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Abstract

Humans intuitively understand shapes, as the skill is vital for interact-
ing with the ambient environment. Machines, however find it challeng-
ing to match shapes due to factors like unique metric structures and the
ability of shapes to deform in a non-rigid manner. Growing availability of
high-resolution datasets, combined with technological advancements, has
prompted the shape analysis community to prioritize extracting highly de-
tailed geometric and topological information from shapes.

Establishing correspondence mapping between distinct elements of de-
formable shapes is a fundamental task while analysing shapes. It is essential
for accurate shape matching, registration, and comparison. Aligning corre-
sponding features enables transfer of attributes like color, texture, or defor-
mation information more effectively, while also improving the reconstruction
of objects from partial data.

This thesis aims at exploring techniques designed to capture localised
details of shapes depicting sharp features, a challenge that traditional ap-
proaches often struggle to address. One proposed approach utilizes shape-
aware distances to improve resilience against topological noise and enhance
point-to-point accuracy across varying triangulations. Building on recent ad-
vancements in shape analysis, powerful technique - functional map frame-
work, has been utilized for enhancing pointwise mapping. This framework
leverages the spectral domain of shapes to establish correspondences be-
tween function spaces, ultimately translating to point-to-point correspon-
dences. To preserve high-frequency features of shapes, use of Hamiltonian
operator with Gaussian curvature have been proposed. This functional map-
ping approach, which constructs linear mappings between function spaces
instead of directly matching points, relies heavily on the choice of basis func-
tions. A comprehensive exploration of these bases highlights their impact on
the precision and efficiency of correspondence techniques, offering insights
into future directions for more robust shape analysis. It emphasizes the im-

portance of selecting the right basis function tailored to the specific needs of



the application, taking into account factors such as computational efficiency,

stability, and the required level of detail.
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Chapter 1

Introduction

The fascinating world of 3D shapes has captivated scholars for centuries,
with Euclid’s (Euclid, 300 BC) work providing foundational insights into
how simple geometric forms relate to each another. Shapes are intuitively
understood by humans, as it is fundamental to our existence, however ma-
chines struggle to comprehend them. Due to the challenges in capturing,
processing and storing 3D data, traditionally, computer vision community
prioritized 2D data i.e., images and videos. While RGB data offers efficiency
and ease of processing, it lacks depth information and can only show data
from a single viewpoint. 3D models, though more complex to process, pro-
vide a complete representation of an object’s geometry. The journey from
real-world objects to digital representations often introduces noise, missing
data, and discretization errors. With advancements in the acquisition, mod-
eling and visualization technology, object recognition shifted from image-
based objects to shape-based objects having more complex geometric and
topological information. 3D data has become indispensable for applications
like protein structure prediction for medical advancements (Knoverek, Ama-
rasinghe, and Bowman, 2019), architecture for optimizing design efficiency
(Sawhney and Crane, 2020) and virtual & augmented reality (VR/AR) for
effective immersive experience (Dammann, Steger, and Stelzer, 2022).

Shape analysis, an interesting field at the intersection of computer vision,
computer graphics, and geometry processing, focuses on understanding the

properties and relationships of 3D shapes. It includes retrieval of shapes
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(Tangelder and Veltkamp, 2008; Gasparetto, Minello, and Torsello, 2015), re-
constructing the surface of shape from data points (Berger, Levine, Nonato,
Taubin, and Silva, 2013), segmenting the shape in meaningful parts (Shamir,
2008), shape compression (Maglo, Lavoué, Dupont, and Hudelot, 2015), etc.
and more. Shape correspondence, in particular, refers to matching two (or
more) shapes in order to produce meaningful mapping between them (Elad
and Kimmel, 2003). Determining correspondences is a fundamental task and
is often the first step in various applications like shape registration (Tam,
Cheng, Lai, Langbein, Liu, Marshall, Martin, Sun, and Rosin, 2013), symme-
try detection (Mitra, Pauly, Wand, and Ceylan, 2013), statistical shape mod-
eling (Taylor Chris and Carole, 2008; Hasler, Stoll, Sunkel, Rosenhahn, and
Seidel, 2009), shape morphing (Alexa, 2002) and transfer of various attributes
like deformation (Sumner and Popovi¢, 2004), texture (Dinh, Yezzi, and Turk,
2005), segmentation labels (Elghoul and Verroust-Blondet, 2013), and style of
one group of shapes to another (Xu, Li, Zhang, Cohen-Or, Xiong, and Cheng,
2010).

The concept of shape correspondence is closely related to shape matching.
According to Veltkamp et al. (Veltkamp and Hagedoorn, 2001), shape match-
ing involves quantifying the similarity between shapes using a dissimilarity
measure. For example, while a simple match or not match output suffices for
distinguishing between animal and human shapes, establishing correspon-
dences requires a detailed, explicit mapping. This highlights the distinction
between matching and correspondence problems. In practice, the terms shape
matching and shape correspondence are often used interchangeably, as finding
correspondences is one of the methods for assessing shape similarity.

A 3D shape is the digital representation of a real-world object, encompass-
ing both its interior and exterior. Accurately modeling interiors, requires spe-
cialized equipment such as CT scanners to obtain volumetric representation.
While it’s possible to infer some interior properties from external observa-
tions, this is complex and often unnecessary. In this work, the focus would
be on shapes that are considered as discrete samples of smooth surfaces em-

bedded in a three-dimensional space. Triangle meshes, which approximate
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FIGURE 1.1: Shapes from Kids Dataset (Rodola, Rota Bulo, Windheuser, Vestner,
and Cremers, 2014) undergo isometric deformations, primarily illustrating bending
around the arms and legs

the object’s boundary, are the most commonly used digital representation for
3D objects (refer Section 1.1.2).

Shape matching methods are primarily designed and categorized based
on how they account for shape deformation. For example, consider a toy car
and a piece of clay. The toy car represents a shape that can undergo rigid
transformations, such as rotation or translation, while maintaining its geo-
metric and structural integrity. Regardless of whether it is pushed, pulled, or
moved, the shape of the car remains unchanged. In contrast, the piece of clay
represents a shape that exhibit flexibility and is characterized by it’s ability to
undergo substantial deformation. It can be deformed in a non-rigid manner
through squishing, stretching, or bending, resulting in significant changes to
its shape.

Despite the development of efficient algorithms for rigid shape matching
(Gelfand, Mitra, Guibas, and Pottmann, 2005a), non-rigid shape matching
continues to be a key research focus due to the intricate challenges posed
by elastic, topological, and structural variations in shapes (Bronstein, Bron-
stein, and Kimmel, 2007). Non-rigid deformations although provide greater
flexibility in modeling the shapes, it also expands the space of deforma-

tions leading to the increased complexity of shape correspondence problems
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(Bronstein, Bronstein, and Kimmel, 2008). This work will concentrate on
specific subclasses of non-rigid deformations, such as isometric and near-
isometric deformations. Isometric deformation imposes limitations on the
possible ways a shape can deform in a non-rigid manner while keeping in-
trinsic properties intact. For instance, preserving pairwise geodesic distances
i.e., the distance between any two points along the surface of the shape, en-
sures the shape deforms without stretching. Examples of isometric deforma-
tion include bending a sheet of paper, folding a piece of cloth, or twisting
a pipe, where the fundamental distances and proportions within the mate-
rial remain unchanged despite alterations in shape. In Figure 1.1, the kid’s
shape is illustrated in various poses, demonstrating isometric deformations
achieved by bending the legs and arms. These poses highlight how isometric
deformations maintain relative distances, showing changes in shape while
preserving a human body’s proportions and geometry. To establish corre-
spondences, the goal is to recognize that shapes can either depict the same
object in various poses or distinct objects with a common underlying struc-
ture, even when viewed from different angles. In either case, there should be
a natural correspondence between the two surfaces that preserves a common
structure. For example, in the case of the same human in different poses,
the 'natural” correspondence would match corresponding body parts, such
as left hand to left hand.

Shape matching techniques can be broadly categorized into geomet-
ric transformation based and descriptor based approaches. Geometric
transformation-based methods focus on aligning two shapes by finding a
transformation that minimizes the distance between corresponding points
or features (Gelfand, Mitra, Guibas, and Pottmann, 2005b). These alignment
techniques are primarily applied in 3D object reconstruction (Hu, Wen, Van
Kaick, Chen, Lin, Cohen-Or, and Huang, 2018), and more recently, they have
been extended to reconstruct entire landscapes using time-varying registra-
tion methods (Deng, Yao, Dyke, and Zhang, 2022). In contrast, descriptor-

based methods establish correspondences using similarities between shape
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descriptors, without requiring shape alignment (Castellani, Cristani, Fan-
toni, and Murino, 2008), making them suitable for shapes with different
topologies. A hybrid method combines both approaches, iteratively refining
the alignment and subsequently determining the correspondences, which
is useful especially for matching shapes that are undergoing non-rigid de-
formations. Various approaches to compute shape correspondences are
surveyed in (Kaick, Zhang, Hamarneh, and Cohen-Or, 2011; Sahillioglu,

2020); please refer Section 1.3 for a detailed discussion.

1.1 Shapes

Kendall defined shape as the geometric essence of an object, independent
of its position, size, or orientation (Kendall, 1977). The non-rigid nature of
many natural shapes from the intricate folds of a human face to the dynamic
curves of a tree, makes their digital representation challenging. Kendall’s
definition is based on a rigid body assumption and is not applicable to de-
formable objects. An effective shape representation should be resolution-
adaptive, computationally efficient, topology-preserving, scalable, robust to
noise, and capable of supporting deformations. Shape representations can be
broadly classified into two categories: continuous and discrete, as outlined

below:

1.1.1 Continuous Shape Representations

Shapes in geometry processing are described by 2D surfaces that form the
boundaries of physical 3D objects, as orientable continuous 2D manifold em-
bedded in R® (Botsch, Kobbelt, Pauly, Alliez, and Levy, 2010). Continu-
ous shape representations model smooth surfaces using mathematical func-

tions, capturing the true geometry of the shape without the loss of detail
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-

FIGURE 1.2: Geometry of a horse shape from TOSCA Dataset (Bronstein, Bronstein,
and Kimmel, 2008) represented as point cloud (left) and a triangular mesh (right)

from discretization. Formally, continuous surfaces (S) can be specified ei-
ther by a parametric representation or by an implicit representation. Para-
metric surfaces are vector-valued function f : (3 — S that maps a param-
eter domain QO € RR? to the surface S € R3. Spline and subdivision sur-
faces (Zorin, Schroder, DeRose, Kobbelt, Levin, and Sweldens, 2000) are
examples of parametric representations of shape. Implicit (or volumetric)
representation is the zero set of a scalar-valued function S : R®> — R i.e.,
S = {x € R?| S(x) = 0}, where the solution to this equation represents the
surface of the shape. Signed-distance fields (Jones, Baerentzen, and Sramek,
2006) and level sets (Wenger, 2013) describe implicit representations of sur-
faces. Continuous representations can be computationally intensive for com-
plex shapes and may struggle to represent detailed geometries, posing chal-

lenges for various shape analysis tasks, in particular shape correspondence.

1.1.2 Discrete Shape Representations

The geometric structure of a 3D object can be described discretely using
various representations such as a polygon mesh and point cloud (Botsch,
Kobbelt, Pauly, Alliez, and Levy, 2010), as visualized in Figure 1.2. Raw
3D data acquired by sensors is often represented as a point cloud, a set of

points in 3D space. Each point V; represents a sample of the object’s surface,
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defined by its 3D coordinates (x;,y;,z;). Point clouds capture shape geom-
etry without any connectivity information among the points (Alexa, Behr,
Cohen-Or, Fleishman, Levin, and Silva, 2003). Levoy (Levoy and Whitted,
1985) introduced point clouds to enhance visual efficiency, which are now be-
ing extensively utilized to effectively represent 3D objects in learning-based
shape analysis techniques (Liu, Zhang, Kadam, and Kuo, 2021; Deng, Zhang,
Ding, and Zhang, 2023). While point clouds provide a flexible and efficient
way to represent geometry of shape, they lack explicit surface information.
A 2D polygon mesh X = (V, £, F) embedded in 3D is a collection of vertices
V, edges £ and faces F, approximating the smooth surface with a piece-wise
linear mapping containing both geometric and topological information of the
shape. Each vertex v; € V is a 3D coordinate (x;,y;,z;), and faces are often
triangles, quadrilaterals, or other simple polygons, with each edge shared by
at most two faces. Polygon meshes are versatile representations capable of
modeling intricate geometric forms. Triangles, the simplest convex shapes,
are favoured for their hardware-compatibility and minimal vertex count re-
quired to enclose a region (see Figure 1.2). Polyhedral meshes, similar to
polygon meshes, extend the concept to 3D volumes by using polyhedra in-
stead of polygons.

The choice of shape representation significantly influences the effective-
ness of shape correspondence algorithms. Different representations offer
varying levels of detail and computational efficiency, and therefore neces-
sitate tailored approaches for establishing correspondences between shapes.
For instance, the alignment of point clouds is achieved via RANSAC algo-
rithm (Fischler and Bolles, 1987), surface matching involves detecting under-
lying deformations (Liu, Zhang, Shamir, and Cohen-Or, 2009), matching of
shape skeletons is addressed in the work by Biasotti et al. (Biasotti, Marini,
Spagnuolo, and Falcidieno, 2006), etc. In this work, triangular meshes are

utilized for representing shapes.
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FIGURE 1.3: Meaningful point-to-point correspondences for sparse points illus-
trated for Cat shapes from TOSCA dataset (Bronstein, Bronstein, and Kimmel, 2008)

1.2 Shape Correspondence

Shape correspondence problem can be formally stated as: Given two (or
more) shapes, say, S; and S, find a meaningful relation (or mapping) #
among the elements (points, or components) of these shapes. In the dis-
crete setting, determining a point-to-point map establishes correspondences
between two shapes. For two meshes X and &, with || and | X, | vertices
respectively, the point-to-point correspondence map is expressed as 7 : X7 —
Xy such that Vx; € &, 35 (xq) € X,. This map can be constrained in various
ways depending on the application allowing for one-to-one, one-to-many, or
many-to-many correspondences (Kaick, Zhang, Hamarneh, and Cohen-Or,
2011). Computing a meaningful mapping involves precisely matching spe-
cific points between shapes, such as ensuring that the left ear of one cat shape
matches exactly with the left ear of another cat shape (see Figure 1.3). This
requires understanding the shape’s structure and functionality at both global
and local levels. Finding a corresponding point on one shape for each point
on another leads to an exponential solution space of O(n!) for a shape with n
points. This combinatorial explosion makes the problem NP-hard, the most
computationally challenging to solve.

Various aspects of shape correspondence problems have been explored,
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FIGURE 1.4: Partial shape matching between a Horse shape and a Centaur shape
from TOSCA dataset (Bronstein, Bronstein, and Kimmel, 2008; Bronstein, Bronstein,
Bruckstein, and Kimmel, 2009), where bottom parts of both the shapes match

including full vs partial matching and sparse vs dense correspondences. In
full matching, all shape elements are mapped, while in more challenging par-
tial matching, only specific components are matched like between a horse
and a centaur, though vastly different globally, share similar lower body
shapes (see Figure 1.4). Sparse correspondences involve matching key com-
ponents, such as in Figure 1.3, where matching the hands, legs, and head
of cat shapes provide sufficient information for shape semantics (Pokrass,
Bronstein, Bronstein, Sprechmann, and Sapiro, 2013). In contrast, dense cor-
respondences are required for tasks like shape morphing (Zhang, Sheffer,
Cohen-Or, Zhou, Van Kaick, and Tagliasacchi, 2008), but direct computation
is infeasible, leading methods to first compute sparse correspondences and
then extend them to dense ones (Lipman and Funkhouser, 2009). Below is
a discussion of correspondence map computation, categorized by shape de-

formability:

1.2.1 Rigid Shape Matching

Determining correspondences for shapes that preserve pairwise Euclidean
distances is traditionally treated as a rigid alignment (or registration) prob-
lem. Assuming rigidity, a shape can be transformed through geometric op-

erations such as rotation, translation, reflection, or a combination of these.
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(@) Deformation inducing bending with (b) Deformation inducing topological
stretching, folds and creases changes

FIGURE 1.5: Shapes of articulated wooden mannequins from SHREC 2019 Dataset
(Dyke, Stride, Lai, and Rosin, 2019) subjected to various non-rigid deformations

Rigid registration seeks the best rigid transformation to align two shapes, of-
ten using the Iterative Closest Point (ICP) algorithm (Besl and McKay, 1992).
This local-search method iteratively finds correspondences and minimizes
distances between points, usually employing a variant of Hausdorff distance
(Memoli, 2008). ICP is sensitive to initial alighment due to its greedy ap-
proach. To address occlusions and topological noise, several efficient vari-
ants of ICP (Rusinkiewicz and Levoy, 2001) have been proposed. Zhang et
al. recently introduced a faster and more robust version of ICP (Zhang, Yao,

and Deng, 2022), with improved convergence rates.

1.2.2 Non-rigid Shape Matching

Despite the success of rigid shape matching techniques, their utility is lim-
ited in real-world scenarios as shapes often display a diverse range of poses
and deformations, causing significant variations in pairwise Euclidean dis-
tances. Shapes as depicted in Figure 1.5 can experience complex non-rigid
deformations, such as stretching around the shoulders, folds, and creases
on the left hand (see Figure 1.5(a)), as well as topological changes due to self-

contact (illustrated in Figure 1.5(b)). These factors pose significant challenges
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in establishing meaningful pointwise correspondences. To enable mathemat-
ical analysis and streamline correspondence search for non-rigid deforma-
tions, traditional methods often restrict deformations to isometries or ap-
proximate isometries, as illustrated in Figure 1.1. Isometric deformations
preserve geodesic distances (Kimmel and Sethian, 1998; Crane, Weischedel,
and Wardetzky, 2013) between pairwise surface points, an intrinsic property
exhibited by most real-world organic shapes. Elad and Kimmel (Elad and
Kimmel, 2003) used pose-invariant embeddings based on intrinsic distances
for correspondence. Extrinsic measures are deformation-sensitive, while in-
trinsic ones react to topology changes; Bronstein (Bronstein, Bronstein, and
Kimmel, 2009) employed a joint similarity criterion to balance both for bet-
ter correspondences. Stretching in deformations, increases the complexity
of non-rigid shape matching, making tasks like semantically matching an
elephant to a gorilla more challenging than matching two elephants in dif-
ferent poses. Kim et al. (Kim, Lipman, and Funkhouser, 2011) proposed an
automatic method for smooth, low-distortion correspondence between non-
isometric shapes, but it falls short for partial shape matching due to its global
mapping approach without incorporating localization. For an in-depth un-
derstanding of non-rigid shape correspondences, readers are encouraged to

refer the insights presented in (Bronstein, Bronstein, and Kimmel, 2008).

1.3 Shape Correspondence Approaches

Shape correspondence, a complex task, has inspired numerous techniques in
shape analysis. Correspondence maps can be estimated using registration,

similarity, or learning-based methods, as outlined below:

1.3.1 Registration or Alignment based approaches

Registration-based approaches align shapes by deforming one to match a

target shape or by mapping both to a common domain via parametrization
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(Deng, Yao, Dyke, and Zhang, 2022). Pointwise correspondence is then de-
termined by finding points in proximity with each other, where alignment is
achieved via a geometric transformation. Chang et al. (Chang and Zwicker,
2008) focus on piecewise rigid alignment by applying transformations to lo-
calized segments of the shape, rather than seeking a global transformation
(refer Section 1.2.1). To register shapes undergoing non-rigid deformations
with each point deformed uniquely, regularization is used to ensure that
transformations are similar for points that are spatially close. This amounts to
computing a deformation field for the source shape. Deng et al. (Deng, Yao,
Dyke, and Zhang, 2022) examined non-rigid registration using only geomet-
ric information, while Saiti et al. (Saiti and Theoharis, 2020) addressed multi-
modal shape registration with varying data structures, dimensions, densities,

and noise.

1.3.2 Similarity based approaches

Directly computing correspondences between shapes, without first aligning
or deforming them, involves leveraging geometric invariants i.e., feature de-
scriptors that remain stable under various transformations. By identifying
the similarity of these descriptors, which capture intrinsic shape properties
that remain unchanged under deformation, direct correspondence between
shapes is achieved without explicit manipulation. These feature descriptors
can be pointwise surface descriptors like Global Point Signatures (GPS) (Rus-
tamov, 2007), Heat Kernel Signature (HKS) (Sun, Ovsjanikov, and Guibas,
2009; Bronstein and Kokkinos, 2010), Wave Kernel Signature (WKS) (Aubry,
Schlickewei, and Cremers, 2011), or can be pairwise descriptors like geodesic
distances (Kimmel and Sethian, 1998), biharmonic distances (Lipman, Rusta-
mov, and Funkhouser, 2010), etc. employed for shapes undergoing isometric
deformations.

Recent techniques have championed the use of learning-based descrip-
tors including parametric spectral descriptors (Litman and Bronstein, 2013),

descriptors learnt considering no known deformation model between the



1.3. Shape Correspondence Approaches 13

shapes (Corman, Ovsjanikov, and Chambolle, 2015), robust descriptors with
relatively less training data learnt from raw shapes (Donati, Sharma, and
Ovsjanikov, 2020). These descriptors are used to construct an objective func-
tion that maximizes the similarity between corresponding descriptors while
minimizing the deformation required to align the shapes, without explicitly
performing the alignment (Li and Iyengar, 2014). The objective function is
optimized using established continuous optimization methods, such as lin-
ear programming as in (Berg, Berg, and Malik, 2005) or convex optimization
as in (Zass and Shashua, 2008). For discrete optimization, tree-based searches
as used in (Zhang, Sheffer, Cohen-Or, Zhou, Van Kaick, and Tagliasacchi,
2008) provide a viable approach. These techniques for directly computing
pointwise correspondences often result in complex non-linear optimization
problems that are not convex, making them difficult to solve. Adding global
constraints further complicates the optimization process, introducing addi-

tional challenges.

Embeddings

A widely adopted hybrid approach involves embedding the shapes into a
lower-dimensional space, where more efficient and computationally feasible
mappings between them can be computed. By embedding the shapes into
a shared geometric feature space, they can be aligned, enabling the compu-
tation of correspondences based on their spatial proximity. Embeddings can
be computed using either isometric or spectral techniques. Isometric embed-
ding preserves the pairwise distances on the surface of the shape during the
transformation, ensuring that the original geometric relationships remain in-
tact (Elad and Kimmel, 2003). Spectral methods, by exploiting the spectral
properties of mesh operators, provide a powerful and efficient approach to
capture the intrinsic geometric structure of shapes (Zhang, Van Kaick, and

Dyer, 2010).
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Functional Maps

The concept of functional maps, introduced by (Ovsjanikov, Ben-Chen,
Solomon, Butscher, and Guibas, 2012) in the geometry processing commu-
nity, was designed to match near-isometric manifolds. This approach seeks
to establish a linear map between the function spaces, defined on shapes by
aligning feature descriptors represented as real-valued functions. Functional
maps measure the similarity of these functions and can be efficiently encoded
as a low-rank matrix, depending on the chosen basis functions. Once com-
puted, the functional map can be converted into point-to-point correspon-
dences between shapes, providing an automatic, user-independent method
that simplifies the complex problem of non-rigid shape correspondence.
This efficiency has made functional maps a fundamental tool in geometry
processing, serving as a cornerstone for various shape analysis tasks. Refer

Chapter 2 for an in-depth discussion of functional maps.

1.3.3 Learning based approaches

Machine learning and deep neural networks are increasingly showing promise
in the realm of shape correspondence (Masci, Rodola, Boscaini, Bronstein,
and Li, 2016). Xu et al. (Xu, Kim, Huang, Mitra, and Kalogerakis, 2016) in-
troduced various data-driven approaches for determining correspondences.
While supervised methods offer robust generalization capabilities, they re-
quire extensive datasets. Unsupervised methods, although class-agnostic
and free from annotation requirements, often fall short of the performance
achieved by their supervised counterparts (Halimi, Litany, Rodola, Bron-
stein, and Kimmel, 2019). Learning-based methods can suffer from overfit-
ting, reliance on application-specific shape priors, and the need for extensive
data augmentation, making them computationally intensive and less feasi-
ble in resource-constrained environments (Donati, Sharma, and Ovsjanikov,
2020). Recently, Abdelreheem et al. (Abdelreheem, Eldesokey, Ovsjanikov,
and Wonka, 2023) leveraged the capabilities of large language and vision
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models to address non-isometric shape matching, showcasing the advance-

ments in this area.

1.4 Dataset

In order to assess the effectiveness of the proposed methodologies in this
work, the TOSCA dataset (Bronstein, Bronstein, and Kimmel, 2008) was em-
ployed. This comprehensive collection features high-resolution, non-rigid
3D shapes across various poses, providing a robust benchmark for evaluat-
ing shape matching and correspondence tasks. The TOSCA dataset encom-
passes a diverse range of 80 objects, including animals (cats, dogs, wolves,
horses), mythological creatures (centaurs), primates (gorillas), and human
tigures (male and female). Each object is represented by multiple poses, rang-
ing from 7 to 20 poses, offering a wide variety of shape deformations and
challenges for correspondence algorithms. The dataset offers precise point-
to-point correspondences between shapes, serving as a benchmark for eval-

uating the accuracy and reliability of the proposed methods.

1.5 Contributions

In this work, the focus is on computing dense correspondence mapping be-
tween shapes undergoing non-rigid deformations, that cannot be aligned by
a single rigid transformation. Shapes are represented as triangular meshes
that discretize the surface of real-world objects with each surface point po-
tentially deforming independently. The complexity of matching such shapes
is addressed by exploiting surface characteristics that remain invariant under
isometric deformations. The goal of this work is to investigate robust corre-
spondence mapping techniques capable of capturing and preserving fine-

grained geometric details more accurately.

1.5.1 Publications based on Thesis

During the course of this thesis, the following contributions were achieved:
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Conferences

First approach is based on the functional map framework, which utilizes
Hamiltonian operator modulated with Gaussian curvature that localizes
and encodes sharp shape features to enhance pointwise correspondences by
counteracting the Laplacian smoothing bias, while maintaining the frame-
work’s efficient linear transfer of geometry. Chapter 4 presents a detailed
account of the work reported in WSCG 2023 (World Society for Computer

Graphics) as follows:

Bindal, M., Kamat, V. Detail Preserving non-rigid shape correspondences,
31" International Conference in Central Europe on Computer Graph-
ics, Visualization and Computer Vision. WSCG 2023. Czech Republic.
Computer Science Research Notes, 3301:323330, 07 2023

URL: https://www.doi.org/10.24132/CSRN.3301.36

Second approach improves pointwise correspondence by embedding the
shape in Euclidean space via shape-aware biharmonic distances, preserv-
ing local details while being robust to noise. This enhanced metric enables
construction of pose-invariant canonical forms, which, when coupled with
non-rigid ICP techniques produce robust Euclidean alignment and higher
correspondence accuracy over rigid approaches. Chapter 3 presents a de-

tailed account of the work reported in CVIP 2023 as follows:

Bindal, M., Kamat, V. (2024). Improved Metric Space for Shape Cor-
respondence. In: Kaur, H., Jakhetiya, V., Goyal, P, Khanna, P, Ra-
man, B., Kumar, S. (eds) Computer Vision and Image Processing. CVIP
2023. Communications in Computer and Information Science, vol 2009.
Springer, Cham.

URL: https://doi.org/10.1007/978-3-031-58181-6_32
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Journals

In the functional map framework, basis selection is crucial in determining
correspondence quality. A comprehensive comparative analysis of the di-
verse basis functions utilized to embed deformable shapes within the func-
tional map framework is investigated. The bases functions are evaluated
on completeness, compactness, stability, orthogonality, multiscale behavior,
smoothness, robustness, and locality. The LBO eigenbasis is effective for
near-isometric deformations but underrepresents high-frequency detail and
lacks spatial localization. Localized bases (e.g., HO, LMH) more accurately
capture sharp, confined features. For non-isometric matching, CQHB and
Elastic bases are preferred, whereas LAB is preferred for landmark preser-
vation. Chapter 5 discusses the work in detail as published in the follow-
ing journal and reflects a shift towards localized and extrinsic feature-aware

bases functions.

Bindal, M., Kamat, V. (2024). Diverse bases for functional spaces for
non-rigid shape correspondence. Ingénierie des Systemes d’Information,
Vol. 29, No. 4, pp. 1405-1422.

URL: https://doi.org/10.18280/isi.290415

1.6 Organization

The thesis is organized into the following chapters, as outlined below. Rel-
evant terminologies are introduced and defined as they are encountered
throughout the text.

In Chapter 1 the problem of shape correspondence along with its crucial
applications has been introduced. Beginning with different shape represen-
tations i.e., continuous and discrete, an account of various approaches used
to address the correspondence problem is provided. A list of research articles

contributed during the PhD period is also included.
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In Chapter 2, the embedding of high-dimensional complex geometric
shapes in low-dimensional spaces is discussed in detail. Various embed-
ding techniques are explored, demonstrating their effectiveness in managing
non-rigid deformations and clarifying the distinction between intrinsic and
extrinsic shape geometries.

In Chapter 3 shape is considered as a metric space and describes how it
can be improved upon to capture local details that refines the overall point-
wise correspondences.

In Chapter 4 the introduction of localization within the functional map
pipeline is discussed, aiming to improve the accuracy of point-to-point cor-
respondences for deformable shapes.

In Chapter 5 a comparative analysis of the bases functions utilized to em-
bed the shapes via functional maps has been discussed.

In Chapter 6 the thesis is concluded by highlighting the contributions and

providing future directions.

In this thesis, similarity-based approaches are emphasized to establish
pointwise correspondences for shapes undergoing non-rigid deformations,
majorly isometric deformation. Chapter 2 offers an in-depth examination
of embedding-based techniques, presenting them as a pivotal method for

attaining precise correspondences.



19

Chapter 2

Shape Embedding

2.1 Introduction

Shapes, represented as surfaces, are fundamentally embedded surfaces exist-
ing within the ambient Euclidean space R3. Embedded surfaces played a
pivotal role in the development of non-Euclidean geometries in the 19th cen-
tury. Recognizing the foundational value of these surfaces, the eminent Ger-
man mathematician, Riemann, introduced the concept of intrinsic properties.
These are inherent characteristics of a surface that can be determined solely
by measurements made on the surface itself, without any consideration of
the surrounding space. Conversely, extrinsic properties depend on the sur-
face’s relationship to it’s ambient space. These properties are influenced by
the surface’s position and orientation within that space. To illustrate, con-
sider Figure 2.1, which demonstrates the measurement of the distance be-
tween a cat’s left and right front paws. If the distance is measured along the
cat’s body, following its curves, that is the geodesic distance (depicted with
red curved line) — it stays on the surface and doesn’t change if the cat sits,
stands or even moves. But if the distance is measured in a straight line, as if
poking a ruler through the air between its paws, it is the Euclidean distance
(depicted with pink line). The straight line changes length as the cat moves
its paws, because it is not stuck to the cat’s surface. Geodesic distance rep-
resents an intrinsic measure, whereas Euclidean distance reflects an extrinsic
one. Therefore, intrinsic properties of a deformable shape are unique to its

internal structure and remain constant despite any changes in its position or



20 Chapter 2. Shape Embedding

FIGURE 2.1: Illustration of cats in various poses showing intrinsic geodesic distance
(red curve) and extrinsic Euclidean distance (pink line) between two corresponding
points on the front paws

orientation. Whereas extrinsic properties are subject to modification as the
surface’s position or orientation in the space changes.

Determining correspondences for shapes undergoing non-rigid deforma-
tions, focuses on identifying stable intrinsic invariants that remain consis-
tent, regardless of how the shape changes during the deformation process.
High-dimensional shape representations often include redundant informa-
tion, which increases computational complexity and slows processing times.
By transforming shapes into alternative spaces, the matching process can be
simplified, especially if the matching task can be more effectively modeled or
solved within the constraints of the new domain. This led to the idea of em-
bedding shapes in lower-dimensional spaces, potentially turning non-rigid
shape matching challenge into known rigid matching task. For example,
consider two deformable 3D shapes like human poses captured in different
postures. By embedding them into a low-dimensional space that captures
key features like joint angles, the matching process becomes simpler, as it
focuses on fewer, more meaningful details. Therefore, Shape embedding in-
volves mapping complex shapes with high-dimensional structure into lower-

dimensional spaces while retaining their crucial features, usually intrinsic.
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This process streamlines shape representation, making it more efficient for
computing correspondences while preserving essential geometric and topo-
logical properties. This approach works effectively well for non-rigid shape
correspondence, as it accommodates deformations like stretching and bend-
ing (refer Figure 1.5). The need to embed shapes in an alternate domain arises
not only from computational complexity but also because two non-rigidly (or
isometrically) deformed shapes belong to separate metric spaces. A metric
space defines distances between points on a shape, with the metric structure
of a shape X given by the pair (X, dx), where dx measures distances between
points. Each non-rigid shape has it’s own metric structure. For instance, con-
sider two identical balls of modeling clay, depicting perfect spheres. Overlay
a uniform grid of points onto each sphere and then deform one sphere into
an irregular oval shape. This non-rigid transformation distorts the grid, al-
tering the distances between the points so that they no longer correspond to
their original values, highlighting that the spherical and oval shapes now ex-
ist in separate metric spaces. This difference in metric spaces makes direct
distance comparisons between points on the original and deformed spheres
invalid. To establish correspondences, non-rigid shapes must be mapped
to a common metric space. In contrast, rigid shapes naturally belong to a
shared Euclidean space, usually R®>. Mapping non-rigid shapes into func-
tional or metric spaces facilitates a more structured and efficient approach to
matching, alignment, and comparison by transforming complex geometric
data into a domain where relationships between points, features, or regions
can be analyzed more effectively. Refer Chapter 3 for a detailed discussion
on representing shapes as metric space.

The key is to obtain an intrinsic representation of the shape that remains
invariant under isometric deformations, allowing it to be embedded into a
new space where its intrinsic geometry is reflected in its extrinsic form. This
reduces the computational complexity by representing transformations in
the common domain with fewer parameters. In the machine learning ter-
minology, this non-linear technique of reducing the dimensionality of the

data, is referred to as manifold learning as well as dimensionality reduction. This
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chapter explores various approaches to achieving shape embedding.

2.2 Related Work

Metric embeddings offer a valuable technique for shape correspondence
by embedding shapes into a metric space, simplifying complex problems
by leveraging the shape’s inherent geometry, especially when preserving
its structure is crucial. Schwartz et al. (Schwartz, Shaw, and Wolfson, 1989)
introduced flat embedding using MDS Multidimensional Scaling to flatten cor-
tical surfaces, enabling uniform parameterization and easier surface match-
ing. Zigelman et. al. (Zigelman, Kimmel, and Kiryati, 2002) extended it for
texture mapping. Elad and Kimmel (Elad and Kimmel, 2003) proposed to
compute a pose-invariant shape form, a low-dimensional representation in
shared metric space, also known as embedding space, describing the original
shape effectively. Since this shared space is Euclidean, it is challenging to
perfectly represent the shape’s true geometry due to the difficulty of map-
ping a curved surface onto a flat one. Memoli et. al. (Mémoli and Sapiro,
2005) proposed to use isometric-invariant Gromov-Hausdorff distance that
can theoretically avoid representation errors. Bronstein et al. (Bronstein,
Bronstein, and Kimmel, 2006) proposed a generalized framework utilizing
Gromov-Hausdorff distance to compute partial embedding distances for sur-
face matching. Memoli (Mémoli, 2007) further improved this by introducing
probability measures, enabling more natural shape discretizations.

The search for an appropriate shared space motivated the idea of not
restricting to Euclidean domains as the shared space, rather exploring non-
Euclidean spaces such as a spherical domain (Cox and Cox, 1991), or can be
one of the shapes itself (Bronstein, Bronstein, and Kimmel, 2008). Lipman
et al. (Lipman and Funkhouser, 2009) proposed a six-parameter Mobius
transformation to conformally embed shapes into disks, preserving angles
but not necessarily lengths or areas. Building on this, Kim et al. (Kim,
Lipman, and Funkhouser, 2011) enhanced the approach by constructing

globally consistent matchings derived from local conformal maps, ensuring
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improved coherence across the embedded shapes. However, these meth-
ods can introduce potential embedding errors and uncertainties, such as
unbounded conformal factors and sign ambiguities. To address the cor-
respondence ambiguities in symmetric shapes and the challenges posed by
increasingly high-resolution meshes, these approaches leverage higher-order
structures, hierarchical solvers (Raviv, Dubrovina, and Kimmel, 2012), or re-
duce computational complexity by focusing on matching shape segments
rather than computing dense point-to-point correspondences. By exploit-
ing the eigenspace of a surface-defined linear operator to embed shapes
has inspired numerous advancements in shape analysis. This approach
has refined pointwise correspondences and driven innovations in diverse
applications such as shape compression, parameterization, clustering, seg-
mentation, and remeshing (Zhang, Van Kaick, and Dyer, 2010). Shtern et al.
(Shtern and Kimmel, 2015) introduced spectral embedding techniques lever-
aging the gradient fields of the Laplacian operator’s eigenspace, significantly
enhancing pointwise correspondences. By defining a space of functions for
each shape, functional maps introduced by Ovsjanikov et al. (Ovsjanikov,
Ben-Chen, Solomon, Butscher, and Guibas, 2012) aim to determine corre-
spondences by aligning these functional spaces. This paradigm shifts focus
from pointwise matching to comparing entire function spaces, enhancing

flexibility and robustness in shape analysis.

2.3 Explicit Embedding

In explicit embedding, shapes are directly embedded into a target space, usu-
ally a lower-dimensional Euclidean space, where point-to-point correspon-
dences between the shapes are established based on proximity. For instance,
a sphere can be explicitly embedded onto a plane using spherical projection,
mapping each point on the sphere’s surface to a corresponding point on the
plane. This involves constructing a map that explicitly places the shape in a
specific coordinate system. While this approach emphasizes geometric pre-

cision and direct point matching, it can be less flexible when dealing with
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shape deformations. In this type of embedding, identifying pointwise cor-
respondences is straightforward, as they can be directly inferred from the
spatial relationships within the embedded domain. The following sections

present an overview of different explicit embedding techniques.

2.3.1 Isometric Embedding

Isometric embedding involves embedding the shape in an alternate geomet-
ric space, such that the pairwise distances between all points on the origi-
nal shape are preserved, ensuring its intrinsic geometry remains unchanged.
Within the m-dimensional Euclidean domain R", the embedded shapes are
equivalent upto the isometries, i.e., the shapes in the embedded domain are
related by rigid motions, including rotations, translations, or reflections only.
For instance, a flat sheet of paper represents a 2D surface with intrinsic ge-
ometry defined by the distances between points. Bending it into a cylinder,
cone, or another curved shape without stretching or tearing is an example of
isometric embedding. The distances between points remain unchanged, pre-
serving the sheet’s intrinsic geometry even as its form changes in 3D space.
This illustrates how isometric embedding maintains intrinsic geometry while
altering its embedding in a higher-dimensional space. Formally, to embed a
shape (S,ds) into an m-dimensional Euclidean domain IR™ involves deter-

mining a mapping f,:
fe : (S,dg) — (]Rm, d]Rm) (21)

such that the distances between any two points p and g on the shape are

preserved in the embedding i.e.,

ds(p,q) = drn(fe(p), fe(q)) Vp,q€S

Here, function f, represents the desired isometric embedding, and f.(S)
is the invariant representation of shape in IR™, also known as canonical form

of the shape; ds denotes the intrinsic distance between points p and g on the
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FIGURE 2.2: Isometric embedding obtained through the multidimensional scaling
method, showing the original shape on the left and its computed canonical form on
the right

original shape, while drn represents the Euclidean distance between their
corresponding images f.(p) and f.(q) in the embedded space (Bronstein,
Bronstein, and Kimmel, 2008). For the shape &, in order to determine an
isometric embedding, first step is to establish its metric structure ds, which
incorporates defining a discrete linear operator for the shape. This opera-
tor represented as a matrix is built from the shape’s intrinsic geometry and
topological features. The matrix can be created as a pairwise affinity matrix,
reflecting the strength of connection between any two points on the shape.
Alternatively, it can identify the neighbouring points for each element or
represent any distance measure across the shape’s surface. Next task is to
compute a canonical form for the shape such that isometry is maintained,
satisfying the constraint in the Equation (2.1). Identifying such embedding
by ensuring that distances are accurately preserved is essential for various
other shape analysis tasks too like deformation analysis, attribute transfer,
etc. However, every cartographer faces the impossible task of flattening the
Earth without distorting its intrinsic distances, a dilemma that parallels the
challenges faced by the shape analysis research community as well, as they
navigate the complexities of deformable shapes. Linial’s work (Linial, 2002)

on metric spaces, shows that even a simple shape like a sphere, sampled
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at four points, cannot be embedded in finite-dimensional Euclidean space
without distorting distances. For more complex shapes, achieving an ex-
act isometric embedding is even less feasible. This also aligns with Gauss
Theorema Egregium (Do Carmo, 2016), which states that a surface with pos-
itive Gaussian curvature, like a sphere, cannot be isometrically embedded
into a plane, which has zero Gaussian curvature. Therefore, more complex
shapes cannot be perfectly embedded isometrically while preserving exact
distances between points. The goal then shifts to minimizing distortions in
distances as much as possible to maintain the shape’s intrinsic geometry. This
is achieved via powerful multidimensional scaling (MDS) techniques, as de-
tailed in (Borg and Groenen, 2005). These methods aim to find an embedding

fe into R that minimizes distortion, under the condition:

fe=argmin ) | dgn (fe (p).fe (@) — ds (p,a) |
feS=R™ p,qes

which describes a distance-preserving mapping, aiming to optimize for
a function f, in an iterative manner that maps points from S into R” such
that the distances between points in the target embedded space R™ closely
resemble their original distances in §. MDS uses a distance matrix of all pair-
wise points on shape to embed them in the m-dimensional Euclidean space,
preserving their original distance relationships by minimizing discrepancies
through optimization. Figure 2.2 illustrates an isometric embedding of a hu-
man shape, where the canonical form is obtained using the MDS algorithm,
representing a bending-invariant signature of human shape. For details on
the various versions of multidimensional scaling techniques proposed such
as classic MDS, least-squares MDS, etc. please refer to (Bronstein, Bronstein,

and Kimmel, 2008).
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2.3.2 Spectral Embedding

While MDS-based techniques offer approximate isometric embedding, their
iterative nature makes them computationally expensive. Spectral embed-
ding refers to the process of determining a bending-invariant representa-
tion of a shape by utilizing the eigenspace of a linear operator. Isospectral
properties of eigenvectors, a fundamental concept in linear algebra, have
been instrumental in advancing the theoretical foundations of shape analy-
sis. Spectral correspondence techniques, which align eigenmodes based on
their eigenvalue magnitudes, have been widely employed in this domain.
For instance, Belkin et al. (Belkin and Niyogi, 2003) introduced Laplacian
Eigenmaps to facilitate shape correspondence, leveraging the spectral de-
composition of the Laplacian matrix. Similarly, Jain et al. (Jain and Zhang,
2006) utilized Principal Component Analysis (PCA) on normalized geodesic
affinity matrices to compute eigenmodes, further enhancing spectral-based
shape analysis. While spectral correspondence techniques offer robust tools
for shape analysis, practical challenges arise in handling high-resolution
shapes. Storing pairwise relationship matrices incurs substantial memory
overhead, and canonical forms based on geodesic distances often exhibit
sensitivity to topological changes. To address these limitations, Karni et al.
(Karni and Gotsman, 2000) pioneered the use of eigenvectors derived from
the topological Laplacian for mesh compression, similar to JPEG compres-
sion for images. This innovation highlighted the potential of spectral graph
theory (Chung, 1997), which focuses on sparse representations that exploit
local neighbourhood information instead of dense pairwise relationships,
enabling more efficient eigenvector computation. Building on these founda-
tions, Rustamov et al. (Rustamov, 2007) extended the eigendecomposition
of the Laplace-Beltrami Operator, as introduced by Levy (Levy, 2006) and
Reuter et al. (Reuter, Wolter, and Peinecke, 2006), to define GPS (Global
Point Signature) embeddings. These embeddings effectively captured intrin-

sic geometric properties while demonstrating robustness against topological
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FIGURE 2.3: Laplace-Beltrami eigenfunctions in the ascending order of respective
eigenvalues

noise. Spectral methods for mesh processing operate by constructing matri-
ces that represent the mesh’s structure and analyzing their eigenvalues and
eigenvectors to derive meaningful solutions. For an in-depth discussion on
spectral analysis via Laplace-Beltrami eigenfunctions and their applications

in shape analysis, please refer (Lévy and Zhang, 2010).

Laplace-Beltrami Operator

In Euclidean space, the Laplacian of a function is the sum of its second-
order partial derivatives with respect to each Cartesian coordinate. Laplace-
Beltrami Operator, the Swiss Army Knife of Geometry Processing (Solomon,
Crane, and Vouga, 2014), is the generalization of the Laplacian to Rieman-
nian manifolds. It accounts for curvature as the divergence of the gradient
on the manifold. For a shape § and a scalar field f: S — R, the self-adjoint
Laplace-Beltrami operator (LBO) A captures intrinsic geometric properties
of shape and is defined as the negative divergence of the gradient of scalar
field as Asf = —divV f. This operator admits an eigendecomposition, yield-
ing non-negative eigenvalues A and corresponding orthonormal eigenfunc-

tions ¢,
Asp=A7r¢

The eigenfunctions of the Laplace-Beltrami operator, as visualized on a



2.3. Explicit Embedding 29

human shape in the increasing order of eigenvalues in Figure 2.3 and com-
monly referred to as manifold harmonics (Vallet and Lévy, 2008), capture the
geometric and topological properties of shapes. These eigenfunctions are
in principle similar to Fourier bases on Euclidean domains. The Laplace-
Beltrami operator, Ag, is independent of any global coordinate system and
the underlying shape representation, whether it be meshes, point clouds, or
volumes.

For a triangle mesh X', the Laplace-Beltrami operator is effectively dis-
cretized using the cotangent scheme, yielding the representation L = D~1W.
Here W captures the local geometry based on edge angles, while D is a
lumped mass matrix consolidating the vertex area information (Meyer,
Desbrun, Schroder, and Barr, 2003). The eigendecomposition of the dis-
crete Laplace-Beltrami operator leads to the generalized eigenvalue problem
W® = DPA which can be numerically formulated as the following mini-

mization problem:

argmin tr (PTW®) st. ®TDP =1 (2.2)
(o}

where @ € RI¥I¥I¥ is the eigenvector matrix, defined as ® = (¢4, ¢2, ..., ol X|)
where each column ¢; is the eigenfunction arranged by increasing eigenval-
ues. Equation (2.2) is also equivalent to the generalized eigenvalue problem
W® = DOA where A = (A1,A2,...,A1y|) is the diagonal eigenvalue ma-
trix. Despite being constructed in a local manner, eigenfunctions of this
geometric operator capture global information of the shape and is consid-
ered as the workhorse of geometry processing especially for isometrically
deformed shapes. Diverse discretizations have been proposed for vari-
ous shape representations, include one for manifold meshes (Wardetzky,
Mathur, Kaelberer, and Grinspun, 2007), one that is free from underlying
mesh topology (Petronetto, Paiva, Helou, Stewart, and Nonato, 2013) and
other for non-manifold meshes (Sharp and Crane, 2020). Recently, Bunge et
al. (Bunge and Botsch, 2023) conducted a comprehensive study on the dis-

crete Laplace-Beltrami operator for general polygon meshes while Belkin et
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FIGURE 2.4: Visualization of real-valued functions on the TOSCA wolf shape (Bron-

stein, Bronstein, and Kimmel, 2008), showing geodesic distances from two different

source points (left, right) and mean curvature (middle), with blue to red indicating
low to high values

al. (Belkin, Sun, and Wang, 2009) investigated the operator for point clouds.
The Laplace-Beltrami operator eigenbasis has also been shown to be optimal
for representing smooth functions with bounded variation on shapes, as it
is complete, compact, orthogonal, multi-scale, and computationally efficient

(Aflalo, Brezis, and Kimmel, 2015).

2.4 Implicit Embedding

In implicit embedding, instead of embedding the shape directly, functions or
properties defined on the shape such as curvature, distance functions, etc.
are embedded into an alternative space. Correspondence between shapes is
determined through these embedded functions, rather than direct point-to-
point matches. This approach offers greater robustness against non-rigid de-
formations, but sacrifices straightforward point-to-point interpretation. Ad-
ditionally, it requires an extra step to convert the mapping from the embed-

ded space back to the original domain.

24.1 Functional Maps

The concept of functional maps, introduced by Ovsjanikov et al. (Ovsjanikov,
Ben-Chen, Solomon, Butscher, and Guibas, 2012), provides a framework that
focuses on deriving a linear transformation between function spaces defined
on the shapes. Since their introduction, functional maps have become a pow-

erful tool in the geometry processing field, widely applied across various
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shape analysis tasks. Unlike traditional methods that rely on comparing
physical coordinates, functional maps operate in a more abstract space de-
tined by geometric functions. They encode shape similarities at varying lev-
els of detail, offering a flexible and adaptable representation. By expressing
these correspondences as matrices, functional maps can leverage the robust
tools of numerical linear algebra for efficient manipulation and sophisticated
inference tasks.

Formally, a real-valued function f: & — IR defined on a shape & char-
acterizes a geometric property, such as curvature at every point or the sur-
face distance from a specific point to all other points on the shape (refer
Figure 2.4). Let F(S,R) represent the space of scalar-valued functions de-
fined on shape §. For shapes S; and S, with corresponding functional spaces
F(S1,R) and F(S,, R) respectively, a bijective mapping 17 : S — Sy induces
a linear transformation #r: F(S1,R) — F(S2,R). This functional map pro-
vides a unique representation, allowing any function f; € F (S, R) to corre-
spond to f, € F(Sy, R) through the relation f, = np(f1) orvia f, = fion 1.
Despite the complexity of 1, nr operates linearly between function spaces,
and understanding #r equates to understanding #. For proofs, kindly refer
(Ovsjanikov, Ben-Chen, Solomon, Butscher, and Guibas, 2012). The space
F(S1,R) has a basis {¢;}i>1 such that any function f; € F(S;,R) can be
represented as a linear combination f; = ) ; a;¢;. The coefficients «; are de-
termined by projecting f; onto each basis function ¢;. Since #r is a linear
mapping,

e (f1) = nr (aidi) = )i nr ()
i i

. Simultaneously, if the function space F (S, R) is characterized by basis

{$j}j>1, thennp(¢:) = ¥; Bjipj for some {B;;} such that

e (fi) = Zzlxi Bii; (2.3)
i

If f1 is represented by the coefficient vector a = («g, a1, ..., &;,...) and f, =

1e(f1) by b = (bo, by, ..., bj, ...), then Equation (2.3) indicates that b; = }; Bjia;,
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where f;; represents the j coefficient of the i basis function from 7 (S, R)
mapped to F(Sy,R), i.e., j coefficient of 1r(¢;) expressed in basis ;. The
coefficients B;; are independent of f1 and are determined solely by the basis
and the map 7. If the basis functions {¢;} are orthonormal with respect to
an inner product (-, -), then B;; = (yr(¢;), ¢;), simplifies the structure of the
matrix C.

For discrete shapes X; and &, sampled at n points with basis matrices
®, ¥ € R, the functional map 7 can be expressed as a matrix C € RF*K
that translates coefficients between bases. For any function f; € F (&}, R),
with coefficient vector a, the map acts as yp(a) = Ca, fully encoding the
pointwise correspondence map 7.

The approach focuses on adding structure to the shape and operating
on that structure, rather than directly on the shapes themselves. Functional
maps are effective for shape matching, as they handle high-resolution shapes
efficiently by reducing the dimensionality where shape analysis occurs. This
work primarily focuses on embedding deformable shapes into an alternative

domain to enhance pointwise correspondence accuracy.
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Chapter 3

Shape as Metric Space

3.1 Introduction

Establishing accurate correspondences between non-rigid shapes while pre-
serving their intrinsic properties remains a fundamental challenge, given the
diverse ways a shape can deform. While extrinsic properties, such as position
and orientation, depend on the surrounding environment, intrinsic proper-
ties, like curvature and topology, are tied to the shape’s internal structure
and remain independent of the ambient space. Viewing a shape as a metric
space, which is a space of points equipped with distance functions, highlights
this distinction: extrinsic properties are quantified using Euclidean distances
between points, whereas intrinsic properties are captured through surface-
based distances, measured as the length of paths along the shape itself. As
discussed in Chapter 2, isometrically deformed shapes, §; and &,, are for-
mally treated as distinct metric spaces. These are represented as (Si,ds,)
and (S,,ds,) respectively, where ds denotes the associated metric for each
shape. A metric space is defined for a set M along with the distance func-
tiond: M x M — R, denoted as (M, dy;) and satisfies various properties for

elements my, my, m3 € M such as
* non-negativity i.e., dpr(mq,my) >0
e indistinguishability i.e., dpr(mq, my) = 0iff my = my
e symmetry i.e., dy(my, my) = dpg(mp, my)

e triangle inequality i.e., dp(my, msz) < dp(mq, mp) + dpg(mo, ms3)
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The elements of a set M are referred to as points, and the metric d;(1m1, my)
defines the distance between any two points m; and m,. For example, an m-
dimensional Euclidean space IR™ can be viewed as a metric space, where the
associated metric is given by the Euclidean norm, dgn (x1, x2) = ||x1 — x2||m,
for points x1, x, € R™. This metric establishes a sense of proximity, catego-
rizing points as near or far. During shape deformations, the metric structure
plays a crucial role in enforcing the preservation of intrinsic geometry by
ensuring that points close to each other in the original shape remain mapped
to nearby points in the deformed shape. The metric space model extends
the notion of pointwise distances to comparisons between entire spaces. Key
distance measures include the Hausdorff distance, which compares subsets
within a metric space, the Wasserstein metric, designed for comparing prob-
ability distributions, and the Gromov-Hausdorff distance, which evaluates
pairwise distances between entire metric spaces (Gromov, 2007; Bronstein,
Bronstein, Kimmel, Mahmoudi, and Sapiro, 2009).

Direct comparison of shapes represented as distinct metric spaces is chal-
lenging due to differences in their metric structures. While rigid shapes are
often treated as subsets of a shared Euclidean space, IR?, non-rigid shapes
require embedding into a common metric space to establish meaningful cor-
respondences. This process involves identifying point-to-point correspon-
dences by encoding all pairwise relationships—such as distances, similari-
ties, or affinities—among shape elements into a matrix. An embedding is
then computed to preserve these relationships as faithfully as possible, even
accounting for distortions introduced during the transition to the Euclidean
domain (see Chapter 2). Once these canonical forms, serving as shape em-
beddings, are derived, alignment and closest-point techniques are employed
to establish accurate pointwise correspondences between the shapes.

This chapter investigates whether enhancing the metric space can im-
prove point-to-point correspondences between two isometrically deformed
shapes. The discussion is focussed on how enriched metric structures can
better capture the geometric and topological properties of shapes, facilitating

more accurate correspondences. Traditionally, pairwise geodesic distances
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have been employed to establish deformation-invariant canonical forms.
However, these methods face challenges, such as the sensitivity of geodesic
distances to topological noise. To address this, shape-aware distances are
utilized, offering smoother and more robust invariant representations. By
integrating these refined distance measures with non-rigid alignment tech-
niques in Euclidean space, the approach effectively improves point-to-point

correspondences, even across diverse shape triangulations.

3.2 Background

Measuring the distance ds(s1,s2) between two points s, s, on a surface S is a
fundamental challenge in geometry. Various distance metrics have been de-
veloped and widely employed in shape analysis to capture surface features
and underlying structures. Accurate distance measurement between surface
points is crucial for establishing correspondences in deformable shapes, as it
aids in understanding shape similarity despite geometric variations. These
metrics not only reveal relationships among surface points but also inspire
definitions of curvature, bending, and other geometric properties. Different
distance metrics serve distinct purposes based on the surface characteristics
and desired accuracy. Ideally, a distance metric should satisfy several criteria:
it should be a true metric, locally isotropic, globally shape-aware, invariant
to isometries, robust to noise and topology variations, computationally effi-

cient, and free of parameter dependence.

3.2.1 Geodesic Distances

Distance functions are defined as metrics, with geodesic distance represent-
ing the shortest path between two points on the surface of the shape. Un-
like the straight-line distance in the ambient space, geodesic distance remain
invariant under isometric deformations of shape. In the early stages of de-

veloping methods for computing distances on shapes, Dijkstra’s algorithm
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FIGURE 3.1: Geodesic distances computed from a point near the tail of a TOSCA cat
mesh (Bronstein, Bronstein, and Kimmel, 2008) to all other points on the surface

(Dijkstra, 1959), from graph theory was a common choice. This method in-
volved selecting a fixed source point and calculating the distances to all other
vertices on the shape. While Dijkstra’s algorithm served as a practical start-
ing point, it had inherent limitations. As it relied on traversing mesh edges,
it often failed to accurately capture the true surface distances necessary for
precise shape analysis. To address these shortcomings, (Kimmel and Sethian,
1998; Sethian, 1999) introduced the widely adopted Fast Marching algorithm,
which significantly improved the accuracy of geodesic distance computa-
tions on surfaces, by propagating the information across both the edges and
within the faces of mesh triangles. This method utilizes a computationally
efficient numerical approach to solve the Eikonal equation, facilitating the
calculation of pairwise geodesic distances on triangulated domains. Refer to
Figure 3.1 for a visual representation of geodesic distances, illustrating the
measurements from a specific point near the tail of cat to all other points on
the mesh, as computed using the fast marching method. The Eikonal equa-
tion is a fundamental partial differential equation used to determine geodesic
distances on manifolds. It describes the propagation of wavefronts and is
mathematically expressed as ||V (u)|| = 1 where V(1) denotes the gradient
of the distance function u from a given source point. This equation signifies
that the magnitude of the gradient of the distance function is constant, im-
plying that the distance function increases at a uniform rate as one moves

along the geodesic path away from the source point.
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FIGURE 3.2: Biharmonic distances computed from a point near the tail of a TOSCA
cat mesh (Bronstein, Bronstein, and Kimmel, 2008) to all other points on the surface

Fast Marching technique enables the rapid and reliable computation of
accurate geodesic distances between any two points on the surface, essential
for applications in shape analysis, computer graphics, and geospatial mod-
eling. For a mesh with n vertices, the asymptotic computational complex-
ity of the Fast Marching algorithm is O(nlogn), with a detailed exploration
of these methods available in (Kimmel, 2003). While these algorithms are
widely used, they have notable drawbacks, such as their inability to reuse
information, their requirement for non-obtuse triangles and lack the capa-
bility for parallelization. Crane et al. (Crane, Weischedel, and Wardetzky,
2013; Crane, Weischedel, and Wardetzky, 2017) proposed the heat method
to address these challenges. This method simplifies the process of distance
computation by breaking it into two distinct stages: first, it determines the
direction of the steepest ascent in distance, and then it reconstructs the dis-
tance itself from this directional information. For a comprehensive review
of key approaches to computing geodesic paths and distances across diverse
geometric domains, a recent survey by Crane et al. (Crane, Livesu, Puppo,

and Qin, 2020) offers an in-depth analysis.
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FIGURE 3.3: Canonical Forms derived from Biharmonic Distances for TOSCA wolf
shapes (Bronstein, Bronstein, and Kimmel, 2008) via Multidimensional Scaling tech-
niques

3.2.2 Biharmonic Distances

Biharmonic distances, introduced by Lipman et al. (Lipman, Rustamov, and
Funkhouser, 2010), is a surface distance metric derived from the green’s func-
tion of the biharmonic differential equation A% = 0 for shape S. These
distances effectively integrate local characteristics, such as smoothness and
isotropy near the source point, with global features such as shape-awareness
and resilience to topology changes, making them valuable for shape analysis
and 3D surface processing. Building on the spectral properties of shape S,
the squared biharmonic distance between any two points s; and s; along the

shape is defined as:

51/52

i (¢x(s1) ka(Sz))2 (3.1)

k

where ¢y (s1) and ¢ (sz) are the k' eigenfunction of Laplace-Beltrami Oper-
ator evaluated at points s; and s, respectively; while A; represents the corre-
sponding eigenvalue. The quadratic normalization in Equation (3.1) balances
the speed of decay by being not too slow to produce a singularity and not too
fast to make the distance too global. It balances the right local precision as
well as appropriate global shape awareness, offering a metric that is not only

smooth and shape-aware but is efficiently computable on discrete meshes.
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FIGURE 3.4: Canonical Forms derived from Geodesic Distances for Wolf Meshes via
Multidimensional Scaling techniques

The Equation (3.1) can also be expanded as:

d:s(Slfsz)2 = gs(s1,51) +gs(s2,52) —285(s1,52)

where the Green'’s function ggs(s1,s2) of the biharmonic operator A% is de-

fined as:
$(51,5) = Z Pr SlA‘fk(SZ)
k=1
Due to the dependence on the eigendecomposition of the Laplace-Beltrami
Operator, the distance captures intrinsic properties of the shape effectively.
Biharmonic distance in Equation (3.1) is approximated by considering first
k eigenvectors of the LBO ordered by ascending eigenvalues, obtained by
solving the generalized eigenvalue problem, as discussed in Section 2.3.2.
Despite a linear error bound in 1/k, this approximation greatly speeds up
computation, which is required for high-resolution datasets. This distance
metric is characterized by essential properties, including isometric invari-
ance, computational efficiency, parameter-free operation, noise resilience,
and topological insensitivity. The computational complexity of comput-
ing biharmonic distances on a mesh with n vertices and k Laplace-beltrami
eigenvectors is O(kn + k). For a detailed demonstration of the biharmonic

distance’s computational efficiency and robustness to noise, see Section 5.1 of

Lipman et al. (Lipman, Rustamov, and Funkhouser, 2010). Refer to Figure 3.2
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FIGURE 3.5: Non-rigidly aligned canonical forms: left shows forms using geodesic
distances; right displays forms from biharmonic distances

for a visual demonstration of biharmonic distances, illustrating the measure-
ments from a specific source point to all other points on the cat mesh. The
isocontours align with the natural cross-sections of the shape, highlighting

its global shape awareness.

3.3 Motivation & Contribution

Geodesic distances are computed as if ants are walking on a string, concen-
trating on immediate paths and ignoring the overall shape. Despite their
local advantages like shortest paths and isotropy, geodesic distances poorly
represent global geometry due to their shape-oblivious nature, sensitivity to
noise, lack of smoothness, dependence on local segments, and strong influ-
ence from source point placement. In contrast, biharmonic distances, relying
on the Laplace-Beltrami operator, characterizes the global geometry, espe-
cially for distant points, making them shape-aware and robust to noise and

stable under changes in topology or tessellation.

3.4 Methodology

In this work, biharmonic distances are utilized to describe pairwise relation-

ship between surface points of shapes to capture sharp features of shape,
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FIGURE 3.6: Geodesic error visualized on the shape using heat maps: the left dis-

plays errors computed via geodesic distances, while the right illustrates errors via
biharmonic distances

while also encapsulating the underlying global geometric characteristics.
This relationship is used to construct an affinity matrix, which is then sub-
jected to dimensionality reduction techniques, producing a low-dimensional
embedding that effectively captures the shape’s intrinsic geometry. Point-
to-point correspondences between embedded shapes have traditionally de-
pended on rigid alignment techniques, which often struggle to accurately
capture complex shape variations. This work emphasizes the use of non-
rigid alignment of canonical forms within the Euclidean domain, offering
enhanced accuracy and flexibility in establishing robust shape correspon-
dences.

The key contribution is the integration of biharmonic distances for de-
termining the pose-invariant embedded forms, combined with non-rigid
alignment of corresponding canonical forms, a combination that outper-
forms other similar existing techniques.

The methodology focuses on determining the pointwise correspondences
for two wolf meshes, wolf0 and wolfl, from the TOSCA dataset (Bronstein,
Bronstein, and Kimmel, 2008). To compute the mapping between shapes,
the canonical forms are established for each respective shape, transforming
the challenge of matching non-rigid shapes into the simpler task of match-
ing rigid shapes. Creating these canonical forms is essential for aligning
the shapes within a shared metric space. Biharmonic distances being shape-

aware and smooth are employed to determine canonical forms by generating
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FIGURE 3.7: Texture transfer from one wolf shape to another wolf shape: ground
truth map (left), geodesic distances map (middle), and biharmonic distances map
(right)

pairwise affinity matrices for both shapes.

The process begins by calculating biharmonic distances for all pairs of
vertices in each mesh, utilizing the eigendecomposition of the Laplace-
Beltrami operator (LBO) as detailed in Section 3.2.2. Once the biharmonic
distance matrix is obtained, multi-dimensional scaling algorithms (refer Sec-
tion 2.3.1) are used to identify canonical forms embedded in a Euclidean
space. Specifically, the SMACOF (Scaling by MAjorizing a COmplicated
Function) multidimensional scaling algorithm (F. Groenen and Velden, 2014)
is applied which minimizes a stress function that measures the difference
between original and embedded distances, guaranteeing stress reduction
at each iteration through majorization. Incorporating Regularized Resid-
ual Embedding (RRE) enhances robustness by introducing a regularization
term that penalizes large deviations, mitigating sensitivity to noise and out-
liers. This integration ensures smoother, more stable embeddings suitable
for complex deformation. See Figure 3.3 for the canonical forms of wolf
meshes, computed via pairwise biharmonic distances. For comparison, refer
to Figure 3.4, which illustrates the canonical forms derived from pairwise
geodesic distances. After embedding the shapes, they are carefully aligned
ensuring the closest possible match between them. The conventional ap-
proach for aligning canonical forms often uses Iterative Closest Point (ICP),

which is a rigid alignment technique as detailed in Section 1.2.1. In this
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FIGURE 3.8: Point-to-point correspondence accuracy specified for wolf shape, com-
paring Biharmonic distances (green circles) and Geodesic distances (red squares)
against increasing geodesic error on the x-axis

work, we enhance the alignment process by using a non-rigid version of
ICP (Jain, Zhang, and Van Kaick, 2007) that incorporates thin-plate splines,
allowing for a more accurate representation of deformations in non-rigid
shapes. To align the canonical form of the wolfl mesh with that of wolf0,
we deform wolfl while maintaining wolf0 in its fixed position, via non-rigid
ICP. Refer to Algorithm 1 for a concise overview of the steps used to obtain
the pointwise correspondences. Figure 3.5 illustrates the aligned canonical
forms of both meshes, computed using pairwise relationship matrices based
on biharmonic and geodesic distances. The aligned forms are matched using
a closest-point method, optimizing an energy function based on distance

metrics, which generates a point-to-point correspondence map.

Results To assess the accuracy of the point-to-point correspondence map,
geodesic error is computed by summing the geodesic distances between
the computed and ground-truth corresponding vertices on the wolfl mesh
for each vertex in the wolf0 mesh. Figure 3.8 visualizes the accuracy of
the point-to-point correspondence map, showing the percentage of correct
matches (y-axis) against increasing geodesic error (x-axis), with canonical

forms computed using biharmonic and geodesic distance matrices. Figure
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3.5 illustrates the geodesic error in the point-to-point correspondence map
via a heat map indicating higher errors in red and zero error in black. The
computational complexity of the proposed approach primarily hinges on
distance calculations, making it faster with biharmonic distances than with
geodesic distances. For wolf meshes, only 72.68% of vertices mapped with
geodesic error under 0.1, while using biharmonic distances, it increased the
accuracy to 86.65%. Refer Table 3.1 for improvement in the point-to-point
correspondence accuracy for shapes like Centaur and Human from TOSCA

dataset (Bronstein, Bronstein, and Kimmel, 2008).

Algorithm 1: Correspondence computation via Surface distances

Input: Two isometrically deformed shape meshes
Output: Pointwise correspondence map from one shape to another

begin
Step 1: Compute surface distance matrices (Geodesic or

Biharmonic) for both the meshes using LBO eigendecomposition.

Step 2: Embed both meshes into a low-dimensional Euclidean
space by computing canonical forms via SMACOF MDS with
RRE.

Step 3: Align one canonical form to other using non-rigid ICP

with thin-plate splines.

Step 4: Obtain pointwise correspondences by nearest-neighbor

matching in the aligned canonical space.

Application Texture transfer between shapes visually demonstrates the ef-
fectiveness of the point-to-point correspondence map, with the smoothness
of the process serving as an indicator of its efficacy in transferring texture
from the wolf0 mesh to the wolfl mesh. Figure 3.7 demonstrates the quality
of texture transfer through three distinct mappings. On the left, the ground
truth serves as a reference for accurate texture alignment. The middle shows
the texture transfer achieved using a correspondence map based on geodesic

distance matrices, while the right illustrates the results with biharmonic
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Shapes || Correspondence Accuracy with less than 0.1 geodesic error
H H Geodesic H Biharmonic H
Wolf 72.68% 86.65%
Centaur || 17.38% 39.2%
Human || 46.90% 56.19%

TABLE 3.1: Correspondence accuracy (<0.1 geodesic error) on TOSCA shapes (Bron-
stein, Bronstein, and Kimmel, 2008) when canonical forms are built with biharmonic
vs. geodesic distances

distance-based correspondence. Notably, biharmonic distances enhance the
accuracy of texture transfer, especially in the facial region, where the texture
aligns more closely with key features. This suggests that biharmonic dis-
tances are more effective in preserving fine details in texture mapping than

geodesic distances.

3.5 Discussions and Future Scope

This work discusses the impact of shape-aware biharmonic distances in ac-
curately capturing shape geometry for shape correspondence. The incorpo-
ration of a non-rigid version of the ICP algorithm to align canonical forms
obtained via pairwise biharmonic distances leads to more effective point-
to-point correspondences by better capturing deformation information. As
shown in Figure 3.7, canonical forms generated via biharmonic distances
more effectively represents the facial features of the wolf mesh compared
to those generated via geodesic distances. This highlights the superiority of
biharmonic distances in shape matching by enhancing the balancing of fine
local details and global geometric characteristics of the shape.

However, while biharmonic distances enhances pointwise mapping be-
tween shapes, they may smooth out high-frequency details due to their re-
liance on Laplace-Beltrami operators. Future exploration could focus on in-
tegrating Hamiltonian operators with intrinsic potentials to better capture
high-frequency features in their spectra, enhancing the accuracy of point-to-

point correspondence maps.
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Chapter 4

Localization via Functional Maps

41 Introduction

Shape matching has largely concentrated on capturing the global geomet-
ric properties of a shape, like distinguishing between an SUV and a sedan
based on overall design. However, finer-grained shape characteristics are de-
tined by local features, including hood curvature, door handle contours, and
headlight details. Addressing complex non-rigid shape deformations along
with the integration of detailed shape features into analysis, requires robust
and sophisticated approaches. One such approach, introduced by Ovs-
janikov et al. (Ovsjanikov, Ben-Chen, Solomon, Butscher, and Guibas, 2012),
is the functional map framework, which transforms point-wise correspon-
dences into a linear relationship between function spaces defined on shapes.
It focusses on mapping functions rather than directly matching points on
shape. This framework aims at reducing computational complexity, by uti-
lizing a compact set of basis functions defined for each shape respectively.
By projecting shape features onto the basis functions, this coordinate-free
method enhances both analytical efficiency and the capability to capture
better geometric properties, improving the accuracy of point-to-point cor-
respondences. Moreover, without explicitly computing correspondences,
functional maps allow for the seamless transfer of geometric information,
such as curvature and deformation, between shapes, making it valuable
for learning-based techniques (Marin, Rakotosaona, Melzi, and Ovsjanikov,

2020) as well. Although the point-to-point mapping between surfaces might
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FIGURE 4.1: Hand reconstruction with Laplacian (left) and Hamiltonian (right) basis
functions

be complex, functional maps act linearly when considered between function
spaces. Refer Section 2.4.1 for an in-depth discussion on functional maps.

The functional map framework converts the task of determining point-
to-point correspondences between non-rigid shapes into a more tractable
problem by computing a linear relationship between their function spaces.
First, basis functions are computed for both shapes, and key descriptors or
features are represented as functions on each shape. Then, a compact low-
rank mapping matrix is built to align these functional representations across
the shapes using the appropriate basis. This linear map is then efficiently
translated into point-to-point correspondences, offering an automatic, user-
independent solution that simplifies the non-rigid shape matching problem.
The focus of this chapter is to investigate whether incorporating sharp ge-
ometric features of the shapes into this framework can further enhance the
accuracy of point-to-point correspondences, leveraging both the functional
map framework and efficient computational methods.

Selecting the appropriate basis is essential within the functional map
framework, as it directly influences the accuracy of point-to-point correspon-
dences. High-frequency basis functions capture fine details like sharp edges,
while functions with localized support offer precise control over specific
shape regions. A careful basis choice enhances geometric feature represen-

tation along with improving correspondence mapping. Laplace-Beltrami
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eigenfunctions serve as a foundational basis function in shape analysis due
to their effectiveness in representing global geometric properties at multiple
levels. To better capture high-frequency details, Neumann et al. (Neumann,
Varanasi, Theobalt, Magnor, and Wacker, 2014) proposed compressed mani-
fold modes, a sparse basis with localized support, invariant to sign flips and
reordering. Melzi et al. (Melzi, Rodola, Castellani, and Bronstein, 2018)
introduced localized manifold harmonics (LMH), which allow explicit control
over the region of localization. However, applying these harmonics becomes
increasingly complex when handling multiple meshes simultaneously, as in
tasks like shape correspondence and pose transfer. While Kovnatsky et. al.
(Kovnatsky, Bronstein, Bronstein, Glashoff, and Kimmel, 2013) and Eynard
et. al. (Eynard, Kovnatsky, Bronstein, Glashoff, and Bronstein, 2015) ac-
count for multiple meshes and derive bases that incorporate the geometric
information across all meshes, they struggle to capture the high-frequency
details essential for accurately representing complex shapes. This highlights
the necessity for an approach that effectively integrates geometric context in

multiple meshes while preserving critical high-frequency features.

4.2 Background

For shapes &1 and &3, a bijection is required for a point-to-point map 1: &1 —
&> when both shapes have the same number of points. The mathemati-
cal foundations for computing functional maps are outlined in Section 2.4.1,
while the next section addresses the remaining components needed to com-
plete the framework for deriving pointwise correspondences from functional

maps.

4.2.1 Correspondence via functional maps

Functional map framework defines spaces of scalar-valued functions F(S1, R)
and F(S,,R) for isometrically deformed shapes S; and S, aiming to com-

pute a linear functional mapping 7r: F(S1,R) = F(S2,R). This mapping
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associates values from functions f: S —+ R and ¢g: S — R and can be
represented as a matrix C € RN*K2 with bases ¢s, and ¢, containing k;
and k; elements, respectively. The framework follows a structured pipeline
designed to compute shape correspondences effectively. First, it calculates
invariant feature descriptors F and G for each shape, ensuring that these
descriptors account for isometric deformations. Next, basis functions ¢gs;
and ¢, are selected for both shapes. Function preservation constraints are
then established by projecting the feature descriptors onto their respective
bases, resulting in matrices A and B. Additional constraints, such as operator
commutativity and regularization, are incorporated to enhance the model’s
performance. The optimal functional map C is determined by minimizing

F F

where .S‘FSl and sz are linear operators, chosen according to the defor-
mation involved. Second term in the above equation describes that say if
S is a symmetry operator, then it should commute with the functional map.
Finally, the computed map C is further refined, and point-to-point correspon-
dences are derived using an iterative closest point (ICP) algorithm, applied in
the embedded functional space rather than the traditional Euclidean space.
By incorporating functional maps, which efficiently reduce dimensionality
for high-resolution shape analysis, the method focuses on adding structure
to shapes rather than directly manipulating them, enhancing the efficacy of

shape matching.

4.2.2 Hamiltonian operator

On the shape S, given a scalar potential function v : § — R4 Hamilto-
nian operator Hs is described as the extension of Laplace-Beltrami oper-
ator Ag operating on f € S as Hs(f) = As(f) + uv(f) with parameter
p € R. In the discrete setting, for triangle mesh X', Hamiltonian operator can

be specified via LBO’s cotangent weight matrix W and D respectively and
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FIGURE 4.2: Visualizing the spectral properties of Laplace-Beltrami eigenfunctions
(top) and Hamiltonian eigenfunctions (bottom) ordered by ascending eigenvalues

the potential function v is applied diagonally (refer Section 2.3.2). Hamil-
tonian operator, a sum of two self-adjoint operators is also self-adjoint and
hence admits an eigendecomposition with generalized eigenvalue problem
(W + uDdiag(v)) & = DPA which can numerically be posed as the respec-

tive optimization problem as:
arg min tr(®TW®) + utr(®Tdiag(v) @) s.t. DTDP =1

with parameter y controlling the trade-off between global and local support

of Hamiltonian eigenbasis.

4.3 Motivation & Contribution

The functional map framework offers inherent flexibility, allowing for en-
hancements at any stage of the pipeline (refer Section 4.2.1). Despite various

attempts to improve functional maps, the selection of an appropriate basis
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FIGURE 4.3: Visualizing Gaussian Curvature on a wolf shape from TOSCA dataset
(Bronstein, Bronstein, and Kimmel, 2008)

remains crucial, as it defines the analysis domain and must effectively re-
duce representation complexity while ensuring stability and compactness.
While Laplace-Beltrami eigenfunctions (Levy, 2006) are commonly used due
to their multi-scale properties and invariance to isometric deformations,
their tendency to smoothen out sharp features and sensitivity to topolog-
ical changes limit their ability to capture the localized details of complex
shapes. This work proposes a basis that better captures shape geometry by
emphasizing sharp features while maintaining computational efficiency of
LBO eigenbasis. Representing the discrete potential function as a diagonal
matrix ensures no additional computational cost compared to the Laplace-
Beltrami basis (refer Section 4.2.2). Utilizing the Hamiltonian operator’s
potential function to localize regions enables its eigenfunctions to capture
high-frequency information while preserving the characteristics of Laplace-
Beltrami eigenfunctions.

Gaussian curvature (K), which fully characterizes shape geometry (Alexa,
2002) as the product of principal curvatures K = kj * kp, highlights regions
with positive and negative curvatures, indicating areas with sharp features
(refer Figure 4.3, where positive curvature regions are marked in yellow, such

as paws, and negative ones in red, such as the inside of the ear). This chapter



4.3. Motivation & Contribution 53

Buiie 0 Tl LBV

- -

- - -

= u - " ] = = E] = -
Manm o T mpoos Nams o B uaTs

FIGURE 4.4: Comparing Laplace-Beltrami eigenbasis (top) and Hamiltonian bases
for functional maps (bottom); pre-refinement (left) post-refinement (right)

advocates for using Gaussian curvature as a potential function for determin-
ing the Hamiltonian basis, effectively capturing shape geometry and enhanc-
ing point-to-point correspondences without additional costs. When a shape
is projected onto the first few basis functions and reconstructed from those
projections, Figure 4.1 depicts the comparison, demonstrating that Hamil-
tonian bases preserve sharp features, such as fingers, while Laplace-Beltrami
bases smoothen them out. Unlike Laplace-Beltrami bases, Hamiltonian bases
are better at capturing and representing sharp features of shape, resulting in
more accurate reconstructions, even when only a limited number of basis

functions are used.
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FIGURE 4.5: Geodesic error heat maps: Hamiltonian (left) vs Laplace-Beltrami
(right) for wolf mesh

4.4 Methodology

Given two wolf meshes in different poses from TOSCA dataset, the func-
tional map framework is applied to compute vertex-to-vertex correspon-
dences. The technique involves computing feature descriptors that are
invariant to isometric deformations such as heat kernel signatures (HKS)
(Sun, Ovsjanikov, and Guibas, 2009) at varied timestamps and wave kernel
signatures (WKS) (Aubry, Schlickewei, and Cremers, 2011) at varied energy
values, describing the functional spaces for both the respective meshes. Basis
functions for each shape are identified by eigendecomposing the Hamilto-
nian operator, using Gaussian curvature as the potential function. The first
100 Hamiltonian eigenfunctions, ordered by increasing eigenvalues, form
the shape basis. Feature descriptors are projected onto the Hamiltonian
basis, and a gradient descent algorithm is employed to minimize the en-
ergy functional while adhering to the Laplacian commutativity constraint,
thereby computing an optimal functional map. Refer Section 2.4.1 for details
regarding optimization energy needed to determine functional maps. The
functional map is then refined via ICP algorithm as discussed in Section
4.2.1, in order to obtain point-to-point correspondence map between both

the shapes. Refer to Algorithm 2 for a concise overview of the steps used to
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obtain the pointwise correspondences.

Algorithm 2: Functional correspondence via Hamiltonian eigenbasis

Input: Two isometrically deformed shape meshes
Output: Pointwise correspondence map from one shape to another

begin
Step 1: Compute isometry-invariant descriptors on both meshes:

¢ Heat Kernel Signature (HKS) at multiple time stamps
¢ Wave Kernel Signature (WKS) at multiple energy values

Step 2: Construct the Hamiltonian basis:

¢ Use Gaussian curvature as the potential function
¢ Eigendecompose the Hamiltonian operator and keep the 100

lowest-eigenvalue eigenfunctions

Step 3: Project the descriptors (HKS/WKS) onto the Hamiltonian

basis for each mesh

Step 4: Estimate the functional map via gradient descent,
minimizing functional-map energy with Laplacian-commutativity

enforced

Step 5: Refine the functional map via ICP in functional map space

to recover vertex-to-vertex correspondence

Refer Figure 4.4 (top) for illustration of the structure of the functional map
matrix with 100 basis functions, both before and after ICP refinement, us-
ing the Laplace-Beltrami basis, while the bottom row showcases the results
using the Hamiltonian basis. The Laplace-Beltrami captures low-frequency
features, whereas the Hamiltonian picks up high-frequency features as de-
picted in the 1% column of the same figure highlighting the functional map
obtained before refinement. The accuracy of the point-to-point correspon-
dence map is verified by calculating the geodesic error, which sums the dis-
tances between computed and ground-truth mappings for each vertex on the

source mesh. The proposed basis outperforms Laplace-Beltrami basis and
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Basis Type Accuracy with less than 0.1 geodesic error
| | Wolf | Human || Centaur |
LBO Eigenfunctions || 84.7% 64.09% 35.81%
CMM 14.73% 12.6% 10.33%
Proposed basis 98.6% 72.23% 78.94%

TABLE 4.1: Diverse bases (LBO (Ovsjanikov, Ben-Chen, Solomon, Butscher, and

Guibas, 2012); CMM (Neumann, Varanasi, Theobalt, Magnor, and Wacker, 2014);

Proposed basis (Bindal and Kamat, 2023) ) define the functional space used for com-
puting point-to-point correspondences

compressed manifold modes in terms of point-to-point correspondence accu-
racy, especially with minimal error allowed (refer Table 4.1). It achieves simi-
lar exact error to Laplace-Beltrami basis but with better overall performance.
Figure 4.5 visualizes the error as a heat map, showing that the geodesic error
for the proposed basis is localized around the tail, while for the Laplace-
Beltrami basis, it is more dispersed, particularly near sharp features such
as the paws. Figure 4.6 shows that the proposed basis consistently delivers
higher point-to-point accuracy compared to other basis functions, highlight-
ing its enhanced precision in correspondence mapping. Texture transfer is
used to further illustrate the effectiveness of the proposed basis in Figure
4.7. When texture is mapped from a source shape to a target shape using
the computed correspondences, the results reveal that maps derived from
the Laplace-Beltrami Operator (LBO) basis exhibit significant defects, par-
ticularly around the paws. In contrast, the Hamiltonian basis accurately pre-
serves sharp details, closely aligning with the ground-truth map and demon-

strating superior correspondence quality.

4.5 Discussions and Future Scope

This chapter investigates the impact of using an intrinsic potential function,
specifically Gaussian curvature, to define the Hamiltonian operator within
the functional map framework. By modulating manifold harmonics with this
potential, the Hamiltonian basis captures sharper features than the Laplace-

Beltrami basis, enhancing the accuracy of point-to-point correspondences.
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FIGURE 4.6: Point-to-point correspondence accuracy on wolf mesh using differ-
ent bases via functional maps: Laplace-Beltrami (green), Hamiltonian (blue), com-
pressed manifold modes (red)

While compressed manifold modes aim to capture high-frequency details,
their sparsity and lack of global shape information limit their effectiveness
for non-rigid shape matching (refer Figure 4.6). The proposed Hamiltonian
basis resolves these limitations by balancing the representation of both global
structure and sharp features, leading to improved performance. Empirical
testing on multiple shape pairs demonstrates that incorporating sharp fea-
ture information into the basis significantly enhances shape’s geometric rep-
resentation (Bindal and Kamat, 2023). In Figure 4.5, which visualizes the er-
ror heat maps obtained using the Hamiltonian and Laplace-Beltrami bases,
the Hamiltonian-based reconstruction exhibits localized error in the tail re-
gion. This localization can be attributed either to limited sensitivity of the
Hamiltonian eigenfunctions in the high-potential regions of the domain (like
tail), or it may attribute more fundamentally to the fact that the Hamilto-
nian basis is intentionally biased to represent signal content in low-potential
regions, thereby de-emphasizing details outside those regions.

A key limitation of the proposed approach is that the potential function
used for computing Hamiltonian eigenfunctions is fixed prior to analysis, as

in the case of Gaussian curvature or predefined step functions. This rigidity
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FIGURE 4.7: Texture mapping: Hamiltonian (top), ground truth (middle), Laplace-
Beltrami (bottom) for wolf0 to wolf1l

may contribute to the observed error localization, as flat regions are not ef-
fectively captured. A promising avenue for future work is the development
of an adaptive potential function capable of dynamically identifying critical
regions across shapes, which could further improve the precision of point-to-

point correspondences.
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Chapter 5

Bases for Functional Spaces

5.1 Introduction

Recent years have witnessed significant advancements in functional map es-
timation and point-to-point correspondences through various regularization
techniques. Improvements include managing the unknown ordering of de-
scriptor constraints (Pokrass, Bronstein, Bronstein, Sprechmann, and Sapiro,
2013), imposing geometric structure on the functional map matrix by treating
rows and columns as shape-specific functions (Kovnatsky, Bronstein, Bres-
son, and Vandergheynst, 2015), treating descriptor functions as linear opera-
tors to refine pointwise mapping (Nogneng and Ovsjanikov, 2017), and intro-
ducing a bounded Laplacian operator to preserve structural integrity in func-
tional maps (Ren, Panine, Wonka, and Ovsjanikov, 2019). ZoomOut (Melzi,
Ren, Rodola, Sharma, Wonka, and Ovsjanikov, 2019) is an effective end-to-
end technique that iteratively expands the functional basis, optimizing func-
tional maps and pointwise mappings subsequently. Rodola et al. (Rodola,
Cosmo, Bronstein, Torsello, and Cremers, 2017) adapted functional maps for
partial shape matching by imposing specific structural constraints. To im-
prove resilience to mesh tessellation variations and enhance correspondence
precision, Ezuz et al. (Ezuz and Ben-Chen, 2017) proposed a map deblurring
and denoising method. For the past decade, continuous optimization tech-
niques such as ADMM and MADMM have been prevalent in optimal basis

and functional map optimization. However, Ren et al. (Ren, Melzi, Wonka,
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and Ovsjanikov, 2021) introduced a promising discrete solver tailored for en-
ergies derived from functional maps.

This chapter builds upon the functional map framework, as introduced in
Section 4.2.1. The framework offers a robust and systematic process, starting
with the determination of feature descriptors for each shape. Next, a suitable
basis for the function spaces is selected to facilitate the mapping. The pro-
cess concludes with the estimation of the functional map, achieved by solv-
ing an optimization problem that preserves the descriptor functions while
regularizing the map to maintain structural accuracy. Central to this frame-
work is the choice of basis functions, which provide the structure essential
for embedding shapes computationally, enhancing efficiency, and minimiz-
ing storage requirements, especially for high-resolution shapes. The accuracy
of point-to-point correspondences within the functional map framework re-
lies greatly on the choice of basis functions.

Despite the broad applicability of functional maps in shape correspon-
dence, selecting the optimal basis function remains an open challenge due
to its significant impact on correspondence accuracy. Over the years, re-
searchers have proposed various basis functions, each with unique strengths
and limitations. Recently, Cammarasana and Patané (Cammarasana and
Patané, 2021) explored several basis functions, focusing solely on Laplacian-
based approaches for shape analysis tasks. This chapter reviews various ba-
sis functions for non-rigid shape correspondence, covering their principles,
limitations, and practical implications. Researchers, students, and practition-
ers seeking guidance on selecting the most suitable basis functions for shape
matching are directed to (Bindal and Kamat, 2024) for a comprehensive ref-

erence.

5.2 Diverse Basis functions

Effective basis functions for shape correspondence must accurately capture
key geometric details while ensuring computational efficiency and robust-

ness to deformations. They should exhibit completeness to represent all shape
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variations, compactness for efficient computation with minimal basis func-
tions, and stability under isometric deformations should span the same func-
tion space. Additional properties like orthogonality simplify processing by
making basis functions linearly independent, while multi-scale adaptability al-
lows capturing both fine details and coarse structures. Smoothness ensures
continuity, reducing sensitivity to small shape perturbations. Moreover, ro-
bustness to topological changes enables handling significant structural differ-
ences, and locality supports efficient processing and feature capture by focus-
ing on local geometry. Together, these properties enhance the accuracy, ver-
satility, and efficiency of shape correspondence across diverse applications.
The following sections describe the individual principles underlying various
basis functions, while Section 5.3 provides a comparative analysis based on

the properties satisfied by each basis function.

5.2.1 Laplace-Beltrami Operator Eigenfunctions

The Laplace-Beltrami operator eigenbasis, analogous to the Fourier basis in
Euclidean spaces, offers an optimal and efficient representation for smooth
functions on shapes. The Laplace-Beltrami operator Ag, as discussed in Sec-
tion 2.3.2 is intrinsic to the shape S itself i.e., it is independent of any coor-
dinate system or representation format, such as meshes or point clouds, al-
lowing it to capture core geometric features of the shape. Moreover, it is the-
oretically proven to be the optimal basis for representing smooth functions
with bounded variation (Aflalo, Brezis, and Kimmel, 2015), providing com-
pleteness, compactness, orthogonality, multi-scale characteristics, and high
computational efficiency. Although constructed locally, it captures global
shape information and is widely used in geometry processing for isomet-
rically deformed shapes. However, even minor deviations in isometric de-
formations can disrupt consistency in low-frequency bases. LBO eigenba-
sis captures global shape aspects, resists local topological changes leading

to numerical instability at higher frequencies (Zhang, Van Kaick, and Dyer,
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2010). Learning-based methods recognize these challenges and aim to im-
prove basis for shape correspondence, despite the LBO’s extensive applica-
tion (Litany, Remez, Rodola, Bronstein, and Bronstein, 2017). Refer to Figure
5.1(a) for the visualization of the first few LBO basis functions on human
shape from the SHREC dataset, where red represents high values and blue

indicates low values.

5.2.2 Coupled-quasi Harmonic basis

When computing shape correspondences between shapes that undergo not
just isometry but also stretching and other deformations, consistency among
the shape bases becomes essential. To address this, the coupled-quasi har-
monic basis (CQHB) was introduced in (Kovnatsky, Bronstein, Bronstein,
Glashoff, and Kimmel, 2013), allowing for stretching and matching of non-
isometric shapes, such as semantically aligning a human shape with that of a
gorilla. It seeks to identify coupled bases that can simultaneously diagonal-
ize the Laplace-Beltrami operators of both shapes, focusing on finding basis
functions that are similar, ensuring an approximate relation through defor-
mation. This is achieved by solving a non-linear optimization problem with
orthogonality constraints, minimizing the off-diagonal elements of the diag-
onalized matrices while also reducing the difference between the descriptor
functions of the two shapes. These descriptor functions remain invariant
to isometric deformations and ensure coupling between the bases. Although
the CQHB addresses non-isometric shape deformations more effectively than
the LBO basis, its theoretical framework is still evolving for improved com-
putational efficiency. By jointly considering shapes, this approach highlights

sharp features, enhancing localization.

5.2.3 Compressed Manifold Modes

The global support of the LBO eigenbasis hinders the interpretation of lo-

cal shape features and makes it particularly sensitive to topological noise,
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including holes and occlusions. Compressed Manifold Modes (CMM) en-
hances the traditional Laplace-Beltrami Operator (LBO) eigenbasis by in-
corporating local support through an [;-regularization term that promotes
sparsity in the basis functions (Neumann, Varanasi, Theobalt, Magnor, and
Wacker, 2014) . This approach enables the shape to be treated as a collec-
tion of parts rather than a global structure. The optimization problem is ef-
ticiently solved using the Manifold Alternating Direction Method of Multi-
pliers (MADMM), optimizing the basis on the Stiefel manifold of orthogonal
matrices. CMMs (refer Figure 5.1(b)) are robust to noise and deformation,
outperforming LBO eigenbasis, especially in partial shape matching. Haas et
al. (Haas, Baskurt, Dupont, and Denis, 2017) optimized CMM computation
for better shape coverage. However, CMMs remain computationally expen-

sive and lack a multi-scale representation.

5.2.4 Localized Manifold Harmonics

Although CMM provides local support, it lacks explicit localization control
and does not ensure a global solution. In (Melzi, Rodola, Castellani, and
Bronstein, 2018), Melzi et al. introduced Localized Manifold Harmonics (LMH),
which allows controlled localization by specifying a region of interest on
the surface and expands the LBO eigenbasis via an incremental process that
maintains orthogonality with existing basis functions. CMMs are obtained
by spectrally decomposing a modified LBO, incorporating a regularization
term to induce localized support and orthogonality to a precomputed LBO
basis. LMH is isometry-invariant, smooth, captures sharp details, and en-
hances LBO eigenbasis with local information. However, manually specify-
ing regions for the shape to improve correspondences, such as areas with

high reconstruction error (refer Figure 5.1(c)), remains a challenge.

5.2.5 Hamiltonian operator Basis

LBO eigenbasis struggles with matching complex shapes due to its global

sensitivity. Hamiltonian operator (HO), introduced in (Choukroun, Shtern,
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Bronstein, and Kimmel, 2018), leverages quantum mechanics to modify man-
ifold harmonics, enabling the incorporation of sharp features and efficient
spectral analysis. The Hamiltonian operator, a modified Laplace-Beltrami
operator, incorporates a potential function to control the localization of
eigenfunctions, balancing global and local shape information. Hamilto-
nian operators, using step potential functions, can concentrate harmonics
within specific regions of a manifold (refer Figure 5.1(d)). This property has
been exploited for partial shape matching. Rampini et al. (Rampini, Tallini,
Ovsjanikov, Bronstein, and Rodola, 2019) aligned Hamiltonian eigenvalues,
while Postolache et al. (Postolache, Fumero, Cosmo, and Rodola, 2020) uti-
lized Hamiltonian eigenfunctions within the functional map framework to

achieve state-of-the-art results in partial shape matching.

5.2.6 Coordinate Manifold Harmonics

Traditionally, the dimensionality of basis functions for preserving shape
details is set empirically. However, by adding just three supplementary
functions to standard manifold harmonics, Coordinate Manifold Harmonics
(CMH) (Marin, Melzi, Musoni, Bardon, Tarini, and Castellani, 2019) signif-
icantly enhances local isometry preservation, capturing both intrinsic and
extrinsic shape information (see Figure 5.1(e)). To incorporate extrinsic in-
formation into shape analysis, three basis functions are added to standard
LBO eigenfunctions, capturing orthogonal projection of the representation
error from the low-pass filter of all the 3D coordinates of the shape’s vertices.
CMH, primarily used for tessellation transfer and extrinsic information in-
clusion, requires similar poses across shapes due to its vertex-coordinate

dependency (Melzi, Marin, Musoni, Bardon, Tarini, and Castellani, 2020).

5.2.7 Data-driven Basis

The LBO focuses on low-frequency eigenfunctions for smoothness, while
Azencot et. al. in (Azencot and Lai, 2021) introduced an adaptive basis to

enhance feature matching. The unified framework combines functional map
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FIGURE 5.1: Comparing the localization characteristics of different basis functions

on a human shape from the SHREC 2010 dataset (Bronstein, Bronstein, Castellani,

Falcidieno, Fusiello, Godil, Guibas, Kokkinos, Lian, Ovsjanikov, Patané, Spagnuolo,
and Toldo, 2010)
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computation with basis design to align descriptor functions between two
shapes through a complex non-linear optimization problem. This process is
simplified using Proper Orthogonal Decomposition (POD) modes, improv-
ing the representation of high-frequency signals. Regularization terms pro-
mote smoothness and consistency, with optimization achieved via ADMM.
However, the accuracy of shape correspondence relies on the choice and size
of the subspace; larger subspaces offer flexibility but require stronger regu-
larization to avoid poor solutions. Marin et al. (Marin, Rakotosaona, Melzi,
and Ovsjanikov, 2020) noted that bases learned through machine learning
improve accuracy in challenging scenarios, but they do not exploit the un-

derlying geometric structure of the shapes.

5.2.8 Landmark Adapted Basis

To transfer textures accurately, artists use landmark points that must be pre-
served and expanded into a dense correspondence map, even with non-rigid
deformations. While functional maps can incorporate these landmarks, they
may not ensure precise preservation. Panine et. al. in (Panine, Kirgo, and
Ovsjanikov, 2022) introduced landmark-adapted basis (LAB) functions, com-
bining Dirichlet-Laplacian and Dirichlet-Steklov eigenproblems to ensure
exact landmark preservation and support conformal mapping. Using the
cotangent Laplacian and a non-lumped Steklov mass matrix on the bound-
ary, LAB improves correspondence accuracy for non-isometric shapes. This
descriptor-free approach is efficient, robust, and handles significant mesh

variations and noise effectively.

5.2.9 Elastic Basis

Computing correspondences for shapes undergoing non-isometric deforma-
tions, especially for aligning extrinsic features, is challenging. To address
this, Hartwig et al. in (Hartwig, Sassen, Azencot, Rumpf, and Ben-Chen,

2023) introduced a non-orthogonal crease-aware elastic basis, derived from
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the Hessian of elastic thin shell energy, which captures bending and stretch-
ing properties based on shell thickness. In contrast to the previous orthogo-
nal bases utilized in functional maps, the non-orthogonal nature of this elas-
tic basis introduces challenges for standard computations, leading the au-
thors to modify the functional map framework to achieve effective point-to-
point correspondences. For optimal results, the elastic basis necessitates the

use of regular triangular meshes.

5.3 Comparative Analysis of Bases Functions

Table 5.1 summarizes the properties satisfied by different basis functions em-
ployed in the functional map framework since its inception for addressing
shape matching. The Laplace-Beltrami Operator (LBO) eigenbasis, a popu-
lar choice for shape analysis, is a well-established basis which is invariant to
isometric deformations. However, it struggles with non-isometric deforma-
tions, is inconsistent in aligning across different shapes and poorly represents
high-frequency signals. Coupled-Quasi Harmonic Basis (CQHB) addresses
consistency issues but is computationally expensive. While LBO eigenfunc-
tions capture global information, they lack localization, hindering partial
shape matching and requiring large number of basis functions for detailed
representation. Compressed Manifold Modes (CMMs) and Localized Mani-
fold Harmonics (LMH) offer localized support, improving shape interpreta-
tion and handling topological noise. LMH, in particular, excels at capturing
sharp details with fewer basis functions compared to LBO. However, LMH’s
reliance on precomputed LBO basis and region of support information re-
quirement limits its popularity. Hamiltonian basis, derived from the vibra-
tional modes of a shape, provides guided localization and is well-suited for
partial shape matching. Coordinate Manifold Harmonics (CMH) incorpo-
rate extrinsic information, making them valuable for matching shapes with
similar intrinsic structure but different spatial positioning. While CQHB and
data-driven basis both consider multiple shapes, CQHB prioritizes smooth

basis functions, whereas data-driven basis does not. Elastic basis, designed
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for non-isometric deformations, aligns creases and folds accurately, outper-
forming conventional orthogonal basis. Landmark Adapted Basis (LAB) pre-
cisely preserves landmark correspondences, making it ideal for texture trans-
fer applications. Indicator basis excels at transferring non-smooth functions,

a challenging task for other smooth operator basis.

LBO | CMM CQHB LMH| CMH| HO | Data-| Elastic LAB
ba- ba- | driven Ba-
sis sis ba- sis
sis
Completeness| v/ v v v v v
Compactness | v/ v v v v v
Stbility | v | v | v | vV | V | V v
Orthogonality| v v v v v v X X v
Multi-scale v y v % % v y % v
Property
Smoothness | v v v v v v v'E v v
Computational - | | | o | x|
Efficiency
Numerical |\ o\ o o s e | | e
stability
Consistency
for Isometric v % v % % v S y y
deforma-
tions
Consistency
for non-
Isometric X X v X X X Ve v v
deforma-
tions
Local
X v X v X E VR X v
Support
Global 1\l v v v ]|v]| v ]| v ]|
Support
Robustness
o x | v | vV x| v I|v]|x]|v
topological
Noise
Shared-basis | X X v X X X v X X

TABLE 5.1: Diverse basis functions in non-rigid shape correspondence with distinct
properties (v': fully satisfied, v*: conditionally satisfied, x: not satisfied, " " (space):
not studied in literature)
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The diversity of functional bases provides unique advantages for non-
rigid shape correspondence, with each basis offering trade-offs in consis-
tency, localization, and computational efficiency. While the LBO remains
foundational, alternative bases like CQHB, LMH, and LAB extend its ca-
pabilities to better handle non-isometric deformations and complex, local-
ized shape details. Refer to Table 5.1 for a summary of various functional
bases used in non-rigid shape correspondence, highlighting their adherence
to specific properties. For a visual comparison of localization across basis
functions, refer to Figure 5.1. LBO eigenfunctions, lacking local support, are
shown in Figure 5.1(a). CMMs (Figure 5.1(b)) capture specific local regions
like hands and legs, aiding partial shape matching. CMH (Figure 5.1(e)) re-
flects both intrinsic (left) and extrinsic spatial information (right). LMH (Fig-
ure 5.1(c)) localizes information to designated regions (blue area). In Fig-
ure 5.1(d), the Hamiltonian operator basis highlights low-potential regions,

avoiding high-potential areas (red).

5.4 Discussions and Future Scope

Research on point-to-point correspondences for non-rigid shapes through
functional maps highlights several promising directions. Challenges persist
in defining functional bases for partial and non-isometric shapes, determin-
ing the optimal number of basis functions, and exploring the behavior of
alternative operators. Expanding the use of the Hamiltonian operator be-
yond step potential and further adapting functional maps for non-orthogonal
bases like the Elastic basis could yield improvements. Additionally, iden-
tifying descriptors that capture both local and global geometry in a stable
manner, optimizing landmark clustering, and exploring basis functions for
diverse shape representations beyond triangle meshes are encouraging av-
enues for future exploration. While no single basis meets all challenges, re-
cent advancements emphasize localization, extrinsic feature integration, and
practical considerations, marking a shift from traditional orthogonality and

smoothness characterization.
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Chapter 6

Conclusion

This thesis explores techniques for achieving robust point-to-point corre-
spondence between isometrically deformable non-rigid shapes, emphasiz-
ing the preservation of sharp geometric details. By investigating the impact
of selecting intrinsic potential functions, particularly Gaussian curvature, in
defining the Hamiltonian operator, it was established that sharper geomet-
ric features could be effectively captured in the basis functions used within
the functional map framework. This enhancement improved point-to-point
shape correspondence by addressing the Laplace-Beltrami operator’s limi-
tations in capturing high-frequency details and global shape information in
non-rigid settings. The proposed Hamiltonian basis effectively combined
sharp feature detection with global shape representation, achieving supe-
rior performance in correspondence tasks. However, further exploration is
needed to enhance its adaptability for better handling of flat regions.

The integration of shape-aware biharmonic distances to derive canoni-
cal forms, the pose-invariant representations of shapes in a common metric
space, alongside with the non-rigid Iterative Closest Point (ICP) algorithm
for aligning these canonical forms, resulted in enhanced point-to-point cor-
respondences. The non-rigid alignment approach using thin-plate splines of-
fered a robust representation of deformation characteristics, surpassing the
traditional ICP algorithm, which is designed for rigid transformations. Bi-
harmonic distances also effectively captured surface variations as opposed
to Geodesic distances. The improvements were particularly evident in appli-

cations such as texture transfer, where the method effectively preserved local
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and global shape fidelity, demonstrating its utility in tasks requiring detailed
deformation modeling. However, the reliance of Biharmonic distances on
Laplace-Beltrami operator for its computation resulted in the smoothing of
high-frequency details. Incorporating Hamiltonian operators with intrinsic
potentials could further enhance the accuracy of correspondence maps by
preserving finer geometric details.

The thesis also presents a comprehensive study of various basis func-
tions in the functional map framework, examining their effectiveness in
representing non-rigidly deformed shapes. Basis functions are crucial for
shape correspondence, enabling efficient mappings that capture global and
local geometric properties, minimizing ambiguities and ensuring robust
matching. While each basis function offers specific advantages for different
deformation types, no single basis is universally ideal. The work high-
lights the trade-offs between computational efficiency, theoretical rigor, and
the ability to capture both global and local shape features. The Laplace-
Beltrami eigenbasis excels in isometric deformations, while alternatives like
the Coupled-Quasi Harmonic Basis (CQHB) and Elastic Basis address more
complex non-isometric scenarios. Localized bases such as Compressed Man-
ifold Modes, along with novel approaches integrating extrinsic features like
Coordinate Manifold Harmonics, highlights the evolving focus on handling
real-world challenges like partial matching and artistic attribute preserva-
tion. The emerging focus on localization and integration of extrinsic features
marks a shift from traditional smooth and orthogonal bases to those that
better handle complex, real-world shape variations.

In conclusion, this thesis highlights the potential of advanced basis func-
tions, such as Hamiltonian eigenfunctions and improved distance metric like
biharmonic distances, in enhancing the accuracy of shape correspondence.
However, further exploration of adaptive models and hybrid methodologies
is essential to fully leverage these techniques, addressing the complexities
of non-rigid shapes and enabling more precise and efficient matching for a

wide range of applications.
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6.1 Future Scope

The thesis explores several promising avenues for future research focused on
enhancing pointwise correspondence accuracy, robustness, and efficiency in
non-rigid shape analysis. Future work can refine current methods, including
more reliable error localization, while improving scalability. Key directions

include:

6.1.1 Enhancing Basis Functions and Operators

* Exploring Alternative Operators: Investigate eigenfunctions of alter-
native operators beyond the Laplace-Beltrami operator and Hamilto-

nian operator to provide novel geometric insights.

* Developing Adaptive Potential Functions: Develop adaptive poten-
tial functions for Hamiltonian operator, capable of dynamically identi-
tying critical geometric regions. This could address the limitation that
the potential function is currently fixed prior to analysis (e.g., Gaussian

curvature) and contributes to error localization in flat areas.

* Bases for Partial and Non-Isometric Matching Design bases tailored
to partial shapes and non-isometric matching to handle complex, real-

world deformations.

6.1.2 Optimising the Functional Map Framework

¢ Accommodating Non-Orthogonal Bases: Extend functional maps
to accommodate non-orthogonal bases like Elastic bases or a shape-
adaptive non-orthogonal bases, to enhance flexibility in representing

shape variations.

* Determining Optimal Basis Number: Develop methods for determin-
ing the optimal number of basis functions used in functional map cal-

culations, to balance accuracy and computational cost.
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* Designing Robust Descriptor Functions: Designing multi-scale shape

descriptors that capture both local detail and global structure across
diverse deformation types, can improve correspondence stability com-
pared to purely local (e.g., point curvature) or purely global (e.g., eigen-

values) descriptors.

Enhancing post-map refinement After computing functional maps, de-
velop stronger optimization strategies to convert them into more accu-

rate and stable pointwise correspondences.

6.1.3 Real-world Shape Correspondence

* Robustness to complex deformations Improve handling of deforma-

tions such as stretching while preserving high-frequency details along-
side global geometric consistency for tougher real-world datasets, go-

ing beyond triangle meshes.

Data-driven geometric consistency Explore hybrid approaches that
combine geometric pipelines (e.g., functional maps) with neural pre-
dictions to learn better descriptors and improve correspondence ro-

bustness on noisy, diverse real-world shapes.
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