using equation (7.13), we get

HVX(XJ)_”X(XJ)H = ||Vx(xvt)_Vx(xao)_f(t)f(x7zau(xaz)v”X(xaz)7MZ(va)7uXX(va))dZ‘|'

1.e.
v (x,2) = (x,2) || = [[vx(x, 1) — v (x, 0)

- féf(x7za V(X,Z), Vx(xvz)a VZ(x7Z)7VXX(X7Z))dZ
+ f(gf(x7za V(X,Z), Vx(X,Z), VZ(x7Z)7VXX(x7Z))dZ

- féf(x7zv u(x’z)vux(xaz)a ”Z(X’Z)7 Mxx(xaz))dz| |

< ||vx(x,1) — vx(x,0)
- féf(x7zvV(X7Z)7vx(xvz)ﬂVZ(X7Z)7VXX(X7Z))dZ‘|
+H f(l;f(xaZvV(x>z)>vx(x7z)>v2(xvz)vVxx(x>z)>dz

o f(t)f(x’zv u(x,z),ux(x,z), MZ(va)’ MXX(X7Z))dZ‘ |

< ||vx(x,1) — vx(x,0)
—féf(x,z,v(x,z),vx(x,z),vz(x,z),vxx(x,z))dz|]
+f6 [{f(x,2,v(x,2), vx(x,2), vz (x,2), vx (%, 2))

—f(X,Z, u(x,z),ux(x,z), uZ(va)7 uxx(x,z))}dz| |
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i.e.

i.e.

= [ ) = ux(x0)]| < 439 (6,1
L {2 pr2) min | lIv(x,2) = u(x, D1, vel2) — (. )1,
[[vz(x,2) —uz(x,2)[], |[vax (¥, 2) — uxx (x,2)]| |} }dZa

(By using equation (7.16) and hypothesis (ii)).

= [|vx(x,1) —ux(x,0)|] < l(%q)(x,t)—i—fé {Lf(x,z) [|lvx(x,2) —ux(x,z)H}dz, Vtel0,b)].
By using Lemma (7.1.5)(considering x fixed), we get

|| (x,7) — ux(x,1)|| < lq%(])(x,t) X exp{féLf(x,z)dz}, Vit €]0,b].
<229(x1) exp{fé’Lf(x,z)dz}.

epp)0lnt). Where oy 5) =22 x o242 exp { [ Ly 2)dz}.

Next
[ve (x,2) — e (x,1)[| = [[ve (x,2) — vz (0,2)

— Jo f(s,t,u(s,t),us(s,t),uz(s,1), uss(s,t))ds|.
Hvl(xﬂ‘) _uf(x7t>‘| = Hvl‘(xﬂt) _Vl‘(oat)

— Jo f(s,2,v(s,2),vs(s,1),v¢(s,1),vs5(s,1))ds
+ g f(s,8,v(s,2),vs(8,1),ve(s5,1),vss(s,1))ds

—fécf(s,t,u(s,t),us(s,t),u[(s,t),uss(s,t))dsH.

‘|vl‘(x7t)_ut(x7t)‘| < HVI(XJ)_Vt(Ovt)_f())cf(svhv(svt)vvS(sJ)vVI(SJ)?VSS(SJ))dSH
+ 1 Joy £(5:8,v(s,2),vs(s,1),ve(s,1),vss(s,7))ds

— Jo f(s,t,u(s,t),us(s,t),uz (s,1), uss(s,t))ds|.

< ||vt(x,t)—vt(O,t)—fgf(s,t,v(s,t),vs(s,t),vt(s,t),vss(s,t))dsﬂ
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+f())c{‘|f(s7t7v(s7t)7vS(sJ)avl(sJ)aVSS(S?t))

—f(s,t,u(s,t),us(s,t),ur(s,t),vss(s,1))|| }ds.

= [lvi (1) — ()| < 239.(x,0)
L L) min [[1v(s,0) = (s, )] Ivs(s0) = us(s0)1l,
Hv,(s,t)—u,(s,t)u,\|vss(s,t)—uss(s,t)|@ }ds, Yx €1[0,a].

(By using equation (7.15) and hypothesis (ii) )

= [Ive (1) = (5, 1) | 230 0t + S { L (1) v (5,0) e (5,0)] s, ¥ x € [0,

By using Lemma (7.1.5)(considering ¢ fixed), we get

[ve e, 1) — ()| < 239.(x,0) x exp { fgLf(s,t)ds}, Y x € [0,a].
<A39(x.1) % exp{fgLf(s,t)ds}.

< C3(f’¢)¢(x,t), where 3(7,9) :l(; X 0221) exp{fé’Lf(s,z)ds},

Thus we have real constants ¢; (£,0)€2(f,0) and 3(1.,9) such that for any func-
tion ¢ (x,7) as in (ii1) and for any soluion v(x,?) of the inequality (7.4), the solution
u(x,t) of (7.2) satisty the following :

[|[v(x,t) —u(x,1)|] < Cl(f’q;)q)(x,t), Vxe€l0,a], Vte]|0,b],

[vx(x,1) —ux(x,0)[| < ep7.9y9(x,0), Vi €[0,b],

and ||v(x, 1) —ur (x,1)]| < c3(f7¢)¢(x,t), Vxe€l0,a].
Hence equation (7.2) is generalised HUR stable. 0

Thus, we have proved the generalised HUR stability of second order non-
linear ordinary and partial differential equations (7.1) and (7.2) respectively by

employing Gronwall type Lemmas.



Summary

In this thesis, as stated in the research objective, we have studied the HU and
HUR stablility of different types of differential equations. It includes the stability
of non-linear ordinary differential equations, linear partial differential equations
and non-linear partial differential equations. We have investigated these stability
results by using various approaches viz. Laplace transform method, Banach con-
traction principle and some integral inequalities, etc. The following are some of

the salient features that characterize this thesis:

1. The first chapter deals with general introduction of the topic and the prob-

lems taken up for the research.

2. Chapter 2 deals with survey of the available literature on HU and HUR sta-
bility of different types of equations such as functional equations, difference
equations and differential equations. It reflects the present status of the work

done on HU and HUR stability of different types of equations.

3. Chapter 3 is devoted to the study of HUR stability of third order ordinary
differential equation. In this chapter we have studied the HUR stability
of third order ordinary differential equation. This HUR stability result is

established by imposing certain integrability conditions on the coefficients
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of the differential equation and by using the result in [22]. An example is

provided in support of the result.

4. In chapter 4, we have established the HUR stability for first, third and nth
order linear homogeneous partial differential equations. These results are

proved by employing Laplace transform method and using the idea in [54].

5. Chapter 5 focuses on HUR stability of linear non-homogeneous partial dif-
ferential equations. Here we have proved the HUR stability of the second
order partial differential equation . Further , we have established the HUR
stability for the third order non-homogeneous partial differential equation.
These results are proved by using Banach contraction principle and the re-

sults found in [18].

6. The Chapter 6 deals with the HU stability of non-linear ordinary and par-
tial differential equations. We have proved the HU stability of first order
non-linear partial differential equation and second order non-linear partial
differential equation . These results are proved by employing Banach’s con-

traction principle.

Further, in this chapter we have established the HU stability of sec-
ond order non-linear ordinary differential equation and second order non-
linear partial differential equation .These results are established by employ-

ing Grownwall type inequality and some integral inequalities.

7. The Chapter 7 focuses on the generalised HUR stability. First we have
discussed generalised HUR stability of second order non-linear ordinary

differential equation. Then we have established the generalised HUR sta-
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bility for the second order non-linear partial differential equation . These
results are proved by employing Grownwall type inequality, some integral

inequalities and using the result in [41].

Problems for further study
The following topics are suggested for further study:

There is an ample opportunity to study HU and HUR stability for delay differ-
ential equations in wide range. This can be studied in two categories of ordinary
and partial differential equations. The applications of HU and HUR stability are

not yet discussed fully.
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