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Chapter 1

INTRODUCTION

The theory of differential equations with deviating arguments has history of
atleast 200 years. It mainly originated because of problems in number theory
and geometry. Differential equations with deviating argument ( or delay differ-
ential equations) were introduced to create more realistic models since many
processes depend on past history or on future data.

The study of boundary value problems is important because of their
applications in various fields such as mechanical vibration of elastic rods, heat
flow, wave distribution, electromagnetic fields, fluid flow etc. Differential equa-
tions with deviating argument feature when dealing with modeling physical
and biological situations. These equations are also used to study population
dynamics, epidemic spread, control theory, distributed networks and neural
networks. In economics, delay differential equations are used to study mar-
ket fluctuations, consumer behavior, taxation effect etc. This makes study of
boundary value problems for differential equations with deviating argument

an important topic to investigate.



1.1 Research Objectives

The most natural question which arises in solving a mathematical problem is
whether its solution exists or not. Many physical situations can be modelled
into boundary value problems of differential equations with deviating argu-
ments. These problems are mainly non-linear. So the primary thing is to look
at different techniques of solving these problems analytically or numerically.
In the absence of method of obtaining a solution, it is often seen that, theoret-
ically one establishes the existence of a solution to the problem. This research
work mainly deals with proving results on existence of solution for various
boundary value problems of first and second order ordinary differential equa-

tions with deviating arguments by using different techniques.

Our main objectives of this research work are as follows:

1. To establish results on existence of solution for boundary value
problems of first order differential equations with deviating arguments
using Leray-Schauder alternative, Schauder’s fixed point theorem,
Banach fixed point theorem and Fixed point theorem on partially

ordered metric spaces.

2. To establish results on existence of solution between lower and upper
solutions for boundary value problems of first order differential

equations with deviating arguments.

3. To develope Monotone Iterative Method, Quasilinearization Method, Ex-
tended Quasilinearization Method, Generalized Quasilinearization Method
and Extended-Generalized Quasilinearization Method for
boundary value problems of first order differential equations with

deviating arguments.



4. To establish results on existence of solution for boundary value
problems of second order differential equations with deviating
arguments using Schauder’s fixed point theorem and Banach fixed point

theorem.

5. To establish results on existence of solution between lower and
upper solutions for boundary value problems of second order differential

equations with deviating arguments.

6. To develope Monotone Iterative Method, Quasilinearization Method, Ex-
tended Quasilinearization Method, Generalized Quasilinearization Method
and Extended-Generalized Quasilinearization Method for
boundary value problems of second order differential equations with de-

viating arguments.

1.2 Notations

The following notations will be used throughout this work.
1. T>0,A>0and0<r <T.
2. 1 =10, T).
3. 0:1 — I is a continuous function.

4. B is the set of all functions defined and continuous on [—r, T] and which

are continuously differentiable on I.
5. X ={ye B:y(t)=y(0), Vte[-r 0]}

6. Y={yeB:yt)=0,Vtel[-r 0]}



9. E={yeB:y(t)=a, Vte[-r 0]}
10. U={y e W :y(0) = a}.
1. V ={yeW:y0)=0}.
12. ||z|| = sup|z(t)|, V z € Z.
tel

13. |Jw||o = sup |w(t)| + sup [W'(t)|, Vw € W.

tel tel
14. ||z||l = sup |z(t)| +sup|2/(t)|, V= € B.

te[—r, T tel
15. doo(w, 2) = ||w — 2||oo, Yw, 2z € E.
16. do(u, v) = ||lu —v||o, Vu, veU.
18. H(ya 517 62)“** = HyHoo + ’51' + |€2‘7 v (y> gla 52) €Y x R?.
19. [[(v, lls = lJvllo +[&], V (v, §) € V X R.
20. ||(U7 617 52)||$$ = ||U||0 + |§1| + |€2|7 v (Ua 517 52) eV x R?.
21. For a linear operator L : X — Y xR, ||[L||; = sup ||Lz]|+.

[l][o=1

22. Dif(x1, To,.... 1) = S0z mn) 5 g 9y

23. Dijjf<£lj'1, T, ....

Note that (B7 ||||OO)’ (X7 ||||OO>’ (Y7 ||||OO)7(Z7 ||||)v (VV, ||||0)’ (Vva ||||0)’
(Y xR, ||.]lx) and (Y x R% ||.||s), (V x R, ||.||s) and (V x R?, ||.||ss) are

Banach Spaces. Also (U, dy) and (F, d.) are complete metric spaces.



1.3 Abbreviations

Following abbreviations are being used consistently in this work.
1. ODE : Ordinary Differential Equation.
2. PDE : Partial Differential Equation.
3. IVP : Initial Value Problem.
4. BVP : Boundary Value Problem.
5. DEDA: Differential Equation with Deviating Argument.
6. DDE: Delay Differential Equation.
7. DECD: Differential Equation with Constant Delay.
8. DEVDA: Differential Equation with Variable Deviating Argument.
9. PBVP: Periodic Boundary Value Problem.
10. APBVP: Anti-Periodic Boundary Value Problem.
11. LBVP: Boundary Value Problem with Linear Condition.
12. NLBVP: Boundary Value Problem with Non-Linear Condition.
13. MIM: Monotone Iterative Method.
14. QM: Quasilinearization Method.
15. EQM: Extended Quasilinearization Method.
16. GQM: Generalized Quasilinearization Method.

17. EGQM: Exended-Generalized Quasilinearization Method.



1.4 Organization of the Thesis

We divide the thesis into 10 chapters.

Chapter 1 gives introduction to history and applications to boundary value
problems of differential equations with deviating arguments. We also give
main objectives of the thesis together with notations and abbreviations used
throughout the thesis. Further, we highlight chapter wise description of the
research work done.

Chapter 2 deals with literature survey for initial and boundary value prob-
lems of ordinary differential equations and differential equations with deviating
arguments.

In Chapter 3, we investigate the following BVPs of first order DECD.

Let a, b € R such that a #0 and b #0. Let T > 0, A > 0, I = [0, T,
0<r<T,f:IxR— R be continuous and g : R> — R be continuous. Then

the PBVP of first order DECD under investigation is given by

3\

y'(t)+ My(t) = f(t, y(t—7)), tel,

y(t) = y(0), t € [=r, 0], (3.1)

The APBVP of first order DECD under investigation is

3\

Y () + My(t) = f(t, y(t—7)), tel,

y(t) = y(0), t € [=r, O], (3:2)




The LBVP of first order DECD under investigation is

\

y'(t) + My(t) = f(t, y(t—7)), tel,

y(t) = y(0), t € [=r, 0], (3.3)

ay(0) + by(T) = 0.

The NLBVP of first order DECD under investigation is

\

y'(t) + My(t) = f(t, y(t—7)), tel,
y(t) = y(0), t € [-r, 0], (3.4)

9(y(0), y(T)) = 0.

We also investigate the NLBVP of first order DECD given by

\

y(t)+Ay(t) = f(t, y(t—7)), tel,

y(t) = y(0), t € [-r, 0], (3.5)

Ve

We first prove results on existence of solution for problems (3.1), (3.2) and
(3.3) by using Leray-Schauder alternative. Then using Schauder’s fixed point
theorem, we prove existence of solution for problem (3.5) by assuming f and
g to be bounded continuous functions. Further, we prove a result on existence
of solution between lower and upper solutions for PBVP (3.1) and results on
existence of solution between weakly coupled lower and upper solutions for
APBVP (3.2), LBVP (3.3) and NLBVP (3.4). We move on to prove results on
existence of solution between coupled lower and upper solutions for problems
(3.1) to (3.4).

In Chapter 4, we investigate the following BVPs of general first order DECD
and DEVDA.



Let a, b € R such that a #0 and b # 0. Let T > 0, A > 0, I = [0, T},

0<r<T, f:IxR?—= R be continuous, # : I — I be continuous and

g : R? — R be continuous. Then the PBVP of general first order DECD under

investigation is given by

Y () + My(t) = f(t, y(t), y(t —r)), te I,

y(t) = y(0), t € [-r, 0],

The APBVP of general first order DECD under investigation is

Y () + Xy(t) = f(t, y(t), y(t —r)), te I,

y(t) =y(0), t € [=r, 0],

The LBVP of general first order DECD under investigation is

Y () + My(t) = f(t, y(t), y(t —r)), t€ I,
y(t) = y(0), t € [-r, 0],

ay(0) + by(T) = 0.

The NLBVP of general first order DECD under investigation is

y'(t) + My(t) = f(t, y(t), y(t —r)), t €1,
y(t) = y(0), t € [-r, 0],

9(y(0), y(T)) = 0.

\

\

\

\

(4.2)

(4.3)



We also investigate the NLBVP of general first order DECD given by

\

y'(t) + My(t) = f(t, y(t), y(t —r)), t €1,

y(t) = y(0), t € [=r, 0], (4.5)

The PBVP of first order DEVDA under investigation is given by

Y (t) + My(t) = f(t, y(t), y(01)), t € I,

The APBVP of first order DEVDA under investigation is

y'(t) + Ay(t) = f(t, y(t), y(0(@)), t €1,
(4.7)

The LBVP of first order DEVDA under investigation is

Y () + My(t) = f(t, y(t), y(0(1))), t €1,

ay(0) + by(T') = 0.

(4.8)

The NLBVP of first order DEVDA under investigation is

y(t) + Ay(t) = f(t (1), y(6(1))), t €1,

9(y(0), y(T)) = 0.

(4.9)

We first apply Leray-Schauder alternative to prove results on existence
of solution for problems (4.1), (4.2), (4.3), (4.6), (4.7) and (4.8). Then, we
use Schauder’s fixed point theorem to prove existence of solution theorem for
problem (4.5) by assuming f and g to be bounded continuous functions. Also,

we apply Schauder’s fixed point theorem to prove existence of solution for the
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PBVP of DEVDA (4.6) by assuming f to be bounded continuous function.
Further, we prove existence of solution between lower and upper solutions for
the PBVPs (4.1) and (4.6). Results on existence of solution between weakly
coupled lower and upper solutions for BVPs (4.2), (4.3), (4.4), (4.7), (4.8)
and (4.9) are established. We move on to prove existence of solution between
coupled lower and upper solutions for problems (4.1), (4.2), (4.3), (4.4), (4.6),
(4.7), (4.8) and (4.9). Finally, we apply Banach fixed point theorem and Fixed
point theorem on partially ordered metric space to prove existence of solution
for the PBVP of DEVDA (4.6).

In Chapter 5, we develope monotone iterative method and quasilineariza-
tion method to establish the existence of solutions for the BVPs (3.1), (3.3)
and (3.4).

In Chapter 6, we develope monotone iterative method and quasilineariza-
tion method to establish the existence of solutions for the BVPs of DECD
(4.1), (4.3), (4.4). We also develope these methods to establish the existence
of solutions for the BVPs of DEVDA (4.6), (4.8) and (4.9).

Chapter 7 deals with the investigation of the following boundary value
problems of general first order DECD and first order DEVDA for developing
extended quasilinearization method and extended-generalized quasilineariza-
tion method.

Let a, b € R such that a #0 and b #0. Let T > 0, A > 0, I = [0, T,
0<r<T,f h:IxR?— R be continuous, 6 : I — I be continuous and
g : R? — R be continuous. Then the PBVP of general first order DECD under

investigation is given by

3\

Yy () + Ay(t) = f(t, y(t), y(t —r)) + h(t, y(t), y(t —r)), t€ 1,

y<t> = y(0)7 Le [_Ta 0]7 (71)




The LBVP of general first order DECD under investigation is

y'(t) + My(t) = f(t, y(t), y(t —r)) +h(t, y(t), y(t—7)), t €1,
y(t) = y(0), t € [-r, 0],

ay(0) + by(T) = 0.

The NLBVP of general first order DECD under investigation is

y'(t) + My(t) = f(t, y(t), y(t —r)) +h(t, y(t), y(t—7)), t €1,
y(t) = y(0), t € [-r, 0],

9(y(0), y(T)) =0.

The PBVP of first order DEVDA under investigation is given by

y'(t) + Ay(t) = f(t, y(t), y(0) + h(t, y(t), y(0(t)), t €1,

The LBVP of first order DEVDA under investigation is

Y1)+ Ay(t) = f(t, y(t), y(6(2)) + h(t, y(t), y(0(1)), t €1,

ay(0) + by(T) = 0.

The NLBVP of first order DEVDA under investigation is

Y () + Ay(t) = f(t y(t), y(0(1)) + h(t, y(t), y(01)), t € 1,

g(y(0), y(T)) = 0.

\

\

11

(7.2)

(7.5)

(7.6)

We also develope generalized quasilinearization method to establish the

existence of solutions for the BVPs (4.1), (4.3), (4.4), (4.6), (4.8) and (4.9).
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Chapter 8 deals with the study of existence of solution for various BVPs

of second order DECD and second order DEVDA.

Leta, b, 71, 2 € R, T>0,A>0,1=[0, T],0<r<Tandf:1— I be

continuous. Then the BVPs for second order DECD under investigation are

3\

y'(t) = [t y(t), y(t—r), y'(1), L€,

y(t)=a, t € [-r, 0],

y(T) +y/(T) =b.

Y'(t) + oy (t) Fpy(t) = f(t, yt), y(t—r), '), t €1,
y(t)=a, t € [-r, 0],

y(T) +y(T) = .

\

y'(t) = [t y(t), yt—r), y'(1), L€,

y(t) =0, t € [-r 0],

y(T) +y/(T) =b.

)

(8.1)



The BVPs for second order DEVDA under investigation are

\

y'(t) = f(t, y(t), y(0(t), y'(t)), t e,
y(0) = a,

y(T) +y(T) = .

Y1)+ 7y () +yey(t) = [t y(), y(6(1), ¥ (1), €1,

\

13

(8.5)

(8.6)

(8.7)

(8.9)
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(8.10)

(8.11)

(8.12)

(8.13)

(8.14)

We first apply Banach fixed point theorem to establish exitence of solution

for the BVPs (8.1), (8.2), (8.8) and (8.9). We then prove existence of solution

for the BVPs (8.3) and (8.10) using Schauder’s fixed point theorem. Further,
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we establish results on existence of solution between lower and upper solutions
for BVPs (8.4), (8.5), (8.6), (8.7), (8.11), (8.12), (8.13) and (8.14).

In Chapter 9, we develope Monotone Iterative Method and Quasilineariza-
tion Method to prove the existence of solution for the BVPs (8.7) and (8.14).

Chapter 10 deals with the investigation of the following boundary value
problems of second order DECD and second order DEVDA for developing ex-
tended quasilinearization method and extended-generalized quasilinearization
method.

Let T >0, A>0,1=100,T,0<r<T,f h:IxR — R be
continuous, 6 : I — I be continuous. Then the BVP of second order DECD

under investigation is given by

—y' (1) = (L, y(t), y(t — 1)+ bt y(E), y(t—r)), tE L)

y(t) = y(0), t € [-r, 0],

(10.1)
y(0) = y(T),
y'(0)=0 J
The BVP of second order DEVDA under investigation is given by
\
—y"(t) = f(t, y(t), y(61)) + h(t, y(t), y(0(1))), t € I,
y(0) = y(T), (10.2)

We also develope generalized quasilinearization method for BVPs (8.7) and
(8.14).

It is to be noted that in existing literature the function f is taken
to be continuous and Lipchitz or continuous and decreasing in sec-
ond coordinate for establishing existence of a solution for initial value
problems as well as boundary value problems. In the present work,

we take f to be continuous and non-decreasing in the second coordi-
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nate or second and third co-ordinate, as the case may be to prove our
most of the results. However, while using method of coupled lower
and upper solutions, we assume [ to be non increasing in second
and third arguments.

At the end we summarize the research work done throughout the study
and also mention the topics for future research work. We highlight the papers
presented in national and international conferences, papers published in jour-
nals and papers communicated to various journals for publication. We wind

up our thesis with complete bibliography.



Chapter 2

LITERATURE REVIEW

2.1 Introduction

The chapter presents, in brief, the literature review on various boundary value
problems of first and second order ordinary differential equation and differential
equations with deviating arguments. Also theorems such as Leray-Schauder al-
ternative, Schauder’s fixed point theorem, Ascoli lemma, Fixed point theorem
on partially ordered metric spaces and Banach fixed point theorem are stated
which will be used time and again in proving many theorems on existence of

solutions in our work.

2.2 Literature Review

As mentioned in the begining, the study of DDEs has a history of atleast
200 years[21]. A systematic treatment to the theory of DEDA started in the
year 1949[54]. They first appeared as solution of PDEs[54]. Later DEDAs
were studied in problems of geometry and were applied in automatic control

theory[54].

17
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A theory on differential equations and BVPs is covered in [12] and [13].
A thorough approach to differential equations and DEDA, is provided in [14].
Theorems on existence of solutions for BVPs and [VPs are proved using mainly
fixed point theorems and one may refer [28] and [30] for various fixed point
theorems used in the literature. One may refer [9], [20], [24], [26], [32], [40],
[41], [47] and [52] for literature on existence of solutions for BVPs of first order
DEDA. Monotone Iterative Method for IVPs and BVPs of first order DEDA
is well estabished in [11], [23], [29], [31], [35], [44], [50] and [53]. The literature
on quasilinearization method for IVPs and BVPs of first order DEDA can
be found in [1], [2], [6], [7], [8], [15], [33], [34], [45], [46], [48], [49] and [51].
Existence of solution literature on BVPs of second order DEDA can be cited
in [4], [10], [16], [19], [22], [25], [27], [32], [42] and [43]. For monotone iterative
method and quasilinearization method for BVPs of second order DEDA, one
may cite [5], [23], [31], [34], [36], [37], [38] and [39].

In 2003, Daniel Franco and others[18] published a paper in which a theorem
on existence of solution between coupled lower and upper solution for NLBVP
of first order ODE is proved.

In 2003, Daniel Franco and others[17] published a paper in which a theorem
on existence of solution using Leray-Schauder alternative is proved.

In 2014, Bachar and Khamsi[3] applied fixed point theorem on partially
ordered metric spaces to prove theorem on existence of solution for PBVP of
first order DDE.

Monotone iterative techniques for discontinuous nonlinear differential equa-
tions are studied in detail by Ladde and others [31]. Lakshmikantham and
Vatsala [34] have provided minute details on generalized quasilinearization for
nonlinear problems.

In 2002, D. Franco and D. O’Regan [16] proved a theorem on existence of

solution for second order BVP with nonlinear conditions.
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2.3 Preliminaries

We now state some fixed point theorems and few other theorems required to

prove theorems on existence of solutions for BVPs of first and second order

DEDA.

Theorem 2.3.1 (Leray-Schauder Alternative [17]). Let C' be a complete convex
subset of a locally convex Hausdorff linear topological space H and O an open
subset of C with p € O. In addition, let A : O — C be a continuous and
compact map. Then either A has a fized point in O or there is u € 9O and

p € (0,1) with u = pAu+ (1 — p)p.

Theorem 2.3.2 (Schauder’s Fixed Point Theorem [28]). Let H be a normed
linear space, S : H — H be a continuous and compact map such that S(H) is

bounded. Then S has a fixed point.

Theorem 2.3.3 (Contraction Mapping Theorem [30]). Let (C, d) be a com-
plete metric space and S : C' — C be a contraction mapping. Then S has a

fixed point in C.

Theorem 2.3.4 (Fixed Point Theorem on Partially Ordered Metric Spaces
[3]). Let (C, d) be a complete metric space with partial order < and

J : C — C be an order preserving operator. Assume that 3 k € [0, 1) such
that d(Jzx, Jy) < kd(z, y), V x, y € C satisfying x < y. If I x9 € C such

that xg < Jxg or Jxg < g, then J has a unique fixed point in C.

Lemma 2.3.5 (Arzela-Ascoli lemma [13]). Let {f,} be an equicontinuous and
uniformly bounded sequence of functions on a closed and bounded interval J.

Then {f,} contains a subsequence { f,,} which is uniformly convergent on J.



Lemma 2.3.6. [18] Let L : W — V X R be an operator defined by

t
Lly()] = (y(t) = y(0) + A [ y(s)ds, y(0)). Then
0
1. L: W — V xR is a continuous linear operator.

2. L7V V xR — W exists and it is defined as

t
LY (u(t),w) = we™ + [ e =)/ (s)ds.
0
3. L7V xR — W is a continuous linear operator.

Lemma 2.3.7. [16] Let L : W — V x R? be an operator defined by

t
Lly()] = (=y'(t) + y'(0) + A [ y(s)ds, y(0), y(T)). Then
0
1. L: W =V x R? is a continuous and bijective linear operator.

2. L7V x R — W is a continuous linear operator.
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FIRST ORDER
DIFFERENTIAL EQUATIONS
WITH CONSTANT DELAY

Some content of this chapter is published [see P1 and P2].
Some content of this chapter is presented at the Conference [see C1, C2 and

C6].
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3.1 Introduction

In this chapter, we investigate BVPs of first order DECD for existence of
solution using Leray - Schauder alternative and Schauder’s fixed point theorem.
We employ the method of lower and upper solutions to these BVPs to prove
some results on existence of solution between lower and upper solutions.
Let a, b € R such that a #0 and b # 0. Let T > 0, A > 0, I = [0, T},
0<r<T,f:IxR— R be continuous and g : R> — R be continuous. Then

the PBVP for first order DECD under investigation is given by

)

Yy () + My(t) = f(t, y(t—r), tel,

y(t) = y(())’ te [_T7 O]v (31)

J

The APBVP for first order DECD under investigation is

)

y'(t) + My(t) = f(t, y(t —7)), t €1,

y(t) = y(0), t € [-r, 0], ’ (3.2)

V

The LBVP for first order DECD under investigation is

\

y'(t) +Ay(t) = f(t, y(t—1)), t€,
y(t) = y(0)7 te [_T7 0]7 (33)

ay(0) + by(T) = 0.

V

The NLBVP for first order DECD under investigation is

)

Yy (t)+Ay(t) = f(t, y(t—7)), tel,
y(t) =y(0), t € [=r, 0], (3-4)

g(y(0), y(T)) = 0.
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We also investigate BVP for first order DECD given by

)

Yy (t)+Ay(t) = f(t, y(t—r)), tel,

y(t) = y(0), t € [=r, 0], (3.5)

V

We shall need the following Lemmas to prove theorems on existence of solution

for the above BVPs.

Lemma 3.1.1. Let L : X — Y X R be an operator defined by

Liy()] = (u(t), y(0)), where u(t) = '

Then
1. L: X =Y X R is a continuous linear operator.

2. L7 Y x R — X exists and it is defined by

3. L7 Y x R — X is continuous linear operator.

Proof. (1) Claim 1.1:- L : X — Y x R is a linear operator.
Let y1, yo € X and ¢, co € Rand t € [—r, T].
CASE-1.1:- Let t € [—r, 0].
Then (c1y1 + c2y2)(t) = iy (t) + cap(t)
= c11(0) + c2y2(0)

= (c1y1 + c212)(0).
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Thus L{(c1y1 + cayo) ()] = [0, (c1y1 + c2y2)(0)]
= 1[0, y1(0)] + c2[0, y2(0)]

= ¢, L[y ()] + eaL[ya(t)].

CASE-1.2:- Let t € 1.

Let Ly (8)] = (ua(t), 91(0)) = (La[y1 ()], Lefya(?)]) and
Lly2(1)] = (ua2(t), y2(0)) = (La[y=(2)], Lz[yz( )0

where Li[y1(t)] = u(t) = y1(t) — 51(0) + )\flh

Li[y2(t)] = ua(t) = y2(t) — 42(0) + )\bfyz
Lo[y1(t)] = 91(0) and La[y2(t)] = 2(0).
Therefore ¢ Ly [y; (t)] = crui (t) = c1y1(t) — c1y1(0) + clAfyl )ds and

cala[y2(t)] = coua(t) = caya(t) — c2y2(0) + 02/\0ny

So we have

t

crLafyi(t)] + c2Li[ya(t)] = c1yi(t) — e1y1(0) + ClA/yl(S)dS

0
t

+ a2 (t) — c2y2(0) + 02/\/1/2(5)d5
0

= (c1y1 + c2y2)(t) — (c1y1 + 292)(0)

+ A /(Clyl + coyo)(s)ds

0

= Li[(cryq + cay2)(1)].

Also ¢1La[y1 (1)) + caLla[ya(t)] = c1y1(0) + c2y2(0)
= (c1y1 + c292)(0)

= Ly[(c1y1 + caya)(t)].
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aLlyi ()] + caLly2(1)] = (erLa[yi(t)], c1Lalyi(t)]) + (cala[ya(t)], c2Laly2(t)])

= (1 La[y1 ()] + c2La[y2(D)], c1Lafyi(t)] + calalya(t)])

= (La[(cryr + caya) ()], Lal(ciyn + caya)(t)])

= L{(ciy1 + cayo)(t)].

Hence from CASE-1.1 and CASE-1.2, L : X — Y X R is a linear operator.

Claim 1.2:- L : X — Y x R is continuous.
Let y € X be arbitrary. Then y(t) = y(0), ¥Vt € [—r, 0].
Also y € Cl—r, T] and y € C'(I).

0,
Let Ly(t)] = (u(t), y(0)), where u(t) = ¢

y(t) —y(0) + X [y(s)ds,

0

Therefore |y(0)] < sup [y(t)| +sup|y' ()] = [|yl]oo-
te[—r, T) tel

Since u(t) =0, YVt € [—r, 0], |[u(t)] < ||y|loo, YVt € [T, 0].
Let 0 <t <T. Then

u(t)] < Iy(t)|+\y(0)|+|A\/!y(8)|d8

< [[Ylloo + llylloo + AT [|y]oo

= 2+ T) llylloo-

Thus sup |u(t)] < 2+ |AT) ||y]]oo-
te[—r, T|

Also, for 0 <t < T, we have u/(t) = /() + Ay(t).
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This implies

W' (O] < ' @) + A |y (@)l

<sup |y’ (1) + (Al sup [y(t)]
tel tel—r, T

< [Ylloo + 1A 1yl

= (14 AD [lylee-

So we have, sup |u/(t)| < (1 + |A]) [|y]|oo-
tel
Therefore ||u||o < (34 [A] + |AT) ||y||oo. Thus

Lyl = 1I(u, y(0))]]«
= [lullee + [y(0)]
< B+ A+ AT [[Ylloo + llylloo

= 4+ A+ AT) [yl

Hence L : X — Y x R is a bounded linear operator and hence continuous.
(2) Claim 2.1:- L : X — Y x R is injective.

Let Lly(t)] = (0, 0). Then (y(t) — y(0) + Ag‘y@ds, y(0)) = (0, 0).

t
This implies y(t) — y(0) + X [y(s)ds = 0 and y(0) = 0. Therefore

0

\

y'(t)+ X y(t) =0, tel,
y(t) = y(0), t € [-r, 0],

y(0) = 0.

/

Thus y(t) = y(0)e ™ =0, Vt e [-r T].

Therefore L{y(t)] = (0, 0) implies that y(¢) =0 on [—r, T.
Hence L : X — Y x R is injective.

Claim 2.2:- L : X — Y X R is surjective.

Let (u, w) € Y x R. Then u(t) =0, Vit € [—-r, 0].
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We wish to find y € X such that L[y(t)] = (u(t), w).
ie (v(t), y(0)) = (u(t), w), where

ie v(t) = u(t) and y(0) = w.
Let such y € X exists. Then y(t) = y(0), t € [-r, 0] and

¢
u(t) =y(t) —y(0) + A [y(s)ds, t € I. Therefore
0

)

y'(t) +  y(t) =/ (t), t €1,
y(t) = y(0), t € [-r, 0],

y(0) = w.

This implies y(t) = .
we M+ e M=/ (s)ds, 0<t<T.
0

So to each (u, w) € Y x R, Fy € X such that L[y(t)] = (u(t), w).
Therefore L : X — Y x R is surjective.
Thus from Claim-2.1 and Claim-2.2, L : X — Y x R is bijective.
Hence L7!: Y x R — X exists and it is defined by

w, —r<t<0

LM u(t), w) = t
we M 1 fe*A(t*S)u’(s)ds, 0<t<T.
0

(3) Since L : X — Y X R is bounded linear operator and (X, ||.||s) and
(Y x R, ||.||,) are Banach spaces, L™ : Y x R — X is bounded
linear operator and hence continuous by bounded inverse

theorem. O
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Lemma 3.1.2. Let f : [ x R — R be continuous and N : X — Y x R be

defined by Ny(t)] = (v(t), y(T)),

where v(t) =

Then N : X —Y X R is continuous and compact.

Proof. Claim 1:- N : X — Y x R is continuous.

Let y € X be arbitrary and {y,} C X such that y, — y in (X, ||.||c)-
Therefore ||y, — y||loo — 0 as n — oo. This implies y, — y uniformly on
[—r, T] and 3/, — v’ uniformly on I.

Since y,(t) = y,(0), Vt € [-r, 0] and V t € N, we have y(t) = y(0),

Vit e [-r 0] as y, — y pointwise on [—r, 0].

Let N{yn(t)] = (vn(t), ya(T)) and N{y(#)] = (v(t), y(T)), where

and

We show that Ny, — Ny in (Y xR, [|.||+).

Since y,, — y uniformly on [—r, T, y,(T) — y(T) in R.

Let € > 0 be arbitrary and ¢ € [—r, 0]. Then |v,(t) —v(t)| =0<¢ VneN
and V't e [—r, 0].

Let 0<t<T.

Since y, — y uniformly on [—r, T, we have y,(s —r) — y(s —r) uniformly on
I. Therefore f(s, yn(s—r)) = f(s, y(s—r)) uniformly on I, as f : I xR — R

1S continuous.
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So 3 ng € N such that |f(s, yn(s — 7)) — f(s, y(s = 7)) < %, Vn > ng and
V s € I. Therefore

t

ont) = o0 < [ 175 s = 1)) = Fls. ol = r)lds

< / (5, als — 1)) = F(s, y(s — )|ds

0
T

<%/ds:e.

0

So we have |v,(t) —v(t)] <€, Vn >ngand Vt € I. Thus v, — v uniformly

on [—r, T]. Since v}, (t) = f(t, yn(t — 7)) and v'(t) = f(¢, y(t — 1)), we get

on(8) =" ()] = [f(t, ynt = 7)) = f(t, y(t =7))| <7 Vn=noand Vel

This implies v}, — v" uniformly on I.

Therefore [supT} |un(t) — v(t)] — 0 as n — oo and Stlé? vl (t) —v'(t)] — 0 as
te[-r,

n — .

So we have ||v, — V|| — 0 as n — oo. This implies

INYyn = Nyl = [[(vn, yn(T)) = (v, y(T))]]«

= [[on = vlloc + lyn(T) — y(T)].

Thus ||Ny, — Ny||x — 0 as n — co. Hence N : X — Y x R is continuous.
Claim 2:- N : X — Y x R is compact.

Let {y,} be a bounded sequence in (X, ||.||)-

Therefore 3 K > 0 such that ||y,|| < K, ¥V n € N. Let

Ny, = (vn, yn(T)),¥ n € N, where v,(t) =

Since [|yn]loo < K, ¥V n € N, we have sup |y,(t)] < K, V n € N and
te[—r, T

sup |y, (t)] < K, ¥ n € N. Note that |v,(t)] =0, Vit € [-r, 0]. AlsoIn >0
tel
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such that |f(t, yo(t —7))| <n, Vte l and Vn € N.

Let 0 <t <T. Then |v,(t)] < j|f(s, Yn(s —1))|ds < nfds =nl,Vtel
and V n € N. This implies sup0 lv,(t)| < nT, ¥YneN. ’

Since v (t) = f(t, yn(t _;E)[)*’T’@] n € N, we have |v),(t)] < n, Vt € I and
vV n € N. Therefore sup |[v),(t)] <n, Vn € N.

So we get ||vn||so St;} +n=m+1)T, ¥Vn e N. Thus {v,} is bounded on
(Y, ||-||o0). Hence {v,} is uniformly bounded on [—r, T] and {v/,} is uniformly
bounded on 1.

Let ty € [—r, T] be arbitrary and € > 0 be arbitrary.

CASE-1: Let tyg = —r.

Choose § = min {%, e}. Then

|un(t) — v (—7)| =0 <€, ¥t such that —r <t < —r +34.

Therefore {v,} is equicontinuous at —r.

CASE-2: Let ty = 0.

Choose ¢ = min {%, f]} and ¢ be such that [¢t| < J.

If t <to, then |v,(t) —va(to)| =0 < e.

Let t > ty. Then

t

[0a(8) — va(to)| = [oa(t)] < / F(5, yn(s — 1))ds

0

€
<tn<din<n-=ce
n

This implies |v,(t) — v, (to)| < €, ¥ ¢ such that |t] <.
Therefore {v,} is equicontinuous at 0.

CASE-3: Let to =T.

Choose § = min{Z %} and let T -0 <t <T.

29
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¢ T
Then \vn(t)—vn(toﬂz\/f(s Yn(s —1) /fs Yn(s —1))ds|
0

I/fsyns—v“)dSI

<(T-ti<dn<n-=e
Ui

This implies |v,(t) — v, (to)| <€, Vit such that T — 6§ <t <T.
Therefore {v,} is equicontinuous at 7.

CASE-4: Let —r <ty < 0.

Choose § = min {to + 3, %m} Then

|un(t) — vn(to)| = 0 <€, ¥t such that [t — ] <.

Therefore {v,} is equicontinuous at to, where —r <ty < 0.
CASE-5: Let 0 < tg < T.

Choose § = min {to Tl f}} and let ¢ be such that |t —to| < 4. Then

[0, (8) — v (t0)] = \/f(s Yn(s —1) ds—/f S, Yn(s — r))ds|
|/f3 Yn(s —1))ds|
< |/|f<s, (s = r)lds| < e —ta] <0 < 9% =

This implies |v,(t) — v, (to)| < €, ¥V t such that |t —to| < 0.
Therefore {v,} is equicontinuous at ¢y, where 0 <ty < 7.
Hence, from CASE-1 to CASE-5, we conclude that {v,} is equicontinuous on
[—r, T.
Now by using Arzela-Ascoli’s lemma we get a subsequence {v(,m)} of {vy,}

which is uniformly convergent to some function v on [—r, T|. Let {y@um}
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be the corresponding subsequence of {y,}. Since ||y,|le < K, ¥V n € N, we
have [|[ymm)lloo < K, ¥V m € N. This implies {y(nm)} is uniformly bounded
on [—r, T] and {y,,, } is uniformly bounded on I. Therefore {v(nm)} is uni-
formly bounded on [—r, T7 and {v,,,} is uniformly bounded on I. Since
Vi) () = f(E, Yum)(t — 7)), VI € I and as f: I x R — R is continuous, we

have {v(, ,,} equicontinuous on I.

Therefore by Arzela-Ascoli’s lemma {v(,, ,,} has a subsequence {v } con-

n,m,q)
verging uniformly to u on I. Since {v(nm)} is a subsequence of {v,} and
{Vem,q} is a subsequence of {v(nm)}, we have {v(nmq} is a subsequence of
{vn}. Now v(ymy — v uniformly on [—r, T implies v, q — v uniformly on

[=r, T]. Therefore v(, 4 — v uniformly on /. Since v — u uniformly

n7m7q)

on I, we have v = v’ on I. So we have v, 4 — v uniformly on [—r, T as

q — oo and vy — v uniformly on I as ¢ = co. Thus |[v(nm,q) — V||cc = 0

n,m,q)
as ¢ — 00. Let {Ymmq} be the corresponding subsequence of {y,}. Now
l|ynlloo < K, Ve Nimplies ||[ymm.q)lle < K, Vg eN.

This implies |[Ygm,q(t)] < K, VgeNand Vit € [—r, T].

So we have |y mq) (1) < K, Vg e N.

Therefore by Bolzano-Weierstrass’s theorem, {y(m,q) (1)} has a convergent
subsequence {y;(T")} converging to v € R as [ — oo. Let {v;} be the cor-

responding subsequence of {Vnmq} in (Y, [|||ec). Since vpmg — v in

(Y, |]-]lo0) as ¢ = 0o, we have v; — v in (Y, ||.||e0) as I — oc.

So we have [[Ny, — (v,7)[| = (v, w(T)) = (v, V]«

= [l = Vlloo + [9:(T) = 7] = 0 as I — o0

Therefore Ny, — (v, v) in (Y xR, ||.||+) as [ = oc.

Hence N : X — Y x R is a compact operator. ]
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Lemma 3.1.3. Let f : [ x R — R be continuous and N : X — Y xX R be

defined by Nly(t)] = (v(t), —y(T)),

where v(t) =

Then N : X —Y X R is continuous and compact.

Proof. Proof is similar to the proof of the Lemma 3.1.2 and hence omitted.

]

Lemma 3.1.4. Let f : I x R — R be continuous and N : X — Y x R be

defined by Ny(t)] = (v(t), —3u(T)),

where v(t) =

Then N : X — Y x R is continuous and compact.

Proof. Proof is similar to the proof of the Lemma 3.1.2 and hence omitted.

Lemma 3.1.5. Let f : [ x R — R be continuous and

p:I xR — R be continuous. Let N : X —Y X R be defined by

NIy(t)] = (o(t), p(T, y(T))), where

Then N : X — Y x R is continuous and compact.

Proof. Proof is similar to the proof of the Lemma 3.1.2 and hence omitted.

]

]
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Lemma 3.1.6. Let f: [ x R — R be continuous and

h:R? — R be continuous. Let N : X — Y x R be defined by

Then N : X — Y X R is continuous and compact.

Proof. Proof is similar to the proof of the Lemma 3.1.2 and hence omitted. [

3.2 Existence Theorems using Leray - Schauder

Alternative

In this section, we estabish some results on existence of solution to the BVPs

using Leray - Schauder alternative.

Definition 3.2.1. A function u : [—r, T] — R is said to be a solution of
PBVP (3.1) if

1. w is continuous on [—r, T| and continuously differentiable on I.

2. u(t) + Mu(t) = f(t, u(t—r1)), t €.

3. u(t) =u(0), t € [—r, 0].

4. u(0) = u(T).

Stmilarly we can define solution for other given BVPs of first order DECD.



35

Theorem 3.2.1. Let f : I x R — R be continuous. If 3 M > 0 independent

of p with ||yllec # M for any solution y of

)

y'() + My(t) = pf(t, yt—r)), tel,
y(t) = y(0)7 te [_Ta 0]7 (36)

y(0) = py(T),

for each y € (0, 1), then the PBVP (3.1) has atleast one solution in X.

Proof. Let L : X — Y x R be defined by L[y(t)] = (u(t), y(0)), where

y(t) —y(0)+ X [y(s)ds, 0<t<T.

By Lemma 3.1.1, L : X — Y x R is linear, bijective and continuous.

Also L7!': Y x R — X exists and is given by

Further L7!: Y x R — X is bounded and hence continuous.

Let N : X — Y x R be defined by N[y(t)] = (v(t), y(T')), where

Then by Lemma 3.1.2, N : X — Y X R is continuous and compact.
Let S=L'N:X — X. Then
y<T)7 -r S t S 07

Sly(®)] = t
y(T)e M + Ofe_)‘(t_s)f(s, y(s—r))ds, 0<t<T.

A fixed point of S is a solution of the PBVP (3.1).
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Let {y,} be a bounded sequence in (X, ||.||)-

Since N : X — Y x R is a compact operator, we can find a convergent
subsequence { Ny, } of {Ny,} as | — co. Also it is given that

L™ : Y xR — X is continuous linear operator. Therefore {L™'[Ny,,]} is
convergent in (X, ||.|/s) as I — oo. This implies {Sy,,} is convergent in
(X, ||llec) as I — oo. Thus S : X — X is a compact operator. Since
composition of continuous operators is continuous, S : X — X is a continuous
operator.

Let U ={y € X :||y||ooc < M}. Then U is open in (X, ||.||oc)-

By Leray-Schauder alternative either S has a fixed point in U or

€ (0, 1) and y € OU such that y = uSy.

Let if possible S has no fixed point in U. Then 3y € U and u € (0, 1) such
that y = uSy. Therefore y is a solution of BVP (3.6).

Since y € OU, we have ||y||c = M, which is a contradiction.

Therefore S has fixed point in U. This implies 3 y € U such that y = Sy.
Hence y is a solution of the PBVP (3.1). O

Theorem 3.2.2. Let f : I x R — R be continuous. If 3 M > 0 independent

of p with ||yllec # M for any solution y of

)

Y () +Ay(t) = wf(t, y(t—r)), tel,
y(t) =y(0), t € [=r, 0, (3.7)

y(0) = —uy(T),

for each p € (0, 1), then the APBVP (3.2) has atleast one solution in X .

Proof. Let L : X — Y X R be defined as in the proof of the Theorem 3.2.1.

By Lemma 3.1.1, L : X — Y x R is linear, bijective and continuous.
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Also L' : Y x R — X exists and is given by

v, —r<t<0,

L (u(t), v) = ¢

ye A+ [ e M=)/ (s)ds, 0<t<T.
0

Further L™!: Y x R — X is bounded and hence continuous.

Let N : X — Y x R be defined by N[y(t)] = (v(t), —y(T)), where

Then by Lemma 3.1.3, N : X — Y X R is continuous and compact.
Let S=L"'N:X — X. Then
—y(T), —r <t <0,

Sly(t)] = :
—y(T)e ™ + Lofe_w_s)f(s, y(s —r))ds, 0<t<T.

Also S is compact and continuous.
The remaining part of the proof is similar to the proof of the Theorem 3.2.1.

Hence there exists atleast one solution in X to the APBVP (3.2). O

Theorem 3.2.3. Let f: I x R — R be continuous. If 3 M > 0 independent

of w with ||yllee # M for any solution y of

\

y'(t) + Ay(t) = uf(t, y(t —r)), t €1,

y(t) = y(0), t € [=r, 0], (3:8)

y(0) = —ugy(TL

for each € (0, 1), then the LBVP (3.3) has atleast one solution in X.

Proof. Let L : X — Y X R be defined as in the proof of the Theorem 3.2.1.

By Lemma 3.1.1, L : X — Y x R is linear, bijective and continuous.
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Also L7': Y x R — X exists and is given by

v, —r<t<0,

L (u(t), v) = ¢

ye A+ [ e M=)/ (s)ds, 0<t<T.
0

Further L™!: Y x R — X is bounded and hence continuous.

Let N : X =Y x R be defined by N[y(t)] = (v(t), —2y(T)), where

Then by Lemma 3.1.4, N : X — Y X R is continuous and compact.
Let S=L'N:X — X. Then
—ey(T), —r <t<0

Sly(t)] = .
—Ly(T)e ™M+ [e M9 f(s, y(s—r))ds, 0<t<T.
0

Also S is compact and continuous.
The remaining part of the proof is similar to the proof of the Theorem 3.2.1.

Hence there exists atleast one solution in X to the APBVP (3.3). O

3.3 Existence Theorem using Schauder’s Fixed

Point Theorem

In this section, we first prove a result on existence of solution for BVP (3.5),
by assuming f and g to be continuous and bounded, using Schauder’s fixed

point theorem.
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Definition 3.3.1. A function u : [—r, T] — R is said to be a solution of BVP
(3.5) if 1. w is continuous on [—r, T| and continuously differentiable on I.

2.4/ (t) = f(t, u(t—r)), t€l.

3. u(t) =u(0), t € [-r, 0].

4. u(0) = g(u(0), u(T)).

Theorem 3.3.1. Let f : I x R — R and g : R? — R be both bounded and

continuous functions. Then the BVP (3.5) has atleast one solution y € X.

Proof. As g : R*> — R is bounded, 3 K; > 0 such that |g(z, y)| < Kj,
V (z, y) € R2

Also f: I x R — R is bounded implies that 3 K5 > 0 such that

|f(t, )| < Ky, V(t, z) € I xR.

Let A: X — X be defined by

A fixed point of A : X — X is a solution of the BVP (3.5).
Claim 1:- A: X — X is continuous.
Let y € X be arbitrary and {y,} C X such that y, — y in (X, ||.||c)-
Then ||yn — Y|loo = 0 as n — oo. This implies y,, — y uniformly on [—r, T
and y/, — v uniformly on /. Since y,(t) = y,(0), V¢ € [-r, 0] and V ¢ € N,
we have y(t) = y(0), YVt € [-r, 0] as y, — y pointwise on [—r, 0].
Let Aly,(t)] = v,(t) and Afy(t)] = v(t), where
9(yn(0), ya(T)), —r <t <0,

v (t) = .

9(Yn(0), yn(T)) + Off(s, yn(s —r))ds, 0<t<T,
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and

We show that Ay, — Ay in (X, |[|.||e)-

Let € > 0 be arbitrary.

Since y, — y uniformly on [—r, T, we have y,(0) — y(0) and y,(T") — y(T)
in R. This implies g(y,(0), y.(T)) — g(y(T"), y(0)) in R, as g is continuous.
Therefore 3 n; € N such that |g(y,(0), yu(T)) —gy(T), y(0))| < 5, Vn > ny.

Let —r <t <0 be arbitrary.

Then |on(t) = v(t)] = |9(yn(0), yn(T)) = g(y(T), y(0))] < % Vn>mn.

Let 0 <t <T.

Since y,, — y uniformly on [—r, T, y,(s —r) — y(s — r) uniformly on I.
This implies f(s, yn(s—71)) = f(s, y(s—r)) uniformlyon I as f : I xR — R
is continuous. Therefore 3 ny, € N such that

|f(s, yn(s —1)) = f(s, y(s = 7)) < 55, Vn>nyand Vs € I.

Let ng = max{ny, ns}.

Then |f(s, yu(s — 7)) — f(s, y(s —=7))| < 55, Vn > ngand V s € I and

277

19(n(0), yn(T)) — g(y(T), y(0))| < 5, V1 = ng. This implies
va(t) = v()] < |9(yn(0), ya(T)) — g(y(0), y(T))]

n / (s, gals — 1)) — F(s, yls — r))lds

<5t [ 1wl =) = (s, yls = r)lds
<5t -

Therefore |v,(t) —v(t)| <e, Yn>ngand Vit e I.
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Also we have |v,(t) —v(t)| <€, Vn >mngand Vt € [—r, 0]. This implies
lun(t) —v(t)] <€, Vn>mngand Vt e [—r, T|. Thus v, — v uniformly on
[—r, T]. For t € I, we have v],(t) = f(t, yn(t — 7)) and v'(t) = f(¢, y(t —1)).
So we get

€

5T Vn>ngand Vtel.

94(6) =~ (0] = 78, wnlt =) = 78, 9l = 7)) <
This implies v}, — v’ uniformly on I.

Therefore sup |v,(t) — v(t)| — 0 and sup |v],(t) — V'(t)| — 0 as n — oc.
Thus ||v, ie[v_ﬂj% 0 as n — oo. This irilepllies [| Ay, — Aylloe — 0 as n — 0.
So we have Ay, — Ay in (X, ||.||o0)-

Hence A : X — X is continuous.

Claim 2:- A: X — X is compact.

Let {y,} be a bounded sequence in (X, ||.||oc). Then 3 K > 0 such that
|Ynlloo < K, ¥V n €N.

Let Afyn(t)] = va (1),

g(yn(0)7 yn<T))7 —r<t< 07
where v, (t) = .

9(Wn(0), yn(T)) +0ff(8, Yn(s —r))ds, 0<t<T.

Now [|ynlleo < K, V1 € Nimplies sup |y,(t)| < K, Vn € N and
te[—r, T

suplyl()] < K, Vn e N.

tel

Let M = max{K;, TK,} and —r <t < 0. Then

[on ()] = 19(yn(0), yo(T))| < K1 <M <2M,VneNandVte|[—r 0]
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Let 0 <t <T.

t

Therefore [v,(2)] = |9(4(0), ya(T)) + / f(s, yn(s —1))ds|

smm%wLyATm+w/}@,%@—r»h

gm+/u@%m—mw8

0
T

sm+/v@%@ﬁww

<K+ KT<2M,VtelandVneN.

This implies  sup |v,(t)] <2M, Vn € N.

Now v/, (t) :tjec[(tt Z]n(t — 1)), Vn € N. So we have |v/(t)] < Ky, YVt € I and
V n € N. Therefore sup |v},(t)| < Ko, ¥V n € N. This gives ||v,]]eo < Ko,
VneN. Thereforet?;n} is bounded on (X, ||.||c). Thus {v,} is uniformly
bounded on [—r, T] and {v/,} is uniformly bounded on I.

Let ty € [—r, T] be arbitrary and € > 0 be arbitrary.
CASE-1: Let tyg = —r. Choose 6 = min {g, e}.

Then [vn(t) = va(=7)[ = [9(yn(0), Yn(T)) = 9(yn(0), ya(T))|

=0<e Vtsuchthat —r <t < —r+46.

This implies {v, } is equicontinuous at —r.
CASE-2: Let tp = 0.
Choose ¢ = min {T L} and t € (=9, 0) be arbitrary.

20 Ko

It ¢ < to, then [vn(t) — vn(to)| = 9(4n(0), ¥a(T)) = 9(yn(0), yn(T))|

=0<e.
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Let t > ty. Then
v (t) = va(to)| = [9(¥n(0), yn(T))

T / F(52 s — 1))ds — g(4a(0), ya(T))|

oy / F(5, yn(s — r))ds]

2

t
< [ 15Gs, wnls = rlds < 116y < 90 < Ko = e
0

So we have |v,(t) — v, (to)| < €, V¢ such that || < 0.
This implies {v,} is equicontinuous at 0.

CASE-3: Let to=1T.

Choose § = min{%, K%} and let T'— 6 <t <T. Then

T

[0 (£) — va(to)| = | / F(5, y(s — r))ds — / £(5, yn(s — r))ds]

0

=1 [ £6s. s =i

T

=1~ [ £ als = s

t

.y / F(5, y(s — r))ds]

< [156s. s = M)lds < (7~ K < 5K,

§K2Ki = €.
2

Therefore |v,(t) — v,(to)| < €, Vtsuch that T — ¢ <t <T.

This implies {v,} is equicontinuous at 7T
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CASE-4: Let —r < ty < 0. Choose § = min {to + 3, _Tto}

Then [v,(t) = vu(to)| = |9(¥n(0); ¥n(T)) — g(yn(0), yn(T))|

=0 <€, Vtsuch that |t —to| < 0.

This implies {v, } is equicontinuous at ¢y, where —r < t5 < 0.
CASE-5: Let 0 < tg < T.
Choose § = min {%’, Tl KLQ} and let ¢ be such that |t —to| < 0. Then

t

o) = valto)] = | [ £Gs. (s =0 = [ Fs. als = r))ds

0

oy / F(5, y(s — r))ds]
< / (5, yals — 1))lds

< / (5, yals —r))ds

< |t — t0|K2 < 5K2 < KQL = €.
Ko

So we get |v,(t) — v, (to)| <€, Vt such that |t —to| < 4.

Thus {v,} is equicontinuous at ¢y, where 0 < to < T.

Hence from CASE-1 to CASE-5, we conclude that {v,} is equicontinuous on
[—r, T).

By Arzela-Ascoli’s lemma, {v,} has a subsequence {v(, )} converging uni-
formly to v on [—r, T]. Let {y(m} be the corresponding subsequence of
{yn}. Since [|lynlle < K, V n € N, we have |[ymm)|lcc < K, Vm € N.
This implies {y(n,m)} is uniformly bounded on [—r, T] and {y,,} is uni-

formly bounded on /. Therefore {v(, )} is uniformly bounded on [—r, T'| and

{v{,,.m } is uniformly bounded on I. Since v, .\ (t) = f(t, Ymm)(t—7)), VE €I
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and f: I x R — R is continuous, we have {vén,m)} equicontinuous on 1.
Therefore by Arzela-Ascoli’s lemma {v,, .} has a subsequence {v(, , ,} con-
verging uniformly to v on I.

Since {vmm)} is a subsequence of {v,} and {v(mq} is a subsequence of
{vom by {Vm,q } is a subsequence of {v,}. Also as v(,,,) — v uniformly on
[—r, T], we have v(ymq — v uniformly on [—r, T]. This implies v, g — v

uniformly on I. As UE — u uniformly on I, we have u = v’ on I. Therefore

n7m7q)

U(n,m,q) — v uniformly on [—r, T] as ¢ — oo and v, » — v’ uniformly on I

n,m,q
as ¢ — 00. Thus ||V m,q) — V|lec = 0 as ¢ = oco. Further as v is continuous
on [—r, T] and differentiable on I, we have v € X as (X, ||.||) is a Banach
space.

Hence A : X — X is a compact operator.

Claim 3:- A(X) is bounded.
Let v € A(X) be arbitrary. Then 3y € X such that v(t) = Aly(t)].

This implies v(t) = t

Let —r <t < 0. Then |v(t)| = |g(y(0), y(T))| < K; < M <2M.
Let 0 <t <T. Then

< 19(y(0), y(T))| +| / £(s. y(s — r)ds|

t T

§K1+/|f(s, y(s—r))\dng1+K2/dsg2M.
0 0

This implies sup |v(t)] < 2M. As V'(t) = f(t, y(t —r)), YVt € I, we have
te[—r, T)

[V'(t)| < Ky, YVt el Sowe get itel?|v’(t)| < Ks. Thus ||v]|e < 2M + K.
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Therefore A(X) is bounded in (X, ||.||s). Now by Schauder’s fixed point
theorem, A : X — X has a fixed point y € X.
Hence y is a solution of the BVP (3.5). O

3.4 Method of Lower and Upper Solutions

In this section, we first give definitions of lower solution, upper solution, strict

lower solution, strict upper solution and solution for first order DECD

Yy () +AMy(t) = f(t, y(t—r)), tel,

y(t) = y(0), t € [-r, 0],

(3.9)

to prove that upper solution exceeds lower solution under certain conditions

on a function f: I x R — R, lower and upper solution.

Definition 3.4.1. A function o € B 1is called a lower solution of
first order DECD (3.9) if 1. &/(t) + Aa(t) < f(t, a(t —1)), t € I.
2. a(t) < a(0), t € [—r, 0].
A function B € B is called an upper solution of first order DECD (3.9) if above

inequalities are reversed.

Definition 3.4.2. A function o € B is called a strict lower solution of first
order DECD (3.9) if 1. o/(t) + Aa(t) < f(t, a(t —71)), t € I.
2. at) <a(0), t € [-r 0].

Definition 3.4.3. A function 5 € B is called a strict upper solution of first
order DECD (3.9) if 1. 5'(t) + AB(t) > f(t, B(t — 7)), t € I.
2. B(t) > p(0), t € [—r, 0]
Definition 3.4.4. A function u € B is called a solution of first order DECD
(3.9) if 1. W' (t) + u(t) = f(t, u(t—7)), t € 1.
2. u(t) = u(0), t € [-r, 0].
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Theorem 3.4.1. Let f : I x R — R be continuous and satisfy

ft, u) < f(t, v), Y (t, u),(t, v) € I xR such that u <wv. Let a, f € X be a
strict lower and upper solutions respectively of first order DECD (3.9). Then
a(0) < B(0) implies a(t) < B(t), Vit e [—r, 0] and a(t) < B(t), Vt e (0, T].

Proof. As a € X is strict lower solution of first order DECD (3.9), we have
Loo/(t) + Xa(t) < f(t, alt—r)), t €1,

2. a(t) = a(0), t € [-r, 0].

Since # € X is an upper solution of first order DECD (3.9), we have

3. B(1) + AB() > f(t, Bt —1), teT,

4. B(t) = p(0), t € [—r, 0].

It is given that «(0) < 3(0). Also a(t) = a(0), V¢t € [—r, 0] and

B(t) = B(0), Yt € [—r, 0.

Therefore a(t) < B(t), Vt € [-r, 0].

We next prove that «(t) < (t), V¢ € (0, T].

Let if possible 3 t; € (0, T] such that a(t) < S(t), V t € (0, ¢;) and
a(ty) = B(t1). Therefore a(ty — h) < (t1 — h) for sufficiently small h > 0.

This implies 20200 o alt)malizh) “mhyg 5(4) < of (1),

So we have f'(t1) + AG(t1) < o/(t1) + Aa(ty). Therefore

flta, Bty —r)) < F'(t) + AB(h) < o/ (t1) + Aa(ty) < f(t, alts —7)).
This gives f(t1, B(t1 —r)) < f(t1, a(ty —r)).

CASE-1: Let 0 < t; <.

Therefore —r < t; —r < 0.

So we have a(t; —r) < B(t; —r).

As f is non-decreasing in the second argument, we have

f(t1, a(ty —r)) < f(t1, B(t1 — 7)), which is a contradiction.

CASE-2: Let r <t; <T.

This gives 0 < t; — r < 5.

So we have a(t; —r) < B(t; — ).
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As f is non-decreasing in the second argument, we have

f(t1, a(ty — 1)) < f(t1, B(t1 —r)), which is a contradiction.

Thus a(t) < B(t), Vt e (0,7T].

Hence «(t) < 5(t), Vit € [-r, 0] and a(t) < B(t), ¥Vt € (0, T]. O

Theorem 3.4.2. Let f : I x R — R be continuous and satisfy

ft, uw) < f(t, v), Y (t, u),(t, v) € I xR such that u <wv. Let a, 5 € X be a
lower and strict upper solutions respectively of first order DECD (3.9). Then
a(0) < B(0) implies a(t) < B(t), Vit € [—r, 0] and a(t) < B(t), Vit e (0, T].

Proof. Similar to the proof of the Theorem 3.4.1. O

Next we define lower and upper solution for the PBVP (3.1) to prove result
on existence of solution between them using Schauder’s fixed point theorem.
We also define strict lower and upper solution for the PBVP to prove result

on existence of solution between the two.

Definition 3.4.5. A function a € B is called a lower solution of PBVP (3.1)
if 1. o/(t) + Aa(t) < f(t, a(t —1)), t e l.

2. a(t) < a(0), t € [-r, 0].

3. a(0) < a(T).

Definition 3.4.6. A function 8 € B is called an upper solution of PBVP (3.1)
if 1. B'(t) + AB(t) > f(t, Bt—7)), te .

2. B(t) = B(0), t € [, 0]

3. B(0) > B(T).

Definition 3.4.7. A function o € B s called a strict lower solution of PBVP
(3.1) if 1. /() + Aa(t) < f(t, a(t —1)), t € 1.

2. a(t) <af0), t € [-r, 0.

3. «(0) < (7).
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Definition 3.4.8. A function 3 € B is called a strict upper solution of PBVP
(3.1) if 1. B'(t) + AB() > f(t, Bt—7)), te .

2. B(t) > B(0), t € [r, 0].

8. 8(0) = B(T).

We have the following existence theorem.

Theorem 3.4.3. Let f : I x R — R be continuous and satisfy

f(t, ) < f(t, y), V (¢, x), (t, y) € I xR such that v <y. Let a, f € X

be lower and upper solutions of PBVP (3.1) such that o(t) < [5(t),

V't e [—r, T|. Then the PBVP (3.1) has atleast one solution y € X such that
at) <y(t) < Bt), Vi el-r T].

Proof. Since «, § € X are lower and upper solutions of PBVP (3.1), we have
L o/(t) + Aa(t) < f(t, alt— 1), te T,
2 Bt + B > [(t, Bt —r), teT,

3. a(t) < «a(0), t € [-r, 0]
4. B(t) = B(0), t € [-r, 0],
5. a(0) < a(T),
6. 5(0) > 5(T)

Asa, B € X, weget a(t) = a(0), ¥t € [-r, 0] and B(t) = B(0), ¥ ¢ € [—r, 0].
Let p: I x R — R be defined by p(t, ) = max {a(t), min {z, 8(t)}},

V (t, z) € I x R. Since a(t) < max {a(t), {z, B(t)}}, we have

at) < plt, ©), ¥ (t, 1) € I x R. Also a(t) < B(t), Yt e I as

alt) < B(t), Vt € [-r, T).

Now min {z, B(t)} < B(?),
H
),V (¢, 2) € I x R.

V (¢, x) € I x R implies that
<

max {«a(t), min{z, p(t) B(t), V (t, z) € I x R.
So we have p(t, z) < B(t

Therefore a(t) < p(t, ) < B(t), V (¢, ) € I x R.

Hence p: I x R — R is continuous and bounded.



Let F*: I x R — R be defined by

flt, alt—r)), y<alt—r),

F*(t, y) =4 f(t, y), alt—r) <y < Bt—r),

ft, pit—=r)), y=>pt—r).

\

Then F*: 1 x R — R is continuous and bounded.

Let L: X — Y x R be defined by L[y(t)] = (u(t), y(0)), where

y(t) — y(0) + A [ y(s)ds, 0<t<T.

By Lemma 3.1.1, L : X — Y x R is linear, bijective and continuous.

Also L7': Y x R — X exists and is given by

Further L™!: Y x R — X is bounded and hence continuous.

Let N: X — Y x R be defined as Ny(t)] = (v(t), p(T, y(T))),

where v(t) =

Then N : X — Y x R is compact and continuous.

Let S= L 'N:X — X. Then

p(T, y(T)), —r<t<0

Sly(t)] =

t
p(T, y(T))e ™+ [e A= F*(s, y(s —1))ds, 0<t<T.
0
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A fixed point of S : X — X is a solution of

\

Y () + Xy(t) = F*(t, y(t =), t €1,
y(t) = y(0), t € [-r, O],

y(0) = p(T, y(T)).

o1

(3.10)

Since L' : Y x R — X is continuous linear operator and N : X — Y x R

is compact, S : X — X is a compact operator. Because composition of

continuous operators is continuous, we have S : X — X to be continuous.

Further p and F* are bounded implies that S(X) is a bounded subset of

(X, ||llsc)- Therefore by Schauder’s fixed point theorem, S : X — X has

a fixed point y € X. Thus y is a solution of the BVP (3.10).

We show that a(t) < y(t) < B(t), V¢ € [~r, T].

Since a(0) < a(T) < p(T', y(T')) < B(T) < B(0), we have
a(0) < p(T, y(T)) < B(0). This implies a(0) < y(0) < A(0).

Therefore a(t) < y(t) < A(t), ¥t € [~r, 0].

| N

Hence it is enough to show that a(t) < y(t) < (t), V¢ € (0, T).
Let € > 0 be arbitrary.
Define a.(t) = a(t) — e(t +2r), ¥Vt € [-r, T] and
Be(t) = B(t) +e(t+2r), YVt e[—r T
Therefore a.(t) < a(t), Vt € [—r, T] and S.(t) > 5(t), Yt € [—r, T].
Also dl(t) = d/(t) —e, Vt €I and B.(t) = B'(t) +¢, Vi€ I
)

(
This implies o/ (¢ '(t), Vtel and BL(t) > p'(t), Vt el

<«
Since a(0) < y(0) < 5(0), we have a.(0) < a(0) < y(0) < 5(0) < B(0).

So we get a.(0) < y(0) < 5.(0).

Therefore we prove that a.(t) < y(t) < Be(t), ¥t € (0, T).
Let if possible 3¢, € (0, T] such that a.(t) < y(t) < Be(t),
YVt e (0, t1) and y(t1) = Be(t1). Therefore y(t1) > B(t1).
Also y(ty — h) < Bc(t1 — h) for sufficiently small h > 0.
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This implies 55(t1)_£6(t1_h) < y(tl)_z(tl_h). Therefore 5.(t1) < y'(t1).

CASE-1: Let 0 <ty <.
So we have —r < t; —r <0.
This implies a(ty —r) < y(ty —r) < Bty — 7).
Therefore y'(t1) = F*(t1, y(tr — 1)) — Ay(t1)
= f(t1, y(tr — 7)) = dy(th)
< flty, Bty —r)) — AB(t)

< B'(t1) < BL(t1), which is a contradiction.

CASE-2: Let r <t; <T.

So we have 0 < t; —r < t;.

This implies a(t; — ) < y(t1 — 1) < Be(t; — 1).

CASE-2.1: Let y(t; —7) < aft; — 7).

Therefore y'(t1) = F*(t1, y(t;1 —r)) — \y(t1)

= f(ts, alty = 7)) = Ay(t1)
< f(ta, Bt =) — dy(th)
< f(t1, Bty —7r)) = AB(ta)

< B'(t1) < BL(t1), which is a contradiction.

CASE-2.2: Let a(t; — 1) < y(t, — 1) < B(t; — 7).
Therefore y/(t1) = F*(t1, y(t1 — 1)) — \y(t1)
= [t y(ta = 7)) — Ay(t)
< f(ty, Bty —r)) = AB(t)

< B'(t1) < B.(ty), which is a contradiction.
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CASE-2.3: Let y(t; — r) > B(t; — 7).
Therefore 1/ () = F*(t1, y(t; — r)) — Ay(t)
= f(t, B(tr—7)) — Ay(th)

< f(t, Bt — 1)) — AB(t1)

< B'(t1) < B.(t), which is a contradiction.

From the above discussed cases we conclude that

ac(t) <y(t) < B(t), Yt €I and ¥ € > 0. Therefore by taking ¢ — 0

we get, a(t) < y(t) < S(t), Yt e I. This gives a(t) < y(t) < (1),

Vite[—r, T). Thus F*(t, y(t —r)) = f(t, y(t — 7)), YVt € I and

p(T, y(T)) = y(T).

Hence y is a solution of (3.1) such that a(t) < y(t) < p(t),

Vtel|-r T O

We shall illustrate theorem 3.4.3 with the following examples.
Example 3.4.1. Consider the following PBVP

\

y'() +yt) =yt —1), t €0, 2],

y(t) = y(0), t € [-1, 0],

J

Herer =1, T =2,1=[0,2] and f(t,u) =u, V (t, u) € I x R.
Therefore f(t, y(t —1)) = y(t —1).

Also f is non-decreasing in the second argument.

Let a: [—1, 2] = R be defined by «a(t) = -1, Vt € [-1, 2].
Therefore a(0) = —1 = a(2). Also /(t) + a(t) = -1 = a(t — 1).
Let 8:[—1, 2] — R be defined by 5(t) =1, Vt € [-1, 2].
Therefore 5(0) =1 = 3(2). Also 5'(t) + p(t) =1=p(t —1).
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Therefore we have 1. o(t) + a(t) = a(t — 1), t € [0, 2]
2. B(t)+ Bt) = B(t—1), teo, 2.
3. alt) = al0), t € [~1, 0]
4. B(t) = B(0), t € [~1, 0]
5. a(t) < B(t), t € [-1, 2]
6. a(0) = o(2).
7. 8(0) = B(2).

So we can say that a and § are lower and upper solutions of the given PBVP
such that a(t) < g(t), t € [—1, 2].
Now let y : [—1, 2] — R be defined by y(¢t) =0, Vt € [-1, 2].

Then y is a solution of the given PBVP such that o <y < 5 on [—-1, 2].

Example 3.4.2. Consider PBVP

3\

y(t) +yt) = (y(t - 1)+ e, t €0, 1],

y(t) = y(0), t € [-1, 0],

Here r =1, T =1,1=10, 1] and f(t, u) = (u+1)e”", V (¢, u) € [ x R.

Therefore f(t, y(t —1)) = (y(t — 1) + 1)e~".

Also f is non-decreasing in the second argument.

Let a: [—1, 1] = R be defined by «(t) = <




%)

Thus o (t) + a(t) < (a(t —1) + 1)e "

Let 8 : [—1, 1] = R be defined by 8(t) = <

Therefore 5(0) = % = 5(1).
Let 0 < ¢ < 1. This implies —1 <t —1 < 0. Therefore 5(t — 1) = (0).
So we have f'(t) + B(t) = (=5) e + g and

(B(t—1) +1)et = (=) et 4 e
1

e

Thus B(t) + A(t) < (B(t — 1) + e

Therefore we have 1. o () + a(t) < (a(t — 1) + 1)e~, t € [0, 1]
2. B(t) + B(t) = (Bt —1) + 1et, t € [0, 1]
3. a(t) = a(0), t € [-1, 0]
4. B(t) = B(0), t € [-1, 0]
5. a(t) < B(t), t € [-1, 1]
6. a(0) = a(1).
7. B(0) = B(1).

So we can say that a and § are lower and upper solutions of the given PBVP

such that a(t) < (), t € [-1, 1].

(
1
e—2"

Now let y : [-1, 1] — R be defined by y(t) =

Then y is a solution of the given PBVP such that o <y < on [—1, 1].

Next, we prove a result on existence of solution between strict lower and

strict upper solution for the PBVP.
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Theorem 3.4.4. Let f : I x R — R be continuous and satisfy
ft, z) < f(t, y), V(t, ), (t, y) € I xR such that x <vy. Let a, p € X
be strict lower and upper solutions of PBVP (3.1) such that a(t) < p(t),
Vte|[—r, T|. Then the PBVP (3.1) has atleast one solution y € X such that
alt) <y(t) < B(t), Vit e [—r 0] and a(t) < y(t) < B(t), Yt e (0, T).
Proof. Since «, 8 € X are strict lower and upper solutions of PBVP (3.1),
we have 1. o/(t) + Xa(t) < f(t, a(t—1)), t € 1,

2. B'(t) + AB(t) > f(t, B(t—r)), tel,

3. a(t) < a(0), t € [-r, 0],
4. B(t) > p(0), t € [-r, 0],
5. at) < B(t), t € [—r, T),
6. a(0) < a(T),
7. 5(0) = B(T)

Asa, f € X, we get a(t) = a(0), Vt e [—r, 0] and 5(t) = 5(0), YVt € [-r, 0].
Defining p, F*, L, N and S as in the proof of the Theorem 3.4.3 and using
Schauder’s fixed point theorem, we see that S : X — X has a fixed point
y € X. Therefore y is a solution of (3.10).

Proceeding as in the proof of the Theorem 3.4.3, we get a(0) < y(0) < 3(0).
Therefore a(t) < y(t) < p(t), Yt € [—r, 0].

Next we show that a(t) < y(t) < 5(t), Vt € (0, T].

Let if possible 3 ¢; € (0, T such that a(t) < y(t) < (t), Vt € (0, t;) and
y(t1) = P(t1). This implies that y(t; — h) < B(t; — h) for sufficiently small

h > 0. So we have ’B(tl)_g(tl_h) < y(tl)_z(tl_h). Therefore 5'(t1) < y'(t1).

CASE-1: Let 0 < t; <r. So we have —r < t; —r <0.
This implies a(f; — r) < y(ty — r) < B(ty — r). Then
y'(t) = F*(t, yti — 7)) — Ay(t1)
= fty, y(ts — 7)) = Ay(t1)
< ftr, B(ti — 1)) — AB(t).
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Therefore y/'(t1) < f'(t1), which is a contradiction.
CASE-2: Let r <t; <T. So we have, 0 < t; —r < t;.

This implies, a(t; — ) < y(t, — ) < B(t; —r). Therefore
y'(t) = F*(t1, y(ts — 7)) — Ay(t1)
= ft1, y(tr — 7)) — dy(th)
< f(t1, Blt1 — 7)) = AB(t1)

< f'(t1), which is a contradiction.

Thus from CASE-1 and CASE-2, we have a(t) < y(t) < p(¢t), ¥Vt € (0, T).
Therefore F*(t, y(t —r)) = f(t, y(t —r)), Vt € I and p(T, y(T)) = y(T).
Hence y is a solution of the PBVP (3.1) such that a(t) < y(t) < B(t),
Vitel[—r 0] and at) <y(t) < p(t), Yt e (0, T)]. O

3.5 Method of Weakly Coupled Lower and
Upper Solutions

In this section, we define weakly coupled coupled lower and upper solutions
for APBVP (3.2), LBVP (3.3) and NLBVP (3.4). Again we make use of
Schauder’s fixed point theorem to estabish theorems on existence of solution
between weakly coupled lower and upper solutions for these problems. We
further define strict weakly coupled lower and upper solutions APBVP, LBVP

and NLBVP to establish results on existence of solution between the two.
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Definition 3.5.1. A pair of functions o, f € B s called weakly coupled lower
and upper solutions of APBVP (3.2) if

o/(t) + Aa(t) < f(t, alt —r1)), tel.
2. B'(t) + AB(t) > f(t, B(t—r)), tel.
3. a(t) < a(0), t € [—r, 0]

4. B(t) > B(0), t € [-r, 0]
5. a(t) < B(t), t€[—r, T
6. a(0) < —3(T)
7. 8(0) > —a(T)

Definition 3.5.2. A pair of functions o, B € B is called weakly coupled lower
and upper solutions of LBVP (3.3) if

o(t)+Xa(t) < f(t, a(t—r1)), tel.

A (

2. B'(t) + AB(t) > f(t, B(t—7)), tel.
3. a(t) < a(0), t €[-r, 0].
4. B(t) = B(0), t € [=r, O].
5. a(t) < B(), te[-r T).
6. max{aa(0) + ba(T), aa(0) + bG(T)}

< 0 < min{aB(0) + ba(T), aB(0) + bB(T)}.

Definition 3.5.3. A pair of functions o, B € B is called weakly coupled lower
and upper solutions of NLBVP (3.4) if

1. o t—r)), tel.

S v ™~ o o
™
—~
~
~—
Y

- max{g(a(0), a(T)), g(a(0), (T))} <0 <min{g(5(0), «(T)), g(5(0), B(T))}.
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Definition 3.5.4. A pair of weakly coupled lower and upper solutions o, § € B
of APBVP (3.2), is called strict weakly coupled lower and upper solutions of
APBVP (3.2) if 1. &/(t) + Aa(t) < f(t, a(t—71)), t € 1.

2. B'(t) + AB(t) > f(t, Bt —r)), t € 1.
Stmilarly, we may define strict weakly coupled lower and upper solutions for

LBVP (3.3) and NLBVP (3.4).

We now prove a result on existence of solution between weakly coupled

lower and upper solutions for APBVP (3.2), LBVP (3.3) and NLBVP (3.4).

Theorem 3.5.1. Let f: I x R — R be continuous and satisfy

f(t, ) < f(t, y), V (¢, z), (t, y) € I xR such that x <y. Let o, B € X be
weakly coupled lower and upper solutions of APBVP (3.2) Then the APBVP
(3.2) has atleast one solution y € X such that a(t) < y(t) < B(t),

Vtel[-r T

Proof. Since o, § € X are weakly coupled lower and upper solutions of APBVP

(3.2), we have 1. o/(t) + Aa(t) < f(t, a(t —71)), t € 1.
2. B'(t) + AB(t) > f(t, B(t—r)), t €.
3. a(t) < a(0), t € [-r, 0]
4. B(t) = B(0), t € [, O]
5. a(t) < B(t), t € [—r, T
6. a(0) < —B(T).
7. B(0) = —a(T).

Asa, € X, we get a(t) = a(0), YVt e [—r, 0] and B(t) = B(0), Vt € [—r, 0].
Let p, F* and L be as defined in the proof of the Theorem 3.4.3.
Let N : X — Y x R be defined by N[y(t)] = (v(t), —p(T, y(T))),

where v(t) =



60

Therefore N : X — Y x R is compact and continuous.

Let S=L7'N:X — X. Then

S[ ( )] —p(T, y(T>)7 —r<t< 07
y(t)] = t
—p(T, y(T))e ™ + LO[G*A(FS)F*(S, y(s—r))ds;, 0<t<T.

By Schauder’s fixed point theorem, S : X — X has a fixed point y € X.

A fixed point of S : X — X is a solution of

)

y'() + Ay(t) = F (¢, y(t —r)), te
y(t) = y(0), t € [-r, 0], (3.11)

y(0) = —p(T, y(T)).

/

Therefore y is a solution of the BVP (3.11).
Since —A(0) < a(T) < p(T, y(T)) < B(T) < —a(0), we have

—pB(0) < p(T', y(T)) < —a(0). This implies a(0) < —p(T', y(T")) < B(0).
Therefore a/(0) < y(0) < A(0). Thus a(t) < y(t) < B(t), V¢ € [~r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.4.3. [

We illustrate theorem 3.5.1 with the following example.
Example 3.4.3. Consider the following APBVP

y() +yt) =yt -1 +1, t €0, 1],

y(t) = y(0), t € [-1, 0],

Vs
Herer=1,T=1,1=10, 1] and f(t, u) =u+1, ¥ (t, u) € I x R.

Therefore f(t, y(t—1)) =yt —1) + 1.

Also f is non-decreasing in the second argument.
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Let a: [—1, 1] = R be defined as a(t) =

—1 1

Therefore a(0) = %~ — 1 and (1) = — 5.
Let 0 <t < 1. This implies —1 <t —1<0.
Therefore a(t — 1) = a(0) = &~ — 1.

Thus o/(t) + a(t) = &5 = a(t — 1) + 1.

&~ -1<t<0

Let §:[—1,1] = R be defined as §(t) =

Cpl-et 0<t<L

1

Therefore 5(0) = - and B(1) = &~ — 1.

2 2

Let 0 <t < 1. This implies —1 <t -1 <0.

1

Therefore f(t — 1) = B(0) = &-.

2

Thus B'(t) + B(t) = S +1=B(t — 1) + L.

Therefore we have 1. o/(t) + «(t) = a(t — 1)+ 1, t € [0, 1],
2. B(t)+Bt)=p@t—-1)+1, t€]0, 1],
3. a(t) =a(0), t € [-1, 0],
4. (1) = (0), t € [-1, 0],
5. aft) < B(t), t € [-1, 1],
6. a(0) = —5(1),
7. 6(0) = —a(1)

So we can say that a and § are weakly coupled lower and upper solutions of

the given APBVP.
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Now let y : [-1, 1] — R be defined as y(t) =

Al ot <t <1,

Then y is a solution of the given APBVP such that « <y < g on [—1, 1].

Next, we prove the existence theorem for the LBVP between weakly coupled

lower and upper solutions.

Theorem 3.5.2. Let f: I x R — R be continuous and satisfy

f(t, ) < f(t, y), V (¢, z), (t, y) € I xR such that x < y. Let o, B € X be
weakly coupled lower and upper solutions of LBVP (3.3). Then the LBVP (3.3)
has atleast one solution y € X such that o(t) < y(t) < p(t), Yt € [—r, T].

Proof. Since o, # € X are weakly coupled lower and upper solutions of LBVP
(3.3), we have 1. o/(t) + da(t) < f(t, a(t —r)), t € 1.

2. B(t) + AB(t) > f(t, B(t—1)), te .

3. a(t) < a(0), t € [—r, 0].

4. B(t) > B(0), t € [-r, 0].

5. at) < B(t), t € [—r, T).

6. max{ac(0) + ba(T), ac(0) + bB(T)} <0

< min{afB(0) + ba(T), aB(0) + bB(T)}.

Asa, f € X, we get a(t) = a(0), Vt € [—r, 0] and 5(t) = 5(0), YVt € [-r, 0].

(
(

Let p, F* and L be as defined in the proof of the Theorem 3.4.3.

Let g : R? — R be defined by g(z, y) = ar + by, V (z, y) € R
Therefore g : R? — R is continuous and g(y(0), y(T)) = ay(0) + by(T).
Let g* : R? — R be defined by

g (z, y) = p(0, =) — g[p(0, z), p(T, y)], ¥ (z, y) € R%.

= p(0, ) —ap(0, z) = bp(T, y), ¥V (x, y) € R*.



Therefore g*(x, y) = (1 — a)p(0, x) = bp(T, y), ¥ (z, y) € R,

Also o(T) < p(T, y) < B(T), Vy € R implies that
p(T; y)| < Ky = max{|a(T)[ + 1, |B(T)[}, Vy €R.
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Therefore |g*(z, y)| < |1 —al[p(0, =)+ Plp(T, y)|, ¥ (=, y) € R™.

< |1 —alK + |b|Ks, ¥ (2, y) € R?.

Therefore g* : R? — R is bounded. Also g* : R? — R is continuous,

as p and g are continuous.

Let N: X — Y x R be defined as N[y(t)] = [v(t), ¢*(y(0), y(T))],

where v(t) =

Then by Lemma 3.1.6, N is compact and continuous.

Let S= L7 'N:X — X. Then

g*(y(0),y(T)),

Sly(t)] = :
g (y(0),y(T))e™ + Ofe’“t’s)F*(s, y(s —r))ds,

A fixed point of S : X — X is a solution of

\

Y'(t) +Ay(t) = F*(t, y(t —r)), t € 1,

/

(3.12)

Further S : X — X is compact and continuous. Therefore by Schauder’s fixed

point theorem, S : X — X has a fixed point y € X.
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Thus y is a solution of the BVP (3.12).

We first show that a(0) < y(0) < B(0).

Let if possible y(0) > 8(0).

CASE-I:- Let b > 0.

Therefore max{ac(0) + ba(T), ac(0) + b3(T)} = aa(0) + bB3(T) and
min{aB(0) + ba(T), aB(0) + bA(T)} = aB(0) + ba(T).

This implies that ac(0) + b5(T") < 0 < afB(0) + b (T).

So we get

p(0, y(0)) = max{a(0), min{y(0), 5(0)}} = max{c(0), 5(0)} = B(0).

Since o(T) < p(T, y(T)), we have ba(T) < bp(T, y(T)).

This gives 0 < aB8(0) + ba(T) < aB(0) + bp(T, y(T)). Therefore

= p(0, y(0)) — ap(0, y(0)) — bp(T, y(T))
= B(0) —aB(0) — bp(T, y(T))
= ((0) — [aB(0) + bp(T, y(T))] < 5(0).

Thus y(0) < B(0) is a contradiction as y(0) > 3(0).

CASE-II:- Let b < 0.

Therefore max{ac(0) + ba(T), ac(0) + b3(T)} = aa(0) + ba(T) and
min{aB(0) + ba(T'), aB(0) + bB(T)} = aB(0) + bB(T).

So we get aa(0) + ba(T) < 0 < aB(0) + bB(T). This implies

p(0, y(0)) = max{a(0), min{y(0), 5(0)}} = max{a(0), 5(0)} = B(0).

Since p(T, y(T')) < B(T), we have b3(T) < bp(T, y(T)).

This gives 0 < aB(0) + b3(T) < aB(0) + bp(T, y(T)). Therefore
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So we have y(0) = 6(0) — [aB(0) + bp(T, y(T))] < A(0).

Thus y(0) < 5(0) is a contradiction as y(0) > 5(0).

Therefore from CASE-I and CASE-II, we have y(0) < 5(0).

Similarly, it can be proved that a(0) < y(0). So we have «(0) < y(0) < 5(0).

The remaining part of proof is similar to the proof of the Theorem 3.4.3. [J

Further, we prove the existence theorem for the NLBVP between weakly

coupled lower and upper solutions.

Theorem 3.5.3. Let f: I x R — R be continuous and satisfy

ft, z) < f(t, v), ¥V (¢, x), (t, y) € [ xR such that v < y. Let g: R* - R be
continuous function which satisfies

(1) g(t, z) < g(t, y), ¥V (¢, z), (t, y) € R? such that x <y or

(2) g(t, x) > g(t, y), V (t, z), (¢, y) € R* such that z < y.

Let a, 5 € X be weakly coupled lower and upper solutions of NLBVP (3.4).
Then the NLBVP (3.4) has atleast one solution y € X such that

at) < ylt) < B1), Yt € [-r, T).

Proof. Without the loss of generality, let g(t, x) < g(t, ),

V (t, z), (t, y) € R? such that z < y.

Since «, § € X are weakly coupled lower and upper solutions of
NLBVP (3.4), we have 1. o/(
2. B(t) + MB(E) > £t B(t— 1), tel,

3. a(t) < a(0), t € [—r, 0],
4.

£) + ha(t) < f(t, alt—1)), te T,
(

5. a(t) < B(t), t € [-r, T,
6. max{g(a(0), a(T)), g(a(0), 5(T))}
< 0 < min{g(5(0), a(T)), g(5(0), B(T))}-
Since a, f € X, we get a(t) = a(0), Vt € [—r, 0] and B(t) = 5(0),
Vitel[-r 0.



As g(t, z) < g(t, y), V (¢, x), (t, y) € R? such that z < y,

we have max{g(c(0), a(T)), g((0), 5(T))} = g(a(0), 5(T)) and

min{g(5(0), a(T)), g(5(0), 5(T))} = g(5(0), a(T)).

This implies g((0), A(T)) < 0 < g(8(0), a(T)).

Let p, F* and L be as defined in the proof of the Theorem 3.4.3.

Let ¢* : R? — R be defined by

g*(z, y) = p(0, ) — g[p(0, x), p(T, y)], ¥ (z, y) € R%.

Therefore g* : R> — R is continuous and bounded.

Let N: X — Y x R be defined by N[y(t)] = [v(t), ¢*(y(0), y(T))],

where v(t) =

Then N is compact and continuous, by Lemma 3.1.6.

Let S=L7'N:X — X. Then

9" (y(0),y(T)),

Sly()] = ’

g (y(0),y(T))e ™ + [ e NTIF*(s, y(s —1))ds,
0

A fixed point of S : X — X is a solution of

)

y'(t)+Ay(t) = F*(t, y(t —r)), t € 1,

/
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(3.13)

By Schauder’s fixed point theorem, S : X — X has a fixed point y € X.

Therefore y is a solution of the BVP (3.13).
We first prove that «(0) < y(0) < 5(0).
Let if possible y(0) > £(0). This implies

p(0, y(0)) = max{a(0), min{y(0), 5(0)}} = max{a(0), 5(0)} = 5(0).
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Therefore y(0) = g*(y(0), y(T))

= p(0, y(0)) — g[p(0, y(0)), p(T, y(T))]

Thus y(0) < 5(0) is a contradiction to y(0) > £(0).
Therefore y(0) < £(0). Similarly, it can be proved that «(0) < y(0).
Hence a(0) < y(0) < B(0).

The remaining part of the proof is similar to the proof of the Theorem 3.4.3. [J

Next, we prove a result on existence of solution theorem for strict weakly
coupled lower and upper solution for APBVP (3.2), LBVP (3.3) and NLBVP
(34).

Theorem 3.5.4. Let f : I x R — R be continuous and satisfy

ft, ) < ft, ), V(t, x), (t, y) € I xR such that x < vy. Let o, § € X
be strict weakly coupled lower and upper solutions of APBVP (3.2). Then the
APBVP (3.2) has atleast one solution y € X such that

a(t) <y(t) < B(t), Yte[-r 0] and a(t) <y(t) < 5(t), Vte (0, T].

Proof. Since «, f € X are strict weakly coupled lower and upper solutions of
APBVP (3.2), we have 1. o/(t) + Xa(t) < f(t, a(t — 1)), t € 1,

(t
2. B'(t)+ AB(t) > f(t, Bt—7)), t €,

3. a(t) < a(0), t € [, 0],
1. B(t) = B(0), t € [-r, 0],
5. a(t) < B(t), t € [—r, T),
6. a(0) < —B(T),
7. 8(0) > —a(T)

As o, f € X, we get a(t) = a(0), Vit e [—r 0] and B(t) = 5(0), Vt € [—-r, 0].
Defining p, F*, L, N and S as in the proof of the Theorem 3.5.1 and using
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Schauder’s fixed point theorem, we see that S : X — X has a fixed point
y € X. This will imply that y is a solution of the BVP (3.11). Proceding as
in proof of the Theorem 3.5.1, we obtain «(t) < y(t) < B(t), Vt € [—r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.4.4. [

Theorem 3.5.5. Let f : I Xx R — R be continuous and satisfy

flt, ) < ft, ), V(t, z), (t, y) € I xR such that x < y. Let o, f € X be
strict weakly coupled lower and upper solutions of LBVP (3.3). Then the LBVP
(3.3) has atleast one solutiony € X such that a(t) < y(t) < S(t), Vit € [—r, 0]
and o(t) < y(t) < B(t), Yt e (0, T).

Proof. Since «, f € X are strict weakly coupled lower and upper solutions of

LBVP (3.3), we have 1. o(t) + Aa(t) < f(t, a(t —1)), t € I,
2. B'(t) + AB(t) > f(t. B(t — 7)), t € I,
3. a(t) < a(0), t € [-r, 0],
4. B(t) > B(0), t € [-r, 0],
5. alt) < B(t), t € [-r, T),

6. max{aa(0) + ba(T), aa(0) +b5(T)} <0
< min{af(0) + ba(T"), af(0) + bB(T)}.
Asa, € X, we get a(t) = a(0), Vt e [—r, 0] and B(t) = B(0), Vt € [—r, 0].
Defining p, F*, L, N and S as in the proof of the Theorem 3.5.2 and using
Schauder’s fixed point theorem, we see that S : X — X has a fixed point
y € X. This implies y is a solution of the BVP (3.12). Proceding as in the
proof of the theorem 3.5.2, we obtain a(t) < y(t) < p(t), YVt € [—r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.4.4. [

Theorem 3.5.6. Let f: I x R — R be continuous and satisfy

f(t, ) < f(t, v), V(¢ x), (t, y) € I xR such that v < y. Let g: R* - R be
continuous function which satisfies

(1) g(t, z) < g(t, y), ¥V (¢, z), (t, y) € R? such that x <y or

(2) g(t, 2) > g(t, y), ¥ (t, @), (t, y) € R such that @ < y.
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Let o, B € X be strict weakly coupled lower and upper solutions of NLBVP
(3.4). Then the NLBVP (3.4) has atleast one solution y € X such that
a(t) <y(t) < B(t), Vte[—r 0] and a(t) < y(t) < B(t), Yt e (0, T).

Proof. Without the loss of generality, let g(t, x) < g(t, ),

V (t, z), (t, y) € R? such that z < y.

Since a, f € X are strict weakly coupled lower and upper solutions of
NLBVP (3.4), we have

L o/(t) + Aa(t) < f(t, a(t—r)), t €1,
(

2. B'(t)+ AB(t) > f(t, B(t—1)), t €,
3. a(t) < a(0), t € [-r, 0],
4. p(t) = p(0), t € [=r, 0],
5. a(t) < B(t), t e [-r, T),

6. max{g(a(0), a(T)), g(a(0), A(T))} < 0 < min{g(8(0), (1)), g(8(0), B(T))}-
Asa, B € X, we get a(t) = «(0), Vit € [—r, 0] and B(t) = 5(0), Vt € [—r, 0].
Defining p, F*, L, N and S as in the proof of the Theorem 3.5.3 and using
Schauder’s fixed point theorem, we see that S : X — X has a fixed point

y € X. This implies y is a solution of (3.13). Proceding as in the proof of the
Theorem 3.5.3, we obtain a(t) < y(t) < B(t), Vit € [—-r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.4.4. [

3.6 Method of Coupled Lower and Upper
Solutions

In this section, we define coupled lower and upper solutions for PBVP (3.1),
APBVP (3.2), LBVP (3.3) and NLBVP (3.4) to estabish few results on exis-
tence of solution between coupled lower and upper solutions for these prob-
lems. We further define strict coupled lower and upper solutions for the above

problems to establish results on existence of solution between the two.
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Definition 3.6.1. A pair of functions o, B € B s called coupled lower and
upper solutions of PBVP (3.1) if

1/ (t) + Ma(t) < f(t, Bt—r)), te L
2. B/(t) + AB(t) > f(t, at — 1)), t € 1.
3. a(t) < a(0), t € [-r, 0]

4. B(t) > B(0), t € [-r, 0]

5. a(t) < B(t), t€[—r, T

6. (0) < a(T).

7. B(0) > B(T).

Definition 3.6.2. A pair of functions o, B € B s called coupled lower and
upper solutions of APBVP (3.2) if

1. /(t) + Ma(t) < f(t, Bt—r)), te L.
2. B(t) + AB(t) > f(t, at —r)), t € 1.
3. at) <a0), t € [—r, 0]

4. B(t) > B(0), t € [~r, O]

5. a(t) < B(t), t € [—r, T]

6. a(0) < —5(T)

7. B(0) = —(T)

Definition 3.6.3. A pair of functions a, 5 € B is called coupled lower and
upper solutions of LBVP (3.3) if

1. (t) + da(t) < f(t, B(t—r)), tel.

2. B'(t) + AB(t) > f(t, a(t—71)), t € 1.

3. a(t) < a(0), t € [-r, 0].

4. B(t) = (0), t € [=r, O].

5. a(t) < B(t), t € [—r, T.

6. max{aa(0) + ba(T), ac(0) +b5(T)} <0

< min{af(0) + ba(T), aB(0) + bB(T)}.
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Definition 3.6.4. A pair of functions o, B € B s called coupled lower and
upper solutions of NLBVP (3.4) if

1./ (t) + Ma(t) < f(t, Bt —71)), tel.
B(t) + AB(t) > f(t, at —1)), te .
a(t) < a(0), t € [-r, 0].

(0), t € [-r, 0]

S v A~ o
o)
~—~
~
S—
v

max{g(a(0), a(T)), g(a(0), B(T))} <0 < min{g(B(0), a(T)), g(8(0), B(T))}.

Definition 3.6.5. A pair of coupled lower and upper solutions a, f € B of
PBVP (3.1) is called strict coupled lower and upper solutions of PBVP (3.1)
if 1. o/(t) + Ma(t) < f(t, B(t—r)), tel.

2. B'(t) + AB(t) > f(t, a(t—1)), t €.

Similarly we may define strict coupled lower and upper solutions for
APBVP, LBVP and NLBVP of first order DECD.
We now prove results on existence of solution between coupled lower and

upper solutions for PBVP, APBVP, LBVP and NLBVP of first order DECD.
Theorem 3.6.1. Let f : I x R — R be continuous and satisfy

flt, ) > ft, y), Y (t, z), (t, y) € I xR such that x < y. Let o, p € X be
coupled lower and upper solutions of PBVP (3.1). Then the PBVP (3.1) has

atleast one solution y € X such that a(t) < y(t) < B(t), Vt e [—r, T].

Proof. Since «, € X are coupled lower and upper solutions of PBVP (3.1),

we have 1. o/(t) + \a(t) < f(t, Bt —1)), t € I,
2. B'(t)+ AB(t) > f(t, a(t—1)), t €1,

3. at) < a(0), t € [—r, 0]
4. p(t) = B(0), t € [-r, 0],
5. a(0) < a(T),
6. 5(0) = B(T)
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Also «a, f € X implies a(t) = a(0), YVt € [-r, 0] and

Blt) = B(0), Yt € [, 0]

Defining p, F*, L, N and S as in the proof of the Theorem 3.4.3 and using
Schauder’s fixed point theorem, we see that S : X — X has a fixed point
y € X. This will imply that y is a solution of the BVP (3.10).

Proceeding as in the proof of the Theorem 3.4.3, we get «(0) < y(0) < 5(0).
This implies a(t) < y(t) < B(¢), Vit € [—r, 0].

Therefore it is enough to show that a(t) < y(t) < B(t), Vt € (0, T7.

Let € > 0 be arbitrary.

Let a. and . be as defined in the proof of theorem 3.4.3.

So we get a.(0) < y(0) < 5.(0). Therefore we prove that

ae(t) <y(t) < B(t), Vte (0, T].

Let if possible 3¢, € (0, T] such that a.(t) < y(t) < Be(t),

Vi e (0, t), y(t1) = Be(tr) and B;(t1) < y'(tn).

CASE-1: Let 0 < t; <r. So we have —r < t; —r <0.

This implies a(t; — ) < y(t; — r) < B(t; — r). Therefore
y'(t) = F*(t, y(tr — 7)) = Ay(ta)
= f(tr, y(tr — 7)) = dy(tr)
< [t alty —r)) = AB(t)

< B'(t1) < B.(t;), which is a contradiction.

CASE-2: Let r < t; <T. So we have 0 < t; —r < ;.
This implies ae(t1 —7) < y(t1 — ) < Be(t1 — 7).
CASE-2.1: Let y(t; —r) < oty —r). Then
y'(t) = F*(t, y(ti — 7)) — Ay(t)
= [(t, a(ti — 1)) — Ay(t1)

< f(tl, Oé(tl - T’)) — )\ﬁ(t1>
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Therefore /(1) < B.(t1) < B'(t1), which is a contradiction
CASE-2.2: Let a(t — 1) < y(ti — ) < Bt — 7).
Therefore o/ (t1) = F*(t1, y(ty — 1)) — Ay(t1)
= fty, y(ta — 7)) = Ay(t1)
< [t alty — 7)) = AB(t)

< B'(t1) < B.(t;), which is a contradiction.

CASE2.3: Let y(t; —r) > B(t, — ).
Therefore y'(t1) = F*(t1, y(t1 —r)) — \y(t1)
= [(t1, Bty — 7)) = Ay(tr)
< [ty alty —r)) = AB(4)

< B'(t1) < B.(t1), which is a contradiction.

Thus from the above discussed cases, we conclude that

a(t) < y(t) < Be(t), Yt €I and Ve > 0. Therefore by taking ¢ — 0, we get
a(t) < y(t) < B(t), Vit e I. This implies a(t) < y(t) < B(t), YVt € [-r, T].
So we have F*(t, y(t —r)) = f(t, y(t —r)), Vt € I and p(T, y(T)) = y(7T).
Hence y is a solution of the PBVP (3.1) such that

alt) < y(t) < (1), Yt € [, T). 0

Theorem 3.6.2. Let f : I x R — R be continuous and satisfy
flt, x) > f(t, y), Y (t, z), (t, y) € I X R such that x < y. Let o, p € X be
coupled lower and upper solutions of APBVP (3.2). Then the APBVP (3.2)

has atleast one solution y € X such that o(t) < y(t) < p(t), Vit e [-r, T].
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Proof. Since a, f € X are coupled lower and upper solutions of APBVP (3.2),
we have 1. o/(t) + \a(t) < f(t, Bt —7r)), t € I,

( (
( (

2. B'(t) + AB(t) > f(t, alt—1)), t €,
3. a(t) < a(0), t € [—r, 0]

4. B(t) = B(0), t € [-r, 0]

5. a(t) < B(t), t € [-r, T,

6. a(0) < —B(T),

7. B(0) = —a(T).

Asa, f € X, we get a(t) = a(0), Vt € [—r, 0] and 5(t) = 5(0), YVt € [-r, 0].
Defining p, F*, L, N and S as in the proof of the Theorem 3.5.1 and using
Schauder’s fixed point theorem, we see that S : X — X has a fixed point
y € X. Therefore y is a solution of the BVP (3.11). Proceding as in the proof
of the Theorem 3.5.1, we obtain a(t) < y(t) < B(t), Vt € [—r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.6.1. [

Theorem 3.6.3. Let f: I x R — R be continuous and satisfy
ft, x) > ft, y), Y (t, z), (t, y) € I xR such that x < y. Let o, p € X be
coupled lower and upper solutions of LBVP (3.3). Then the LBVP (3.3) has

atleast one solution y € X such that a(t) < y(t) < B(t), Vt e [—r, T].

Proof. Since «, f € X are coupled lower and upper solutions of LBVP (3.3),

t) < f(t, p(t—r)), tel,

we have 1. o/(t) + Aa(
2. f'(t) + AB() = f(t, a(t —71)), t €1,

3.

4.

5. a(t) < B(t), t € [-r, T,

6. max{aca(0) + ba(T), ac(0) + bB(T)} <0
< min{a(0) + ba(T), afB(0) + bB(T)}.

Asa, f € X, we get a(t) = a(0), Vt € [—r, 0] and 5(t) = 5(0), VYt € [-r, 0].
Defining p, F*, L, N and S as in the proof of the Theorem 3.5.2 and using
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Schauder’s fixed point theorem, we see that S : X — X has a fixed point
y € X. This will imply that y is a solution of the BVP (3.12). Proceding as in
the proof of the Theorem 3.5.2, we obtain «a(t) < y(t) < p(t), Vt € [-r, 0].

The remaining part of the proof is similar to the proof the of Theorem 3.6.1. [J

Theorem 3.6.4. Let f : I x R — R be continuous and satisfy

f(t, ) > f(t, v), V(¢ x), (t, y) € I xR such that v < y. Let g: R* - R be
continuous function which satisfies

(1) g(t, x) < g(t, y), V (t, z), (¢, y) € R* such that x <y or

(2) g(t, x) > g(t, y), V (t, z), (¢, y) € R* such that x < y.

Let a,, B € X be coupled lower and upper solutions of NLBVP (3.4). Then the
NLBVP (3.4) has atleast one solution y € X such that a(t) < y(t) < B(t),
Vtel[-r T

Proof. Without the loss of generality, let g(t, x) < g(t, ),

V (t, x), (t, y) € R? such that = < y.

Since a, € X are coupled lower and upper solutions of NLBVP (3.4),
we have

1. o

2. B'(t) + \B(t) >

6. max{g(a(0), a(T)), g(a(0), S(T))} <0 <min{g(5(0), a(T)), g(8(0), B(T))}.

Also «, f € X implies a(t) = «(0), V¢ € [—r, 0] and

Bt) = B(0), Vit e [-r, 0].

Defining p, F*, L, N and S as in the proof of the Theorem 3.5.3 and using
Schauder’s fixed point theorem, we see that S : X — X has a fixed point
y € X. This will imply that y is a solution of the BVP (3.13).

Proceding as in the proof of the Theorem 3.5.3, we obtain
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aft) <y(t) < p(t), Vi e [-r, 0.

The remaining part of the proof is similar to the proof of the Theorem 3.6.1. [

We further prove results on existence of solution between strict coupled
lower and upper solutions for PBVP, APBVP, LBVP and NLBVP of first
order DECD.

Theorem 3.6.5. Let f: I x R — R be continuous and satisfy

f(t, z) > f(t, y), V (¢, z), (t, y) € I xR such that x <y. Let o, B € X be
strict coupled lower and upper solutions of PBVP (3.1). Then the PBVP (3.1)
has atleast one solution y € X such that a(t) < y(t) < p(t), Vt € [-r, 0] and
a(t) <y(t) < p(t), vte (0, T].

Proof. Since «, 8 € X are strict coupled lower and upper solutions of PBVP
t) < f(t, Bt—r)), tel,

(3.1), we have 1. o/( (
2. B'(t) + AB(t) > f(t, a(t—1)), t €1,

t) + Ao

3. a(t) < a(0), t € [, 0],
4. B(t) = B(0), t € [—r, 0],
5. a(t) < B(b), t € [—r, T),
6. a(0) < a(T),
7. B(0) > B(T).

Asa, € X, we get a(t) = a(0), YVt e [—r, 0] and B(t) = B(0), Vt € [—r, 0].
Defining p, F*, L, N and S as in the proof of the Theorem 3.4.3 and using
Schauder’s fixed point theorem, we see that S : X — X has a fixed point
y € X. This will imply that y is a solution of the BVP (3.10).

Proceeding as in the proof of the Theorem 3.4.3, we get a(0) < y(0) < 5(0).
This implies a(t) < y(t) < B(¢), Vit € [—r, 0].

Therefore it is enough show that a(t) < y(t) < p(t), YVt € (0, 1.

Let if possible 3 ¢t; € (0, T] such that a(t) < y(t) < B(t), V¢ € (0, t1) and

y(t1) = B(t1). This implies that y(t; — h) < [(t1 — h) for sufficiently small

h > 0. Therefore 5(“)723(“7’1) < y(tl)fz(trh). Thus £'(t1) < y'(t1).
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CASE-1: Let 0 < t; <7r. So we get —r <ty —r <0.
This implies oty — 1) < y(ty — 1) < B(t1 — 7).
Therefore y'(t1) = F*(t1, y(t: — 1)) — \y(t1)
= f(t1, y(th — 7)) = dy(th)
< fta, a(ty = 7)) — AB(t)

< f'(t1), which is a contradiction.

CASE-2: Let r <t; <T. Sowe get 0 <t; —r <t.

This implies a(t; — ) < y(t, — r) < B(t, — 1),
Therefore ¢/ (t1) = F*(t1, y(t1 —r)) — \y(t1)
= [ty y(tr — 7)) = dy(ta)
< [ty alty — 7)) = AB(H)

< f'(t1), which is a contradiction.

Thus from CASE-1 and CASE-2, we have «a(t) < y(t) < 5(t), V t € (0, T].
Therefore F*(t, y(t —r)) = f(t, y(t — 7)), YVt € I and p(T, y(T)) = y(T).
Hence y is a solution of the PBVP (3.1) such that a(t) < y(t) < B(t),
Vite[—r 0] and at) < y(t) < p(t), Yt € (0, TJ. O

Theorem 3.6.6. Let f: I x R — R be continuous and satisfy

ft, =) > f(t, y), Y (t, x), (t, y) € I xR such that x <vy. Let a, f € X

be strict coupled lower and upper solutions of APBVP (3.2). Then the APBVP
(3.2) has atleast one solutiony € X such that a(t) < y(t) < B(t), Vt € [-r, 0]
and ot) < y(t) < B(t), forall t € (0, T).
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Proof. Since a, f € X are strict coupled lower and upper solutions of (3.2),
we have 1. o/(t) + \a(t) < f(t, Bt —r)), t €I,
2. B'(t)+ AB(t) > f(t, alt—1)), t €1,

3. a(t) < a(0), t € [-r, 0],
4. p(t) = p(0), t € [-r, 0],
5. a(t) < p(b), te[-r, T,
6. a(0) < —A(T),
7. 5(0) = —a(T)

Asa, f € X, we get a(t) = a(0), Vt e [—r, 0] and 5(t) = 5(0), VYt € [-r, 0].
Defining p, F*, L, N and S as in the proof of the Theorem 3.5.1 and using
Schauder’s fixed point theorem, we see that S : X — X has a fixed point
y € X. This will imply that y is a solution of the BVP (3.11). Proceding as in
the proof of the Theorem 3.5.1, we obtain «a(t) < y(t) < 5(t), Vt € [—r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.6.5. [

Theorem 3.6.7. Let f : I Xx R — R be continuous and satisfy

ft, z) > f(t, y), Y (t, x), (t, y) € I xR such that x <vy. Let a, p € X

be strict coupled lower and upper solutions of LBVP (3.3). Then the LBVP
(3.3) has atleast one solutiony € X such that a(t) < y(t) < B(t), Vt € [-r, 0]
and a(t) < y(t) < p(t), YVt e (0, T).

Proof. Since «, 8 € X are strict coupled lower and upper solutions of LBVP

(3.3), we have 1. o/(t) + Aa(t) < f(t, Bt —r)), t €1,

2. B'(t) + AB(t) > f(t, a(t—1)), t €I,
3. a(t) < a(0), t € [-r, 0],
4. B(t) = p(0), t € [-r, 0],
5. a(t) < B(t), t € [-r, T),
+ba(T), ac(0) +bB(T)} <0

< min{af(0) + ba(T), ap(0) +bB(T)}.

Asa, B € X, we get a(t) = a(0), ¥V t € [-r, 0] and B(t) = B(0), V t € [—r, 0]

6. max{aa(0
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Defining p, F*, L, N and S as in the proof of the Theorem 3.5.2 and using
Schauder’s fixed point theorem, we see that S : X — X has a fixed point
y € X. Then y is a solution of the BVP (3.12). Proceding as in the proof of
the Theorem 3.5.2, we obtain «(t) < y(t) < 5(t), Yt € [—r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.6.5. [J

Theorem 3.6.8. Let f: I x R — R be continuous and satisfy

f(t, ) > f(t, v), V(¢ x), (t, y) € I xR such that v < y. Let g: R* - R be
continuous function which satisfies

(1) g(t, x) < g(t, y), V (t, z), (¢, y) € R* such that x <y or

(2) g(t, ) > g(t, y), ¥V (¢, z), (t, y) € R? such that v < y.

Let a, B € X be strict coupled lower and upper solutions of NLBVP (3.4).
Then the NLBVP (3.4) has atleast one solution y € X such that

a(t) <y(t) < B(t), Vte[-r 0] and a(t) < y(t) < B(t), Vit e (0, T].

Proof. Without the loss of generality, let g(t, x) < g(t, v),
V (t, z), (¢, y) € R? such that x <.

Since «, € X are strict coupled lower and upper solutions of NLBVP (3.4),

we have 1. o/(t) + Ma(t) < f(t, B(t —1)), t € 1,
2. B(t) + \B(t) > f(t, alt —1)), t€ I,
3. a(t) < a(0), t € [-r, 0],
4. B(t) = B(0), t € [-r, 0],

5. at) < B(t), t € [-r, T,
6. max{g(a(0), a(T)), g((0), 5(T))}
< 0 < min{g(8(0), a(T)), g(3(0), B(T))}.
Also «, f € X implies a(t) = «(0), V¢ € [—r, 0] and
p(t) = 6(0), Vit € [-r, O].
Defining p, F*, L, N and S as in the proof of the Theorem 3.5.3 and using
Schauder’s fixed point theorem, we see that S : X — X has a fixed point

y € X. This will imply that y is a solution of the BVP (3.13). Proceding as in
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the proof of the Theorem 3.5.3, we obtain «a(t) < y(t) < p(t), Vt € [-r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.6.5. [
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4.1 Introduction

In this chapter, we investigate BVPs of general first order DECD and first
order DEVDA for existence of solution using Leray - Schauder alternative
and Schauder’s fixed point theorem. We employ method of lower and upper
solution to prove some results on existence of solution between them for PBVP
of general first order DECD and first order DEVDA. We also establish results
on existence of solution between weakly coupled lower and upper solutions
for APBVP, LBVP and NLBVP of general first order DECD and first order
DEVDA. Further, we establish results on existence of solution between coupled
lower and upper solutions for PBVP, APBVP, LBVP and NLBVP of general
first order DECD and first order DEVDA. Apart from this, we use fixed point
theorem on partially ordered metric spaces and Banach fixed point theorem to
prove results on existence of solution for PBVP of first order DEVDA.

Let a, b € R such that a #0 and b #0. Let T > 0, A > 0, I = [0, T,
0<r <T,0:1 — Ibe continuous, f : I x R> — R be continuous and
g : R? — R be continuous. Then the PBVP for general first order DECD

under investigation is given by

\

Y (t)+ My(t) = f(t y(t), y(t—r)), tel,

y(t) = ?/(0)7 te [_T7 O]a (4.1)

Ve

The APBVP for general first order DECD under investigation is

\

y'(t)+Ay(t) = f(t, y(t), y(t—r)), tel,

y(t) =y(0), t € [—7”, O]v (4‘2>




The LBVP for general first order DECD under investigation is,

\

y'(t) + My(t) = f(t, y(t), y(t —r)), t €1,
y(t) = y(0), t € [-r, 0],

ay(0) + by(T) = 0.

Ve

The NLBVP for general first order DECD under investigation is

)

Yy () +My(t) = f(t, y(t), y(t —r)), t €,
y(t) = y(0), t € [-r, 0],

9(y(0), y(T)) = 0.

7

We also investigate BVP for general first order DECD given by

3\

y(t)+ Ay(t) = f(t, y(t), y(t —r)), tel,

y(t) = y(0), t € [-r, 0],

Ve

The PBVP for first order DEVDA under investigation is given by

Y () + Ay(t) = f(t, y(t), y(0(t))), t €1,

The APBVP for first order DEVDA under investigation is

Y () + Ay(t) = f(t, y(t), y(0(t))), t €1,

The LBVP for first order DEVDA under investigation is

y(t)+ Ay(t) = f(t, y(t), y(6(2))), t €1,

ay(0) +by(T) = 0.



84

The NLBVP for first order DEVDA under investigation is

y'(t) + My(t) = f(t, y(t), y(O(1)), t €1,

9(y(0), y(T)) = 0.

(4.9)

We will need the following lemmas to prove existence of solution results for

the above BVPs.

Lemma 4.1.1. Let f : [ x R? — R be continuous and N : X — Y x R be
defined by N[y(t)] = (v(t), y(T)), where
0, —r <t<0,

U(t) = t
g‘f(& y(S), y(S_T))dS, 0<t<T.

Then N : X =Y x R is continuous and compact.
Proof. Similar to the proof of the Lemma 3.1.2. n

Lemma 4.1.2. Let f : [ x R? = R be continuous and N : X — Y x R be
defined by Ny(t)] = (v(t), —y(T)), where
0, —r<t<0,

v(t) =4
{f(& y(8>7 y<S_T))dS, 0<t<T.

Then N : X — Y x R is continuous and compact.
Proof. Similar to the proof of the Lemma 3.1.2. n

Lemma 4.1.3. Let f : [ x R? = R be continuous and N : X — Y x R be
defined by Ny(t)] = (v(t), —¢y(T)), where
0, —r<t<0,

’U(t) = t
Off(s, y(s), y(s —r))ds, 0<t<T.

Then N : X — Y X R is continuous and compact.
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Proof. Similar to the proof of the Lemma 3.1.2. n

Lemma 4.1.4. Let f : I x R? = R be continuous and p : I x R — R be
continuous. Let N : X —Y X R be defined by Ny(t)] = (v(t), p(T, y(T))),
0, r<t<0,

where v(t) = ¢ ,
‘({‘f(sv y(S), y(s - r))dS, 0<t<T.

Then N : X —Y X R is continuous and compact.
Proof. Similar to the proof of the Lemma 3.1.2. O

Lemma 4.1.5. Let f: I x R?2 — R be continuous and

h:R? — R be continuous. Let N : X — Y x R be defined by

Then N : X — Y X R is continuous and compact.
Proof. Similar to the proof of the Lemma 3.1.2. O

Lemma 4.1.6. Let f: I x R? — R be continuous and Q : W —V x R be

defined by Qly(t)] = (v(t), y(T))), where v(t) = 0ftf(s, y(s), y(6(s)))ds,

tel. Then Q : W — V xR is continuous and compact.
Proof. Similar to the proof of the Lemma 3.1.2. [

Lemma 4.1.7. Let f : I x R? — R be continuous and Q : W — V x R be

defined by Qly(t)] = (v(t), — y(T)), where v(t) = Off(s, y(s), y(0(s)))ds,
tel. Then @Q: W — V xR is continuous and compact.

Proof. Similar to the proof of the Lemma 3.1.2. O
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Lemma 4.1.8. Let f : I x R? — R be continuous and Q : W — V x R be
t

defined by Qy(t)] = (v(t), —2y(T)), where v(t) = [ f(s, y(s), y(0(s)))ds,
0

tel. Then @ : W — V xR is continuous and compact.

Proof. Similar to the proof of the Lemma 3.1.2. ]

Lemma 4.1.9. Let f : I xR? — R be continuous, p : I xR — R be continuous

and Q@ : W — V x R be defined by Qy(t)] = (v(t), p(T, y(T))), where
¢

o(t) = [ f(s, y(s), y(0(s)))ds, t € I. Then Q : W — V x R is continuous
0

and compact.
Proof. Similar to the proof of the Lemma 3.1.2. n

Lemma 4.1.10. Let f : I x R? = R be continuous, h : R> — R be continuous

and Q : W — V x R be defined by Qy(t)] = (v(t), h(y(0), y(T))), where
¢

o(t) = [ f(s, y(s), y(0(s)))ds, t € I. Then Q : W — V x R is continuous
0

and compact.

Proof. Similar to the proof of the Lemma 3.1.2. [

4.2 Existence Theorems using Leray - Schauder
Alternative
In this section, we estabish results on existence of solution to above BVPs

of using Leray - Schauder alternative. We start with definition of solution of

PBVP (4.1).
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Definition 4.2.1. A function u : [—r, T] — R is said to be a solution of
PBVP (4.1) if

1. w is continuous on [—r, T| and continuously differentiable on I.

2. u(t) + u(t) = f(t, u(t), ult—r)), tel.

3. u(t) =u(0), t € [-r, 0].

4. u(0) =u(T).

Stmilarly we can give definitions of solution for other given BVPs of general

first order DECD.

Definition 4.2.2. A function u : [ — R is said to be a solution of PBVP
(4.6) if 1. u is continuously differentiable on I.

2.4/ (t) + Au(t) = f(t, u(t), u(d(t))), t € I.

3. u(0) = u(T).
Stmilarly we can give definitions of solution for other given BV Ps of first order

DEVDA.
We now have the following existence results.

Theorem 4.2.1. Let f : I x R? — R be continuous. If 3 M > 0 independent

of p with ||yllec # M for any solution y of

)

y'(t) + My(t) = uf(t, yt), yt —r)), t €,

y(t) =y(0), t € [-r, 0], (4.10)

y(0) = py(T),

for each € (0, 1), then the PBVP (4.1) has atleast one solution in X.

Proof. Similar to the proof of the Theorem 3.2.1. n



38

Theorem 4.2.2. Let f : I x R> = R be continuous. If 3 M > 0 independent
of p with ||yllec # M for any solution y of

\

y'(t) + My(t) = pf(t, yt), y(t —r)), t €,
y(t) =y(0), t € [—r, 0], (4.11)

for each € (0, 1), then the APBVP (4.2) has atleast one solution in X.

Proof. Similar to the proof of the Theorem 3.2.2. [

Theorem 4.2.3. Let f : I x R? = R be continuous. If 3 M > 0 independent
of p with ||yllec # M for any solution y of

)

Y (t) + y(t) = uf(t, yt), yit —7)), t e,

y(t) =y(0), t € [-r, 0], (4.12)

(0) = —p_y(T),

for each € (0, 1), then the LBVP (4.3) has atleast one solution in X.

Proof. Similar to the proof of the Theorem 3.2.3. O]

Theorem 4.2.4. Let f : I x R? = R be continuous. If 3 M > 0 independent
of p with ||yllec # M for any solution y of

Y (1) + Ay(t) = wf(t, y(t), y(0(1))), t € 1,

(4.13)
y(0) = py(T),

for each p € (0, 1), then the PBVP (4.6) has atleast one solution in X.

Proof. Similar to the proof of the Theorem 3.2.1. O
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Theorem 4.2.5. Let f : I x R> = R be continuous. If 3 M > 0 independent
of p with ||yllec # M for any solution y of
y'(t) + Ay(t) = uf(t, y(t), y(0))), t €1,

(4.14)

for each € (0, 1), then the APBVP (4.7) has atleast one solution in X.
Proof. Similar to the proof of the Theorem 3.2.2. m

Theorem 4.2.6. Let f : I x R? — R be continuous. If 3 M > 0 independent

of p with ||yllec # M for any solution y of

Y () + Ay(t) = wf(t, y(t), y(0(1)), t €I,

) (4.15)
y(0) = — n_y(T),
for each € (0, 1), then the LBVP (4.8) has atleast one solution in X.
Proof. Similar to the proof of the Theorem 3.2.3. O

4.3 Existence Theorems using Schauder’s Fixed
Point Theorem
In this section, we first prove the existence of solution for BVP (4.5), by assum-

ing f and g both to be bounded and continuous. We make use of Schauder’s

fixed point theorem to obtain the result.
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Definition 4.3.1. A function u : [—r, T] — R is said to be a solution of BVP
(4.5) if

1. w is continuous on [—r, T| and continuously differentiable on I.

2. u'(t) = f(t, u(t), u(t—r)), tel.

3. u(t) =u(0), t € [-r, 0].

4. u(0) = g(u(0), u(T)).

Theorem 4.3.1. Let f : [ x R? — R be bounded and continuous function,
g : R? = R be bounded and continuous function. Then the BVP (4.5) has

atleast one solution y € X.
Proof. Similar to the proof of the Theorem 3.3.1. O

Next we establish existence of solution result for PBVP of first order DE-
VDA (4.6) using of Schauder’s fixed point theorem by assuming f : I xR* — R

to be continuous and bounded. We break down the result into two lemmas.

Lemma 4.3.2. Let A > 0 and f : [ x R?> — R be continuous. Then J : Z — Z
defined by
T t
Ty = [ s F(s, y(s), y(0(s)ds + [ e f(s, y(s), y(0(s)))ds
0 0

18 continuous.

Proof. Let y,, — y in (Z, ||.||)-

Therefore ||y, — y|| — 0 as n — oo. This implies y, — y uniformly on .

Let Jy, = v, and Jy = v.

We claim that v, — v uniformly on I.

Let € > 0 be arbitrary.

Since y,, — y uniformly on I, f : I x R? — R is continuous and 0 : I — I is

continuous, we have f(t, y,(t), y.(6(¢))) — f(t, y(t), y(0(t)))

uniformly on 1.
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Therefore 3 ny € N such that | f(t, yn(t), y.(0(t))) — f(t, y(t), y(0(t)))| < Ae,

Vn>nyand Vt el Sowe have

Therefore |v,(t) —v(t)| <€, ¥Yn >ngand Vt € I. Thus v, — v uniformly on

1. Hence J : Z7 — Z is a continuous operator. ]

Lemma 4.3.3. Let A > 0 and f : I x R> — R be continuous and bounded. Let
J:Z — Z defined by

—\N(T—s+t)

T ¢
Jly(t)] = {ﬁf(& y(s), y(0(s)))ds + {e_A(t_s)f(Sv y(s), y(0(s)))ds.
Then J(Z) is a bounded subset of (Z, ||.||) and J : Z — Z is compact.

Proof. Since f: I x R?> — R is bounded, 3 M > 0 such that
If(t, u, v)] <M, V (¢, u, v) € I x R%
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Let y € Z. Then
A NT— s+t
/ - )\T s, y(s), y(0(s)))ds
* /‘3 y(s), y(0(s)))ds|

AT —s+t)

———=7 (s, y(s), y(0(s)))|ds

o\

+ / NI (s, y(s), y(6(s))lds

0
z —AT—s+t) M

gM/e—ds + M/e—w—s)ds_ — Vtel.
0

1—e T A
This implies ||Jy|| < &, Vy € Z.
Therefore J(Z) is bounded subset of (Z, ||.||).
Next we prove that J : Z — Z is a compact operator.
Let {y,} be a bounded sequence in (Z, |.||). Denote v, = Jy,.
Since J(Z) is a bounded subset of (Z, |.||), {vn} is bounded sequence in
(Z, ||.I)- Therefore {v,} is uniformly bounded sequence on I.
We show that {v,} is equicontinuous on I uniformly.
Let ty € [—r, T] be arbitrary and ¢ > 0 be arbitrary.
CASE-1: Let tyg = 0. Consider

[on(t) = vn(to)| = [vn(t) — va(0)]

1—e

<1 [ s mls), w0

e N f (s, ynls), ya(0(s)))ds

—\(T—5s)

T oo /(5 9n(s), ya(0(s)))ds|.
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So we have

e ( e M) " !
< 7 ST M/e’\sds + Me t/ A8 (s
— e~
0 0
2M
PR

CASE-1.1: Let 0 < £ < 1.
Let 22]1 — e™| < e. Then |1 — e < 2

<e M l4 2

So we have1—2M S

This implies —2’\—];[ <l-eM< 2M
Therefore log[1 — 25] < —At < log[1 + 2]

Thus —1 log[l + 2] <t < —1log[l — 2]

Choose § = min{Z, —+log[1 — 2]}

Let 0 <t <.

Then t < —3 log[ — 2], This implies log[1 — £] < =t

So we have 1 — 2 < e™. Therefore 1 — e < 2. Thus Z(1 —e™) <.
Hence |v,(t) — vn(to)| < €, Vtsuch that 0 <t < 4.

CASE-1.2: Let 5 > 1. Choose § = min{%, —1 log(3)}.

Let 0 <t <. Then t < —5log(3).

This implies log(3) < —At. So we have 1 < e™*. This gives —e ™ < —1.
Therefore 1 — e™ < £ < 2. Thus HL(1 — ™) <.

Hence |v,(t) — v,(to)| < €, V¢ such that 0 <t < 4.

From CASE 1.1 and CASE 1.2, we may conclude that {v,} is equicontinuous

at t():O



94

CASE-2: Let to =T'. Then for t <T', we have

[0n(t) = vn(to)] = |vn(t) = va(T))|

o 7 (5, 8a(9) 4 (6(5)) s
+ /t eI (5, ynls), yn(0(s)))ds
- /t e M f (s, yals), ya(0(s)))ds
_ /T e T £ (s, yu(s), yn(0(s)))ds]

i e M9 t As|,—A AT
< M/l—]e’\t —eMds + M/e Sle — e M ds
0 0

< %1 i_::T (e — e T (AT 1)
4 %(G—At TN — 1) + %e—AT(eAT )

= %(e"\t e MY + %(1 — e M=) %(e‘” — e
+ %(1 — e M=)

= 2M(1 _ e—A(T—t))
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CASE-2.1: Let 0 <7 <L Choose § = mln{ —1 log[ 2?\6/1]}

Let T—6 <t <T. Then T — t < —log[l — 5x5].

This implies log[1 — 25] < —A(T —t). So we have 1 — 3¢ < =210,
Therefore 1 — e 2T=0 < 22 Thus 24 (1 — e AT0) <€,

Hence |v,(t) — vn(to)] <€, Vtsuch that T —§ <t <T.

CASE-2.2: Let 25 > 1. Choose § = min{Z, —1 log(1)}.

Let T—0 <t <T. Then T —t < —3 log(3). This implies log(3) < —A(T —t).
So we have 1 < e 7=, This gives —e 771 < —1

Therefore 1 — e 2T < L < 22 Thus 24(1 — e MT7) <.

Hence |v,(t) — v, (to)| <€, ¥t such that T —§ <t <T.

From CASE 2.1 and CASE 2.2, we may conclude that {v,} is equicontinuous

at to =T.
CASE-3: Let 0 <ty < T. Let t > t5. Then

Te ANT— s+t
o) = valto)l = | [ S S5 a(5), wn0(5)))ds
0

t

+ [ eI (s, yals), yn(0(s)))ds

e—)\(T—S-'rto)

Wf(sa yn(s), yn(Q(s)))ds

|
St — 5 T

_ / MO (5, ya(s), yu(0(5)))ds].
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So we have

A(T—s+t) 7)\(T75+t0)

1 — e AT ]f(S, y”(5)7 yn(0(5>>>d8

"Un< — Up tO =

=
]0 N £(s, yals), ya(0(s)))ds

/ (5, yn(5). 1 (B(5)))ds

to

6_’\(t° VF(s, yn(s)s yn(8(s)))ds]

\

—)\(T s)
/ e = e (s, ), 9(6(5)))lds

to

n / le™ — e\ £ (s, ya(s), ya(0(s)))|ds

0
t

+ / NI (s, yals), yal6(s)))]ds

to

0
o= T
< Ml—/\T|e*’\t — M| /eASdS + Mle ™ — e /e’\sds
— 6_

t
+ Me™ M [ eMds

to

—A\T
S%le )\T| —At_e—)\to|(€)\T_1)
e
+ %‘ -t e—/\t()Ke/\to . 1) + %G_M(B/\t o e/\to)
M M M
7|€—/\t 6—>\t0’ + \ (1 — e A(t— to)) . 7|€—>\1t —)\t0|
+ M ey
A
2M 2M
_ 1 _ —)\(t—to) = 1 —)\|t t0|
(1= e = 2 )



Let ¢ < 1. Then

—XT—s+t)

) = 0a(t0)] = | [ T 51 (), a(01))ds

eI f (s, yals), ya(6(s)))ds

e—A(T—S-‘rt())

oo S (5 Ynl(s), ya(0(s)))ds

_ / e MO (5. (s), yn(0(s)))ds|

Tz e~ MT—s+1) e~ MT—s+to)
.y / S~ e (s a(9), 9a(0(5))ds
N £(s, gals), ya(0(s)))ds

e 07 f (s, yu(s), yn(0(s)))

e‘A(tO‘S)f(S, Yn(5), Yn(0(s)))ds|

|
Tt~

—)\(T s)
/ e = s, (), O Ids

t

n / Ml — e 0| £ (s, yu(s), ya(0(s)))|ds

0
to

n / MO0~ £ (5, yu(s), ya(6(s)))ds

t

e
S]\41_ _)\T 7/\25 )\t0|/ )\st

to
£ Mle — el / Pods + e [ as

t
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So we have
M e T _ _
[un () — vn(to)] < N1 —AT| M—e At0|(e>\T 1)
M M
+ 7|6—>\t 6—/\t0|(€/\t 1) + TG_MO (6)\t0 ekt)
M M M
7|€—/\t 6—>\to| + T(1 e—A(tO—t)) 7|6—>\1t . 6—>\t0|
+ Mg oy
A
= %(1 — e—A(to—t)) Qi/[(l — —Alt—tol)_
CASE-3.1: Let 0 < 535 < 1.
Choose 6 = min{%, — log[1 — $5]}.

Let [t —to| < 0.

Then [t — to| < —+log[l — 2] This implies log[1 — 55| < — [t — tq|.

So we have 1 — A< < e~ M=tl, Therefore 1 — e~ l—tol < 2.

Thus 22 (1 — e Mhl) < ¢,

Hence |v,(t) — vn(to)| < €, V t such that |t —ty| < 6.

CASE-3.2: Let 35 > 1.

Choose § = min{Z, —1 log(3)}.

Let |t — to| < 6.

Then |t — to| < —5log(3). This implies log(3) < —Alt — tol.

So we have 1 < e ="l This gives —e Aol < —1.

Therefore 1 — e M=ol < 1« 2c Thus 2M (] — e~ Ai~tol) < ¢

Hence |v,(t) — v, (to)| < €, ¥ t such that |t — ] < 6.

From CASE 3.1 and CASE 3.2 we may conclude that {v,} is equicontinuous
at ty, where 0 <ty < T.

Hence from CASE-1 to CASE-3 we conclude that {v,} is equicontinuous on
uniformly.

Now using Arzela-Ascoli lemma, {v,} has a subsequence {v,,} converging

uniformly to v on I. Therefore v,, — v on (Z, ||.||). Thus {Jy,} has a
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subsequence {Jy,, } converging in (Z, ||.|]).

Hence J : Z — Z is a compact operator. O]

Theorem 4.3.4. Let A > 0 and f : I x R?> — R be continuous and bounded.
Then PBVP (4.6) has atleast one solution in (Z, ||.|]).

Proof. Let J : Z — Z be defined by

Tt = [ S22 F (s, (s), 9(0))ds + [ f(s, y(s), y(B(s)))ds.
A fixed pooint of J is a solution of (4.6). Sincg f: I xR? — R is continuous,
J: Z — Z is continuous by Lemma 4.3.2.

Also J(Z) is bounded and J : Z — Z is compact operator as f: I x R - R
is continuous and bounded (Using Lemma 4.3.3).

Therefore by Schauder’s fixed point theorem J : Z — Z has a fixed point

y € Z. Thus y is a solution of (4.6). O

4.4 Method of Lower and Upper Solutions

In this section, we establish results showing existence of solution lying between
lower solution and upper solution. We start with definitions of lower solution,
upper solution, strict lower solution, strict upper solution and solution for

general first order DECD

Y1)+ My(t) = f(t y(t), y(t—r)), tel,

(4.16)
y(t) = y(O), te [—7’, O]a
and
v(0) + M(t) = f(t, (o). yO). te 1.} (4.17)

We also prove that upper solution exceeds lower solution under certain condi-

tions on a function f : I x R? — R, lower and upper solution.
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Definition 4.4.1. A function u € B is called a solution of general first order
DECD (4.16) if

14U (t) + Mu(t) = f(¢t, u(t), u(t —r)), t € l.

2. u(t) =u(0), t € [-r, 0].

Definition 4.4.2. A function uw € W is called a solution of general first order

DECD (4.16) if «/(t) + Mu(t) = f(t, u(t), u(0(t))), t € I.

Definition 4.4.3. A function o € B 1is called a lower solution of general first
order DECD (4.16) if

1.d(t) + Aa(t) < f(t, a(t), a(t—r1)), t e 1.

2. at) <a(0), t€[-r 0].

A function B € B is called an upper solution of general first order DECD

(4.16) if the above inequalities are reversed.

Definition 4.4.4. A function o € W is called a lower solution of first order
DEVDA (4.17) if &/ (t) + Aa(t) < f(t, a(t), a(b(t))), t € I.
A function f € W is called an upper solution of first order DEVDA (4.17) if

the above inequalities are reversed.

Definition 4.4.5. A function o € B is called a strict lower solution of general
first order DECD (4.16) if

1. /() + Aa(t) < f(t, a(t), a(t —1)), t e 1.

2. at) < a(0), t € [-r 0].

Definition 4.4.6. A function « € W is called a strict lower solution of first

order DEVDA (4.17) if o/(t) + Aa(t) < f(t, a(t), a(6(t))), t € 1.

Definition 4.4.7. A function 8 € B is called a strict upper solution of general
first order DECD (4.16) if

1 B'(t) + AB(E) > f(t, B(t), Bt —7r)), tel.

2. B(t) = 8(0), t € [-r, O]
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Definition 4.4.8. A function B € B 1is called a strict upper solution of first
order DEVDA (4.17) if B'(t) + A\B(t) > f(t, B(t), B(O(t))), t € I.

Theorem 4.4.1. Let f : [ x R? = R be continuous and satisfy

f(t, uy, vi) < f(t, ug, vo), V (¢, ui, vi), (t, ug, ve) € I x R? such that
up < ug and vy < vy, Let o € X be a strict lower solution of general first
order DECD (4.16). Let f € X be an upper solution of general first order
DECD (4.16). Then «(0) < B(0) implies a(t) < B(t), ¥V t € [—r, 0] and
a(t) < B(t), Yte (0, T].

Proof. Similar to the proof of the Theorem 3.4.1. n

Theorem 4.4.2. Let f : [ x R? =+ R be continuous and satisfy

f(t, uy, vi) < f(t, ug, vo), V (¢ uy, vi), (&, ug, ve) € I x R? such that
up < ug and vy < vy, Let a € X be a lower solution of general first order
DECD (4.16). Let € X be a strict upper solution of general first order
DECD (4.16). Then a(0) < 5(0) implies a(t) < B(t), V t € [—r, 0] and
a(t) < p(t), Yte (0, T].

Proof. Similar to the proof of the Theorem 3.4.1. O

Theorem 4.4.3. Let f : [ x R? = R be continuous and satisfy

f(t, ur, v1) < f(t, ug, v2), V (¢, ur, v1), (¢, uz, vo) € I x R? such that

up < up and v; < vy. Let a« € W be a strict lower solution of first order
DEVDA (4.17). Let B € W be an upper solution of first order DEVDA (4.17).
Then «(0) < (0) implies a(t) < B(t), Vt € (0, T].

Proof. Similar to the proof of the Theorem 3.4.1. O

Theorem 4.4.4. Let f: I x R?2 — R be continuous and satisfy

f(t, ur, v) < f(t, ug, vo), V (¢, ug, v1), (¢, uz, vo) € I x R? such that
up < ug and vy < vy, Let a € W be a lower solution of first order DEVDA
(4.17). Let p € W be a strict upper solution of first order DEVDA (4.17).
Then «(0) < (0) implies a(t) < B(t), Vt € (0, T1.
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Proof. Similar to the proof of the Theorem 3.4.1. n

We now define lower and upper solution for PBVPs of general first order
DECD (4.1) and first order DEVDA (4.6). We use Schauder’s fixed point
theorem to establish results on existence of solution between lower and upper
solutions for PBVP by assuming f to be non-decreasing in second and third
argument. Also we define strict lower and upper solutions for the PBVPs to

establish results on existence of solution between the two.

Definition 4.4.9. A function o € B is called a lower solution of PBVP (4.1)
if 1. /() + Ma(t) < f(t, at), alt—r1)), tel.

2. a(t) < a(0), t € [-r, 0].

3. a(0) < o(T).
Similarly, a function 5 € B is called an upper solution of PBVP (4.1) if the

above inequalities are reversed by replacing o with (.

Definition 4.4.10. A function o € W is called a lower solution of PBVP
(4.6) if 1. /() + da(t) < f(t, a(t), a(6(t))), t € I.

2. a(0) < a(T).
Similarly, a function § € W is called an upper solution of PBVP (4.6) if the

above inequalities are reversed by replacing o with 3.

Definition 4.4.11. A function a € B is called a strict lower solution of PBVP
(4.1) if 1. &/(t) + Aa(t) < f(t, alt), alt —71)), t € 1.

2. a(t) < af0), t € [-r, 0.

3. a(0) < a(T).

Definition 4.4.12. A function 3 € B is called a strict upper solution of PBVP
(4.1) if 1. B'(t) + A\B(t) > f(t, B(t), Bt —r)), t €.

2. B(t) > B(0), t € [, 0].

8. 8(0) = B(T).
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Definition 4.4.13. A function o € W is called a strict lower solution of
PBVP (4.6) if 1. o/(t) + Aa(t) < f(t, a(t), a(0(t))), t € 1.
2. a(0) < o(T).

Definition 4.4.14. A function B € W is called a strict upper solution of
PBVP (4.6) if 1. 5'(t) + AB(t) > f(t, B(t), 5(O(t))), t € I.
2. 8(0) > B(T).

We now have results on existence of solution between lower and upper
solution and between strict lower and strict upper solution for PBVPs (4.1)

and (4.6).

Theorem 4.4.5. Let f : I x R?2 — R be continuous and satisfy

f(t, uy, vi) < f(t, uz, va), V (t, u1, v1), (t, ug, vo) € I x R? such that
uy < ug and v < vy, Let a, B € X be lower and upper solutions of PBVP
(4.1) such that a(t) < B(t), VYt € [—=r, T|. Then the PBVP (4.1) has atleast

one solution y € X such that o(t) < y(t) < S(t), Vit € [-r, T].

Proof. Since «, f € X are lower and upper solutions of PBVP (4.1), we have
Lo (t) + Aa(t) < f(t, a(t), a(t — 1)), t € 1.
2. B'(t) + AB(t) = f(t, B(), B(t —1)), t € 1.

3. a(t) < a(0), t € [-r 0].

4. B(t) > B(0), t € [-r, 0].

5. a(0) < a(T)

6. 5(0) = B(T)

As a, f € X, we have a(t) = a(0), YVt € [-r, 0] and

B(t) = p(0), Yt e [—r 0]
Let p: I x R — R be defined by p(t, ) = max {«(t), min{z, 5(t)}},
V (t, ) € I x R. Therefore a(t) < p(t, x) < B(t), ¥ (t, ) € I x R.

Also p: I x R — R is continuous and bounded.
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y(t) = y(0) + A [ y(s)ds, 0<t<T.

By Lemma 3.1.1, L : X — Y x R is linear, bijective and continuous.

Also L71: Y x R — X exists and is given by

Further L=!: Y x R — X is bounded and hence continuous.
Let N: X — Y xR be defined as N[y(t)] = (v(t), p(T, y(T))),
0, —r<t<0,

where v(t) =<,
fF*(s, y(s), y(s—r))ds, 0<t<T.
0

By Lemma 4.1.4, N : X — Y x R is compact and continuous.

Let F* : I x R? — R be defined by

[, a(t), alt =r)), z<a(t), y <alt —71),

[tz alt=r)), o) <z <BE), y <alt—r),

f(t’ /B(t)7 O*/(t - ’l“)), B(t) <, Y < a(t - ’I“),

f(t, at), v), r<at), alt—r) <y < pt—r),
F*(t’ L, y) - f(ta Z, y)? Oé(t) Sr < ﬁ(t)a O‘@ _T) Sy < B(t - 7“),
f(ta 5(t)> y)v 5(t)§]}, Oé(t—T)SySﬂ(t—?”),
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Then, F* : I x R? = R is continuous and bounded.

Let S=L7'N:X — X. Then

STyt p(T, y(T)), —r<t<0,
y(t)] = ‘
p(T, y(T))e ™ + bfe”\(t’s)F*(s, y(s), y(s—r))ds, 0<t<T.

A fixed point of S : X — X is a solution of

\

y'(t) + My(t) = F*(t, y(t), y(t = 7)), t €I,

y(t) =y(0), t € [—r, 0], (4.18)

y(0) = p(T, y(T)).

As L7' : Y x R — X is continuous linear operator and N : X — Y x R
is compact, we have S : X — X is a compact operator. As composition
of continuous operators is continuous, therefore S : X — X is continuous.
Further p and F* are bounded implies that S(X) is a bounded subset of
(X, ||llsc).- Therefore by Schauder’s fixed point theorem, S : X — X has
a fixed point y € X. Thus y is a solution of the BVP (4.18).
We show that a(t) < y(t) < 5(t), Vit e [-r, T).
Since a(0) < o(T) < p(T, y(T)) < B(T) < B(0), we have

a(0) < p(T, y(T)) < B(0). This implies /(0) < y(0) < 5(0).
Therefore a(t) < y(t) < p(t), Vt € [—r, 0].

| N

So it is enough to show that a(t) < y(t) < B(t), Vt € (0, T].

Let € > 0 be arbitrary.

Let a, and B, be as defined in the proof of theorem 3.4.3.

Since a(0) < y(0) < (0), we have a,(0) < a(0) < y(0) < A(0) < B.(0).

So we get a,(0) < y(0) < 3:(0).

Therefore we prove that a.(t) < y(t) < Be(t), Vt € (0, T].

Let if possible 3 ¢; € (0, T] such that a.(t) < y(t) < B(t), YVt € (0, t;) and

y(t1) = Be(t1). Therefore y(t1) > B(t1) and S (t:) < y'(t).
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CASE-1: Let 0 < t; <r.
So we have —r < t; —r <0,
This implies a(t; — r) < y(t; — r) < Bt — r). Therefore
y'(t) = F*(tr, y(t), y(ts —r)) — Ay(ta)
= f(t1, B(t1), y(ta — 7)) — Ay(t)
< f(ty, B(t1), Bty —r)) — AB(t)

< B'(t1) < BL(t1), which is a contradiction.

CASE-2: Let r <t; <T.
So we have 0 < t; —r < t;.
This implies o (t1 — ) < y(t1 —r) < Be(t1 — 7).
CASE-2.1: Let y(t; — r) < a(ty — r). Then
Y (t) = F*(tr, y(t), y(tr — 7)) = dy(t)
= [ty B(t), alty —r)) = Ay(t)
< [t B(h), Bt — 1)) = AB(t)

< B'(t1) < B.(t1), which is a contradiction.

CASE-2.2: Let a(t; —r) < y(t; —r) < S(t;1 —r). Then
Y (t) = F*(ty, y(t), y(tr — 7)) — Ay(tr)
= f(t, B(t), y(t = 7)) = Ay(tr)
< flt, B(t), Bty — 7)) = AB(1)

< B'(t1) < BL(t1), which is a contradiction.
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CASE-2.3: Let y(t; — ) > B(t; — r). Then
y'(t) = F*(t, y(t), y(ti — 1)) — Ay(ta)
= f(t1, B(t), B(t1 — 7)) — Ay(t1)
< f(ty, B(tr), Bty — 7)) — AB(t1)

< B'(t1) < B.(t), which is a contradiction.

Hence from the above discussed cases, we conclude that

ae(t) < y(t) < Be(t), Vt € Iand Ve > 0. Therefore by taking ¢ — 0, we get
a(t) <y(t) < B(t), YVt el This gives a(t) <y(t) < B(t), Vit e [—r, T].
Thus F*(¢, y(t), y(t —r)) = f(t, y(t), y(t — 7)), V¢ € I and

p(T, y(T)) = y(T).
Hence y is a solution of the PBVP (4.1) such that a(t) < y(t) < B(1),
Vtel|-r T O

Theorem 4.4.6. Let f: I x R?2 — R be continuous and satisfy

f(t, uy, v1) < f(t, uz, v2), V (t, u1, v1), (t, ug, vo) € I x R? such that
up < ug and vy < ve. Let a, B € W be lower and upper solutions of PBVP
(4.6) such that a(t) < S(t), ¥t € I. Then the PBVP (4.6) has atleast one
solution y € W such that a(t) < y(t) < p(t), Vt e I.

Proof. Similar to the proof of the Theorem 4.4.5. O

Theorem 4.4.7. Let f : [ x R? — R be continuous and satisfy

f(t, uy, v1) < ft, ug, va), ¥ (¢, uy, v1), (¢, uz, va) € I x R? such that
Uy < ug and v, < vy, Let a, € X be strict lower and upper solutions of
PBVP (4.1) such that o(t) < B(t), Yt € [-r, T]. Then the PBVP (4.1) has
atleast one solution y € X such that a(t) < y(t) < p(t), Vt € [—r, 0] and

alt) < y(t) < B(t), Vit € (0, T].
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Proof. Since «, € X are strict lower and upper solutions of PBVP (4.1),

we have 1. o/(t) + Aa(t) < f(t, a(t), alt —1)), t € I.
2. B'(t) + AB(t) > f(t, B(t), B(t—1)), te.
3. a(t) < a(0), t € [—r, 0]
4. B(t) = B(0), t € [-r,0]
5. at) < B(t), t € [-r,T]
6. a(0) < a(T).
7. p(0) = B(T)

As a, 5 € X, we have a(t) = «(0), Vit € [—r, 0] and

B(t) = 6(0), Vte[-r 0]

Let p, F*, L, N and S be defined as in the proof of the Theorem 4.4.5.
Therefore by Schauder’s fixed point theorem, S : X — X has a fixed point
y € X. This will imply that y is a solution of the BVP (4.18).

Arguing in the similar manner as in the proof of the Theorem 4.4.5, we get
a(0) < y(0) < B(0). Therefore a(t) < y(t) < B(t), YVt € [—r, 0].

Next we show that «(t) < y(t) < 5(t), Vt € (0, T].

Let if possible 3 t; € (0, T such that a(t) < y(t) < B(t), Vt € (0, t;) and

y(t1) = B(t1). This implies that y(t;, — h) < B(t; — h) for sufficiently small

h > 0. So we have ﬁ(tl)_g(tl_h) < y(tl)_‘z(tl_h). Therefore 5'(t1) < y'(t1).

CASE-1: Let 0 < t; < r. So we have —r < t; —r < 0.
This implies a(t; —r) < y(t, — ) < B(t1 — r). Therefore
y'(t) = F*(t, y(tr), y(ts — 7)) = Ay(t1)
= f(tr, B(tr), y(tr — 7)) — Ay(ts)
< f(ty, B(ta), B(tr—r)) = AB(t)

< f'(t1) which is a contradiction.
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CASE-2: Let r < t; <T. So we have 0 < t; —r <.

This implies a(t, — 7) < y(t — ) < B(t1 — r). Therefore
Y (t) = F*(t, y(t), y(tr — 7)) = Ay(ta)

= f(t1, B(tr), y(tr — 7)) = Ay(tr)

< flti, B(tr), Bltr — 1)) — AB(t1)

< f'(t1), which is a contradiction.

Thus from CASE-1 & CASE-2, we have a(t) < y(t) < B(t), ¥t € (0, T1.
Therefore F*(t, y(t), y(t —r)) = f(¢, y(t), y(t —r)), Vt € [ and

(T, y(T)) = y(T).

Hence y is a solution of the PBVP (4.1) such that a(t) < y(t) < B(1),
Vte[-r 0] and aft) < y(t) < B(t), Vt e (0, T O

Theorem 4.4.8. Let f: I x R?2 — R be continuous and satisfy

f(t, uy, v1) < f(t, ug, vo), V (£, ui, vy), (t, ug, vo) € I x R? such that

up < ug and vy < ve. Let a, B € W be strict lower and upper solutions of
PBVP (4.6) such that a(t) < B(t), ¥t € I. Then the PBVP (4.1) has a
solution y € W such that a(0) < y(0) < £(0) and a(t) < y(t) < B(t),

Vite (0, T

Proof. Similar to the proof of the Theorem 4.4.7. O
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4.5 Method of Weakly Coupled Lower and
Upper Solutions

In this section, we define weakly coupled lower and upper solutions for APB-
VPs, LBVPs and NLBVPs of general first order DECD and first order DE-
VDA. Again we use Schauder’s fixed point theorem to establish few results
on existence of solution between weakly coupled lower and upper solutions by
assuming f to be non-decreasing in second and third argument. We further
define strict weakly coupled lower and upper solutions for APBVPs, LBVPs

and NLBVPs to obtain results on existence of solution between the two.

Definition 4.5.1. A pair of functions o, 8 € B is called weakly coupled lower
and upper solutions of APBVP (4.2) if

1o/ (t) + halt) < f(t, at), a(t —7)), teI.
2. B'(t) + AB(t) = f(t, B(t), B(t—71)), t€ 1.
3. a(t) < a(0), t € [-r, 0.

4. B(t) > B(0), t € [-r, 0.

5. a(t) < B(t), t € [~r, T]

6. a(0) < —B(T)

7. 8(0) > —a(T)

Definition 4.5.2. A pair of functions a, B € W is called weakly coupled lower
and upper solutions of APBVP (4.7) if

1. a/(t) + Ma(t) < f(t, a(t), al6))), t e 1.

2. B'(t) + AB(t) > f(t, B(t), BO())), t € 1.

3. a(t) < B(t),

4. a(0) < —B(T).

5. B(0) > —a(T).

tel.
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Definition 4.5.3. A pair of functions ., 8 € B is called weakly coupled lower
and upper solutions of LBVP (4.3) if

& (1) + Aa(t) < f(t, aft), a(t—1)), t €.

B(t) +AB(t) > f(t, B(t), B(t—r)), t el

a(t) < a(0), t € [-r, 0].
B(t) > p(0), t € [-r, O]

at) < B(t), te |-
max{aa(0) + ba(T), aa(0) +bB(T)} <0

< min{afB(0) + ba(T), af(0) +bB(T)}.

L te

r, T).

Q?’W%\?@N

Definition 4.5.4. A pair of functions a, 5 € W is called weakly coupled lower
and upper solutions of LBVP (4.8) if
1. o/(t) + da(t) < f(t, at), a(0(t)), t 1.
2. (1) + AB() = f(t, B(t), BO())), tel.
a(t) < B(t), te
4. max{aa(0) + ba(T), ac(0) + bG(T)} <0
< min{afB(0) + ba(T), aB(0) +bB(T)}.

Definition 4.5.5. A pair of functions o, f € B is called weakly coupled lower
and upper solutions of NLBVP (4.4) if

o/ (t) + Aa(t) < f(t, aft), alt—7)), t€ 1.
B'(t) + AB(t) > f(t, B(t), B(t—r)), t€ L.

QW‘?\%N
o)
~—~
~
SN—
v

max{g(a(0), a(T)), g(a(0), B(T))} <0 <min{g(5(0), (T)), 9(5(0), B(T))}.
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Definition 4.5.6. A pair of functions o, § € W s called weakly coupled lower
and upper solutions of NLBVP (4.4) if

1./ (t) + Aa(t) < f(t, a(t), a(0(t))), t € 1.

2. B(1) + AB() = f(t, B(L), BOW)). LET.

3. at) < pt), tel.

4. max{g(a(0), a(T)), g(a(0), B(T))} < 0 <min{g(8(0), a(T)), g(8(0), B(T))}.

Definition 4.5.7. A pair of weakly coupled lower and upper solutions o, § € B
of APBVP (4.2), is called strict weakly coupled lower and upper solutions of
APBVP (4.2) if 1. &/(t) + Aa(t) < f(t, aft), a(t—1)), t € 1.

2. 8'(t) + AB(t) > f(¢, B(t), B(t—r)), tel.
Stmilarly, we may define strict weakly coupled lower and upper solutions for

LBVP (4.3) and NLBVP (4.4).

Definition 4.5.8. A pair of weakly coupled lower and upper solutions
a, B € W of APBVP (4.7), is called strict weakly coupled lower and upper
solutions of APBVP (4.7) if 1. o/(t) + Aa(t) < f(t, «a(t), a(0(t))), t € I.

2. B(1) + M) > f(t, B(L), BOW)), LET.
Similarly, we may define strict weakly coupled lower and upper solutions for

LBVP (4.8) and NLBVP (4.9).

Theorem 4.5.1. Let f : [ x R? =+ R be continuous and satisfy

f(t, uy, v1) < ft, ug, va), ¥ (¢, uy, v1), (¢, uz, va) € I x R? such that
up < up and v < vy, Let a, B € X be weakly coupled lower and upper
solutions of APBVP (4.2). Then the APBVP (4.2) has a solution y € X such
that a(t) < y(t) < B(t), YVt e [-r T].
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Proof. Since «, f € X are weakly coupled lower and upper solutions of APBVP
(4.2), we have 1. o/(t) + \a(t) < f(t, a(t), a(t —1)), t € 1.

2. B'(t) +AB(t) = f(t, B(t), Bt —r)), tel.

3. a(t) < «a(0), t € [—r, 0].

4. B

6. a
7.0
As a, f € X, we have a(t) = a(0), YVt € [-r, 0] and
p(t) = p(0), Vte[-r 0]
Let p, F* and L be defined as in the proof of the Theorem 4.4.5.
Let N: X — Y x R be defined as N[y(t)] = (v(t), —p(T, y(T))),
0, —r<t<0,

where v(t) =< ,
fF*(s, y(s), y(s—r))ds, 0<t<T.
0

Then N : X — Y xR is compact and continuous by Lemma 4.1.2 and Lemma
4.1.4.
Let S=L'N:X — X. Then

Sly(6)] = ’
—p(T, y(T))e ™ + [e M=) F*(s, y(s), y(s —r))ds, 0<t<T.
0
A fixed point of S : X — X is a solution of
v () +Ay(t) = F(t, y(t), y(t —r)), t e,

y(t) =y(0), t € [-r, 0], (4.19)

y(0) = —p(T, y(T)).

)

/

By Schauder’s fixed point theorem, S : X — X has a fixed point y € X.

Therefore y is a solution of (4.19).
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Since —f(0) < a(T') < p(T, y(T)) < B(T) < —a(0), we have
—5(0) <p(T', y(T')) < —(0). This implies a(0) < —p(T, y(T)) < B(0).
Therefore a(0) < y(0) < 5(0). Thus a(t) < y(t) < p(t), Vt e [—r, 0].

The remaining proof is similar to the proof of the Theorem 4.4.5. O

Theorem 4.5.2. Let f : [ x R? = R be continuous and satisfy

f(t, uy, v1) < ft, ug, va), ¥ (¢, uy, v1), (¢, uz, va) € I x R? such that
up < ug and vy < vy, Let o, B € W be weakly coupled lower and upper
solutions of APBVP (4.7). Then the APBVP (4.7) has atleast one solution
y € W such that a(t) < y(t) < B(t), Vtel.

Proof. Similar to the proof of theorem 4.5.1. O

Theorem 4.5.3. Let f : [ x R? — R be continuous and satisfy

f(t, uy, vi) < f(t, uz, va), V (¢, u1, v1), (t, ug, vo) € I x R? such that
up < ug and vy < vy, Let a, B € X be weakly coupled lower and upper
solutions of LBVP (4.3). Then the LBVP (4.3) has atleast one solution y € X
such that o(t) < y(t) < B(t), Vt e [—r, T].

Proof. Since a, 8 € X are weakly coupled lower and upper solutions of LBVP
(4.3), we have 1. o/(t) + Aa(t) < f(t, a(t), a(t—7)), t € 1.
2. B'(t) + A\B(t) > f(t, B(t), B(t—r)), te .
3. a(t) < a(0)
4. B(t) > B(0), t € [—r, 0).

, t€[-r 0]

a(t) < B(t), t € [—r, T).
6. max{aa(0) 4+ ba(T), aa(0) 4+ b5(T)}
< 0 < min{af(0) + ba(T), af(0) + bH(T)}.
Asa, f € X, we get a(t) = a(0), Vt € [—r, 0] and 5(t) = 5(0), YVt € [-r, 0].
Let p, F* and L be defined as in the proof of the Theorem 4.4.5.
Let g : R? — R be defined as, g(z,y) = ax + by, ¥V (z, y) € R%
Therefore g : R? — R is continuous and g(y(0), y(T)) = ay(0) + by(T).
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Let ¢g* : R? — R be defined as

g*(x, y) = p(0, z) — g[p(0, ), p(T,y)], ¥ (z, y) € R*.
= p(0, ©) —ap(0, =) —bp(T, y), V (z, y) € R%.

= (1—a)p(0, ) —bp(T, y), V (z, y) € R,

Since a(0) < p(0, x) < B(0), Vo € R, we have

p(0),
Ip(0, )| < K; = max{|a(0)| + 1, |3(0)|}, Vz € R.
Also o(T) < p(T, y) < B(T), Vy € R implies that

BT, )] < Ks = max{la(T)] + 1, BT}, ¥y € R.
Therefore |g*(z, y)| < |1 — al|p(0, x)| + [b||p(T, y)|, V¥ (z, y) € R>.

< |1 —a|lK, + |b|Ky, ¥ (2, y) € R%

Thus ¢* : R? — R is bounded. Also ¢g* : R? — R is continuous, as p and ¢ are
continuous.
Let N: X — Y x R be defined as Ny(t)] = [v(t), ¢*(y(0), y(T))],

0, —r<t<0,

where v(t) =<
[ F*(s, y(s), y(s—r))ds, 0<t<T.
0

By Lemma 4.1.5, N is compact and continuous.

Let S=L7'N:X — X. Then

A fixed point of S : X — X is a solution of

\

Y (1) + Ay(t) = F(t, y(t), y(t —r)), t €1,

y(t) = y(0), t € [-r, 0], (4.20)
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Further S : X — X is compact and continuous. Therefore by Schauder’s fixed
point theorem, S : X — X has a fixed point y € X. Thus y is a solution of
the BVP (4.20). Arguing in the similar manner as in the proof of the Theorem
3.5.2, we get a(0) < y(0) < 5(0).

The remaining part of the proof is similar to the proof of the Theorem 4.4.5. [J

Theorem 4.5.4. Let f : I x R?2 — R be continuous and satisfy

f(t, uy, v1) < ft, ug, va), ¥V (t, uy, v1), (¢, uz, va) € I x R? such that
up < ug and vy < vy, Let a, B € W be weakly coupled lower and upper
solutions of LBVP (4.8). Then the LBVP (4.8) has a solution y € W such

that a(t) < y(t) < B(t), Vtel.
Proof. Similar to the proof of the Theorem 4.5.3. m

Theorem 4.5.5. Let f: I x R?2 — R be continuous and satisfy

f(t, ur, v) < f(t, ug, vo), V (¢, ug, v1), (¢, uz, vo) € I x R? such that
uy < uy and v < vy. Let g : R? — R be continuous function which satisfies,
(1) g(t, z) < g(t, y), ¥V (¢, z), (t, y) € R? such that x <y or

(2) g(t, ) > g(t, y), ¥ (¢, z), (t, y) € R? such that v < y.

Let o, 5 € X be weakly coupled lower and upper solutions of NLBVP (4.4).
Then the NLBVP (4.4) has a solution y € X such that

a(t) <y(t) < B(t), Vie[-r T].

Proof. Without the loss of generality, let g(t, z) < g(t, y),

V (t, z), (t, y) € R? such that z < y.
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Since a, 8 € X are weakly coupled lower and upper solutions of NLBVP (4.4),
we have 1. o/(t) + Aa(t) < f(t, a(t), a(t — 1)), t € 1.
2. B'(t) + AB(t) > f(t, B(t), Blt—r)), t € 1.
3.
4, i
5. a(t) < B(t), t € [-r, T).
6. max{g(a(0), a(T)), g((0), B(T))}
< 0 < min{g(8(0), a(T)), g(8(0), B(T))}-
Asa, B € X, we get a(t) = a(0), ¥t € [-r, 0] and B(t) = B(0), V¢ € [-r, 0].
As g(t, ) < g(t, y), V (¢, x), (¢, y) € R? such that z < y, we have
max{g((0), a(T)), g((0), B(T))} = g(a(0), B(T")) and
min{g(5(0), a(T)), g(6(0), B(T))} = g(8(0), a(T)).
This implies g((0), A(T')) <0 < g(5(0), (T)).
Let p, F* and L be defined as in theorem 4.4.5.
Let g* : R? — R be defined as
g*(z, y) = p(0, ©) — g[p(0, x), p(T, y)], ¥ (z, y) € R%.
Then g* : R? — R is continuous and bounded.
Let N: X — Y x R be defined as N[y(t)] = [v(t), ¢*(y(0), y(T))],
0, —r<t<0

where v(t) =< ,
[ EF*(s, y(s), y(s —r))ds, 0<t<T.
0

By Lemma 4.1.5, N is compact and continuous.

Let S=L'N:X — X. Then
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A fixed point of S : X — X is a solution of

)

y'(t) + Ay(t) = F*(t, y(t), y(t —r)), t €1,

y(t) =y(0), t € [-r, 0], (4.21)

/

By Schauder’s fixed point theorem, S : X — X has a fixed point y € X.
Therefore y is a solution of the BVP (4.21). Arguing in the similar manner as
in the proof of the Theorem 3.5.3, we get «(0) < y(0) < 5(0).

The remaining part of the proof is similar to the proof of the Theorem 4.4.5. [

Theorem 4.5.6. Let f : I x R?2 — R be continuous and satisfy

f(t, uwy, vi) < f(t, ug, vo), V (¢, uy, vi), (t, ug, ve) € I x R? such that
wur < uy and vy < vy. Let g : R? — R be continuous function which satisfies,
(1) g(t, *) < g(t, y), V (t, z), (¢, y) € R* such that x <y or

(2) g(t, x) > g(t, y), V (t, z), (¢, y) € R* such that z < y.

Let o, B € W be weakly coupled lower and upper solutions of NLBVP (4.9).
Then the NLBVP (4.9) has a solution y € W such that

a(t) <y(t) <pt), Vtel.

Proof. Similar to the proof of the Theorem 4.5.5. ]

We now prove results on existence of solution between strict lower and
strict upper solution for APBVP, LBVP and NLBVP of general first order
DECD and first order DEVDA.

Theorem 4.5.7. Let f : [ x R? = R be continuous and satisfy

f(t, ur, v1) < f(t, ug, v2), V (£, ug, v1), (t, ug, v2) € I x R? such that

up < ug and v; < vy, Let o, f € X be strict weakly coupled lower and upper
solutions of APBVP (4.2). Then the APBVP (4.2) has atleast one solution
y € X such that a(t) < y(t) < B(t), Yt e [-r, 0] and

a(t) <y(t) < pt), Vte (0, T].
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Proof. Since «, B € X are strict weakly coupled lower and upper
solutions of APBVP (4.2), we have

L. d/(t) + A\
2. B'(t)+ A6

t) < ft, a(t), a(t—r1)), tel.

3. at) < a0), t € [—r, 0].
4. B(t) = B(0), t € [-r, 0]
5. a(t) < B(t), t € [-r, T
6. a(0) < —B(T).
7. B(0) = —a(T).

As a, f € X, we have a(t) = a(0), YVt € [-r, 0] and

Bt) = B(0), Vi e [-r, 0].

Let p, F*, L, N and S be defined as in the proof of the Theorem 4.5.1.
Therefore by Schauder’s fixed point theorem, S : X — X has a fixed point
y € X. This will imply that y is a solution of the BVP (4.19).

Proceding as in the proof of the Theorem 4.5.1, we obtain

a(t) < ylt) < A1), Vit € [-r, 0.

The remaining part of the proof is similar to the proof of the Theorem 4.4.7. [

Theorem 4.5.8. Let f: I x R?2 — R be continuous and satisfy

f(t, uy, vi) < f(t, ug, va), V (t, u1, v1), (t, ug, v3) € I x R? such that
up < ug and vy < vy, Let o, B € W be strict weakly coupled lower and upper
solutions of APBVP (4.7). Then the APBVP (4.7) has a solution y € W such
that a(0) < y(0) < B(0) and a(t) < y(t) < B(t), ¥Vt € (0, T].

Proof. Similar to the proof of the Theorem 4.5.7. [

Theorem 4.5.9. Let f: I x R?2 — R be continuous and satisfy

f(t, uy, v1) < f(t, ug, v2), V (¢, u1, v1), (t, ug, vo) € I x R? such that
uy < ug and vy < vy, Let o, B € X be strict weakly coupled lower and upper
solutions of LBVP (4.3). Then the LBVP (4.3) has a solution y € X such that
a(t) <y(t) < p(t), Yte[-r 0] and a(t) < y(t) < p(t), Vit e (0, T].
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Proof. Since «, § € X are strict weakly coupled lower and upper solutions of
LBVP (4.3), we have 1. &/(t) + Aa(t) < f(t, a(t), a(t —1)), t € 1.
2. B'(t) + AB(t) > f(t,B(t), Bt —7r)), t €.
3. a(t) < a(0), t € [—r, 0].
1. B(t) = BO), € [-r, 0],
a(t) < B(t), t € [—r, T).
6. max{aa(0) + ba(T), ac(0) +b53(T)}
<0 < min{aB(0) + ba(T), aB(0) + b5(T)}.
Asa, f € X, we get a(t) = a(0), Vt € [—r, 0] and 5(t) = 5(0), VYt € [-r, 0].
Let p, F*, L, N and S be defined as in the proof of the Theorem 4.5.3.
Therefore by Schauder’s fixed point theorem, S : X — X has a fixed point
y € X. This will imply that y is a solution of the BVP (4.20). Proceding as in
the proof of the Theorem 4.5.3, we obtain «a(t) < y(t) < 5(t), Vt € [—r, 0].

The remaining part of the proof is similar to the proof of the Theorem 4.4.7. [

Theorem 4.5.10. Let f: I x R?> — R be continuous and satisfy

f(t, uy, vr) < ft, ug, va), ¥V (t, wy, v1), (¢, uz, va) € I x R? such that
up < ug and vy < vg. Let o, B € W be strict weakly coupled lower and upper
solutions of LBVP (4.8). Then the LBVP (4.8) has a solution y € X such that
a(0) < y(0) < 5(0) and aft) <y(t) < B(t), Vit € (0, T].

Proof. Similar to the proof of the Theorem 4.5.9. ]

Theorem 4.5.11. Let f: I x R? — R be continuous and satisfy

f(t, ur, v) < f(t, ug, vo), V (t, ug, v1), (¢, uz, vo) € I x R? such that
u < up and vy < vy. Let g : R2 — R be continuous function which satisfies
(1) g(t, x) < g(t, y), V (t, z), (¢, y) € R* such that x <y or

(2) g(t, x) > g(t, y), V (t, z), (¢, y) € R* such that x < y.

Let o, B € X be strict weakly coupled lower and upper solutions of NLBVP
(4.4). Then the NLBVP (4.4) has a solution y € X such that

a(t) <y(t) < B(t), Yt e [-r 0] and a(t) < y(t) < p(t), Vit e (0, T].
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Proof. Without the loss of generality, let g(t, x) < g(t, v),

V (t, =), (t, y) € R? such that z < y.

Since a, f € X are strict weakly coupled lower and upper solutions of

NLBVP (4.4), we have

1
2

3. o r, 0
4. B(t) > p(0), t € [-r, 0].
5. at) < p

- max{g(a(0), a(T)), g(a(0), B(T))} <0 <min{g(5(0), a(T)), 9(5(0), B(T))}-

D

o (t) + Aa(t) < f(t, a(t), a(t—r1)), te 1.
B(t) + \B(t) > f(t, B(t), B(t—7)), tel.

a(t) < a(0), t € [-r, 0].

(t) < B(t), t € [—r, T).

As a, 5 € X, we have a(t) = «(0), Vit € [—r, 0] and 5(t) = 5(0),

Vitel[-r 0.

Let p, F*, L, N and S be defined as in the proof of the Theorem 4.5.5.

Therefore by Schauder’s fixed point theorem, S : X — X has a fixed point

y € X. This will imply that y is a solution of the BVP (4.21).

Proceding as in the proof of the Theorem 4.5.5, we obtain

a(t) <y(t) < B(t), Vi el-r 0]

The remaining proof is similar to the proof of theorem 4.4.7. O

Theorem 4.5.12. Let f : I x R? — R be continuous and satisfy

f(t, uy, vi) < f(t, ug, vo), V (¢ ui, vi), (&, ug, ve) € I x R? such that

u < ug and vy < vy. Let g : R?2 — R be continuous function which satisfies

(1) g(t, ©) < g(t, y), V (t, ), (¢, y) € R* such that x <y or

(2) g(t, x) > g(t, y), V (t, z), (¢, y) € R* such that x < y.

Let o, B € W be strict weakly coupled lower and upper solutions of NLBVP

(4.9). Then the NLBVP (4.9) has a solution y € W such that

a(0) < y(0) < 5(0) and a(t) < y(t) < B(t), Vit € (0, T].

Proof. Similar to the proof of the Theorem 4.5.11. O
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4.6 Method of Coupled Lower and Upper

Solutions

In this section, we define coupled lower and upper solutions for PBVPs, AP-
BVPs, LBVPs and NLBVPs to establish some results on existence of solution
between the two. Further definitions of strict coupled lower and upper solu-
tions for PBVPs, APBVPs, LBVPs and NLBVPs are given to results establish
existence of solution between them. Again we make use of Schauder’s fixed
point theorem to establish our results by assuming f to be non-increasing in

second and third arguments.

Definition 4.6.1. A pair of functions o, B € B s called coupled lower and
upper solutions of PBVP (4.1) if

1./ (t) + Mat) < f(t, B), Bt—r)), tEe L.
2. B(t) + AB(t) > f(t, a(t), a(t—71)), t €I
3. a(t) < a(0), t € [—r, 0]

4. B(t) > B(0), t € [~r, O]

5. alt) < B(t), t € [-r T)

6. a(0) < o(T).

7. B(0) > B(T).

Definition 4.6.2. A pair of functions o, 8 € W is called coupled lower and
upper solutions of PBVP (4.6) if

o/ (1) + Aa(t) < f(L, B(t), B(O(1))), tel.
2. B'(t) + A\B(t) > f(t, a(t), a(f(t))), t € I.
)

alt) < B(t), t e
4. a(0) < o(T).
8(0) = B(T).
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Definition 4.6.3. A pair of functions o, B € B s called coupled lower and
upper solutions of APBVP (4.2) if

1.d(t) + Aa(t) < f(t, B(t), B(t—r)), tel
2. B'(t)+ AB(t) > f(t, al(t), alt—71)), t €1
3. a(t) < a(0), t € [-r, 0]

4. B(t) = B(0), t € [-r, 0]

5. a(t) < B(t), t€[—r, T)]

6. a(0) < —=B(T)

7. 5(0) > —«(T)

Definition 4.6.4. A pair of functions o, B € W is called coupled lower and
upper solutions of APBVP (4.7) if
o/ (t) + Aa(t) < f(t, B(t), BO)), t € 1.
2. B'(t) +AB(t) = f(t, alt), a(6(1))), t € I.
3. alt) < B(b),
4. a(0) < —B(T).
5. B(0) > —a(T).

tel.

Definition 4.6.5. A pair of functions o, B € B s called coupled lower and
upper solutions of LBVP (4.3) if

1 o/(t) + halt) < f(t, Bt), Bt—r)), tel.
( (

2. B'(t) + AB(t) > f(t, alt), alt—71)), tel
3. at) < a0), t € [—r, 0].
4. B(t) = B(0), t € [=r, 0].
5. a(t) < B(t), t e [—r T
6. max{aa(0) + ba(T), ac(0) +bB(T)} <0

< min{afB(0) + ba(T), aB(0) + b5(T)}.
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Definition 4.6.6. A pair of functions o, € W is called coupled lower and
upper solutions of LBVP (4.8) if
1./ (t) + Malt) < f(t, B@), BO®))), tel.
2. f'(t) + AB(t) = f(L, alt), a(0(1))), t € 1.
3. a(t) < B(t), te
4. max{aa(0) + ba(T), ac(0) + bG(T)} <0
< min{afB(0) + ba(T), aB(0) + bB(T)}.

Definition 4.6.7. A pair of functions o, B € B s called coupled lower and
upper solutions of NLBVP (4.4) if
1. a/(t) + Ma(t) < f(t, B(t), B(t—r)), tel.

S St e
=
—~
~+~
~—
v

max{g(a(0), a(T)), g(a(0), B(T))} <0 < min{g(B(0), a(T)), g(8(0), B(T))}.

Definition 4.6.8. A pair of functions o, B € W is called coupled lower and
upper solutions of NLBVP (4.9) if
1 a/(t) + ha(t) < f(t, Bt), BO®))), t €.
2. B(t) + AB(H) > f(t, alt), a(0(1), t € I.
alt) < B(t), tel.
4. max{g(a(0), a(T)), g(a(0), BT))} <0 < min{g(3(0), a(T)), g(3(0), BT))}.

Definition 4.6.9. A pair of coupled lower and upper solutions o, f € B of
the PBVP (4.1), is called strict coupled lower and upper solutions of PBVP
(4.1) if 1. /() + Aa(t) < f(t, B(t), Bt —1)), t € 1.

2. B'(t) + A\B(t) > f(t, alt), a(t —1)), t € I.
Stmilarly, we may define strict coupled lower and upper solutions for

APBVP (4.2), LBVP (4.3) and NLBVP (4.4).
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Definition 4.6.10. A pair of coupled lower and upper solutions o, f € W of
the PBVP (4.6), is called strict coupled lower and upper solutions of PBVP
(4.6) if 1. o/(t) + Aa(t) < f(t, B(t), B(O(t))), t € I.

2. B'(t) + AB(t) > f(t, alt), a(0(t))), t € 1.
Stmilarly, we may define strict coupled lower and upper solutions for

APBVP (4.7), LBVP (4.8) and NLBVP (4.9).

We now prove theorems on existence of solution between coupled lower and
upper solutions for PBVP, APBVP, LBVP and NLBVP of general first order
DECD and first order DEVDA.

Theorem 4.6.1. Let f: I x R?2 — R be continuous and satisfy

f(t, uy, vi) > f(t, ug, vo), V (¢, uy, v1), (t, ug, vo) € I x R? such that
up < ug and vy < vy. Let a, B € X be coupled lower and upper solutions of
PBVP (4.1). Then the PBVP (4.1) has a solution y € X such that

a(t) <y(t) < B(t), Vie[-r T].

Proof. Since «, 5 € X are coupled lower and upper solutions of PBVP (4.1),
we have 1. o/(t) + Aa(t) < f(t, B(t), B(t—r)), t € 1.
( (

2. B(t) + AB(t) = f(t,alt),alt — 1)), te L.
3. a(t) < a(0), t € [-r, 0].

4. B(t) = B(0), t € [~r, 0]

5. a(0) < a(T).

6. 3(0) > B(T).

As «, f € X, we have a(t) = «(0), Vt € [-r, 0] and 5(t) = 5(0),

Vite[-r 0.

Let p, F*, L, N and S be defined as in the proof of the Theorem 4.4.5.
Therefore by Schauder’s fixed point theorem, S : X — X has a fixed point
y e X.

This will imply that y is a solution of the BVP (4.18).

Proceding as in the proof of theorem 4.4.5, we get a(0) < y(0) < 5(0).
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This implies a(t) < y(t) < 5(t), Vt € [—r, 0].

We prove that a(t) < y(t) < 5(t), Vit e (0, T].

Let € > 0 be arbitrary.

Define a, and . as in the proof of theorem 3.4.3.

Since a(0) < y(0) < B(0), we have a.(0) < a(0) < y(0) < 5(0) < 5:(0).
Therefore a.(0) < y(0) < 5.(0).

So we prove that a.(t) < y(t) < B(t), Vt € (0, T].

Let if possible 3¢, € (0, T] such that a.(t) < y(t) < Bc(t), YVt € (0, t;) and
y(t1) = Bc(t1). Therefore y(t1) > B(t1) and BL(t1) < y'(t1).

CASE-1: Let 0 <ty <.

So we have —r < t; —r <0.

This implies a(t; —r) < y(t; — r) < S(t; — r). Therefore
y'(t) = F*(ty, y(t), y(ts —r)) — Ay(ta)
= f(t1, B(tr), y(tr — 7)) — Ay(t)
< [t afty), alty —7)) = AB(4)

< B'(t1) < B.(ty), which is a contradiction.

CASE2: Let r < t; < T.
So we have 0 < ¢, —r < t,.
This implies a(t; — ) < y(ty — 1) < Be(ts — 7).
CASE-2.1: Let y(t, — r) < a(t; —r). Then
y'(t) = F*(t1, B(tr), y(ti — 1)) — Ay(t1)
= f(ty, B(t1), a(ty —7)) = Ay(t1)
< flty, B(t), a(ty —7)) = AB(t1)

< B'(t1) < B.(t1), which is a contradiction.
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CASE-2.2: Let a(t; —r) < y(t; —r) < B(t; —r). Then

Y'(tr) = F*(t1, y(tr), y(ts — 7)) — Ay(t)
= f(t1, B(t1), y(tr — 7)) — Ay(t1)
< f(tla 5(t1)7 a(tl - T)) - Aﬁ(tl)

< B'(t1) < B.(t), which is a contradiction.

CASE-2.3: Let y(t; — r) > S(t1 — r). Then

Y'(t) = F*(tr, y(t1), y(t — 7)) — Ay(t1)
= f(t1, B(t1), Bt — 7)) — Ay(t1)
< ft1, a(t), alti — 1)) = A8(t)

< B'(t1) < B.(t1), which is a contradiction.

From the above discussed cases we conclude that a.(t) < y(t) < B(t), Vt eI
and V € > 0. Thus by taking € — 0, we get a(t) < y(t) < p(t), Vt € I.

This implies a(t) < y(t) < 5(t), Vt € [—r, T]. So we have

Fx(t, y(t), y(t —r)) = f(t, y(t), y(t —r)), Vi el and p(T, y(T)) = y(T).
Hence y is a solution of the PBVP (4.1) such that a(t) < y(t) < B(1),
Vtel|-r T O

Theorem 4.6.2. Let f : [ x R? =+ R be continuous and satisfy

f(t, uy, vi) > f(t, ug, vo), V (¢ uy, vi), (&, ug, ve) € I x R? such that
up < ug and vy < vy, Let o, B € W be coupled lower and upper solutions of
PBVP (4.6). Then the PBVP (4.6) has a solution y € W such that

alt) <y(t) < pt), Vtel.

Proof. Similar to the proof of the Theorem 4.6.1. [
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Theorem 4.6.3. Let f : I x R?2 — R be continuous and satisfy

f(t, uy, vi) > f(t, ug, vo), V (¢ ui, vi), (t, ug, ve) € I X R? such that
up < ug and vy < vy, Let o, B € X be coupled lower and upper solutions
of APBVP (4.2). Then the APBVP (4.2) has a solution y € X such that
a(t) < y(t) < A1), Yt € [-r, T

Proof. Since a, f € X are coupled lower and upper solutions of APBVP (4.2),
)+ Aa(t) < f(¢, B(t), Bt —r)), t el
(

we have 1. o

2. B'(t) + AB(t) = f(t, alt), alt—1)), t€I.
3. a(t) < a(0), t € [-r, 0]

1. B(t) > B(0), t € [-r, 0

5. a(t) < B(t), t € [-r, T]

6. a(0) < —=B(T)

7. B(0) > —a(T)

As a, f € X, we have a(t) = a(0), V¢ € [-r, 0] and

p(t) = 6(0), Vit € [-r, O].

Let p, F*, L, N and S be defined as in the proof of the Theorem 4.5.1.

By Schauder’s fixed point theorem, S : X — X has a fixed point y € X.
Therefore y is a solution of the BVP (4.19). Proceding as in the proof of
theorem 4.5.1, we obtain «a(t) < y(t) < p(t), Vt € [-r, 0].

The remaining proof is similar to the proof of the Theorem 4.6.1. O]

Theorem 4.6.4. Let f : I x R?2 — R be continuous and satisfy

flt, uy, vi) > f(t, ug, vo), V (¢, uy, vi), (t, ug, vo) € I x R? such that
up < ug and v; < vy, Let a, B € W be coupled lower and upper solutions
of APBVP (4.7). Then the APBVP (4.7) has a solution y € W such that
a(t) <y(t) <pt), Vtel.

Proof. Similar to the proof of the Theorem 4.6.3. O]
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Theorem 4.6.5. Let f : I x R?2 — R be continuous and satisfy

f(t, wy, v1) > f(t, ug, v), ¥V (t, wy, v1), (¢, uz, va) € I x R? such that
up < ug and vy < vy, Let a, B € X be coupled lower and upper solutions of
LBVP (4.3). Then the LBVP (4.3) has a solution y € X such that

a(t) < y(t) < A1), Yt € [=r, T

Proof. Since «, f € X are coupled lower and upper solutions of LBVP (4.3),
)+ Aa(t) < f(t, Bt), B(t—r)), t el

we have 1. o

(
(

2. B'(t) + AB(t) > f(t, alt), a(t —7r)), t € 1.
3. a(t) <af0), t € [-r 0]
4. (t) = B(0), t € [=r, O]

5. at) < B(t), t € [-r, T).
+ba(T), ac(0) + b5(T)}

< 0 < min{aB(0) + ba(T), aB(0) + b3(T)}.
As a, f € X, we have a(t) = a(0), YVt € [-r, 0] and
B(t) = B(0), Ve [-r 0.
Let p, F*, L, N and S be defined as in theorem 4.5.3.

6. max{aca(0

Therefore by Schauder’s fixed point theorem, S : X — X has a fixed point
y € X. This will imply that y is a solution of the BVP (4.20). Proceding as
in proof of theorem 3.5.2, we obtain a(t) < y(t) < 4(t), YVt € [-r, 0].

The remaining proof is similar to the proof of the Theorem 4.6.1. O]

Theorem 4.6.6. Let f: I x R?2 — R be continuous and satisfy

f(t, uy, vy) > f(t, ug, v2), ¥V (¢, uy, vy1), (¢, uz, va) € I x R? such that
u < up and vy < vy. Let a, B € W be coupled lower and upper solutions of
LBVP (4.8). Then the LBVP (4.8) has a solution y € W such that

a(t) <y(t) < B(t), Vie[-r T].

Proof. Similar to the proof of the Theorem 4.6.5. O]
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Theorem 4.6.7. Let f : I x R?2 — R be continuous and satisfy

f(t, uy, vi) > f(t, ug, vo), V (¢ ui, vi), (t, ug, ve) € I X R? such that
uy < uy and vy < vy. Let g : R? — R be continuous function which satisfies
(1) g(t, *) < g(t, y), V (t, z), (¢, y) € R* such that x <y or

(2) g(t, x) > g(t, y), V (t, z), (¢, y) € R* such that z < y.

Let a,, B € X be coupled lower and upper solutions of NLBVP (4.4). Then the
NLBVP (4.4) has a solutiony € X such that o(t) < y(t) < p(t), YVt € [-r, T).

Proof. Without the loss of generality, let g(t, x) < g(t, v),
V (t, =), (t, y) € R? such that z < y.

Since «, € X are coupled lower and upper solutions of NLBVP (4.4),

we have 1. o(t) + Ma(t) < f(t, B(t), Bt —r)), t €1,
2. B(t) + AB(1) > f(t, alt), alt—1), teT,
3. a(t) < a(0), t € [-r, 0],
4. B(t) > B(0), t € [-r, 0],

5. at) < p(t), t € [-r, T,
6. max{g(«(0), (T)), g((0), 8(T))}
< 0 < min{g(5(0), a(T)), g(B(0), B(T))}-

As a, 5 € X, we have a(t) = «(0), Vit € [—r, 0] and
B(t) = B(0), Vte[-r 0]
Let p, F*, L, N and S be defined as in theorem 4.5.5.
Then by Schauder’s fixed point theorem, S : X — X has a fixed point y € X.
This will imply that y is a solution of the BVP (4.21). Proceding as in proof
of the Theorem 3.5.3, we obtain «a(t) < y(t) < p(t), Vt € [-r, 0].

The remaining proof is similar to the proof of the Theorem 4.6.1. ]
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Theorem 4.6.8. Let f : I x R?2 — R be continuous and satisfy

f(t, uy, vi) > f(t, ug, vo), V (¢ ui, vi), (t, ug, ve) € I X R? such that
uy < uy and vy < vy. Let g : R? — R be continuous function which satisfies
(1) g(t, *) < g(t, y), V (t, z), (¢, y) € R* such that x <y or

(2) g(t, x) > g(t, y), V (t, z), (¢, y) € R* such that z < y.

Let a, B € W be coupled lower and upper solutions of NLBVP (4.9). Then the
NLBVP (4.9) has a solution y € W such that a(t) < y(t) < B(t), Vt e 1.

Proof. Similar to the proof of the Theorem 4.6.7. n

Next, we establish results on existence of solution between strict coupled
lower and upper solution for PBVP, APBVP, LBVP and NLBVP of general
first order DECD and first order DEVDA.

Theorem 4.6.9. Let f: I x R?2 — R be continuous and satisfy

flt, uy, v1) > f(t, ug, vo), V (¢, uy, vi), (t, ug, vo) € I x R? such that
up < ug and vy < vg. Let o, B € X be strict coupled lower and upper solutions
of PBVP (4.1). Then the PBVP (4.1) has a solution y € X such that

a(t) <y(t) < B(t), Vte[-r 0] and a(t) < y(t) < (), Vit e (0, T].

Proof. Since «, f € X are strict coupled lower and upper solutions of PBVP

(4.1), we have 1. o/(t) + \a(t) < f(t, B(t), Bt —r)), t € I.
2. B'(t) + AB(t) > f(t, a(t), alt —1)), t € 1.

3. a(t) < a(0), t € [—r, 0]
4. B(t) > B(0), t € [~r, 0]
5. a(t) < B(t), t € [—r, T
6. a(0) < a(T).
7. B(0) > B(T).

As a, 5 € X, we have a(t) = «(0), Vit € [—r, 0] and
B(t) = B6(0), Vte[-r 0]
Let p, F*, L, N and S be defined as in the proof of the Theorem 4.4.5.
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Therefore by Schauder’s fixed point theorem, S : X — X has a fixed point
y e X.

This will imply that y is a solution of the BVP (4.18). Proceding as in the
proof of theorem 4.6.1, we get a(0) < y(0) < 5(0).

Therefore a(t) < y(t) < p(t), Vit € [-r, 0].

Next we show that a(t) < y(t) < 5(t), Vt € (0, T].

Let if possible 3 ¢; € (0, T] such that a(t) < y(t) < (t), V¢ € (0, t1) and
y(t1) = B(t1). This implies that /(1) < v/(¢1).

CASE-1: Let 0 <ty <r.

So we get —r <t; —r <0.

This implies a(t, — ) < y(t; — ) < B(t; — 7). Therefore
Y (t) = F*(tr, y(t), y(th = 7)) = Ay(ta)

= f(t, B(t), y(th — 7)) = Ay(ta)

< f(t, a(ty), a(ty =) = AB(t)

< f'(t1) which is a contradiction.

CASE-2: Tetr < t, <T.
So we get 0 <ty —r < t.
This implies a(t, — ) < y(ti — 1) < B(t1 — ). Therefore
y'(t) = F*(t1, y(t), y(ts — 1)) — Ay(t1)
= f(t1, B(t1), y(tr — 7)) — Ay(tr)
< flt, alty), a(ty —7)) = AB(t1)

< f'(t1), which is a contradiction.

From CASE-1 & CASE-2, we have a(t) < y(t) < (t), ¥t € (0, T).
Thus F*(t, y(t), y(t —r)) = f(t, y(t), y(t —7)), Vt € [ and

p(T, y(T)) = y(T).
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Hence y is a solution of the PBVP (4.1) such that a(t) < y(t) < B(1),
Vite[—r 0] and at) < y(t) < p(t), Yt € (0, T). O

Theorem 4.6.10. Let f : I x R? — R be continuous and satisfy

f(t, uy, vi) > f(t, ug, vo), V (¢, ui, vi), (&, ug, vo) € I x R? such that
up < ug and v; < vy, Let o, B € W be strict coupled lower and upper
solutions of PBVP (4.6). Then the PBVP (4.6) has a solution y € W such
that a(0) < y(0) < 5(0) and a(t) < y(t) < B(t), Yt € (0, T1.

Proof. Similar to the proof of the Theorem 4.6.9. [

Theorem 4.6.11. Let f: I x R? = R be continuous and satisfy

f(t, uy, vr) > f(t, ug, va), ¥V (t, uy, v1), (¢, uz, va) € I x R? such that
U < ug and v1 < vy, Let a, B € X be strict coupled lower and upper solutions
of APBVP (4.2). Then the APBVP (4.2) has a solution y € X such that
a(t) <y(t) < B(t), Vte[—r 0] and a(t) < y(t) < B(t), Yt e (0, T).

Proof. Since «, f € X are strict coupled lower and upper solutions of APBVP

(4.2), we have 1. o(t) + Aa(t) < f(t, B(t), B(t—1)), t € L.
2. B(t) + AB(t) > f(t, a(t), a(t—7)), t €1,
3. at) < a(0), t € [-r, 0],
4. B(t) > B(0), t € [-r, 0],
5. alt) < B(t), t € [-r, TV,
6. a(0) < =B(T),
7. f(0) = —a(T)

As «, f € X, we have a(t) = «(0), Vt € [-r, 0] and

B(t) = B(0), ¥t € [, 0].

Let p, F*, L, N and S be defined as in theorem 4.5.1.

Therefore by Schauder’s fixed point theorem, S : X — X has a fixed point
y € X. This will imply that y is a solution of the BVP (4.19). Proceding as
in proof of the Theorem 3.5.1, we obtain «a(t) < y(t) < 5(t), Vt € [-r,0].

The remaining proof is similar to the proof of the Theorem 4.6.9. O]
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Theorem 4.6.12. Let f: I x R?> — R be continuous and satisfy
f(t, wy, v1) > f(t, ug, va), ¥V (t, wy, v1), (¢, uz, va) € I x R? such that
up < ug and vy < vy, Let a, B € W be strict coupled lower and upper solutions

of APBVP (4.7). Then the APBVP (4.7) has a solution y € W such that
a(0) < y(0) < B(0) and a(t) < y(t) < B(t), Vit e (0, T].

Proof. Similar to the proof of the Theorem 4.6.11. m

Theorem 4.6.13. Let f: I x R? — R be continuous and satisfy

f(t, uy, vy) > f(t, ug, v2), ¥ (¢, uy, v1), (¢, uz, va) € I x R? such that
up < ug and vy < vg. Let o, B € X be strict coupled lower and upper solutions
of LBVP (4.8). Then the LBVP (4.8) has a solution y € X such that

a(t) <y(t) < B(t), Vte[-r 0] and a(t) < y(t) < p(t), Vit e (0, T].

Proof. Since «, € X are strict coupled lower and upper solutions of
LBVP (4.8), we have 1. o/(t) + Aa(t) < f(¢t, B(t), Bt —r)), t € I.
2. B(t)+ AB(1) > f(t, alt), alt - 7)), tel.

3. a(t) < a(0), t € [-r, O]
4. B(t) = B(0), t € [-r, 0.
5. a(t) < B(t), t € [-r, T].

)
6. max{aa(0) + ba(T), ac(0) + b6(T)}

< 0 < min{aB(0) + ba(T), aB(0) 4+ b5(T")}.
As a, 5 € X, we have a(t) = «(0), Vit € [—r, 0] and
p(t) = 6(0), Vit € [-r, O]
Let p, F*, L, N and S be defined as in theorem 4.5.3. Then by Schauder’s
fixed point theorem, S : X — X has a fixed point y € X. This implies that
y is a solution of the BVP (4.20). Proceding as in proof of theorem 3.5.2, we
obtain a(t) < y(t) < B(t), Vt € [—r, 0].

The remaining proof is similar to the proof of the Theorem 4.6.9. O]
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Theorem 4.6.14. Let f: I x R?> — R be continuous and satisfy

f(t, wy, v1) > f(t, ug, va), ¥V (t, wy, v1), (¢, uz, va) € I x R? such that
u < ug and vy < vy, Let o, B € W be strict coupled lower and upper
solutions of LBVP (4.8). Then the LBVP (4.8) has a solution y € W such
that a(0) < y(0) < B(0) and a(t) < y(t) < B(t), YVt € (0, T].

Proof. Similar to the proof of the Theorem 4.6.13. O]

Theorem 4.6.15. Let f: I x R? — R be continuous and satisfy

f(t, ur, v) > f(t, ug, vo), V (£, uy, v1), (¢, uz, vo) € I x R? such that
u < up and v; < vy. Let g : R?2 — R be continuous function which satisfies
(1) g(t, x) < g(t, y), V (t, z), (¢, y) € R* such that x <y or

(2) g(t, z) > g(t, y), ¥ (¢, z), (t,y) € R? such that x < y.

Let a, B € X be strict coupled lower and upper solutions of NLBVP (4.4).
Then the NLBVP (4.4) has a solution y € X such that

a(t) <y(t) < B(t), Yte[-r 0] and a(t) < y(t) < S(t), Ve (0, T].

Proof. Without the loss of generality, let g(t, x) < g(t, ),
V (t, z), (t, y) € R? such that z < y.

Since a, € X are strict coupled lower and upper solutions of NLBVP (4.4),

we have 1. o/(t) + Ma(t) < f(t, B(t), Bt — 1)), t € L.
2. B'(t) + AB(t) > f(t, alt), alt —1)), tel.
3. a(t) < a(0), t € [-r, 0].
4. B(t) > B(0), t € [-r, 0].
5. a(t) < B(t), t € [-r, T).

6. max{g(a(0), a(T)), g(a(0), 5(T))}
< 0 <min{g(5(0), a(T)), g(8(0), B(T))}-
As a, f € X, we have a(t) = a(0), YVt € [-r, 0] and
B(t) = B(0), Ve [-r 0.
Let p, F*, L, N and S be defined as in theorem 4.5.5. Then by Schauder’s

fixed point theorem, S : X — X has a fixed point y € X. This will imply that
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y is a solution of the BVP (4.21). Proceding as in proof of theorem 3.5.3, we
obtain «a(t) < y(t) < 5(t), Yt € [—r, 0].

The remaining proof is similar to the proof of theorem 4.6.9. ]

Theorem 4.6.16. Let f : I x R? — R be continuous and satisfy

f(t, uy, vi) > f(t, ug, vo), V (¢ uy, vi), (t, ug, ve) € I x R? such that
u, < uy and vi < vy, Let g - R? — R be continuous function which satisfies
(1) g(t, ©) < g(t, y), V (t, z), (¢, y) € R* such that x <y or

(2) g(t, x) > g(t, y), V (t, z), (t,y) € R? such that v < y.

Let o, 5 € W be strict coupled lower and upper solutions of NLBVP (4.9).
Then the NLBVP (4.9) has a solution y € W such that «(0) < y(0) < 8(0)
and ao(t) < y(t) < B(t), Yt e (0, T).

Proof. Similar to the proof of the Theorem 4.6.15. O

4.7 Existence Theorem using Fixed Point
Theorem in Partially Ordered Metric
Space

In this section, we obtain a result on existence of solution for PBVP of first
order DEVDA (4.6) using fixed point theorem on partially ordered metric

space.

Theorem 4.7.1. Let A > 0, p3 > 0, pz > 0 and p = max{uy, po} be such
that %\H < 1. Let f: I xR?— R be continuous and satisfy
0 < f(t, 21, y1) — f(t, 22, y2) < pa(xr — 22) + p2(yr — ¥2),
YV (t, 1, y1), (t, @2, y2) € [ X R? such that x1 > o and y; > ys. If PBVP
(4.6) has lower solution or an upper solution then the PBVP (4.6) has unique

solution in (Z, ||.|]).
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Proof. Let J : Z — Z be defined by
f T £ (s, y(s), y(0(s))ds + fe =9 f (s, y(s). y(0(s))ds.
A fixed pomt of J is a solution of the PBVP (4 6).

Let z, y € Z be such that x > y. Then

Tef,\(Tsz) ¢
— [ pls (o), wl0(6))ds + [ eI, als), 2(O5)is

t

e—A(T—s-i—t)
[ s v weeds — [N ), y(o))ds

1 —e T

[en]

/ O nli(s) = (s)] + pafe(0() — y(O()]} s

+ /6“”)‘&&1 [2(s) = y(s)] + pal(6(s)) — y(0(s))]}ds

t

—A(T s+t) At 2M
<zm|x—yn{/ s+ [ < X a -y
0
So we have 0 < J[z(t)] — J[y(t)] < Z||lz —y||, Vt € I.
Thus |[Jz — Jy|| < Z||lz — y||, V2, y € Z such that 2 > y and 2 < 1.
Also J : Z — Z is an order preserving operator.

Let u € Z be a lower solution of the PBVP (4.6).
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Then u/(t) + Au(t) < f(t, u(t), w(f(t))), t € I and u(0) < u(T).
This implies %[e’\tu(t)] < eMF(t, u(t), u(d(t))). (4.22)

Integrating the inequality (4.22) from 0 to ¢, we get

eMu(t) —u(0) < zeASf(t, u(s), u(f(s)))ds.

So we have u(t) < u(0)e ™ + /e_’\(t_s)f(t,u(s),u(@(s)))ds. (4.23)

0
Putting ¢t =T in (4.23) we get

w(T) < u(0)e M + 0}16_’\(7’_5)][(15, u(s), u(f(s)))ds.

Therefore u(0) < u(T) < u(0)e™ " + /e’\(TS)f(t, u(s), u(f(s)))ds.

Thus u(0 / AT=3) £ (s u(s), u(6(s)))ds. (4.24)

Substituting (4.24) in (4.23) we get

6—)\(T—s+t)
) < [ T fs. (o), alb(s))ds

— €

So we have u < Ju.
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Therefore by using fixed point theorem in partially ordered metric space,
J : Z — Z has a unique fixed point y € Z.
Thus y is a unique solution of the PBVP (4.6). O

4.8 Existence Theorem using Banach Fixed
Point Theorem

In this section, we obtain establish a result on existence of solution for PBVP

of first order DEVDA (4.6) using Banach fixed point theorem.

Theorem 4.8.1. Let A > 0, uy > 0, ps > 0 and p = max{puy, ps} be such
that 27“ < 1. Let f: I x R? = R be continuous and satisfy

|f(t7 xy, yl) - f(ty T, y2)| S M1|ZE1 - .172| —f-,u2|y1 - y2|7

YV (t, z1, y1), (t, T2, y2) € [ x R%. Then the PBVP (4.6) has unique solution
in (Z, ||.]).

Proof. Let J : Z — Z be defined by

T
Th) = [ S (s, w(s). w(6(s)ds + fe 9 (s, y(s), y(0(s)))ds.
A fixed point of J is a solution of the PBVP (4.6).

Let x, y € Z. Then
TTa(0)] ~ / s, (s), al6(s))is

+ eiA(t*S)f(s, x(s), z(0(s)))ds

e—A(T—s-ﬁ-t)

T /(8 y(s), y(B(s)))ds

e M f (s, y(s), y(B(s)))ds|.

|
St — s Ty T
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So we have

efA(Tfert)
[J[z(6)] = Jly(0]] < /Wlf(& 2(s), 2(0(s))) — f(s, y(s), y(0(s)))|ds

+ / eI (s, a(s), w(8(s))) — f(s, yls), y(8(s)))lds

0

z e—)\(T—s—i-t)
< [ lmlels) = )]+ pale(6(5) — y(6(s))] s

t

+ /ex(”){ul\x(S) = y(s) + palx(0(s)) — y(6(s))|ds

MNT—s+t)
< 2ul|lx — yH{/ ———ds + /e-W—S)ds}

0

< P~y

Therefore |J[z(t)] — J[y(t)] < 2 Fllo—yl|, Vtel

Thus |[Jz — Jy|| < 2 Fllo—yll, Vz, y € Z and 2“ < 1.

So J: Z — Z is a contraction mapping.

Therefore by Banach fixed point theorem J : Z — Z has a unique fixed point
yeZ.

Thus y is a unique solution of the PBVP (4.6). O
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MONOTONE ITERATIVE
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METHOD FOR FIRST
ORDER DIFFERENTIAL
EQUATIONS WITH
CONSTANT DELAY

Some content of this chapter is published [see P3].

Some content of this chapter is presented at the Conference [see C2 and C4].
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5.1 Introduction

This chapter deals with developing the Monotone Iterative Method and Quasi-
linearization method to establish the existence of solutions for BVPs discussed
in Chapter 3. We make use of results on existence of solution between lower
and upper solution for PBVP of first order DECD for our purpose. For LBVP
and NLBVP of first order DECD we use theorems on existence of solution
between weakly coupled lower and upper solution for establishing existence
of solution using monotone iterative method and quasilinearization method.
We assume b < 0 for LBVP and ¢ to be a non-increasing function in second

argument in the case of NLBVP.

5.2 Monotone Iterative Method

We now establish the existence of solution between lower and upper solutions

using monotone iterative method for PBVP of first order DECD (3.1).

Theorem 5.2.1. Let f: I x R — R be continuous and satisfy

flt, z1) — f(t, z2) > pley —z2), ¥ (¢, x1), (t, x3) € I x R? such that
xo < x1 and for some constant p > 0. Let ag, By € X be lower and upper
solutions of the PBVP (3.1) such that a(t) < fo(t), Yt € [—r, T]. Then there
are sequences of monotonic functions {a,} and {f,} converging in (X, ||.||c)

such that lim oy, and lim f,, are solutions of the PBVP (3.1).

n—oo n—oo
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Proof. Since, g, By € X are lower and upper solutions of PBVP (3.1), we

have 1. af(t) + Aao(t) < f(t, ao(t — 7)), t € 1.
2. Bo(t) + ABo(t) = f(t, Po(t), bolt —7)), t €.
3. ag(t) < ao(0), ¢ € [=r, 0]
4. Bo(t) > Bo(0), t € [-, 0].
5. ag(0) < ag(T).
6. Ao(0) = Bo(T).

As ap, By € X, we get ag(t) = ap(0), V¢ € [—r, 0] and 5y(t) = 5o(0),
Vitel[-r 0.

Consider

)

y() +xy(t) = f(t, ao(t —r)) + ply(t —r) —ao(t = 7)), t€ 1,

y(t) = y(0)7 te [_Tv 0]7 (51)

Let gog(t, u) = f(t, ao(t — 1)) + plu — ao(t — )], ¥ (t, u) € I x R.
Therefore gog (£, y(t — 1)) = f(t, aolt — ) + ply(t — ) — ao(t — )], V¢ € I.
Let (t, 21), (£, @2) € I x R such that @1 < .
This implies 21 — ag(t — ) < 25 — ao(t — 7).
This gives ulz1 — ao(t — )] < plws — ao(t — 7).
Therefore f(t, ao(t), ao(t — 1)) + pulry — ap(t —7)]
< f(t, ao(t), ao(t — 1)) + plas — ao(t — 1))
Thus gag(t, 1) < gay(t, @2), ¥ (£, 21), (¢, 22) € I x R such that z; < ..
Also ag(t) + Aao(t) < f(t, ao(t —1))
= f(t, ao(t — 1)) + plag(t — 1) — ag(t — 7))
= Yo (b, ao(t —7)).
Further 54(t) + ABo(t) > f(t. Bo(t — 1))

> f(t, ao(t — 7)) + p[Bo(t — 1) — ap(t —7)].



Therefore B(t) + ABo(t) > ga, (1

We already know that

) BO(t - T))

L. ap(t) = ap(0), t € [—r, 0]
2. Po(t) = bo(0), t € [—r, 0].
ap(t) < Bo(t), t € [—r, T
ap(0) < ao(T).

5. Bo(0) = Bo(T).
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This implies g and fy are lower and upper solutions of the PBVP (5.1) such

that Oéo(t) < ﬁo(t), Vite [—7”, T]

Therefore the PBVP (5.1) has a solution «; € X such that ag < a3 < fy on

[,

So we have

T). (Using Theorem 3.4.3)

ay(t) + Aan(t) = f(t, ao(t — 7)) + plaa(t —r) —ag(t — 1)), t € 1,

ai(t) = a1(0), t € [-r, 0],

a1(0) = ay(T).

This gives o, (t) + Ao (t) < f(t, au(t —1)), t € 1.

Also 1. By(t) + Abo(t) = f(t, Bolt — 1)), t € 1.
2. ay(t) = a1(0), t € [-r, 0].
3. Bo(t) = Bo(0), t € [-r, O]
4 a(t) < Bolt), t € [—r, TI.
5. a1(0) < aq (7).
6. Bo(0) = Bo(T).

Therefore oy and By € X are lower and upper solutions of the P

such that ay(t) < Bo(t), Vt € [—r, T].

)

BVP (3.1)
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Now Consider

Y+ Ay(t) = f(t, aa(t —7)) +plyt —r) —aa(t —7)], t € L\

y<t> = y(O), te [—T, 0]7 (52)

V

Let ga, (t, u) = f(t, a1(t — 7)) + plu —ar(t —r)], V (¢, u) € I x R.
Therefore gq, (t, y(t — 7)) = f(t, an(t — 7)) + uly(t —7) —as(t —7)], Vt € I.
So we have go,(t, 1) < ga,(t, ®2), ¥V (t, 1), (t, x2) € I x R such that

I S To.
Also o (t) + Ay () < f(t, ar(t —1))
= f(t, on(t = 7)) + ploa(t —7r) —on(t —7)]

= ga1<t7 a1<t - T))

Further 5;(t) + ABo(t) > f(t, Bo(t — 7))
> f(t, aa(t — 1)) + plBo(t — 1) — it — )]

= gou (L, Bo(t —7)).

We already know that

1 au(t) = an(0), t € [—r, 0].
2. Bo(t) = Po(0), t € [—r, O]
3. aq(t) < Polt), t € [—r, T]
4 0n(0) = ay (T)
5. Bo(0) = Bo(T)

This implies oy and fy are lower and upper solutions of the PBVP (5.2) such
that ay(t) < Bo(t), Vt e [—r, T].
Therefore the PBVP (5.2) has a solution as € X such that a; < ay < ) on

[—r, T]. (Using Theorem 3.4.3)



This gives

\

ah(t) + Aao(t) = f(t, an(t — 1)) + plas(t —r) —ou(t —1)], t € 1,

as(t) = as(0), t € [—r, 0],

Q9 (0) = OéQ(T) .

So we have o4 (t) + Aao(t) < f(t, az(t —r)), t € I.

Also 1. Bi(8) + ABo(t) = f(t, Bo(t — 1)), t€ 1.
2. as(t) = an(0), t € [~r, 0].
3. Bo(t) = Bo(0), t € [, 0]
4. as(t) < Bolt), t € [—r, T
5. a2(0) = an(T).
6. Bo(0) = Bo(T).
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Therefore oy and ) € X are lower and upper solutions of the PBVP (3.1)

such that ay(t) < Bo(t), Vt € [—r, T1.

Continuing in this manner, let «,, € X be a solution of

)

y'(t) + y(t) = f(t, ana(t —7))
+plyt —r) —a,1(t—r)], t €,
y(t) =y(0), t € [-r, 0],

y(0) = y(T), such that a1 < a, < o on [—r, T].

Next consider

\

Y () +Ay(t) = [t an(t —7)) +puly(t —r) —an(t —7)], t €1,

Ve

Let ga, (t, u) = f(t, an(t —7)) + plu —an(t —7)], ¥ (¢, u) € I x R.

(5.3)

Therefore g, (t, y(t —r)) = f(t, an(t —7)) + ply(t —r) —an(t —7)], Vt € I.

Also g, (t, 21) < g, (t, 22), YV (¢, 21), (t, 29) € I x R? such that z; < xs.



147

Further «,, and 3y are lower and upper solutions of the PBVP (5.4) such that
an(t) < fo(t), Vi€ [—r T].

Therefore the PBVP (5.4) has a solution a1 € X such that a,, < a1 < Sy
on [—r, T]. (Using Theorem 3.4.3)

This gives

Qi1 () + A (8) = f(t, an(t — 1)) + plana(t —r) —an(t —1)], t € L\
ant1(t) = ant1(0), t € [-r, 0],

t11(0) = e (T),

Thus we get a monotonic increasing sequence of functions {«a,} € X such that
an < By, Vn € Non [—r, T| and
iy (8) + A1 (t) = f(t, an(t — 1))
+ :U’[an+1(t o 7“) - an<t - T)]a te [7
(5.5)
an-i-l(t) = an+1<0)a te [_T’ 0]7

n11(0) = a1 (T).

Now for each fixed ¢t € [—r, T], {a,(t)} is a monotonic increasing
sequence in R which is bounded above by [y(t). Therefore by Monotone Con-
vergence Theorem for sequences in R, {«,(t)} is convergent in R, for each
t € [=r, T). This implies {c,} is pointwise convergent on [—r, T.

Let lim o, (t) = af(t), Vt € [-r, T].

Since o, 1 (t) + Aan41(t) = f(t, an(t — 1)) + palomi(t — 1) — ou(t — 7)),

we have ozn+1(t)ekt — a,1(0) = /eAsf(Sa an(s—r))ds

0
t

+ / Moy (s — 1) — ap(s —r)]ds.
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This implies a1 (t) = ayp1(0)e™ (5.6)

t

+/6_A(t_5)f(s, an(s—r))ds

0
t

+ /e_A(t_s)u[oan(s — 1) — ay(s —r)|ds.
0

Taking limit as n — 0o on both sides of equation (5.6) we get

lim g1 () = lim agyq(0)e™ (5.7)
n—oo n—oo
t
+ lim [ eI f(s, an(s —1))ds

n—00
0
t

—A(t—s)

+ lim [ e planir(s — 1) — an(s —r)lds.

n—00
0

Now {a,,} is uniformly bounded on [—r, T, as a(t) < an(t) < Bo(t),

VvVt € |[—r, T|. Therefore 3 M > 0 such that |a,(t)| < M, YVt € [-r, T]
and V n € N. Since f: I x R — R is continuous, f : [ x [-M, M| — R is
continuous. Therefore f : I x [—M, M] — R is bounded, as I x [-M, M]
is compact. So there is K > 0 such that |[f(¢, a,(t — 7)) < K, Vt € I and
VneN.

From equation (5.5), we have

|on 1 (O] < LF(E an(t = )| + (Ml ()] + pllom (8= )] + lan(t —7)]]

< K +2uM + |A\|M = C(say).

This implies |a;, ()| < C, VneNand Ve I.
Thus {«/,} is uniformly bounded on I.

We now show that {«,} is equicontinuous on /.

T

Let € > 0 be arbitrary. Choose § = min{§, 5}.

Let t1, ty € I be such that [t; — ta| < 9.
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By Lagrange’s Mean Value Theorem, 3 £ between ¢; and ¢, such that

n(t1) = an(ta)] = [ (©)Its — tal.

This implies |ay, (1) — an(te)] < Clty —ta] < C6 <€, V t1, ta € I such that
|t1 — ta| < 6. Therefore {a,} is equicontinuous on .

Using Arzela-Ascoli’s lemma we may conclude that {a,} has a subsequence
{an, } converging uniformly on I. So «,,, — « uniformly on I. Since each «,,
is continuous on I, « is continuous on I. Also «a(t) = a(0), V¢t € [—r, 0] and
a(0) = a(T). So we conclude that « is continuous on [—r, T]. Since {a,}
is increasing and nh_)rglo a,(t) = a(t), ¥ t € I, by Dini’s theorem for uniform

convergence of sequence of functions, «,, — a uniformly on I.

From equation (5.7), we get

t

lim a g1 () = lim agyq(0)e™ + / lim e =9 f (s, an(s —7))ds
n—oo n—oo

n—00
0
t

+ /Ji_)rgoe_)‘(t_s)u[omﬂ(s — 1) — ay(s —r)]ds.
0

So we have a(t) = a(0)e ™ + fte_)‘(t_s)f(s, als—r))ds, t € 1.
Also a(t) = a(0), ¥Vt € [—r, 0] and «(0) = a(T).

Taking limit as n — 0o on both sides of equation (5.5), we get

nh_{gOOé;erl(t) = _)\T}i_{go@nﬂ(t) + Ji_)ff)lof(t, an(t —1))

+ HILIEOMZ (1 (t = 71) — an(t —1)].

Therefore nli_{]éloaglﬂ(t) =—Xa(t)+ f(t, a(t—1)) =d(t), Vt e I

Since the left hand side of the above limit is the uniform limit of sequence of
functions, we have {a/,} converging uniformly to o/ on I.

As a,, — « pointwise on [—r, T, o, — « uniformly on I,

an(t) = a,(0), YVt € [—r, 0 and Vn € N and «a(t) = a(0), Yt € [-r, 0],

we have «,, — « uniformly on [—r, T']. This implies « is continuous on [—r, 7.



150

Also « is differentiable on I and o’ is continuous on /. Thus o € X.
As a,, = a uniformly on [—r, T'] and o, — ¢ uniformly on I, we have a,, - «
on (X, ||.||s) and « is a solution of the PBVP (3.1).

Next consider

)

Y () + Ay(t) = f(t, Bo(t = 7)) + ply(t —r) = Pot — 1), t €1,

/

Let g, (t, u) = f(E, ot — 7)) + plu—Bo(t —r)], V (£, u) € I xR,
Therefore hg, (t, y(t — 7)) = f(t, Po(t — 7)) + ply(t —7r) = Po(t —7)], VE € I.
So we have hg,(t, z1) < hg,(t, x2), V (t, x1), (t, ¥3) € I x R? such that

I S To.
Also a(t) + Aa(t) < f(t, ao(t — 1))

< f(t, Bo(t = 7)) + plao(t —r) — Bo(t — 1))

= hp(t, aolt — 7).

Further 8;(t) + ABo(t) > f(t, Bo(t — 1))
= f(t, Bo(t — 1)) + p[Bo(t — 1) — Bo(t — )]

= hﬁ’o(t? BO(t - T))

We already know that

L. ap(t) = ap(0), t € [—7, 0]
2. Bo(t) = Bo(0), t € [—r, O]
3. ap(t) < Bo(t), t € [—r, T
4. (0

This implies oy and [y are lower and upper solutions of the PBVP (5.8) such
that ag(t) < Bo(t), Vit € [-r, T).
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Therefore the PBVP (5.8) has a solution #; € X such that ag < 8; < fy on
[—r, T]. (Using Theorem 3.4.3)

So we have

\

Bi(6) + ABi(t) = f(t,, Polt = 7))+ plBu(t —7) = Bolt —7)], t € 1,
Bi(t) = B1(0), t € [r, 0],
51(0) = Ai(T).

This gives f1(t) + AB1(t) > f(t, pi(t — 1)), t € I.
Also 1. a(t) + Aag(t) < f(t, apg(t — 1)), t € I.
2. ap(t) = ao(0), t € [, 0].
3. Bi(t) = p1(0), t € [-r, O].
4 Bi(t), t € [—r, T].

ao(T).

Au(T).

Therefore oy and 51 € X are lower and upper solutions of the PBVP (3.1)

t

)
)
)
)

Oé()t

IA

| /\

6. b

| \%

(
5. 040(0)
(0)

such that «y(t) < Bo(t), Vt € [—r, T1.
Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {5,} € X such that oy < 3,, Vn € Non [—r, T] and

3\

/B;L+1(t> + )\5”+1(t) = f(tv 5n(t - T)) + :U'[ﬁnH(t - 1”) - ﬁn(t - T)]v te Ia
ﬂn-l—l(t) = 671-%—1(0)7 le [—7’7 0],
ﬁnJrl(O) - ﬁnJrl(T)'

Vs

Further {3,} converges in (X, ||.||oc) and lim 3, is a solution of the PBVP
n—oo
(3.1). O

Next, we have established result on existence of solution using monotone

iterative method for the LBVP (3.3) of first order DECD.
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Theorem 5.2.2. Let f : I x R — R be continuous and satisfy

ft, ) — f(t, x2) > p(xy —x2), ¥ (¢, 1), (¢, x2) € I X R such that x5 < x;
and for some constants > 0. Let o, By € X be weakly coupled lower and
upper solutions of LBVP given by (3.3). If b < 0, then there are sequences of
monotonic functions {a,} and {5,} converging in (X, ||.||o) such that JLI{}oan

and lim 5, are solutions of the LBVP (3.3).

n—oo

Proof. Since, ag, By € X are weakly coupled lower and upper solutions of
LBVP (3.3), we have 1. ag(t) + Aag(t) < f(t, ap(t — 1)), t € 1.
2. (

™

/
0

3.
4

6. max{aao(0) + bag(T), ac(0) + bBy(T)}
< 0 < min{afy(0) + bao(T), afio(0) +bGo(T)}-

As b < 0, we have
max{aag(0) + bao(T), aan(0) + b50(T)} = aap(0) + bay(T) and
min{afy(0) + bao(T), afo(0) 4+ bBo(T)} = afbo(0) + bBo(T).
This implies ac(0) + bao(T) < 0 < afy(0) + bGo(T).
Also, as ag, fy € X, we have og(t) = ap(0), ¥Vt € [—r, 0] and By(t) = 5o(0),
Vite[-r 0.

Now, by starting with the LBVP

\

Yy () +Ay(t) = f(t, ao(t —7)) + ply(t —7) —ao(t —r)], t €1,
y(t) = y(0), t € [=r, 0], (5.9)

ay(0) + by(T) = 0,

7

and proceeding similarly along the proof of the Theorem 5.2.1, we obtain
monotonic increasing sequence of functions {«,} C X such that «,, < fy,

VneNon [—r, T] and
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\

a1 () + Mg (t) = f(t, an(t — 1)) + plonsi (t — 1) —an(t — 1)), t €1,
Oén+1(t) = Oén+1(0>, t e [—7", 0], ’

actn11(0) + b1 (T) = 0.

Further {a,} converges in (X, ||.||) and lim «, is a solution of LBVP (3.3).
n—oo
Next, by considering the LBVP

)

y'(t) + My(t) = f(t, Bolt — 7)) + ply(t —r) — Bo(t —7)], t €1,
y(t) = y(0), t € [-r, 0], (5.10)

ay(0) + by(T) = 0,

/

and by proceeding similarly along the proof of the Theorem 5.2.1, we obtain
monotonic decreasing sequence of functions {3,} C X such that

ag < Bn, Vn € Non [—r, T| and

)

B (t) + ABrga(t) = f(t, Bult — 7)) + plBria(t — 1) = Bu(t — 1), t € 1,
ﬁn+1 (t) = 5n+1 (O)7 le [_Tu O]a

aBn41(0) + 0Byt (T') = 0.

/

Further {5, } converges in (X, ||.||«) and lim G, is a solution of the LBVP
n—oo
(3.3). O

Now we prove a result on existence of solution for the NLBVP (3.4) of first

order DECD by using monotone iterative method.
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Theorem 5.2.3. Let f : I x R — R be continuous and satisfy

ft, ) — f(t, x2) > p(xy —x2), ¥ (¢, 1), (¢, x2) € I X R such that x5 < x;
and for some constant u > 0. Let g : R> — R be continuous function such
that g(z, u) > g(x, v), V¥ (z, u), (r, v) € R? such that u < v. Assume
that oy, By € X be weakly coupled lower and upper solutions of NLBVP (3.4).
Then there are sequences of monotonic functions {a,} and {f,} converging in

(X, ||-|lo0) such that llm o, and lim B, are solutions to the NLBVP (3.4).

n—oo

Proof. Since, ag, Py € X are weakly coupled lower and upper solutions of

NLBVP (3.4), we have

Loal(t) + dao(t) < f(t, ag(t — 7)), t el
2. Bo(t) + ABo(t) = f(¢, Bo(t — 1)), €T
3. ap(t) < ag(0), t € [—r, 0]
4. Bo(t) > Bo(0), t € [-r, O]

(
5. ap(t) < Bo(t), t € [—r, TV.
6. max{g(ao(0), ao(T)), g(ao(0), Ho(T))}
< 0 <min{g(6o(0), ao(T)), 9(Bo(0), So(T))}-
As g(z, u) > g(x, v), V (z, u), (z, v) € R? such that u < v, we have
max{g(ao(0), ao(T)), g(ao(0), Bo(T))} = g(ao(0), ao(T)) and
min{g(5o(0), ao(T)), 9(6o(0), Bo(T))} = 9(Bo(0), fo(T)).
This implies g(ao(0), ao(T)) <0 < g(fo(0), fo(T)).
Also, as ag, o € X, we have ag(t) = ag(0), V¢ € [—r, 0] and Bo(t) = So(0),
Vitel[-r 0.
Now, by starting with the NLBVP

\

Yy () + Ay(t) = f(t, aot — 7)) +puly(t —r) —ao(t —7)], t €1,

y(t) =y(0), t € [-r, 0], (5.11)

/

and proceeding similarly along the proof of the Theorem 5.2.1, we obtain
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monotonic increasing sequence of functions {a,} C X such that

an < By, Vn € Non [—r, T| and

A1 () + Aoy (t) = f(t, an(t = 7)) + plamaa (t —7) —on(t —7)], t € 1,
O[n+1(t) = Oén+1<0), t e [—T, O],

9(an41(0), an1(T)) = 0.

Further {a,,} converges in (X, ||.||) and lim a, is a solution of NLBVP (3.4).
n—oo
Next, by considering the NLBVP

)

Y () + Ay(t) = f(t, Bo(t = 7)) + ply(t —r) = Polt — 1), t €1,

y(t) =y(0), t € [-r, 0], (5.12)

/

and by proceeding similarly along the proof of the Theorem 5.2.1, we obtain
monotonic decreasing sequence of functions {f3,} C X such that

ap < B, Vne€Non [—r, T] and
ﬁ;—&—l(t) + AﬁnJrl(t) = f(ta 6n(t - T)) + M[Bn+1(t - T) - ﬁn(t - 7")], te Ia
Bn—&-l(t) = 6n+1<0)7 le [_Ta 0]7

g(ﬁn-ﬁ-l(o), 6n+1(T)) = 0.

Further {8,} converges in (X, ||.||«) and lim f3, is a solution of the NLBVP
n—oo
(3.4). O

5.3 Quasilinearization Method

In this section, we develope quasilinearization method to prove existence of
solution for PBVP, LBVP and NLBVP of first order DECD. We start with
PBVP(3.1).
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Theorem 5.3.1. Let f € C*[I x R, R] and o, By € X be lower and upper
solutions of PBVP (3.1) such that ag(t) < Bo(t), Y t € [—r, T]. Assume
that Dyf(t, ) > 0 and Dy of(t, ) > 0, V (t, ) € I x R. Then there is
a monotonic increasing sequence of functions {a,} converging in (X, ||.||s0)

such that lim oy, is a solution of the PBVP (3.1).

n—c0
Proof. 1t is given that Dy of (¢, ) >0, V (¢, ) € I x R.

Therefore f(t, x1) — f(t, x2) > Daf(t, xo)(x1 —x2), ¥ (t, 1), (¢, x2) € [ xR
such that xq > xs.

Since g, [y € X are lower and upper solutions of PBVP (3.1), we have

L () + Aao(t) < f(t, aolt — 7)), te I.
2. By(t) + ABo(t) > f(t, Po(t —1)), t €.
3. ao(t) < ao(0), t € [—r, 0].

4. Bo(t) = Bo(0), t € [, 0]

5. a(0) < ao(T)

6. Bo(0) = Bo(T).

Now, as ap, fp € X, we have ag(t) = ap(0), Vt € [—r, 0] and By(t) = Po(0),
Vite[-r 0.
By starting with the PBVP
y'(t) + Ay(t) = f(t, aolt —1))
+ Dof(t, apg(t — 7))yt —7) —ap(t —71)], t €I,

(5.13)
y(t) =y(0), t € [-r, 0],

and proceeding similarly along the proof of the Theorem 5.2.1, we obtain mono-
tonic increasing sequence of functions {«,} C X such that a,, < fy,

VneNon [—r, T] and
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U1 () + Aania (1) = f(t, an(t — 7))
+ Dof(t, an(t —71)]ani(t —7) —an(t —1)], t €1,

Apt1(t) = ant1(0), t € [—r, 0],

n41(0) = a1 (T).

/
Further {a,} converges in (X, ||.||«) and lim «,, is a solution of the PBVP
n—oo

(3.1). O

Next we discuss the PBVP(3.1) with different conditions than above, lead-
ing to existence of a monotonic decreasing sequence of upper solutions con-

verging to a solution of the problem.

Theorem 5.3.2. Let f € C*[I x R, R] and oy, By € X be lower and upper
solutions of PBVP (3.1) such that ag(t) < Bo(t), ¥ t € [—r, T]. Assume
that Dyf(t, ) > 0 and Dy of(t, ) <0, V (¢, ) € I x R. Then there is
a monotonic decreasing sequence of functions {B3,} converging in (X, ||.||s0)

such that lim B, is a solution of the PBVP (3.1).

n—c0
Proof. 1t is given that Dy of(t, x) <0, V (¢, ) € I x R.

Therefore f(t, x1) — f(t, x2) > Daf(t, x1)(x1 —x2), ¥ (t, 1), (¢, x2) € [ xR
such that x; > x,.

Since g, [y € X are lower and upper solutions of the PBVP (3.1), we have

Loaj(t) + dao(t) < f(t, ao(t —7r)), t €.
2. By(t) + ABo(t) > f(t, Po(t —1)), t €.
3. ap(t) < ap(0), t € [—r, 0].
4. Bo(t) = Bo(0), t € [-r, O].

5. a0(0) < ao(T).

6. 80(0) > Bo(T).

As a0, Bo € X, we have ag(t) = ap(0) V£ € [—r, 0] and Bo(t) = Fo(0),
Vtel-r 0.
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By starting with the PBVP
y'(t) + Ay(t) = f(t Bolt — 1))
+ Do f(t, Bo(t — 7))yt —71) = Bo(t — 7)), t €1,

y(t) =y(0), t € [=r, 0],

(5.14)

and proceeding similarly along the proof of the Theorem 5.2.1, we obtain mono-
tonic decreasing sequence of functions {f,} C X such that ap < f,, Vn € N
on [—r, T] and
Bra1(t) + ABusa(t) = f(t, Balt — 1))
+ Do f(t, Bu(t — 1)) [Bps1(t —7) = Bu(t —1)], t €1,
Bat1(t) = Bn+1(0), t € [=r, 0],

ﬁn-f—l (O) = ﬁn-ﬁ-l (T>’

Further {f,} converges in (X, ||.||x) and lim f, is a solution of the PBVP
n—oo
(3.1). O

We now prove results on quasilinearization method for LBVP of first order

DECD (3.3).

Theorem 5.3.3. Let f € C?*[I x R, R] and ap, By € X be weakly coupled
lower and upper solutions of LBVP (3.3). Assume that Dyf(t, ) > 0 and
Dy of (t, ) >0, V (t, ) € I xR. Ifb < 0, then there is a monotonic increas-
ing sequence of functions {a,} converging in (X, ||.||e) such that T}Lrgoan s a

solution of the LBVP (3.3).

Proof. 1t is given that Dy of(t, ) >0, V (¢, ) € I x R.
Therefore f(t, x1) — f(t, x2) > Daf(t, xo)(x1 —x2), ¥ (t, 1), (¢, x2) € [ xR

such that x; > xo.
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Since g, fo € X are weakly coupled lower and upper solutions of LBVP (3.3),

we have 1. ay(t) + Aao(t) < f(t, ap(t — 7)), t € 1.
2. Bh(t) + MBo(t) > f(t, Bo(t —7)), t €.
3. ap(t) < ag(0), t € [—r, 0]
4. Bo(t) > Bo(0), t € [-r, O]

(0)
5. ap(t) < Bo(t), t € [—r, T).
6. max{aag(0) + bag(T), acp(0) + b5o(T)}
< 0 < minfafo(0) + bao(T), afo(0) + bGe(T)}-
As b < 0, we have
max{aag(0) + bao(T), aap(0) + b50(T)} = aap(0) + bay(T) and
min{afy(0) + b (T'), aBo(0) + b5o(T)} = afo(0) + bSo(T).
This implies acg(0) + bao(T) < 0 < aBy(0) + bBo(T).
Since ap, By € X, we have ag(t) = ap(0), V¢ € [—r, 0] and By(t) = o (0),
Vitel[-r 0.
Now, starting with the LBVP
Y (1) + My(t) = f(t, aolt — 1))
+ Daf(t, ag(t — 7))yt —r) — ap(t — 7)), t €I, (5.15)
y(t) = y(0), t € [=r. 0],

ay(0) +by(T) = 0,

and proceeding similarly along the proof of the Theorem 5.2.1, we obtain mono-
tonic increasing sequence of functions {a,} C X such that a,, < fy, Vn € N
on [—r, T] and
1 (8) + Ao () = f(E, an(t —7))
+ Do f(t, on(t —7))[amsa(t =) —an(t = 7)), t €1,
Qpy1(t) = aye1(0), t € [—r, 0],

ac, +1(0) + ba, 1 (T) = 0.
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Further {a,} converges in (X, ||.||«) and lim «, is a solution of the LBVP
n—o0
(3.3). O

Theorem 5.3.4. Let f € C?[I x R, R] and ay, By € X be weakly coupled
lower and upper solutions of LBVP (3.3). Assume that Dyf(t, x) > 0 and
Dy of (t, ) <0, YV (t, z) € I xR and. Ifb <0, then there is a monotonic in-
creasing sequence of functions {$,} converging in (X, ||.||e) such that nh_}rgoﬁn

is a solution of the LBVP (3.3).

Proof. Tt is given that Dy of (¢, ) <0, V (¢, x) € I x R.
Therefore f(t, 1) — f(t, @) > Dof(t, z1)(z1 —22), ¥ (t, 71), (£, 22) € [ xR
such that x; > xs.
Since g, By € X are weakly coupled lower and upper solutions of LBVP (3.3),
we have 1. of(t) + Aao(t) < f(t, ag(t — 1)), t € I.
2. Bp(t) + ABo(t) = f(t, Bot —7)), t €I

3. ao(t) < ag(0), t € [—r, 0O].

4. Bo(t) = Bo(0), t € [-r, O].

5. ao(t) < Bolt), t € [-r, T).

6. max{aap(0) + bao(T'), aag(0) + bGo(T)}

< 0 < min{afo(0) + bao(T), afio(0) + bGe(T)}-

As b < 0, we have
max{aco(0) + bao(T), acg(0) + bBo(T)} = acp(0) + bao(T) and
min{afy(0) + bao(T), aBo(0) + bBo(T)} = afBo(0) + bBo(T).
This implies aag(0) + bao(T) < 0 < aBy(0) + bBy(T).
Also, as ag, By € X, we have ap(t) = ao(0), Vt € [-r, 0] and
Bo(t) = Bo(0), YVt € [—r, 0].
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By starting with the LBVP

y'(t) + Xy(t) = f(t, Bolt —1))
+ Do f(t, Bo(t —r))[y(t —7) = Bo(t —7)], t €1,
y(t) = y(0), t € [-r, 0],

ay(0) + by(T) = 0,

(5.16)

and proceeding similarly along the proof of the Theorem 5.2.1, we obtain mono-
tonic decreasing sequence of functions {f,} C X such that ap < f,, Vn € N
on [—r, T] and
Br1(t) + AButa(t) = f(t, Bult — 1))
+ Do f(t, Bu(t — 1) [Bpsa(t —7) = Bu(t — 1)), t €1,
Bat1(t) = Bnt1(0), t € [=r, 0],

aﬁn-ﬁ-l(O) + bﬂn-ﬁ-l(T) = 0.

Further {f,} converges in (X, ||.||c) and lim G, is a solution of the LBVP
n—oo
(3.3). O

Further, we prove similar results on quasilinearization method for NLBVP

of first order DECD (3.4).

Theorem 5.3.5. Let g : R? = R be continuous function satisfying

g(t, ) > g(t, y), V (t, x), (t, y) € R? such that v < y. Let f € C*[I xR, R]
and ag, By € X be weakly coupled lower and upper solutions of NLBVP (3.4).
Assume that Dy f(t, x) > 0 and Do o f(t, x) >0, V (t, ) € I xR. Then there
is a monotonic increasing sequence of functions (o) converging in (X, ||.|s0)

such that lim oy, is a solution of the NLBVP (3.4).

n—0o0
Proof. 1t is given that Dy of(t, ) >0, V (¢, ) € I x R.
Therefore f(t, x1) — f(t, x2) > Daf(t, x2)(x1 —x2), ¥ (t, 1), (¢, x2) € [ XR

such that xq > xs.
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Since ag, Py € X are weakly coupled lower and upper solutions of NLBVP

(3.4), we have 1. a}(t) + Aao(t) < f(t, ap(t — 7)), t € I.
2. B4(t) + ABo(t) = F(t, Bo(t—1)), t € I.
3. ag(t) < a(0), t € [-r, O]
4. Bo(t) > 5o(0), t € [—r, 0].
5. ap(t) < Bo(t), t € [-r, T1.

)
6. max{g(ao(0), ao(T)), g(ao(0), Bo(T))}
< 0 < min{g(5(0), ao(T)), 9(60(0), So(T))}-
As g(t, x) > g(t, y), V (t, x), (¢, y) € R? such that z < y, we have
max{g(ao(0), ao(T)), g(ao(0), Bo(T))} = g(ao(0), ao(T)) and
min{g(5o(0), ao(T)), 9(6o(0), Bo(T))} = 9(Bo(0), fo(T)).
), a

» ao(T)) <0< g(Bo(0), 5o(T)).
Also, as ap, o € X, we have ay(t) = ap(0), Vt € [—r, 0] and By(t) = Bo(0),

This implies g(a(0

Vitel[-r 0.
Now, starting with the NLBVP
y'(t) + Ay(t) = f(t, aolt —1))

+ Dof(t, ap(t —7))[y(t —7) —ap(t —7)], t €I,
(5.17)

/

and proceeding similarly along the proof of the Theorem 5.2.1, we obtain mono-
tonic increasing sequence of functions {a,} C X such that a,, < fy, Vn € N
on [—r, T] and
a1 (8) + Ao () = f(E, an(t —7))
+ Dof(t, an(t —7))|an1(t —7) —an(t —1)], t €1,
ani1(t) = any1(0), t € [—r, 0],

9(an41(0), a1 (T)) = 0.




163

Further {a,} converges in (X, ||.||s) and lim «, is a solution of the NLBVP
n—o0
(3.4). O

Theorem 5.3.6. Let g : R? — R be continuous function satisfying

g(t, x) > g(t, y), V (¢, x), (t, y) € I X R such that x > y. Let

feC*I xR, R] and ag, Bo € X be weakly coupled lower and upper solutions
of NLBVP (3.4). Assume that Dyf(t, x) > 0 and Dy of(t, x) <0,

V (t, ) € I x R. Then there is a monotonic decreasing sequence of functions
{Bn} converging in (X, ||.||«) such that nh_}rgoﬁn is a solution of the NLBVP
(34).

Proof. 1t is given that Dq of (t, ) <0, V (¢, ) € [ x R2
Therefore f(t, x1) — f(t, x2) > Daf(t, x1)(x1 —x2) ¥V (L, 1), (t, T9) € I x R?
such that x; > xzs.

Since ag, By € X are weakly coupled lower and upper solutions of NLBVP

(3.4), we have 1. af(t) + Aao(t) < f(t, an(t — 7)), t € 1.
2. By(t) + ABo(t) > f(t, Bo(t—7)), tEL
3. ao(t) < ao(0), t € [=r, 0.
4. Bo(t) = Bo(0), t € [~ 0].
5. ag(t) < Bo(t), t € [—r, T].

ao(T)), g(an(0), Bo(T))}
< 0 <min{g(B(0), ao(T)), 9(B(0), Bo(T))}.
As g(t, ) > g(t, y), V (t, z), (t, y) € R? such that x <y, we have
)

) ( ( >’ BO(T))} = g(Oé()(()), OC()(T)) and

6. max{g(ap(0),

max{g(ao(0), ao(T
min{g(5(0), ao(T)), 9(Bo(0), So(T))} = g(B0(0), Fo(T)).

This implies g(ao(0), ao(T)) <0 < g(50(0), Go(T)).

Also, as ag, By € X, we have ag(t) = ag(0), V¢ € [—r, 0] and Bo(t) = 5o(0),
Vitel[-r 0.



By starting with the NLBVP

y'(t) + Xy(t) = f(t, Bolt —1))
+ Do f(t, Bo(t —7))[y(t —r) = Bo(t —1)], t € I,
y(t) = y(0), t € [-r, 0],

9(y(0), y(T)) = 0. )

(5.
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18)

and proceeding similarly along the proof of the Theorem 5.2.1, we obtain mono-

tonic decreasing sequence of functions {f,} C X such that ap < f,, Vn € N

on [—r, T] and
67,z+1(t) + Aﬁn-i-l (t) = f(t7 ﬁn(t - T))
+ D2f<tv 671(75 - T))[Bn+1(t - T) - ﬂn(t - 71)]7 te Ia

Bn—l-l(t) = ﬁn—o—l(o)v te [_T7 0]7

g(ﬁn—&-l(o)v Bn—l—l(T)) = 0. )

Further {8,} converges in (X, ||.||«) and lim £, is a solution of the NLBVP
n—oo

(3.4).

]



Chapter 6

MONOTONE ITERATIVE
METHOD AND
QUASILINEARIZATION
METHOD FOR FIRST
ORDER DIFFERENTIAL
EQUATIONS WITH
DEVIATING ARGUMENTS

165



166

6.1 Introduction

This chapter deals with establishing results using Monotone Iterative Method
and Quasilinearization Method for BVPs discussed in Chapter 4. We make
use of existence of solution between lower and upper solutions for PBVPs of
general first order DECD and first order DEVDA to prove our results. Fur-
ther, we prove results on existence of solution for LBVP and NLBVP of gen-
eral first order DECD and first order DEVDA by Monotone Iterative Method
and Quasilinearization Method, using results on existence of solution between
weakly coupled lower and upper solutions, which we proved in Chapter 4. We
assume b < 0 for LBVP and in the case of NLBVP, we assume g to be a

non-increasing function in second argument.

6.2 Monotone Iterative Method

We now establish results on existence of solution, by using monotone iterative
method, for PBVP of general first order DECD (4.1) and for PBVP of first
order DEVDA (4.6).

Theorem 6.2.1. Let f: [ x R? = R be continuous and satisfy

[t @, yn) = ft 2, y2) = (@1 — 22) + po(y — v2),

YV (t, z1, y1), (t, T2, y2) € I x R? such that xo < x1, yo < 31 and for some
constants 1 > 0, pue > 0. Let ag, Bo € X be lower and upper solutions of
PBVP (4.1) such that ag(t) < po(t), V't € [—r, T]. Then there are sequences
of monotonic functions {a,} and {B,} converging in (X, ||.||o) such that

lim av, and lim B, are solutions of the PBVP (4.1).

n—oo n—oo
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Proof. Since, g, By € X are lower and upper solutions of PBVP (4.1), we

have 1. a(t) + Aao(t) < f(t, aolt), aolt —1)), t € I.
2. Bo(t) + ABo(t) = f(E, Bo(t), Bo(t —1)), t €.
3. ap(t) < ap(0), t € [—r, 0].
4. Bo(t) > Bo(0), t € [-r, 0].
ap(0) < ao(T).

6. 50(0) = Bo(T).
As ag, By € X, we have ag(t) = ap(0), ¥Vt € [—r, 0] and Sy(t) = 5o(0),
Vite[-r 0.

Consider

)

y'(t) + My(t) = f(t, ao(t), ao(t — 7)) + puy(t) — ao(t)]
+ paly(t —r) —ap(t — 1)), t € 1,

y(t) = y(0), t € [=r, 0],

Let ga, (t, u, v) = f(£, ao(t), ao(t —r)) + pufu — ()]
+ polv — ap(t — 7)), V (£, u, v) € I x R2.
Therefore ga, (t, y(t), y(t —r)) = f(t, ao(t), ao(t —7)) + mly(t) — co(t)]
Yl — 1) —ag(t — 1)), VeI
Let (t, x1, 11), (t, @9, y2) € I x R? such that z; < x5 and y; < ys.
This implies ;1 — ap(t) < x9 — ap(t) and y3 — ap(t — 1) < yo — ap(t — 7).
This gives p[z1 — ap(t)] < pafra — ap(t)] and
palyr — ao(t — )] < palys — ao(t — 7).

So we get i [x1 — ()] + palyr — ao(t — 1))

< plza — ao(t)] + paly2 — ao(t — 1))
Therefore f(t, ao(t), ao(t —r)) + iz — ao(t)] + pelyr — ao(t —r)]

< [t ao(t), aot — 7)) + pafra — ao(t)] + palys — ao(t —7)].
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Thus gao(ta Iy, yl) S gao(ta T2, y2)7 v (t7 T, y1)7 (ta T, y2) €l x Rz such

that 1 < x5 and y; < ys.
Also ag(t) + Aao(t) < f(t, ao(t), ao(t —7))
= [(t, ao(t), ao(t — 7)) + pfao(t) — ao(t)]
+ paao(t — 1) — ap(t — )]

= (oo (t, ap(t), ot —1)).

Further £)(t) + ABo(t) > f(t, Bo(t), Bo(t —1))
> f(t, ao(t), ao(t — 7)) + pa[Bo(t) — ao(t)]
+ p2|Bo(t — 1) — a(t — )]

= Yoy (ta ﬁo@)? Bo(t - T’))

We already know that

1. ag(t) = ao(0), t € [—r, 0].
2. Bo(t) = Po(0), t € [—r, O]
3. ap(t) < Polt), t € [—r, T]
4. ao(0) < ap(T)
5. Po(0) = Bo(T)

This implies, g and [y are lower and upper solutions of the PBVP (6.1) such
that ao(t) < Bo(t), Vit e [—r, T].

Therefore the PBVP (6.1) has a solution «; € X such that ap < a3 < ) on
[—7, T]. (Using Theorem 4.4.5)

So we have

)

ay(t) + Aan(t) = f(t, ao(t), aolt — 1)) + pifaa(t) — ao(?)]
+ pofaq(t —r) —ap(t —r)], t €1,

ai(t) = ay(0), t € [—r, 0],

(05} (0) == Oél(T).
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This gives o) (t) + A (t) < f(t, au(t), aa(t —1)), t € 1.
Also 1. G(t) + Molt) > £(t, folt), Bolt — 1)), tE T

2 an(t) = as(0), ¢ € [—r, 0.
3. Bo(t) = Bo(0), t € [-r, 0].
4 an(t) < Bo(t), t € [-r, T].
5. a1(0) < an(T).
6. Bo(0) = Bo(T).

Therefore o; and y € X are lower and upper solutions of the PBVP (4.1)
such that aq(t) < Bo(t), Vt € [—r, T].

Now Consider

)

Y (t) + My(t) = f(t, an(t), aa(t —7)) + pafy(t) — aa(t)]
+ poly(t —r) —ay(t—r)], t €,

y(t) = y(0), t € [=r, 0],

Let ga, (t, u, v) = f(£, n(t), a1t —r)) + pufu — on(t)]
+ polv —ay(t — 7)), V (¢, u, v) € I x R2.
Therefore ga, (t, y(t), y(t —r)) = f(t, ar(t), ea(t — 7)) + mly(t) — ea(t)]
oyt —r) —on(t—r)], Vit el
So we have go, (£, 21, Y1) < oy (£, T2, ), ¥V (£, 21, 1), (t, 2, ya) € I x R?

such that x1 < x5 and y; < ys.
Also o (t) + Aai(t) < f(t, ai(t), aa(t —1))
= [t ar(t), ar(t — 7)) + pfea(t) — aa(t)]
+ pofar(t — 1) —ay(t —1)]

:ga1(t7 al(t)a al(t_r))'
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Further 8)(t) + ABo(t) > f(t, Bo(t), Bo(t — 7))
> f(t, au(t), ant — 1)) + pa[Bo(t) — ar(t)]
+ po[Bo(t — 1) — o (t — )]

= Gou (tv /Bo(t)’ ﬁo(t - T))

We already know that
1. ay(t) = oy (0), t € [—r, 0]
2. Bo(t) = Bo(0), t € [—r, 0].
3. aq(t) < Bolt), t € [—r, T
4. o1(0) = o (7).
5. 80(0) = Bo(T).
This implies o and fy are lower and upper solutions of the PBVP (6.2) such
that ay(t) < Bo(t), Vit € [—r, T].
Therefore the PBVP (6.2) has a solution as € X such that a; < ay < fy on
[—r, T]. (Using Theorem 4.4.5)

This gives

)

ay(t) + Aao(t) = f(t, ai(t), ar(t — 7)) + pfaa(t) — o (t)]
+ polaa(t —7) —au(t — 7)), t €1,

as(t) = ae(0), t € [—r, 0],

(65) (0) = Q9 (T) .

So we have a4 (t) + Aao(t) < f(t, as(t), as(t —1)), t € 1.

Also 1. B(t) + ABo(t) > f(t, Bo(t), Bolt —7)), tE L.
2. ap(t) = as(0), t € [, 0].
3. Bo(t) = Fo(0), t & [=r, O].
4 ao(t) < Bo(t), t e [=r, T]
5. ax(0) = as(T).
6. Bo(0) = Fo(T).
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Therefore oy and ) € X are lower and upper solutions of the PBVP (4.1)
such that ay(t) < Bo(t), Vt € [—r, T].

Continuing in this manner, let «,, € X be a solution of

)

Y () + Ay(t) = f(t, ana(t), ana(t — 7)) + ply(t) — on-a(t)]

+ //’Q[y(t o T’) - O‘nfl(t - T)]? te ]7

(6.3)
y(t) =y(0), t € [-r, 0],
y(0) =y(T) )
Next consider
Y1)+ My(t) = F(E an(t), anlt — 7))+ mly() — an(®)])
+ poly(t —r) —an(t —1)], t €1,
(6.4)

Let ga, (t, u, v) = f(t, an(t), an(t — 7)) + pr[u — a,(t)]

+ po[v — an(t — 7)), V (¢, u, v) € I x R
Therefore ga, (t, y(t), y(t —7)) = f(t, an(t), an(t = 7)) + paly(t) — an(t)]

+ poly(t —r) —an(t —1)], Vt e I.

Also g, (t, 1, Y1) < Ga, (t, T2, ¥2), YV (¢, z1, 11), (t, T2, y2) € I x R? such
that 1 < x5 and y; < y9. Further «,, and 3y are lower and upper solutions of
(6.4) such that a,(t) < Bo(t), Vt € [—r, T].
Therefore the PBVP (6.4) has a solution «,,,1 € X such that «,, < a1 < Sy

on [—r, T]. (Using Theorem 4.4.5)
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This gives

\

U1 (1) + A1 (t) = f(t, an(t), an(t — 7)) + o (t) — an(t)]
+ pofan i (t—1) —an(t —7)], t €1,

pt1(t) = anta(0), ¢ € [—r, 0],

Ant1(0) = a1 (7).

Thus we get a monotonic increasing sequence of functions {a,,} C X such that

an < Py, Vn € Non [—r, T| and

)

A1 () + Ao g1 (8) = f(E, an(t), an(t —7)) + o (t) — an(t)]

+ piofan 1 (t —r) —ap(t —1r)], t €1,
(6.5)

Ap1(t) = ay41(0), t € [—r, 0],

nt1(0) = a1 (T).

Now for each fixed t € [—r, T], {a,(t)} is a monotonic increasing
sequence in R which is bounded above by fy(t). Therefore by Monotone Con-
vergence Theorem for sequences in R, {a,(t)} is convergent in R, for each
t € [—r, T]. This implies {«,} is pointwise convergent on [—r, T7.

Let lim o, (t) = af(t), Vit € [-r, T].

Since 7,41 (t) + A1 (t) = f(t, an(t), an(t — 1)) + pufan(t) — an(t)]
+ piplan 1 (t—71) — a(t —7)],

t

we have a1 (t)eM — a1 (0) = /eksf(S7 an(s), an(s —r))ds

+ /e)‘sug[anH(S — 1) —ap(s —r)lds.

0
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This implies
t

i1 (1) = g1 (0)e™ + /6_’\(t_5)f(s, an(s), an(s —r))ds (6.6)

0
t

+ /6_’\“_5)#1 [nt1(s) — an(s)]ds

0
t

+ /e_)‘(t_s),ug [ant1(s — 1) — ay(s —7)]ds.
0

Taking limit as n — oo on both sides of equation (6.6) we get

lim a1 (t) = lim ay,41(0)e™ (6.7)
n—oo n—oQ
¢
+ lim [ eI f(s, an(s), an(s —r))ds

n—00
0
t

+ lim [ e [ (s) — an(s)]ds

n—00
0
t

—A(t—s)

+ lim [ e po[ni1(s — 1) — apn(s —1)]ds.

n—»o0
Now {a,,} is uniformly bounded on [—r, T, as a(t) < an(t) < Bo(t),

V't € [—r, T]. Therefore 3 M > 0 such that |a,(t)] < M, Vt € [—r, T] and
Vn € N. Since f: I x R?> — R is continuous,

f:Ix[-M, M| x[-M, M]— R is continuous.

Therefore f: I x [-M, M| x [-M, M| — R is bounded, as

I x [-M, M] x [-M, M]is compact. So there is K > 0 such that

|f(t, an(t), an(t—7))| < K,VtelandVneN

From equation (6.5), we have

| (O < [f(E an(t), an(t =)+ mllona ()] + on(®)]]
+ pallom (8= 7))+ fon(t = )] + [AlJon s (2)]

< K+ 2 M + 2psM + [N M = C(say).
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This implies |a/,(t)| < C, VneNand Vt € I.

Thus {«/,} is uniformly bounded on I.

We now show that {«,} is equicontinuous on /.

Let € > 0 be arbitrary. Choose § = min{g, % .

Let t1, t € I be such that [t; —to| < 9.

By Lagrange’s mean value theorem, 3 ¢ between ¢; and t, such that

| (1) — an(t2)] = g, (E)[t1 — ta.

This implies |a,(t1) — an(te)|] < Clty — ta] < Cd < €, ¥V ty1, to € I such that
|ty — ta] < §. Therefore {a,} is equicontinuous on .

Using Arzela-Ascoli’s lemma we may conclude that {«,} has a subsequence
{an, } converging uniformly on I. So «,, — « uniformly on I. Since each a,,
is continuous on I, « is continuous on I. Also a(t) = «(0), V t € [—r, 0] and
a(0) = a(T). So we conclude that « is continuous on [—r, T]. Since {«,}
is increasing and nh_)rgo a,(t) = a(t), YVt € I, by Dini’s theorem for uniform

convergence of sequence of functions, o, — o uniformly on I.

From equation (6.7), we get

t

lim a1 (t) = lim ay,41(0)e™ + / lim e 29 £(s, an(s), an(s —r))ds
n—oo n— o0

n—00
0
t

+ / lim e~ 11 [ (5) — an(s)]ds

n—00
0
t

+ / lim G_A(t_s)ug [Oén+1(5 — T) - an(s - r)}ds.

n—00
0

So we have a(t) = a(0)e ™ + Jje’\(ts)f(s, a(s), a(s—r))ds, t € 1.
Also a(t) = a(0), ¥Vt € [—r, 0] and «(0) = «(T).

Taking limit as n — oo on both sides of equation (6.5), we get

. / R W 3 —
nh_>H010an+1 (t) - /\nh—>Hc}o&n+1 (t) + nll_>nolof(t7 an<t>7 an<t T’))

+ nli_)froloﬂl (g1 (t) — an(t)] + 7}1}1{)10/12 [ 1(t — 1) — an(t —1)].
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Therefore nli_g)loagﬂ(t) =—Xa(t) + f(t, a(t), a(t—1)) = (t), Vt e 1.

Since the left hand side of the above limit is the uniform limit of sequence of
functions, we have {a/,} converging uniformly to o/ on I.

As «y, — a pointwise on [—r, T, a;, — « uniformly on I,

an(t) = a,(0), Vt € [—r, 0l and Vn € N and «a(t) = a(0), Vt € [—r, 0],

we have «,, — « uniformly on [—r, T]. This implies « is continuous on [—r, T.
Also « is differentiable on [ and «’ is continuous on I. Thus o € X.

As a, = a uniformly on [—r, T] and o/, — o' uniformly on I, we have «,, — «
on (X, ||.||ec) and « is a solution of the PBVP (4.1).

Next consider

\

y'(t) + My(t) = f(t, Bo(t), Bo(t — 7))+ paly(t) — Bo(t)]
+paly(t —r) — Bo(t — 7)), t €1,

y(t) = y(0), t € [=r, 0,

Let hg,(t, u, v) = f(t, Bo(t), Bo(t — 7))+ pfu— Bo(t)]
+ polv — Bo(t — 1), ¥V (¢, u, v) € I x R%
Therefore hg,(t,y(t),y(t — 7)) = f(t, Bo(t), Bo(t —r)) + ply(t) — Po(t)]
b pa[y(t — 1) — Bolt — 1)), Ve L.
So we have hg, (t, 21, y1) < hgy (£, T2, y2), ¥ (£, 21, 1), (£, 22, y2) € I x R?

such that x1 < o and y; < ys.
Also ag(t) + A (t) < f(t, ao(t), ag(t —1))
< f(t, Bo(t), Bo(t — 1)) + pafao(t) — Bo(t)]
+ pafag(t — 1) — Bo(t — 1))

= hg,(t, ao(t), ap(t —1)).



Further 8)(t) + ABo(t) > f(t, Bo(t), Bolt — 1))
= f(t, Bo(t), Bolt — 7)) + m[Bo(t) — So(t)]
+ p2lBo(t =) — Polt — )]
= hg(t, Bo(t), Po(t —r)).

We already know that
1. ao(t) = ap(0), t € [—r, 0].
2. Bo(t) = Bo(0), t € [—r, 0].
3. ap(t) < Bolt), t € [—r, T
4. ap(0) < ao(T).
(

5. o(0) > Bo(T).
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This implies o and fy are lower and upper solutions of the PBVP (6.8) such

that ao(t) < Bo(t), Vit € [—r, T].

Therefore the PBVP (6.8) has a solution #; € X such that ag < 8 < fy on

[—r, T]. (Using Theorem 4.4.5)

So we have

)

B1(t) + ABu(t) = f(t, Bo(t), Bo(t — 7)) + pa[Br(t) — Bo(t)]
+p2lfi(t —r) = Bo(t =), t €I,

Pi(t) = 61(0), t € [=r, 0],

P1(0) = Bu(T).

This gives 3] (t) + A\Gi(t) > f(t, Bi(t), Bt —7)), t € I.
Also 1. ay(t) + Aag(t) < f(t, ap(t), ap(t —1)), t € 1.

2. ap(t) = ap(0), t € [—r, 0].

3. Bu(t) = B1(0), t € [—r, 0.

4. ag(t)

(



177

Therefore oy and 51 € X are lower and upper solutions of the PBVP (4.1)
such that «y(t) < Bo(t), Vt € [—r, T].
Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {f,} C X such that ag < f,,, Vn € Non [—r, T| and

\

Bra(t) F ABuia(t) = f(t, Bu(t), Bu(t — 7)) + p1[Bny1(t) — Bu(t)]
+ ,u2[5n+1<t - T) - ﬁn(t - 7“)], te I7
5n+1(t) = ﬁn+1(0)7 te [_Ta 0]7

Bnt1(0) = Bpia (T).

Further {f,} converges in (X, ||.||x) and lim f, is a solution of the PBVP
n—oo

(4.1). O
Next we have the following result for PBVP (4.6).

Theorem 6.2.2. Let f: I x R? — R be continuous and satisfy

f(t, @, 1) — f(t, z2, y2) > pa(z1 — 22) + pro(ys — o),

YV (t, z1, y1), (t, T2, y2) € I x R? such that xo < x1, yo < 31 and for some
constants 1 > 0, pa > 0. Let ag, Bp € W be lower and upper solutions of

PBVP (4.6) such that ao(t) < Bo(t), Y t € I. Then there are sequences of

monotonic functions {ca,} and {B,} converging in (W, ||.||o) such that lim v,
n—oo
and lim B, are solutions of the PBVP (4.6).
n—oo
Proof. Similar to the proof of the Theorem 6.2.1. n

Next, we establish results on existence of solution, using monotone iterative
method, for LBVP of general first order DECD (4.3) and for LBVP of first
order DEVDA (4.8).
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Theorem 6.2.3. Let f: I x R?2 — R be continuous and satisfy

[t x, ) = [t @2, y2) > p(wr — ) + pr2(yr — y2),

Vo(t, x1, y1), (¢, 2, y2) € I x R? such that x5 < x1, y2 < y1 and for
some constants p1 > 0, ps > 0. Let o, By € X be weakly coupled lower and
upper solutions of LBVP (4.3). Ifb < 0, then there are sequences of monotonic
functions {a,} and {B,} converging in (X, ||.||s) such that hm o, and lim 3,

n—oo

are solutions of the LBVP (4.3).

Proof. Since, ag, By € X are weakly coupled lower and upper solutions of

LBVP (4.3), we have 1. af(t) + Aao(t) < f(t, ao(t), ap(t — 1)), t € I.

) (

2. By(t) + ABo(t) > f(t, Bo(t), Bo(t—1)), t el
)
)

t) < ap(0), t € [—r, 0].

3. ol
1 6o

60t260<0at€[ ]
5. ag(t) < Bolt
6. max{aap(0) + bay(T"), aan(0) + bBo(T)}

< 0 < min{aBy(0) 4+ bag(T), aBo(0) + bBo(T)}.

)
), t €[-r, T).

As b < 0, we have

max{aag(0) + bao(T), aap(0) + b50(T)} = aap(0) + bay(T') and
min{afy(0) + bao(T"), aBo(0) + b5o(T)} = afo(0) + bBo(T).

This implies acg(0) + bao(T) < 0 < aBy(0) + bBy(T).

Also, as ag, fy € X, we have og(t) = ap(0), ¥Vt € [—r, 0] and By(t) = 5o(0),
Vitel[-r 0.

Now, by starting with the LBVP

)

Yy () +Xy(t) = f(t, ao(t), aot —7)) + py(t) — ao(t)]
+ 2yt —7) —ao(t —r)], t €1,
y(t) =y(0), t € [=r, 0,

ay(0) + by(T) = 0,

and proceeding similarly along the proof of the Theorem 6.2.1, we obtain mono-
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tonic increasing sequence of functions {a,} C X such that a,, < fy, Vn € N
on [—r, T] and

)

Ay (1) + Aanga (B) = f(t, an(t), an(t = 7)) + pfoma(t) — an(t)]
+ pizlonia (t —r) —an(t — 7)), t €1,

Oén+1(t) = Oén+1(0), t e [—T, 0],

acvy,1+1(0) + ba,+1(T) = 0.

Further {a,} converges in (X, ||.||«) and lim «,, is a solution of the LBVP
n—oo

(4.3).

Next, by considering the LBVP

\

y'(t) + My(t) = f(t, Bo(t), Bo(t —r)) + mly(t) — Bo(t)]
+ paly(t — 1) = Bo(t — 1)), t € 1,
y(t) = y(0)7 te [—7‘, 0]7

ay(0) + by(T) = 0,

(6.10)

and proceeding similarly along the proof of the Theorem 6.2.1, we obtain a
monotonic decreasing sequence of functions {f,} C X such that ay < f,,,

VneNon [—r, T] and

\

67/1—',-1 (t) + )‘ﬁnJrl(t) = f(ta ﬁn(t)> Bn(t - T)) + ,Ul[ﬁnJrl(t) - Bn(t)]
+ /vb2[6n+1(t - T) - Bn(t - 7”)], te I7
ﬁn-l—l(t) = 6n+1(0)7 le [_ra 0]’

aﬁn+1 (O) + b5n+1<T) =0.

Further {3,} converges in (X, ||.||s) and lim f, is a solution of the LBVP
n—oo
(4.3). O

Following is the corresponding result for LBVP (4.8).
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Theorem 6.2.4. Let f : [ x R? — R be continuous and satisfy

f(t, 1, 1) — f(t, z2, y2) > pa(z1 — 22) + pro(yn — o),

Vo(t, x1, y1), (¢, 2, y2) € I x R? such that x5 < x1, y2 < y1 and for
some constants p; > 0, po > 0. Let o, Po € W be weakly coupled lower and

upper solutions of LBVP (4.8). Ifb < 0, then there are sequences of monotonic

functions {a,} and {B,} converging in (W, ||.||o) such that lim «,, and lim G,
n—oo n—oo

are solutions of the LBVP (4.8).

Proof. Similar to the proof of the Theorem 6.2.3. n

We now establish results on existence of solution for NLBVP of general
first order DECD and for NLBVP of first order DEVDA by making use of

monotone iterative method.

Theorem 6.2.5. Let f: I x R? = R be continuous and satisfy

f@t oy, y) = f(t w2, y2) > pa(wr — 22) + pr2(yr — ¥2),

Vo(t, 21, y1), (t, 2o, y2) € I X R? such that xo < 11, yo < y1 and for some
constants p; > 0, uy > 0. Let g : R?> — R be continuous function such that
g(z, u) > gz, v), ¥V (z, u), (x, v) € R? such that u < v. Assume that
ap, Bo € X be weakly coupled lower and upper solutions of NLBVP (4.4).
Then there are sequences of monotonic functions {a,} and {f,} converging in

(X, |I||oo) such that lim o, and lim B, are solutions of the NLBVP (4.4).
n—oo

n—oo

Proof. Since, ag, Py € X are weakly coupled lower and upper solutions of

2. Ayt
3. ap(t) < ap(0), t € [—r, 0].

4. BO t) > 5O<O>> te [—7’, 0]
(

6. max{g(an(0), ao(T)), g(an(0), Bo(T))}
S 0 S min{g(ﬁﬂ(o% @O(T))7 9(50(0)a ﬁ0<T))}
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As g(z, u) > g(x, v), V (z, u), (z, v) € R? such that u < v, we have
max{g(ao(0), ao(T)), g(ao(0), So(T))} = g(ao(0), ao(T)) and
min{g(5(0), ao(T)), 9(5o(0), Bo(T))} = 9(5o(0), Bo(T)).

This implies g(ao(0), ao(T)) < 0 < g(Bo(0), Bo(T)).

Also, as ag, By € X, we have ag(t) = ap(0), V't € [—r, 0] and By(t) = 5o(0),
Vite[-r 0.

Now, by starting with the NLBVP

\

y'(t) + \y(t) = f(t, ao(t), ao(t — 7))+ my(t) — ao(t)]
+ p2ly(t —r) —ao(t — 1)}, t €1,

y(t) = y(0), t € [-r, 0],

(6.11)

Vs

and proceeding similarly along the proof of the Theorem 6.2.1, we obtain mono-
tonic increasing sequence of functions {a,} C X such that a,, < fy, Vn € N
on [—r, T] and

0y () Ataa(£) = £t a(t), oua(t = 1) + [ (1) — 0 (t)])

+ pofanii(t —r) —a,(t —1)], t €1,

Oén-l-l(t) = an+l(0)7 te [_T7 0]’

g(ant1(0), ana(T)) = 0. J

Further {a,} converges in (X, ||.||s) and lim «, is a solution of the NLBVP
n—oo

(4.4).

Next, by considering the NLBVP

)

Y (8) + My(t) = f(t, Bolt), Bolt — 7)) + mly(t) — Bo(t)]
+ paly(t =) = Bo(t = 1), t € 1,

y(t) = y(0), t € [-r, 0],

(6.12)
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and proceeding similarly along the proof of the Theorem 6.2.1, we obtain a
monotonic decreasing sequence of functions {f,} C X such that ay < f,,,

VneNon [—r, T] and

)

Bra(t) + ABpia(t) = f(t, Bu(t), Bult — 7)) + 11 [Buyr(t) — Bu(t)]
+ ,UQ[ﬁnJrl(t - 7’) - Bn<t - T)]» le [,
Bn—i—l(t) - 5n+1(0)7 te [_Ta 0]7

9(Bn41(0), Bria(T)) = 0. J

Further {8,} converges in (X, ||.||«) and lim £, is a solution of the NLBVP
n—oo
(4.4). O

Next we have a similar result for NLBVP (4.9).

Theorem 6.2.6. Let f: I x R?2 — R be continuous and satisfy

[t o, yi) = f(t @2, y2) > pa(wy — 22) + pa(ys — v2),

YV (t, T, y1), (t, T, y2) € I X R? such that xo < 11, yo < y; and for some
constants i1 > 0, po > 0. Let g : R? — R be continuous function such that
g(z, u) > g(z, v), V (z, u), (z, v) € R* such that u < v. Assume that
ap, fo € W be weakly coupled lower and upper solutions of NLBVP (4.9).
Then there are sequences of monotonic functions {a,} and {S,} converging in

(W, ||-|lo) such that lim cv, and lim 3, are solutions of the NLBVP (4.9).
n— o0

n—o0

Proof. Similar to the proof of the Theorem 6.2.5. n

6.3 Quasilinearization Method

In this section, we establish results on existence of solution using quasilin-
earization method for PBVP, LBVP and NLBVP of general first order DECD
and first order DEVDA. Here we assume certain conditions on first and second

order derivatives of f to obtain our results.
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Theorem 6.3.1. Let f € C?*[I x R* R| and o, By € X be lower and upper
solutions of PBVP (4.1) such that ag(t) < Bo(t), ¥ t € [—r, T]. Assume
that D;f(t, x, y) > 0 and D; ;f(t, =, y) >0, V (¢, =, y) € I x R?* and
Vi, 7 =2, 3. Then there is a monotonic increasing sequence of functions
{an} converging in (X, ||.||s) such that T}Lrgoan is a solution of the PBVP
(4.1).

Proof. Tt is given that D; ;f(t, z, y) >0, V (t, @, y) € I x R? and

Vi, 7 =2, 3. Therefore

f(t, 1, 1) — f(t, 22, y2) > Daof(t, xa, yo)(@1—x2)+Dsf(t, x2, y2) (11 —y2),
YV (t, 21, y1), (L, 22, y2) € I x R? such that x; > x5 and y; > ys.

Since g, [y € X are lower and upper solutions of PBVP (4.1), we have

L. ah(t) + Aao(t) < f(t, ao(t), aolt — 1)), t€ T
2. Bo(t) + ABo(t) = f(t, Fo(t), Bolt —7)), t €l
3. ag(t) < ag(0), t € [-r, 0].
4. Po(t) = Bo(0), t € [=r, 0]

(
(
5. a(0) < ao(T).
6. Bo(0) = Bo(T).
Now, as ap, fp € X, we have ay(t) = ap(0), Vt € [—r, 0] and By(t) = Bo(0),
Vte[-r0l.
Consider
Y1)+ Ay(t) = f(t, aolt), ao(t —1))
+ Daf(t, ao(t), ao(t —7))[y(t) — co(t)]
+ Dsf(t, ao(t), ao(t — 7))yt —r) — ot — )],

(6.13)
tel,
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Let gao(t, u, v) = f(t, a(t), ao(t — 7)) + Daf(t, ap(t), ao(t —1))[u — ap(t)]
+ D3 f(t, ao(t), ao(t —r))[v — ap(t —r)],
V(t, u, v) € I x R2.
This implies
oo (t, y(t), y(t — 7)) = f(t, ao(t), ao(t —71))
+ Daf(t, ao(t), oot —7))[y(t) — ao(t)]
+ Dsf(t, ao(t), ao(t—7))[y(t —r) —ao(t—r)], Vt € I.
So we have go,(t, 71, Y1) < Gao(t, T2, ¥o), ¥ (t, 21, 11), (¢, T2, y2) € I x R?

such that x; < x9 and y; < ys.

Also ap(t) + Aag(t) < f(t, ao(t), ag(t — 1))
= f(t, ao(t), ao(t — 7))
+ Do f(t, ao(t), ao(t —7))[an(t) — ao(t)]
+ D3 f(t, ao(t), ao(t —7))[eo(t —r) — ao(t — )]

= (oo (t, ap(t), ot —1)).

Further 8)(t) + ABo(t) > f(t, Bo(t), Bo(t — 7))
> f(t, ao(t), ao(t — 1))
+ Daf (t, ao(t), ao(t —1))[Bo(t) — co(t)]
+ Dy f(t, ao(t), ao(t —7))[Bo(t — 1) — an(t —7)]

= Yoy (t7 ﬁO(t% Bo(t - T))

We already know that
L. ap(t) < Bo(t), t € [—r, T).

ao(t) = a(0), r, 0].

3. Bo(t) = Bo(0), t € [—r, 0].

a(0) < ao(T).

5. Bo(0) > Bo(T).

tel—

)
)=

0(0)
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Therefore ap and fy are lower and upper solutions of the PBVP (6.13) such
that ag(t) < po(t), Vit € [—r, T).

Thus the PBVP (6.13) has a solution a; € X such that ag < a3 < fy on
[—r, T]. (Using Theorem 4.4.5)

So we have

O/l(t) + )‘al(t) = f(ta a0<t>7 a0<t - T))
+ Do f(t, ao(t), ao(t —7))[aa(t) — ao(t)]
+ D3 f(t, ao(t), ag(t —r))[aq(t —r) —ap(t —1)], t € I,

O[l(t) = ozl(O), te [—7’7 0],

a1(0) = ay(T).

This gives o (t) + Aoy (t) < f(t, a1(t), an(t —1)), t € I.

Also 1. Bi(t) + ABo(t) > f(t, Bo(t), Bo(t — 7)), t € I.
2. Bo(t) = Bo(0), t € [—r, 0].
3. aq(t) = a1(0), t € [—r, 0].
4. oq(t) < Bolt), t € [—r, T].
a1(0) < oy (7))

)
6. 50(0) = Bo(T).
Therefore o; and fy € X are lower and upper solutions of the PBVP (4.1)
such that «q(t) < Bo(t), Vt € [—r, T].
Continuing in this manner, we get a monotonic increasing sequence of func-

tions {a,} € X such that oy, < By, Vn € Non [—r,T| and
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A1 () + Ao (8) = f(E, an(t), an(t —7))
+ Do f (1, an(t), an(t —7))[omi1(t) — on(t)]
T Daf(t, anlt), an(t = ))ans(t ) — an(t 1))
tel,

O{n+1(t) = O[n+1(0), t e [—T’, 0],

Ap+1(0) = a1 (7).

Ve

Further {a,} converges in (X, ||.||») and lim «, is a solution of the PBVP
n—oo

(4.1). O

Next we reverse the condition on second order derivatives of f to get
monotonic decreasing sequence of upper solutions converging to solution of

the PBVP (4.1).

Theorem 6.3.2. Let f € C?[I x R?, R| and ay, By € X be lower and upper
solutions of PBVP (4.1) such that ao(t) < Po(t), ¥ t € [—r, T]. Assume
that D;f(t, z, y) > 0 and D; ;f(t, =, y) <0, V (¢, z, y) € I x R? and
Vi, 5 =2, 3. Then there is a monotonic decreasing sequence of functions
{Bn} converging in (X, ||.||s) such that nll_{roloﬁn is a solution of the PBVP
(4.1).

Proof. Since «y, By € X are lower and upper solutions PBVP (4.1), we have

1. bt

) ) < f(t, ao(t), aglt—7)), tel.
2. By(t) + ABo(t) = f(t, Bo(t), Bo(t—7)), t €L

)

)

+ )\Oéo(

3. ao(t) < ao(0), t € [—r, O],
4. Bo(t) = Po(0), t € [=r, 0].
5. ap(0) < ao(T).
6. 5o(0) = Po(T).

Now, as ag, Bp € X, we have ay(t) = ap(0) V¢t € [—r, 0] and
/Bo(t) = B()((D, Vite [—’l“, 0]
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Also, it is given that D; ;f(t, x, y) <0, V (¢, z, y) € I x R* and
Vi, 7 =2, 3. Therefore

f(t, oy, y) = f(t, 22, y2) = Daof(t, o1, y1)(w1—22)+Dsf(t, z1, y1)(y1—12),
YV (t, o1, 11), (t, 22, y2) € I x R? such that x; > x5 and y; > ys.

Consider
y'(t) + Ay(t) = f(t, Bo(t), Bolt — 1))
+ Do f (&, Bo(t), Bo(t —7)[y(t) — Bo(t)]
+ Dsf(t, Bo(t), Bo(t —7))[y(t —r) = Polt —7)],

tel,

(6.14)

Let

ho(t, u, v) = f(t, Bo(t), Bo(t —7)) + Daf(t, Bo(t), Bolt —7))[u— Bo(t)]

+ Dsf(t, Bo(t), Bo(t —7r))[v — Bo(t —7)], V (t, u, v) € I x R*.

Then

heo(t, y(t), y(t —1)) = f(t, Bol(t), Bo(t —1))
+ Do f(t, Bo(t), Bo(t —1))[y(t) — Bo(t)]
+ D3 f(t, Bo(t), Bo(t — 1)yt —r)— Bolt —1)],

Vtel.

So we have hﬁo(ta Iy, yl) S hﬁo(t7 T, y2)7 v (ta Ty, y1)7 (t7 T2, y2) €l x R2

such that x1 < x9 and y; < ys.
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Also ag(t) + Aao(t) < f(t, ao(t), ao(t — 1))
< f(t, Bo(t), Bo(t —r))
+ Daf(t, Bo(t), Po(t —7))[ao(t) — fo(t)]
+ D3 f(t, Po(t), Po(t —7))[ao(t —r) = Bo(t —r)]

— hay (8, aolt), aolt — 7)),

Further 3)(t) + A\Bo(t) > f(t, Bo(t), Bo(t — 7))
= f(t, Bo(t), Bo(t —r))
+ D2 f(t, Bo(t), Bolt —7))[Bo(t) — Polt)]
+ Do f(t, Bolt), Bo(t —7)[Bo(t —7) = Polt —7)]
= hg, (t, Bo(t), Bo(t —r)).

We already know that

1. ao(t) < Bolt), t € [-r, T)
2. ag(t) = ag(0), t € [—r, 0]
3. Bo(t) = Bo(0), t € [-r, 0]
4. ap(0) < ao(T)
5. Bo(0) > Bo(T).

Therefore oy and 3y are lower and upper solutions of the PBVP (6.14) such
that ao(t) < Bo(t), Vit € [—r, T].

Thus the PBVP (6.14) has a solution $; € X such that oy < 81 < [y on
[—r, T]. (Using Theorem 4.4.5)



So we have

Bi(t) + AB(t) = f(t, Bolt), Bolt —7))

Bi(t) = B1(0), t € [-r, 0],
B1(0) = Bu(T). )
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+ Do f(t, Bo(t), Bo(t —7))[Br(t) — Bo(t)]
+ D3 f(t, Bo(t), Pot —7))[B1(t —7) — Bo(t — 1)), t €I,

This implies 3 (t) + A81(t) > f(t, Bi1(t), Bt —7)), t € I.
Also 1. af(t) + Aao(t) < f(t, ao(t), apg(t — 1)), t € I.

2. «

5. «

6.

3.
4. «

t) = ao(0), t € [=r, 0].

1(t) = 61(0), t € [=r, 0].
o(t) < Au(t), t € [=r T1.
(
il

0)
0) > Bu(T).

Therefore o and 3; € X are lower and upper solutions of the PBVP (4.1)

such that ap(t) < pi(t), Vt € [—r, T].

Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {f,} C X such that ag < f,,, Vn € Non [—r, T| and

B (t) + ABnya(t) = f(t, Bu(t), Bult — 1))

Bn-‘rl (t)
ﬁn+1 (0)

= Bn+1(0), t € [—r, 0],
= ﬁn+1 (T) J

+ DQf(tv Bn(t)’ 6n<t - T))[ﬁn—i—l (t) - /Bn(t>]
+ D3f(ta 5n<t)a 5n(t - T))[erl(t - T) - Bn(t - T)]a

tel,

Further {3,} converges in (X, ||.||o) and lim 3, is a solution of the PBVP
n—oo

(4.1).

O
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Following result establishes the existence of solution of the PBVP(4.6).

Theorem 6.3.3. Let f € C?[I x R* R] and ay, Sy € W be lower and up-
per solutions of PBVP (4.6) such that ao(t) < fo(t), ¥ t € I. Assume
that D;f(t, =, y) > 0 and D; ;f(t, =, y) >0, V (¢, =, y) € I x R? and
Vi, j = 2, 3. Then there is a monotonic increasing sequence of functions
{an} converging in (W, ||.||o) such that ,}E&O‘" is a solution of the PBVP
(4.6).

Proof. Similar to the proof of the Theorem 6.3.1. O

Again as in case of PBVP (4.1), the change of inequality in the condition
on second order derivatives of f results in monotonic decreasing sequence of

upper solutions converging to a solution of the PBVP (4.6).

Theorem 6.3.4. Let f € C*[I x R?, R| and o, By € W be lower and upper
solutions of PBVP (4.6) such that ao(t) < Bo(t), V t € I. Assume that
Dif(t, =, y) > 0 and D; ;f(t, =, y) < 0, ¥V (¢, x, y) € I x R? and
Vi, 7 =2, 3. Then there is a monotonic decreasing sequence of functions
{Bn} converging in (W, ||.|[o) such that T}Lngoﬁn is a solution of the PBVP
(4.6).

Proof. Similar to the proof of the Theorem 6.3.2 O

Next, we prove existence results for LBVP of general first order DECD
(4.3) and for LBVP of first order DEVDA (4.8) by using quasilinearization

method.

Theorem 6.3.5. Let f € C*[I x R?, R] and ag, By € X be weakly coupled
lower and upper solutions of LBVP (4.3). Assume that D;f(t, x, y) > 0 and
D if(t, z, y) >0,V (t x, y) € IXxR* andV i, j =2, 3. If b <0, then there
is a monotonic increasing sequence of functions {a,} converging in (X, ||.||s0)

such that lim «y, is a solution of the LBVP (4.3).

n—o0
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Proof. Tt is given that D; ;f(t, z, y) >0, V (¢, =, y) € I x R? and

Vi, 7 =2, 3. Therefore

ft, o, y1) = f(t, 22, y2) > Dof(t, w2, y2) (21 —22) +D3f(t, T2, y2)(y1 —¥2),
YV (t, o1, 11), (t, 22, y2) € I x R? such that x; > x5 and y; > ys.

Since ayp, By € X are weakly coupled lower and upper solutions of LBVP (4.3),

we have 1. ah(t) + Aao(t) < F(t, ao(t), aolt — 1)), t€ I
2. Bo(t) + ABo(t) = f(t, Bo(t), Bo(t —7)), t €I
3. ag(t) < agl0), t € [—r, 0]
4. Bo(t) -

)

5. ao(t) < Bolt), t € [-r, T).

6. max{aag(0) + bag(T'), aag(0) + bBo(T)}

< 0 < min{aBy(0) + bao(T), aBo(0) + bBo(T)}.

As b < 0, we have
max{acg(0) + bao(T), acg(0) + bBo(T)} = acp(0) + bao(T) and
min{afy(0) + bao(T), aBo(0) + bBo(T)} = aBo(0) + bBo(T).
This implies acg(0) + bao(T) < 0 < aBy(0) 4 bBo(T).
Since ag, By € X, we have ag(t) = ag(0), ¥t € [—r, 0] and
Po(t) = Po(0), V¢ € [—r, O].
Now, starting with the LBVP

y,<t> + /\y(t) = f(tv Oto(t), @O(t - T))
+ Dof(t, ao(t), ao(t —7))[y(t) — ao(?)]

+ D3 f(t, ao(t), ao(t —r))[y(t —r) — ao(t =)},

tel,

(6.15)

y(t) =y(0), t € [=r, 0],

ay(0) + by(T') =0,

Vs

and proceeding similarly along the proof of the Theorem 6.3.1, we get a mono-

tonic increasing sequence of functions {a,} C X such that a,, < fy, Vn € N
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on [—r, T] and

A1 (t) + A1 (t) = f(t, an(t), an(t —1))
+ Do f(t, an(t), an(t —7))[ans1(t) — an(t)]
+ D3 f(t, an(t), an(t —7))|ansa(t — 1) — an(t — 7)),
tel,

Apt1(t) = ant1(0), t € [—r, 0],

aty+1(0) + b, 11 (T) = 0.

Vs

Further {a,} converges in (X, ||.||x) and lim «, is a solution of the LBVP
n—oo

(4.3). O

Theorem 6.3.6. Let f € C*[I x R?, R] and oy, By € X be weakly coupled
lower and upper solutions of LBVP (4.3). Assume that D;f(t, x, y) > 0 and
D; if(t, x, y) <0,V (¢ z,y) €IxR*andV i, j =2, 3. Ifb <0, then there
is a monotonic increasing sequence of functions {B,} converging in (X, ||.||s0)

such that lim B, is a solution of the LBVP (4.3).

n—r00
Proof. 1t is given that D; ;f(t, z, y) <0, V (¢, @, y) € I x R* and
V1, 3 =2, 3. Therefore
ft @ yn) = f(E 22, y2) = Dof(E, @1, y1)(@0 — @2) + Daf(t 1, 91) (h1 — 12),
YV (t, z1, y1), (t, T2, yo) € I x R? such that z; > 29 and y; > ve.
Since «y, Py € X are weakly coupled lower and upper solutions of LBVP (4.3),
we have 1. ag(t) + Aao(t) < f(t,
)+ ABo(t) = f(t, Bolt), Bo(t —r)), t el
€ [-r, 0].

Bo(t) > Bo(0), t € [—r, 0.
5. ap(t) < Bo(t), t € [—r, T].
6. max{aag(0) 4+ bay(T), aap(0) + bBs(T)}

< 0 <min{aBy(0) + bao(T), aBbo(0) + b5o(T)}.

t, ap(t), ap(t —1)), t € 1.
2 5

(
3. ap(t) < ap(0), t
4. Bo(



As b < 0, we have
max{aco(0) + bao(T), aag(0) + bBo(T)} = aag(0) + bag(T) and
min{aBo(0) + bao(T), aBo(0) + bBo(T)} = afBo(0) + bBo(T).
This implies aag(0) + bag(T) < 0 < afo(0) + bBo(T).
Also, as g, By € X, we have ag(t) = ag(0), ¥ ¢ € [-r, 0] and
Bo(t) = Bo(0), Vt € [-r, 0].
Now, starting with the LBVP
y'(t) + Ay(t) = f(t, Bo(t), Bo(t —1))
+ Do f(t, Bo(t), Bo(t —1))[y(t) — Bo(t)]
+ Dsf(t, Bolt), Bo(t —r))y(t —r) = Bo(t — 1],
tel,
y(t) =y(0), t € [-r, 0],

ay(0) + by(T) = 0,

J
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(6.16)

and proceeding similarly along the proof of the Theorem 6.3.2, we get a mono-

tonic decreasing sequence of functions {f,} C X such that ap < f,, Vn € N

on [—r, T] and

ﬂé—i-l(t) + /\Bn—i-l(t) = f(tv 6n<t>7 Bn(t - T))
+ D2f<t7 ﬁn(t)> ﬁn(t - T))[ﬁn—i-l(t) - Bn(t)]

+ Dsf(t, Bu(t), Bu(t = 7)) [Busa(t = 7) = Bult — 7)),

tel,
5n+1<t) = 5n+1(0>7 te [_Ta 0]7

aBn41(0) + bBy41(T) = 0.

/

Further {3,} converges in (X, ||.||s) and lim f, is a solution of the LBVP
n—oo

(4.3).

[]
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Theorem 6.3.7. Let f € C?[I x R R] and oy, By € W be weakly coupled
lower and upper solutions of LBVP (4.8). Assume that D;f(t, x, y) > 0 and
D jf(t, z, y) >0,V (t, x, y) €I xR* andV i, j =2, 3. If b <0, then there
is a monotonic increasing sequence of functions {a,} converging in (W, ||.||o)

such that lim oy, is a solution of the LBVP (4.8).

n—o0

Proof. Similar to the proof of the Theorem 6.3.5. m

Theorem 6.3.8. Let f € C?[I x R?, R] and ap, By € W be weakly coupled
lower and upper solutions of LBVP (4.8). Assume that D;f(t, x, y) > 0 and
D; if(t, x, y) <0,V (¢, z,y) €EIXxR* andV i, j =2, 3. Ifb <0, then there
is a monotonic increasing sequence of functions {5,} converging in (W, ||.||o)

such that lim B, is a solution of the LBVP (4.8).

n—oo

Proof. Similar to the proof of the Theorem 6.3.6. O]

Next we use quasilinearization method to obtain the existence results for

the NLBVP (4.4) for general first order DECD.

Theorem 6.3.9. Let g : R? — R be continuous functions satisfying

g(t, ©) > g(t, y), V (t, x), (t, y) € R? such that x <y. Let f € C*[I xR?, R]
and ag, o € X be weakly coupled lower and upper solutions of NLBVP (4.4).
Assume that D;f(t, x, y) > 0 and D; ;f(t, =, y) >0, V (¢, x, y) € I x R?
and ¥ i, 7 =2, 3. Then there is a monotonic increasing sequence of functions
{an} converging in (X, ||.||) such that nli_}I{.lOOén is a solution of the NLBVP
(4.4).

Proof. 1t is given that D; ;f(t, z, y) >0, V (¢, z, y) € [ x R* and
Vi, j =2, 3. Therefore

@t @, y1) = f(t 22, y2) > Daf(t, 22, y2)(x1—22) + D3f(t, T2, y2)(y1—v2),

YV (t, z1, y1), (t, T2, yo) € I x R? such that z; > x5 and y; > vs.
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Since ag, Py € X are weakly coupled lower and upper solutions of NLBVP

(4.4), we have 1. a(t) + Aao(t) < f(t, aot), aolt — 7)), t € I.
2. By(t) + ABo(t) = f(t, Bo(t), Bolt —7)), t €L
3. ag(t) < ap(0), t € [—r, 0].
4. Bo(t) = Bo(0), t € [-r, 0.
ao(t) < Bo(t), t € [, T).

: )
6. max{g(ao(0), ao(T)), g(ao(0), Bo(T))}
< 0 < min{g(5(0), ao(T)), g(bo(0), Bo(T))}-
As g(t, ) > g(t, y), V (¢, x), (¢, y) € R? such that z < y, we have
max{g(ao(0), ao(T)), g(ao(0), Bo(T))} = g(ao(0), ao(T)) and
min{g(5o(0), ao(T)), 9(6o(0), Bo(T))} = 9(Bo(0), fo(T)).
), a

» (1)) <0< g(Po(0), Go(T)).
) = ap(0), Vt e [—r, 0] and

This implies g(a(0

Also, as ag, By € X, we have ay(t
Bo(t) = Bo(0), Y t € [—r, 0].
Now, starting with the NLBVP
y'(t) + My(t) = f(t aolt), aolt—r))
+ Do f(t, ao(t), ao(t —7))[y(t) — ao(t)]
+ Dsf(t, aolt), ao(t — )yt — 1) — ao(t —7)],

tel,

(6.17)

Vs

and proceeding similarly along the proof of the Theorem 6.3.1, we get a mono-
tonic increasing sequence of functions {a,} C X such that a,, < By, Vn € N

on [—r, T] and
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A1 () + A () = [t an(t), an(t —1))
+ Daf(t, an(t), an(t —r))oni(t) — an(t)]
+ Dsf(t, an(t), an(t —r))onsr(t —r) — on(t — 1)),
tel,

n41(t) = ant1(0), t € [=r, 0],

g<an+1 (O)v Qpt1 (T)) =0.

/

Further {a,} converges in (X, ||.||~) and lim «, is a solution of the NLBVP
n—oo

(4.4). O

Theorem 6.3.10. Let g : R? — R be continuous functions such that

g(t, ) > g(t, y), ¥ (t, ), (t, y) € I X R such that x > y. Let

f e C*IxR? R] and o, By € X be weakly coupled lower and upper solutions
of NLBVP (4.4). Assume that D;f(t, x, y) >0 and D; ;f(t, z, y) <0,

V(t, x, y) € I xR* and Vi, j =2, 3. Then there is a monotonic increasing
sequence of functions {B,} converging in (X, ||.||«) such that Jggoﬁn is a

solution of the NLBVP (4.4).

Proof. Since «p, By € X are weakly coupled lower and upper solutions of
NLBVP (4.4), we have 1. ay(t) + Aao(t) < f(t, ap(t), ao(t — 7)), t € 1.
2. By(t) + ABo

)

)

—~
N
v
m =
=
=
(e}
—~
=
=
(=)
=~
|
<
=
~+
M
~

3.
4.
5. alt) < Bt
6. max{g(ao(0), ao(T)), g(ao(0), So(T))}
< 0 <min{g(Bo(0), ao(T)), 9(5o(0), Bo(T))}-
As g(t, ) > g(t, y), ¥ (¢, z), (¢, y) € R? such that # < y, we have
max{g(ao(0), ao(T)), g(a(0), Bo(T))} = g(c0(0), ao(T)) and
min{g(5(0), ao(T)), 9(5o(0), Bo(T))} = 9(Bo(0), Bo(T)).
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This implies g(ao(0), ao(T)) <0 < g(Fo(0), So(T)).

Also, as ag, [y € X, we have og(t) = ap(0), Yt € [—r, 0] and
Bo(t) = Bo(0), Yt € [-r, 0].

It is given that D; ;f(¢, =, y) <0, V (¢, =, y) € I x R? and
Vi, 7 =2, 3. Therefore

f(t, zy, y) = f(t, w2, y2) > Dof(t, 21, y1)(w1—22)+ Dsf(t, 21, y1)(y1—12),
YV (t, o1, 11), (t, 22, y2) € I x R? such that z; > x5 and y; > ys.

Now, starting with the NLBVP
y'(t) + Ay(t) = f(t, Bo(t), Polt —1))
+ Do f(t, Bo(t), Bo(t —7))[y(t) — Bo(t)]
+ D3 f(t, Bo(t), Bo(t —r))[y(t —r) = Bolt —1)],

tel,

(6.18)

J

and proceeding similarly along the proof of the Theorem 6.3.2, we get a mono-
tonic decreasing sequence of functions {f,} C X such that ap < f,, Vn € N

on [—r, T] and

Br1 () + ABnia(t) = f(t, Balt), Bult — 1))
+ Do f(t, Bu(t), Bu(t —7))[Bnsr(t) — Bu(t)]
+ D3 f(t, Bu(t), Bt = 1)) [Brsr(t — 1) = Bul(t — 1)},
tel,

Bnt1(t) = Bnta(0), t € [=r, 0],

9(Bnt1(0), Brsa(T)) = 0.

Further {8,} converges in (X, ||.||«) and lim £, is a solution of the NLBVP
n— o0

/

(4.3). O
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Following are the existence results for the NLBVP (4.9) for first order

DEVDA obtained by using quasilinearisation method.

Theorem 6.3.11. Let g : R?> — R be continuous functions satisfying

g(t, ©) > g(t, y), V (t, x), (t, y) € R? such that x <y. Let f € C*[I xR?* R]
and g, By € W be weakly coupled lower and upper solutions of NLBVP (4.9).
Assume that D;f(t, x, y) > 0 and D; ;f(t, =, y) >0, V (¢, x, y) € I x R?
and ¥ i, 7 =2, 3. Then there is a monotonic increasing sequence of functions
{an} converging in (W, ||.||0) such that 'r}i—{goan is a solution of the NLBVP
(4.9).

Proof. Similar to the proof of the Theorem 6.3.9. O

Theorem 6.3.12. Let g : R> — R be continuous functions satisfying

g(t, ) > g(t, y), ¥V (t, x), (t, y) € I x R such that x > y. Let
feC?IxR? R| and oy, By € W be weakly coupled lower and upper solutions
of NLBVP (4.9). Assume that D;f(t, z, y) >0 and D; ;f(t, z, y) <O,

V(t, x,y) €I xR? and Vi, j =2, 3. Then there is a monotonic increasing
sequence of functions {B,} converging in (W, ||.|lo) such that nll_{gob’n is a

solution of the NLBVP (4.9).

Proof. Similar to the proof of the Theorem 6.3.10. O
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EXTENDED AND
GENERALIZED
QUASILINEARIZATION
METHOD FOR FIRST
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EQUATIONS WITH
DEVIATING ARGUMENTS

Some content of this chapter is published [see P4].
Some content of this chapter is presented at the Conference [see C5, C7 and

Cs].
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7.1 Introduction

In this chapter, we discuss the extended quasilinearization method for bound-
ary value problems of general first order ordinary differential equation with
constant delay of the type

y(t)+ My(t) = f(t, y(t), y(t —r)) + h(t, y(t), y(t —r)) and first order
ordinary differential equation with variable deviating argument of the type
y' () + A y(t) = f(t, y(t), y(0(t)))+ h(t, y(t), y(0(t))), where there are certain
conditions on first and second order partial derivatives with respect to the
second and third arguments of f and h.

We also discuss the generalized quasilinearization method for boundary
value problems of general first order ordinary differential equation with con-
stant delay of the type y/(t) + A\y(t) = f(t, y(t), y(t — r)) and first order
ordinary differential equation with variable deviating argument of the type
y'(t) + My(t) = f(t, y(t), y(6(t))), by forcing certain conditions on first and
second order partial derivatives with respect to the second and third argument
of f and f + ¢, for some function ¢.

Further we introduce extended-generalized quaslinearization method for
boundary value problems of general first order ordinary differential equation
with constant delay of the type
Y (t) + My(t) = f(t, y(t), y(t —r)) + h(t, y(t), y(t —r)) and first order
ordinary differential equation with variable deviating argument of the type
y'(t)+ A y(t) = f(¢t, y(t), y(0(t)))+ h(t, y(t), y(6(t))), where there are certain
conditions on first and second order partial derivatives with respect to the

second and third arguments of f, h, f+ ¢ and h+ 1 for some functions ¢ and
1.
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7.2 Extended Quasilinearization Method

Let T>0,A>0,I=10,T],0<r<T,0:1— I be continuous function and
f, h: I x R? = R be continuous functions. Then we investigate the following
BVPs for general first order DECD and first order DEVDA for existence of
solution by using extended quasilinearization method. The PBVP of general

first order DECD is given by

V(1) + Xy(t) = F(t, y(0), y(t— ) + Bt y(t), y(t— ), teT,)

y(t) = y(0), t € [=r, 0, (7.1)

The LBVP of general first order DECD is given by

\

Yy () + Ay(t) = F(E, y(t), y(t —r)) + h(t, y(t), y(t =), t€ 1,

y(t) = y(O), te [_Tv 0]7 (7.2)

ay(0) + by(T) = 0.

In (7.2), we assume that b < 0.

The NLBVP of general first order DECD is given by

)

y'(t) + Ay(t) = f(t, y(t), y(t—r)) +h(t, y(t), y(t —r)), t €1,
y(t> = y(0)7 te [_Tv 0]7 (73)

9(y(0), y(T)) = 0.

J

In (7.3), we assume that g : R*> — R is continuous and non-increasing in the
second argument.

The PBVP of first order DEVDA is given by

Y1)+ Ay(t) = f(t, y(t), y(6(2)) + h(t, y(t), y(0(1)), t €1,
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The LBVP of first order DEVDA is given by

Y (1) + Ay(t) = f(t, y(t), y(6(2)) + h(t, y(t), y(0(1)), t €1,

(7.5)
ay(0) + by(T) = 0.
In (7.5), we assume that b < 0.
The NLBVP of first order DEVDA is given by
Y () + Ay(t) = f(t y(t), y(6(1)) + h(t, y(t), y(0(1)), t €1, 76)

9(y(0), y(T)) = 0.

In (7.6), we assume that g : R? — R is continuous and non-increasing in the
second argument.

We have the following result for PBVP(7.1).

Theorem 7.2.1. Let ap, By € X such that ag(t) < po(t), YVt € [-r, T] and
Q=A{(t, u, v) :ap(t) <u < Bo(t) and apg(t — 1) < v < Po(t —r), t € I}. Let
f, h € C?[Q, R] be such that D;f >0, D;h >0, D; ;f >0 and D; ;h <0 on
Q and Vi, j =2, 3. Assume that oy and By are lower and upper solutions
of PBVP (7.1). Then there are monotonic sequence of functions {a,} and
{Bn} converging in (X, ||.||e) such that nli_)lgoan and lim (3, are solutions of

n—oo

the PBVP (7.1).

Proof. 1t is given that D; ;f >0 and D; ;h <0on Q and Vi, j =2, 3.
Therefore f(t, x1, y1) — f(t, T2, y2) > Dof(t, xa, y2)(z1 — x2)
+ D3 f(t, 2, y2)(y1 — ¥2),
Y (t, x1, y1), (t, T2, yo) € Q such that 1 > xq, y; > y2 and
h(t, 1, 1) = h(t, 2, y2) = Dah(t, 21, y1)(z1 — 22)
+ D3h(t, 1, y1)(y1 — y2),
Y (t, x1, y1), (t, x2, y2) € Q such that x; > x9, Y1 > Y.

Let 1y = min Doh(t, u, v) and puy = min Dsh(t, u, v). Then p; > 0
(t, u, v)EQ (t, u, v)EQ

and po > 0.
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Thus we have, h(t, z1, y1) — h(t, 22, y2) > p1(x1 — 22) + p2(y1 — Y2),
Y (t, z1, 11), (L, 2, y2) € Q such that ;1 > x5, y1 > 1.

Since g, [y € X are lower and upper solutions of PBVP (7.1), we have

1. ah(t) + Aao(t) < F(t, ao(t), ao(t — 7)) + h(t, ao(t), ao(t —1)), t€ 1.
2. By(t) + ABo(t) = f(t, Bo(t), Bolt — 7))+ h(t, Bo(t), Bolt — 7)), t € 1.
3. ao(t) = ap(0), t € [—r, 0].

4. Bol(t) = Bol0), t € [~r, 0]

5. ao(0) < ao(T).

6. Bo(0) > Bo(T).

Consider

y'(t) + My(t) = f(t, ao(t), ao(t — 7)) + h(t, ao(t), ao(t —1))
+ Do f(t, ao(t), ao(t —7))[y(t) — ao(t)]
+ D3 f(t, ao(t), ao(t — )yt —7) — ao(t —1)]

(7.7)
+ ly(t) — (D) + paly(t — ) — ao(t — 7)), t € I,

Lot Fo(t, 1, v) = f(t, ao(t), aolt — ) + ht, ao(t), ot — 1))
+ [D2f (¢, ao(t), ao(t —7)) + pu]lu — ao(t)]
+ [D3f(t, aolt), ao(t — 7)) + peo][v — ao(t — 1],
Y (t, u, v) € Q.
This implies
Foo(t, y(t), y(t —r)) = f(t, ao(t), ao(t —r)) + h(t, ao(t), ao(t —1))
+ [Daf (t, ao(t), ao(t —r)) + pm][y(t) — ao(t)]
+[Dsf(t, ao(t), ao(t —7)) + pa]y(t —r) — ao(t — )],
Vtel.
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Let (¢, z1, 11), (¢, T2, y2) € Q such that z; < 2o and y; < y».
Then 71 — ao(t) < 22 — ao(t) and g1 — ag(t — ) < yo — aolt —1).
This implies [Dyf(t, ao(t), ao(t — 1)) + pa][z1 — ao(t)]
< [Daf(t, ao(t), aolt — 7)) + pu]lze — ao(?)]

and [Dsf(t, ao(t), ao(t — 1)) + po][yr — ao(t — )]

< [Dsf(t, ao(t), aolt — 7)) + pallyz — ao(t —7)].
So we have
[D2f(t, ao(t), ao(t — 7)) + pa]lzr — ao(t)]
+ [Dsf(t, ao(t), ao(t —r)) + pallyr — ao(t — )]
< [D2f(t, ao(t), ao(t — 7)) + pallrs — ao(t)]
+ [Dsf(t, ao(t), aot —r)) + pally2 — ao(t —7)].
Thus F,,(t, x1, 11) < Foo(t, x2, y2), V (£, 1, 11), (t, T2, y2) €  such that
1 < 9 and y; < ys.

Also

ah(t) + Aag(t) < f(t, ao(t), aolt — 1)) + h(t, ao(t), ao(t — 1))
= f(t, ao(t), aolt — 1)) + h(t, ao(t), an(t—1))
+[Daf(t, ao(t), aolt = 7)) + pullao(t) — ao(t)]
+[Daf(t, ao(t), aolt — 1)) + pallao(t —r) — aolt —7)]

= F,,(t, ap(t), ap(t —1)).

Further

Bo(t) + ABo(t) = f(t, Bo(t), Bolt —r)) + h(t, Bo(t), Polt — 1))
> f(t, ao(t), ao(t — 7)) + h(t, ao(t), ao(t —r))
+[D2f (8, ao(t), ao(t = 7)) + pu][Bo(t) — ao(t)]
+ [Dsf(t, ao(t), ao(t —r)) + po][Bo(t — 1) — ao(t — )]

= FOéo(t? Bo(t)v ﬁ0<t - T))
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We already know that

L. ap(t) < Bo(t), t € [—r, T).
2. ap(t) = ap(0), t € [-r, 0].
3. fo(t) = Bo(0), t € [-r, 0].
1. ap(0) < ao(T).

5. 0(0) = Bo(T).

Therefore oy and [y are lower and upper solutions of the PBVP (7.7) such
that ao(t) < Bo(t), Vt € [—r, T].

Thus the PBVP (7.7) has a solution ay € X such that a9 < a3 < [y on
[—r, T]. (Using Theorem 4.4.5)

Therefore
(1) + A (t) = f(t, ao(t), ao(t — 1)) + h(t, ao(t), ao(t — 1))
+ D2 f(t, ao(t), ao(t —r))[en(t) — ao(t)]
+ Daf(t, ao(t), ot —r))[en(t — 1) — ag(t — )]
+ mlan(t) = ao(®)] + polar(t =) —ao(t = 7)), t € 1,
ai(t) = a1(0), t € [-r, 0],

041(0) = (T)

This implies
oy (t) + A (t) < f(t, an(t), ar(t —7)) + h(t, ax(t), au(t —1)), t € 1.
Also

L By(t) + ABo(t) = f(t, Bo(t), Bo(t — 7))+ h(t, Bolt), ot —1)), t €I
2. Po(t) = Bo(0), t € [-r, 0].

3. ar(t) = aa(0), £ € [—r, 0].

4 ai(t) < Bolt), t € [-r, T].

5. a1(0) < eu (7).

6. Bo(0) = Bo(T).
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Therefore oy and 5y € X are lower and upper solutions of the PBVP (7.1)
such that «y(t) < Bo(t), Vt € [—r, T].
Continuing in this manner, we get a monotonic increasing sequence of functions

{a,,} € X such that a,, < By, Vn € Non [—r, T| and

)

A1 (8) + A1 (t) = f(t, an(t), an(t = 7)) +h(t, an(t), an(t —71))
+ Daf(t, an(t), an(t — 7)1 (t) — an(t)]
+ Dsf(t, an(t), an(t — 1)) omsr (t =) — an(t — 7))
+ pfana(t) = an(t)] + pelansa (t =) — an(t = 1)), ¢
tel,

i1 (t) = any1(0), t € [=r, 0],

n+1(0) = a1 (T). )
Further Ji_)rgloan exists in (X, ||.|l~) and Ji_)rgloan is a solution of the PBVP
(7.1).

Let 6, = (t7IJ71%}I)1€QD2f(t, u, v) and 6y = (tgli)r)leQDgf(t, u, v). Then 6; > 0
and 65 > 0.

Thus we have f(t, x1, y1) — f(t, 22, y2) > O1(x1 — z2) + O2(v1 — Y2),
Y (t, x1, y1), (t, T2, yo) € Q such that x1 > xo and y; > yo.

Now consider

)

Y () + Ay(t) = f(t, Bolt), Bo(t — 7))+ h(t, Bo(t), Bo(t —r))
+ D2h(t, Bolt), Polt —r))[y(t) — fo(t)]
+ Dsh(t, Bo(t), Bo(t —r))ly(t —r) = Bo(t —7)]
+0u[y(t) = Bo(t)] + baly(t —7) = Polt = 7)]; (7.8)

tel,
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Let G (t, u, v) = f(t, Bo(t), Bolt — 7))+ h(t, Bo(t), Bo(t — 7))
+ [01 + Dah(t, Bo(t), Bolt —7))][u — Bo(t)]
+ [02 + Dsh(t, Bo(t), Bo(t —r))][v— Bo(t — 1),
v (t, u, v) € Q.
This implies
Gaolt, y(t), y(t —r)) = f(t, Bolt), Bolt — 1))+ h(t, Bo(t), Bo(t —1))
+ [01 4+ D2h(t, Bo(t), Bo(t —r))][y(t) — Bo(t)]
+ 02 + D3h(t, Bo(t), Bo(t —7r)ly(t —r) = Bot —r)],
vViel.
So we have Gy (£, o1, 1) < Gaslt, 72, 1), ¥ (&, 71, 1), (& 22, 92) € O
such that #; < 5 and 41 < y».

Also

ah(t) + Aao(t) < f(t, ao(t), aolt — 1)) + h(t, ao(t), ao(t — 1))
< f(ts Bo(t), Bolt — 7))+ h(t, Fo(t —7), Fot))
+[00+ Doh(t, Bo(t), So(t —r))][ew(t) = Bo(t)]
+ [0z + Dsh(t, Bo(t), Bo(t —r))]leo(t —7) = bolt —7)]

- Gﬂo(t7 a0<t>7 ao(t - r))

Further

Bo(t) + ABo(t) = f(E, Bo(t), Polt — 7))+ h(t, Bo(t), So(t —7))
= [(t, Bo(t), Polt — 7)) + h(t, Bo(t =), Bo(t))
+ [0y + Dah(t, Bo(t), Bo(t —7))][Po(t) — Bo(t)]
+ (02 + Dsh(t, Bo(t), Polt —r))][Bo(t —7) = Bolt —7)]
= Gy (t, folt), Bo(t —7)).
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We already know that

1. aolt) < Bolt), t € [—r, T).
2. ap(t) = ao(0), t € [—r, 0].
3. Bo(t) = Ho(0), t € [—r, 0.
4. ao(0) < ao(T).
5. Bo(0) = Bo(T).

Therefore oy and [y are lower and upper solutions of the PBVP (7.8) such
that ao(t) < Bo(t), Vt € [—r, T].

Thus the PBVP (7.8) has a solution 5 € X such that oy < 81 < [y on
[—r, T]. (Using Theorem 4.4.5)

Therefore

)

Bi(t) + ABi(t) = f(t, Bo(t), Bolt —r)) + h(t, Bo(t —7), Bolt))
+ D2h(t, Bo(t), Polt —r))[Bi(t) — Po(t)]
+ Dsh(t, Bo(t), Polt —7))[Br(t —7) = ot —7)]
+01[61(t) = Bo(t)] + O2[1(t — 1) = Bo(t — 1)l
tel,

Pr(t) = Bu(0), t € [=r, 0],

P1(0) = Bu(T). J

This implies
PLt) +ABi(t) = f(t, Pi(t), Pult — 7)) +h(t, Bult), Bu(t —7)), L e L.

Loog(t) + Aag(t) < f(t, ao(t), ao(t —7)) + h(t, ap(t), ao(t — 1)), t € I.
2. ao(t) = ap(0), ¢ € [—r, 0.

3. u(t) = 51(0), t € [-r, O]

L aolt) < Bu(t), t€ [—r, T

5. ap(0) < ap(T)

6. 51(0) = pu(T)
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Therefore oy and ; € X are lower and upper solutions of the PBVP (7.1)
such that ap(t) < pi(t), Vt € [—r, T].
Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {f,} C X such that ag < f,,, Vn € Non [—r, T| and

Bria(t) + ABpia (t) = f(t, Bu(t), Balt — 1)) +h(t, Bu(t — 1), Bu(t))
+ Dah(t, Bu(t), Bu(t — 1)) [Basi(t) — Ba(t)]
+ Dsh(t, Bu(t), Bu(t =) [Busr(t — 1) = Bu(t —7)]
+ 01[Bas1(t) — Bu(t)] + 2[Brsa(t — 1) = Bult — 7)),
tel,

But1(t) = Bp41(0), t € [=r, 0],

Bn-l—l(o) = Bn-i-l(T)' )

Further lim f,, exists in (X, ||.||«) and lim g, is a solution of the PBVP
n—oo

n—oo

(7.1). O
Next we obtain similar result for PBVP(7.4).

Theorem 7.2.2. Let oy, By € W such that ag(t) < Bo(t), V t € I and
Q={( u, v):apt) <u < Bo(t) and ap(6(t)) < v < Bo(0(t)), t € I}. Let
f, h € C?[Q, R] be such that D;f >0, D;h >0, D; ;f >0 and D; ;h <0 on
Q and Vi, j =2, 3. Assume that oy and By are lower and upper solutions

of PBVP (7.4). Then there are monotonic sequence of functions {a,} and

{Bn} converging in (W, ||.|lo) such that lim «,, and lim 3, are solutions of the
n—oo n—oo

PBVP (7.4).

Proof. Similar to the proof of of Theorem 7.2.1. m

We now prove results on existence of solution for LBVP of general first
order DECD(7.2) and for LBVP of first order DEVDA(7.5) by using extended

quasilinearization method.
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Theorem 7.2.3. Let ap, By € X such that ag(t) < Bo(t), YVt € [-r, T] and
Q={(t, u, v) :ap(t) <u < Po(t) and a(t —r) < v < Fo(t —r), t € I}. Let
f, h € C*Q, R] be such that D;f > 0, D;h > 0, D; ;f > 0 and D; ;h <0
on Q, Vi, j=2 3. Assume that oy and Py are weakly coupled lower and
upper solutions of LBVP (7.2). If b < 0, then there are monotonic sequence
of functions {a,} and {5,} converging in (X, ||.||s) such that Jirgoan and
lim B, are solutions of the LBVP (7.2).

n—oo

Proof. Since, ag, By € X are weakly coupled lower and upper solutions of

(

)
2. B(t) + ABo(t) = f(t, fo(t), Bo(t —r)) + h(t, Bo(t), Bolt — 7)), t € L.
3. ap(?)
4. Bo(t) (0)
5. ap(t) < Bo(t), t € [—r, T).
6. max{aao(0) + bao(T), aco(0) + bBy(T)}

< 0 < min{af(0) + bao(T), afo(0) + bB(T)}.

As b < 0, we have
max{aao(0) + bao(T), aco(0) + bi(T)} = aco(0) + bag(T) and
min{aBy(0) + bao(T), aBo(0) + bBo(T)} = aBo(0) + bBo(T).
This implies aao(0) + bag(T) < 0 < afBo(0) + bfo(T).
Also, as ap, B € X, we have ag(t) = ao(0), ¥ £ € [, 0] and
Bo(t) = Po(0), V't € [-r, 0O].
It is given that D, ;f > 0 and D; ;h < 0 on §, ¥4, j =2, 3. Therefore
@, z1, 1) — f(t, 22, y2) = Daf(t, T2, yo)(21 — 22)

+ D3f(t7 T2, 92)(91 - y2)7

Y (t, x1, Y1), (t, xa, y2) € Q such that 1 > x5, y1 > yo and
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h’(ta Ty, yl) - h(ta T2, 92) 2 DQh(ta xy, yl)(xl - -7:2)
+ D3h(t7$17 yl)(yl - y?)v
V(t, x1, y1), (8 2, yo) € Q such that 21 > @2, y1 > yo.

Let 1y = min Doh(t, u, v) and puy = min Dsh(t, u, v). Then p; > 0
(t, u, v)EQ (t, u, vV)EQ

and py > 0.

Thus, we have h(t, x1, y1) — h(t, z2, y2) > p1(x1 — x2) + p2(y1 — yo),
Y (t, x1, y1), (t, z2, y2) € Q such that x1 > x9, y1 > yo.

Now, starting with the LBVP

)

Y () + Ay(t) = f(t, ao(t), ao(t — 7))+ h(t, ao(t), aolt —1))
+ Daf(t, aolt), ao(t —7))[y(t) — ao(t)]
+ D3 f(t, aolt), oot — 1))yt — 1) — ao(t —7)]
+ mly(t) — ao(t)] + p2ly(t — ) — aolt — )], (7.9)
tel,
y(t) = y(0), t € [-r, 0],

ay(0) + by(T) = 0, J

and proceeding similarly along the proof of the Theorem 7.2.1, we get a mono-
tonic increasing sequence of functions {«,} C X such that a,, < fy, Vn € N

on [—r, T] and

oy 1 (1) + A (1) = f(E, n(t), an(t = 1)) + hlt, on(t), an(t 1)) |

+ Daf(t, an(t), an(t =7))ans(t) — an(t)]

+ Dyf(t, anlt), anlt = r))[ansa(t ) — an(t — )]
1o (8) = an(t)] + alnsa (E = 1) = an(t = 1)),
tel,

Oln+1(t) = Ozn+1(0), t e [—T, O},

ac,+1(0) + b1 (1) = 0. )
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Further lim o, exists in (X, ||.||) and lim «, is a solution of the LBVP
(7.2).

Let 1 = min Dof(t, u, v) and 0 = min Ds3f(¢t, u, v). Then 6; > 0

(t, u, vV)EQ (t, u, v)EQ
and 6y > 0.

Thus we have f(t, z1, y1) — f(t, T2, y2) > O1(x1 — 22) + O2(y1 — Y2),
Y (t, x1, y1), (t, x2, yo) € Q such that x1 > x9 and y; > yo.
Next, begining with the LBVP

3

Y () +Xy(t) = f(t, Bo(t), Bo(t — 1))+ h(t, Bolt), Bolt —1))
+ Dah(t, Bo(t), Bo(t —7))[y(t) — Bo(t)]
+ Dsh(t, Bo(t), Bo(t —r))ly(t —r) — Bo(t — 1),
+0u[y(t) — Bo(®)] + baly(t — ) — Bo(t — 7)) (7.10)
tel,
y(t) =y(0), t € [-r, 0],

ay(0) + by(T) = 0,

and proceeding similarly along the proof of the Theorem 7.2.1, we get a mono-
tonic decreasing sequence of functions {8,} € X such that ag < 8., Vn € N
on [—r, T] and
Bra () + ABnia(t) = f(t, Bult), Bult = 1)) + h(t, Bult — 1), Bu(t))
+ Dah(t, Bu(t), Bu(t —1))[Bnra(t) — Bu(t)]
+ Dsh(t, Bu(t), Bu(t =) [Bnir(t —7) = Bult —1)],
+01[Bni1(t) = Bu()] + [ Bnyr (t = 7) = Bult = 7))
tel,
Prta(t) = Bna1(0), ¢ € [=r, 0],

aﬂnJrl (O) =+ bﬁnJrl(T) =0. )
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Further lim f, exists in (X, ||.||«) and lim G, is a solution of the LBVP

(7.2). O

Theorem 7.2.4. Let oy, By € W such that ag(t) < Bo(t), V t € I and
Q={( u, v):apt) <u < Bo(t) and ap(6(t)) < v < By(0(t)), t € I}. Let
f, h € C?*[Q, R] be such that D;f >0, D;h > 0, D; ;f > 0 and D; jh <0
on Q) Vi, j =2, 3. Assume that oy and Py are weakly coupled lower and
upper solutions of LBVP (7.5). If b < 0, then there are monotonic sequence of
functions {a,,} and {B,} converging in (W, ||.||o) such that nh_{goa” and lim 3,

n—oo

are solutions of the LBVP (7.5).
Proof. Similar to the proof of the Theorem 7.2.3 O

Next, we prove results on existence of solutions for NLBVP of first order
DECD (7.3) and NLBVP of first order DEVDA (7.6). We make use of extended

quasilinearization method to obtain our results.

Theorem 7.2.5. Let g : R* — R be continuous and satisfy g(t, x) > g(t, y),
YV (t, x), (t, y) € R? such that v < y. Let ag, Bo € X such that ay(t) <
Bo(t), Vte[—r, T) and Q = {(t, u, v) : ap(t) < u < Fy(t) and ap(t — 1) <
v < Bo(t—r), t € I}. Assume that f, h € C*[Q, R] be such that D;f > 0,
Dih >0, D; jf >0 and D; jh <0 onQ and Vi, j =2, 3. Further, assume
that ag and By are weakly coupled lower and upper solutions of NLBVP (7.3).

Then there are monotonic sequence of functions {c,} and {B,} converging in

(X, ||-|lec) such that lim o, and lim B, are solutions of the NLBVP (7.3).
n—oo

n—oo
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Proof. Since, ag, By € X are weakly coupled lower and upper solutions of

NLBVP (7.3), we have

Loaj(t) + dao(t) < f(t, ao(t), ao(t — 1)) + h(t, ao(t), ag(t —1)), tel
2. By(t) + ABo(t) = f(t, Polt), fo(t —r)) + h(t, fo(t), Bolt —1)), L€ 1.
3. ao(t) < ap(0), t € [, 0]
4. Bo(t) = Bo(0), t € [—r, 0]
5. ap(t) < Bolt), t € [—r, T]

: )
6. max{g(ao(0), ao(T)), g(ao(0), Bo(T))}
< 0 < min{g(5(0), ao(T)), g(bo(0), Bo(T))}-
As g(t, ©) > g(t, y), ¥ (¢, z), (¢, y) € R? such that z <y, we have
max{g(ao(0), ao(T)), 9(c0(0), Ho(T))} = g(ao(0), ao(T)) and
min{g(6(0), ao(T)), g(Bo(0), Bo(T))} = 9(Bo(0), Bo(T))-
), ao(T) <0 < g(5o(0), Bo(T)).
Also, as ag, [y € X, we have og(t) = ap(0), ¥t € [—r, 0] and
Bo(t) = Bo(0), VYt € [—r, 0]
It is given that D; ;f > 0 and D; jh <0 on Q, ¥4, j = 2, 3. Therefore
[t @1, y1) = [t 22, y2) = Daf (8, 22, yo)(z1 — 22)
+ D3 f(t, 2, y2)(y1 — v2),

Y (t, x1, Y1), (t, xa, y2) € Q such that 1 > x5, y1 > yo and

This implies g(a(0

h(t, z1, y1) — h(t, T, y2) > Dah(t, 1, y1)(v1 — 72)
+ D3h(t7 L1, yl)(yl - y2)7
\V/ (ta xy, y1)7 (t7 X2, ?J2) S 2 such that | 2 T2, Y1 2 Ya.

Let uy = min Dsh(t, u, v) and pg = min Dsh(t, u, v). Then py > 0
(t, u, v)EQ (t, u, vV)EQ

and o > 0.
Thus, we have h(t, z1, y1) — h(t, T2, y2) > pi(x1 — 22) + p2(y1 — Y2),

V (L, z1, 1), (t, 22, y2) € Q such that z1 > 22, y1 > 1.
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Now, starting with the NLBVP

)

Y (1) + My(t) = f(t, aolt), ao(t — 7))+ h(t, aolt), ao(t —7))
+ Do f (1, aolt), ao(t —7))[y(t) — ao()]
+ D3 f(t, ao(t), ao(t —7)[y(t —r) = ao(t —7)]
+ paly(t) — ao(t)] + paly(t —r) — ao(t — )], (7.11)

tel,

and proceeding similarly along the proof of the Theorem 7.2.1, we get a mono-
tonic increasing sequence of functions {a,} C X such that a,, < fy, Vn € N

on [—r, T] and

\

A1 (1) + Aanga (B) = f(t, an(t), an(t —7)) + h(t, an(t), an(t —7))
+ Daf(t, an(t), an(t =7))]ans(t) — an(t)]
+ Dsf(t, an(t), an(t —7r)emr(t = 7) — an(t = 7)]
+ a1 (£) = an(t)] + alansa (t = 1) = an(t = 1))
tel,

n1(t) = ant1(0), t € [-r, 0],

9(an11(0), an1(T)) =0. J
Further ?}LIEOan exists in (X, ||.||) and r}Lr{}oan is a solution of the NLBVP
(7.3).

Let 6, = " Iuﬂ’iUI)legDQf(t7 u, v) and 0y = “ I;livl)leﬂDgf(t, u, v). Then 0; > 0
and 6, > 0.

Thus we have f(t, z1, y1) — f(t, x2, y2) > b1(x1 — z2) + O2(y1 — ¥2),

Y (t, x1, Y1), (t, T2, y2) € Q such that 1 > x5 and y; > ys.
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Next, begining with the NLBVP

y'(t) + My(t) =

F(t, Bo(t), Bolt =) + ik, Bo(t), folt =) |
+ Dah(t, Bolt), Bolt —r)[y(t) — Fot)

+ Dyhlt, folt), Bolt — r)ly(t —r) — Bolt — )]
+0u[y(t) — Bo(8)] + Oaly(t — ) — Bolt — )], (7.12)

tel,

/

and proceeding similarly along the proof of the Theorem 7.2.1, we get a mono-

tonic decreasing sequence of functions {f,} C X such that ap < f,, Vn € N

on [—r, T] and

Bra () + ABnia(t) = f(t, Bult), Bult = 1)) + h(t, Bult — 1), Bu(t))

ﬂn—l—l(t) = 6n+1(0)7 te [_T’ O]v

g(ﬁn+1(0)7 5n+1(T)) = 0. J

Further lim 5,

n—oQ

(7.3).

+ D2h<t? Bn(t>7 Bﬂ(t - T))[ﬁn+1 (t) - Bn(t)]
+ D3h(t, Ba(t), Bu(t —1))[Bas1(t — 1) = Ba(t — 1)),
+ 01[Bns1(t) — Bu(t)] + O2[Bria(t — 1) — Bu(t —1)]

tel,

exists in (X, ||.||s) and lim f, is a solution of the NLBVP
n—oo

]
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Theorem 7.2.6. Let g : R*? — R be continuous and satisfy g(t, x) > g(t, y),
V (t, ), (t, y) € R? such that v < y. Let g, Bo € W such that ay(t)
Bo(t), YVt el and Q = {(t, u, v): at) < u < By(t) and ap(0(t)) < v
Bo(6(t)), t € I}. Assume that f, h € C?*[Q, R] be such that D;f > 0, D;h > 0,

<
<

D, if >0and D; jh <0 on$ and Vi, j =2, 3. Further, assume that o and
Bo are weakly coupled lower and upper solutions of NLBVP (7.6). Then there
are monotonic sequence of functions {a,} and {B,} converging in (W, ||.||o)

such that lim o, and lim f3,, are solutions of the NLBVP (7.6).

n—oo n—oo

Proof. Similar to the proof of the Theorem 7.2.5. O

7.3 Generalized Quasilinearization Method

In this section, we establish results on existence of solution for boundary value
problems of general first order DECD of the type v/ (¢t)+Ay(t) = f(¢, y(t), y(t—
r)) and first order DEVDA of the type ¥/(¢) + \y(t) = f(t, y(t), y(6(t))), by
forcing certain conditions on first and second order partial derivatives with
respect to the second and third argument of f and f + ¢, for some function
¢. We shall be using the generalized quasilinearization method to obtain our

results.

Theorem 7.3.1. Let oy, Sy € X be lower and upper solutions of PBVP (4.1)
such that ag(t) < Bo(t), Vt € [—r, T|. Let f, ¢ € C*[I x R*, R] such that
(1) D; ;f(t, @, y)+D; ;o(t, x, y) >0,V (¢, z, y) € [xR? andV i, j =2, 3.
(2) Dif(t, z, y) + D;o(t, x, y) >0,V (t, v, y) € [ X R*> and Vi =2, 3.

(3) o(t, uy, vi) > &(t, u, vo), YV (¢, uy, v1), (¢, ug, v2) € I x R? such
that w1 < ug and vy < vo. Then there is monotonic increasing sequence of
functions {ay, } converging in (X, ||.||s) such that nlLIEOOén is a solution of the

PBVP (4.1).
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Proof. Let F(t, z, y) = f(t, z, y) + &(t, z,y), V (t, =, y) € [ x R
Therefore D; ;F(t, z, y) > 0 and D;F(t, z, y) >0, V (¢, z, y) € I x R? and
Vi, j=2 3.
This implies F'(t, z1, y1) — F(t, x2, y2) > DoF(t, xa, yo)(x1 — T2)
+ D3 F(t, m, y2)(y1 — ¥2),
YV (t, o1, 11), (t, 22, y2) € I x R? such that z; > x5 and y; > ys.
So we have f(t, w1, y1) + &(t, x1, y1) — f(t, 22, y2) — ¢(t, 72, ¥2)
> Dy f(t, w2, y2)(@1 — 2) + D29(t, 22, y2)(w1 — 22)

+ D3 f(t, w2, y2)(y1 — y2) + D3od(t, 2, y2)(y1 — ),

YV (t, z1, y1), (t, T2, yo) € I x R? such that z; > 29 and y; > ve.

This gives
f(t> L1, yl) > f<t7 T2, y2) - ¢(t7 Iy, yl) +¢(t> T2, y2)

+ Daf(t, 2,y2)(21 — x2) + Docc(t, m2, y2)(w1 — 72)

+ D3 f(t, z2, y2)(y1 — y2) + Daa(t, x2, y2)(y1 — v2),

Y (t, z1, 11), (t, To, y2) € I x R? such that z; > x5 and y; > ys.

Since ay, By € X are lower and upper solutions of PBVP (4.1), we have

1. ah(t) + Aao(t) < f(t, ao(t), ao(t —7)), t€ I,
2. Bo(t) + ABo(t) = f(L, Bo(t), Bo(t —1)), t €1,
3. ag(t) = ap(0), t € [—r, 0],
4. Bo(t) = Bo(0), t € [-r,0],



Consider

() + hy(t) =

Let F,,(t, u, v) =

This implies

Fao (tv y(t)7 y(t - T)) =

\

ft ao(t), aot —7)) + ¢(t, ao(t), ag(t —r))
—o(t, y(t), y(t —r))

+ Do f(t, ao(t), aolt —7))[y(t) — ao(t)]

+ D2g(t, ao(t), ao(t —7))[y(t) — ao(t)]

+ D3 f(t, ao(t), ot —7))[y(t —r) — aolt —7)]
+ D3o(t, ao(t), ao(t —7))[y(t —r) — oot —7)],

tel,

Vs

f(t, aolt), aolt = 7)) + ¢(t, ao(t), aolt —7))
— oL, u, v) + Daf(t, ao(t), ot —r))[u— ao(t)]

+ Daop(t, ao(t), aolt —7))[u — ao(t)]
+ Dsf(t, ao(t), ot —7))[v — ao(t —r)]
+D3¢(t7 aO( )7 (t_T))[U (t—’l“)],

V(t, u, v) € I x R2.

Let (t, x1, 1), (t, @9, y2) € I x R? such that z; < x5 and y; < ys.

Then x; — ap(t)

<@y —ap(t) and y1 —ap(t —7) <yo — ap(t — 7).
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(7.13)
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This gives [Daf(f, ao(t), ao(t — 1)) + Dad(t, ao(t), ot — r))][z1 — ao(?)]
< [Daf(t, ao(t), aolt — 7)) + Dag(t, ao(t), ao(t —r))][z2 — ao(t)]

and [D3f(t, ao(t), ao(t — 7)) + D3g(t, ag(t), ao(t —7))|[y1 — ao(t —1)]

< [Dsf(t, ao(t), ao(t — 7)) + Dsd(t, ao(t), aol(t —7))][y2 — ao(t —r)].
So we have

[Da2f(t, ao(t), ao(t — 1)) + Dagp(t, ao(t), ao(t —r))l[z1 — ao(t)]

+ D3 f(t, ao(t), ao(t — 1)) + D3d(t, ao(t), ao(t —1))][yr — co(t — )]
< [Daf(t, ao(t), ao(t — 1)) + Dag(t, ap(t), ao(t —1))][x2 — ()]

+ [Dsf(t, ao(t), aot —r)) + Dsp(t, ao(t), ao(t —r))][y2 — aolt — 7).
Therefore

ft ao(t), ao(t — 7))

+ [Daf (t, ao(t), ao(t — 7)) + D29(t, ao(t), ao(t —7))][z1 — ao(t)]

+ Dsf(t, ao(t), ao(t — 7)) + D3o(t, ao(t), ao(t —7))llyr — ao(t — )]
< f(t, ao(t), ao(t —1))

+ [D2f(t, ao(t), ao(t — 7)) + Da2gp(t, ao(t), ao(t —7))][x2 — ao(t)]

+ [Dsf(t, ao(t), aot —7)) + Dso(t, ao(t), aolt —7))][y2 — ot —r)].
It is given that ¢(t, x1, y1) > O(t, T2, Ya).
This implies ¢(t, ao(t), ao(t —r)) — é(t, 21, 1)

< ot ao(t), ao(t —r)) — o(t, 2, y2).

Thus we have

[t ao(t), ao(t —7)) + ¢(t, an(t), ao(t — 7)) — o(t, 21, y1)

+ [D2f (¢, ao(t), ao(t — 7)) + D2op(t, ao(t), aolt —7))][x1 — ano(t)]

+ Dsf(t, ao(t), ao(t — 1)) + Dso(t, ao(t), ao(t —7))][yr — ao(t —7)]
< St ao(t), ao(t —r)) + &(t, ao(t), ao(t — 1)) — &(t, @2, y2)

+ [D2f (¢, ao(t), ao(t — 7)) + D2op(t, ao(t), ao(t —7))][x2 — ao(t)]

+ [Dsf(t, ao(t), ao(t —7)) + Dso(t, ao(t), aolt —7))][y2 — ot — 1))
Thercfore Fa, (£, 21, 11) < Fuo(, 72, 1), ¥ (£, 21, 1), (£, 29, 1) € I x R?

such that x1 < x5 and y; < ys.



Also

ag(t) + Aao(t) < f(t, ao(t), ao(t — 7))
= [(t, ao(t), aolt = 7)) + &(t, aolt), aolt — 1))
— o(t, ao(t), ao(t —))
+ Do f(t, ao(t), ao(t —7))[ao(t) = ao(t)]
+ Dag(t, ao(t), ao(t —r))[ao(t) — ao(t)]
+ Dsf(t, ao(t), ao(t —7))]ao(t —r) — ot —7)]
+ D3o(t, ao(t), ao(t —r))[ao(t — 1) — ap(t —1)]

= Fo (t, ap(t), ap(t —r)).

Further

Bo(t) + ABo(t) = f(t, Bo(t), Bo(t —1))
> [t ao(t), aolt — 1)) +@(t, ao(t), aolt —7))
— ¢(t, fo(t), Polt =)
+ D2 f (L, ao(t), ao(t —7))[Bo(t) — o(t)]
+ Do (t, ao(t), aot —7))[Fo(t) — ao(t)]
+ Dsf(t, aolt), ao(t —7))[Bo(t — 1) — ao(t —7)]
+ Dso(t, ao(t), ao(t —r))][Bolt = 1) — ao(t —7)]

= Fao(t, Bo(t% 60(75 - T))

We already know that

221
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Therefore o and 3, are lower and upper solutions of the PBVP (7.13) such
that ag(t) < Bo(t), Yt € [—r, T).
Thus the PBVP (7.13) has a solution ; € X such that ag < a; < f on
[—r, T). (Using Theorem 4.4.5)
Therefore
& (t) + A () = f(t, aolt), aolt —r)) + b(t, aolt), aolt —r))

—o(t, au(t), en(t —7))

+ Daf(t, ao(t), ao(t —r))[aa(t) — ()]

+ Dao(t, ao(t), aolt —r))[an(t) — ao(t)]

+ Dsf(t, ag(t), ao(t —r)on(t —r) — ag(t —1)]

+ Dso(t, aolt), aolt —r))ar(t —r) — ao(t — 7)), t € I,
ap(t) = a1(0), t € [—r, 0],

aq (0) == O./l(T).

This implies o/ (t) + Aaq(t) < f(t, ai(t), ar(t —7r)), t € 1.

Also 1. By(t) + ABo(t) > f(t, Bo(t), Bo(t — 7)), t € 1.
2. Po(t) = po(0), t € [—r, 0].
3. aq(t) = a1(0), t € [-r, 0].
4. oq(t) < Bolt), t € [—r, T].
5. a1(0) < ey (7).
6. Bo(0) = Bo(T).

Therefore oy and ffy € X are lower and upper solutions of the PBVP (4.1)
such that ay(t) < Bo(t), Vt € [—r, T].
Continuing in this manner, we get a monotonic increasing sequence of func-

tions {a,,} € X such that v, < 5y, Vn € N on [—r, T| and
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i1 () + A1 (t) = f(E, an(t), an(t — 7)) +6(t, an(t), anlt —1))
= O(t, ansi(t), ana(t—r))
+ Do f(t, an(t), an(t —1))[ans1(t) — an(t)]
+ Dag(t, an(t), an(t —1))[ans1(t) — an(t)]
+ Dsf(t, an(t), an(t —r)[ansi(t — ) — an(t — )]
+ D3g(t, an(t), an(t —7))[ansi(t — 1) — an(t — 7)),
tel,

ni1(t) = anr1(0), t € [-r, 0],

n41(0) = a1 (T).

J

Further, lim «, exists in (X, ||.||oo) and lim o, is a solution of the PBVP
n—oo n—oo

(4.1). O
Theorem 7.3.2. Let oy, By € X be lower and upper solutions of PBVP (4.1)
such that ag(t) < Bo(t), V t € [—r, T|. Assume that f, v € C*[I x R?* R]
such that
(1) D; i f(t, z, y)+Dijb(t, x, y) <0,V (¢, z, y) €  xR* and Vi, j =2, 3.
(2) Dif(t, z, y) + D(t, x, y) >0,V (¢, z, y) € [ x R* and Vi =2, 3.
(3) ¥(t, ui, v1) > U(t, ug, v2), V (£, uy, v1), (£, ug, v2) € I X R?

such that vy < ug and v < vq.
Then there is monotonic decreasing sequence of functions {5,} converging in

(X, ||-||oo) such that lim B, is a solution of the PBVP (4.1).
n—o0

Proof. Let G(t, z, y) = f(t, z, y) +¥(t, z, y), V (t, x, y) € [ x R2.

Therefore D; ;G(t, z, y) <0 and D;G(t, z, y) > 0,

V(t,z,y) el xR*and Vi, j=2, 3.

This implies G(¢, x1, y1) — G(t, xa, y2) > D2G(t, x1, y1)(x1 — 22)
+ D3G(t, x1, y1)(y1 — ¥2),

YV (t, z1, y1), (t, T2, yo) € I x R? such that z; > x5 and y; > ye.
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So we have

f(ta Iy, yl) Z f(ta T2, ?/2) _w(tv L1, ?/1) +¢(t7 Ta, y?)
+ Do f(t, x1, y1)(z1 — x2) + Dap(t, 1, y1)(x1 — 22)

+ D3 f(t, z1, y1)(y1 — v2) + D3o(t, z1, y1)(y1 — v2),

Y (t, z1, y1), (t, T2, yo) € I x R? such that z; > x5 and y; > ys.

Since g, [y € X are lower and upper solutions of PBVP (4.1), we have

Loaj(t) + dao(t) < f(t, ao(t), ag(t —1)), t € 1,
2. Bo(t) + ABo(t) = f(E, Bo(t), Bo(t —1)), t €1,
3. ap(t) = ap(0), t € [—r, 0],

4. Bo(t) = Bo(0), t € [-r, 0],

5. ap(0) < ag(T),

6. Bo(0) = Bo(T).

Consider

\

Y (8) + My(t) = f(t, Bo(t), Bolt — 7)) + ¥t Bo(t), Bolt —7))
—o(t, y(t), y(t = 1))
+ Daf(t, Bolt), Bolt —r))y(t) — Bo(t)]
+ Datp(t, Bo(t), Bolt — ) [y(t) — Bo(t)]
+ Dsf(t, Bo(t), Bolt —r)ly(t =) = Bo(t =r)] ¢ (7.14)
+ Dao(t, Bo(t), Bolt — r)[y(t —r) = Bolt — )],
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Let Gg, (t, u, v) = f(t, Bo(t), Bo(t — 7))+ ¥(E, Bolt), Po(t —1))
—U(t, u, v) + Daf(t, Bo(t), Bo(t —7))u— Bo(t)]
+ Datp(t, Bo(t), Bo(t —7))[u— Bo(t)]
+ Dsf(t, Bo(t), Bo(t —r))[v— fo(t —7)]
+ Dsto(t, Bo(t), Bolt —1))[v — Bolt — )],
V (t, u, v) € I x R2.

This implies

+ Daf(t, Bolt), Bo(t —r))ly(t) — Bo(t)]

+ Da(t, Bo(t), Polt —7))[y(t) — Bo(t)]

+ D3 f(t; Bo(t), Bo(t =)yt —r) = Polt —7)]
+ Daip(t, Bo(t), Polt —r)ly(t —r) = fol(t —7)],

So we have Gﬁo(ta Iy, yl) < Gﬁo(ta T2, y2)a v (ta I, yl)? (t> T, y2) el XRQ

such that z; < 25 and y; < ya.
Also ag(t) + Aag(t) < f(t, ao(t), ap(t —1))
< f(t, Bo(t), Bolt — 7)) +(t, Bolt), fo(t —r))
— (L, ao(t), ao(t —r))
+ Daf(t, Bo(t), Po(t —7))[ao(t) — fo(t)]
+ Dat(t, Bo(t), Bo(t —7))[ao(t) — Bo(t)]
+ D3 f(t, Po(t), Bol(t —7))[ao(t —r) = Bo(t —r)]
+ D3ip(t, Bo(t), Bolt — 7))ot —r) = fo(t —7)]

< Gﬁo(tﬂ ao(t)7 ao(t_r»'
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Further 8)(t) + ABo(t) > f(t, Bo(t), Bo(t — 7))
= f(t, Bo(t), Bolt — 1)) + (L, Bolt), Bolt —1))
= ¥(t, Bo(t), Bolt — 1))
+ D2 f(t, Bo(t), Bo(t —7))[Bo(t) — Bo(t)]
+ Dat(t, Bo(t), Bolt —1))[Bo(t) — Bo(t)]
+ Dsf(t, Bo(t), Bol(t —r))[Bo(t — 1) = Bo(t — )]
+ D3o(t, Bo(t), Bolt —r))[Bo(t — 1) — Bolt — )]
= G, (t, folt), Bo(t —1)).

We already know that

Therefore ap and fy are lower and upper solutions of the PBVP (7.14) such
that ao(t) < Bo(t), Vt e [—r, T].

Thus the PBVP (7.14) has a solution 8; € X such that ag < 81 < fy on
[—r, T]. (Using Theorem 4.4.5)



Therefore
Bi(t) + ABi(t) = f(t,
—(t, Bi(t), Pult —1))

Bo(t), Bo(t —1)) +U(t, Bo(t), Bo(t —1))
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+ D2f(t, Bo(t), Bo(t —7r)[Br(t) — Bo(t)]

+ Dat(t, Po(t), Polt —r))[Bi(t) — Po(t)]

+ D3 f(t, Bo(t), Bolt —r))Br(t —7) = Bolt —7)]

+ D3ip(t, Bo(t), Bolt —r)[Br(t —r) = Bo(t —r)], t €1,
Pr(t) = Bu(0), t € [=r, 0],
1(0) = Bu(T).

This implies 81 (t) + AB1(t) > f(¢t, pi(t), Bi(t —7r)), t € I.

Also 1. o(t) + Aap(t) < f(t, ap(t), aog(t — 1)), t € I.
2. ao(t) = ao(0), t € [=r, 0]
3. Bi(t) = £1(0), t € [-r, O].
4 ao(t) < Ai(t), t € [-r, T]
5. ap(0) < ao(T).
6. 51(0) = Bu(T).

Therefore o and 3; € X are lower and upper solutions of the PBVP (4.1)
such that ap(t) < p1(t), Vt € [—r, T1.
Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {5,} € X such that oy < 3,, Vn € Non [—r, T] and
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Brpa(t) + ABasr(t) = f(t, Bult), Bult — 1)) + B(E, Bult), Bult — 1))
= B, Bra(t), Buyr(t —7))
+ Do f (t, Bu(t), Bu(t —7))[Bnsr(t) — Bu(t)]
+ Daff(t, Pult), Bu(t = 1) [Bria(t) = Bu(t)]
+ Dsf(t, Bult), Pult = 1) Bnia(t —7) = Bult —7)]
+ Dsf(t, Bu(t), Bu(t —7))[Bnsa(t — 1) = Bult — 1),
tel,

Prs1(t) = Bnia(0), t € [=r, 0],

Bns1(0) = Bnsa (T).

Further lim f,, exists in (X, ||.||«) and lim g, is a solution of the PBVP
n—oo

n—o0
(4.1). O
Theorem 7.3.3. Let ag, By € W be lower and upper solutions of PBVP (4.6)
such that ag(t) < Bo(t), Vt € I. Let f, ¢ € C?*[I x R?, R] such that
(1) D; ;f(t, @, y)+D; ;o(t, x, y) >0,V (¢, z, y) € [xR? andV i, j =2, 3.
(2) Dif(t, z, y) + D;ig(t, =, y) >0,V (t, z, y) €[ x R? and Vi =2, 3.
(3) o(t, uy, v1) > &(t, ua, v2), V (¢, uy, v1), (t, uz, vo) € I x R? such

that vy < uy and vy < vs.
Then there is monotonic increasing sequence of functions {oy,}converging in

(W, ||-llo) such that lim o, is a solution of the PBVP (4.6).
n—oo

Proof. Similar to the proof of the Theorem 7.3.1. O
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Theorem 7.3.4. Let g, By € W be lower and upper solutions of PBVP (4.6)
such that ay(t) < Bo(t), V't € I. Assume that f, 1 € C*[I x R? R| such that
(1) D; ;i f(t, x, y)+ D (t, z, y) <0,V (¢, x, y) € IXR? andV i, j =2, 3.
(2) Dif(t, z, y) + Di(t, x, y) >0, V(t, z, y) €[ XxR* and Vi =2, 3.
(3) Y(t, uy, vi) > P(t, uz, va), V (£, u1, v1), (£, uz, vo) € I x R?

such that u; < uy and vy < vs.

Then there is monotonic decreasing sequence of functions {3,} converging in

(W, ||-llo) such that lim S, is a solution of the PBVP (4.6).
n—oo
Proof. Similar to the proof of the Theorem 7.3.2. O

We now prove results on generalized quasilinearization method for the
LBVP of general first DECD (4.3) and for the LBVP of first order DEVDA
(4.8).

Theorem 7.3.5. Let g, By € X be weakly coupled lower and upper

solutions of LBVP (4.3). Let f, ¢ € C*[I x R?, R| satisfy

(1) D; i f(t, z, y)+D; ;o(t, , y) >0, ¥V (t, z, y) € [IxR? and Vi, j =2, 3.

(2) Dif(t, z, y) + Did(t, , y) >0,V (¢, z, y) € [ x R* and Vi =2, 3.

(3) (t, uy, v1) > d(t, ug, va), ¥ (¢, u1, v1), (t, uz, vo) € I x R? such that
U < Uy and vy < vs.

If b < 0, then there is monotonic increasing sequence of functions {a,} con-

verging in (X, ||.||e) such that lim o, is a solution of the LBVP (4.3).
n—oo

Proof. Let F(t, z, y) = f(t, z, y) + (L, =, y), V (t, =, y) € [ x R2.
Therefore D; ;jF(t, x, y) > 0 and D;F(t, z, y) >0, V (t, , y) € [ x R* and
Vi, j=2, 3.
This implies F(t, x1, y1) — F(t, x2, y2) > Do F(t, xa, y2)(x1 — x2)

+ D3P (t, 22, y2) (41 — 92),
YV (t, z1, y1), (t, T2, y2) € I x R? such that z; > x5 and y; > ys.

So we have
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f ) =2 f(t w2, y2) — Ot 21, y1) + &(E, 22, 12)
+ Do f (L, 2, y2)(z1 — 22) + D2gp(t, w2, yo)(z1 — 22)
+ D3 f(t, z2, y2)(y1 — y2) + D3d(t, 2, yo)(y1 — v2),
YV (t, o1, 11), (t, 22, y2) € I x R? such that x; > x5 and 31 > ys.
Since, ap, By € X are weakly coupled lower and upper solutions of LBVP (4.3),
we have 1. af(t) + Aao(t) < f(t, ap(t), ag(t — 1)), t € I.
Bo(t) + ABo(t) = f(t, Bo(t), Bo(t —1)), t € L.

2. By(t
ao(t) < ao(0), ¢ € [=r, O].
Po(
aoft

t) > Bo(0), t € [-r, 0].
) < Bolt), t € [=r, T].

max{aco(0) + bao(T), aco(0) + bBo(T)}
< 0 < minf{abBo(0) + bag(T), afo(0) 4+ b5o(T)}.
As b < 0, we have
max{acg(0) + bao(T), acg(0) + bBo(T)} = ac(0) + bao(T) and
min{aB(0) + bao(T), aBo(0) + bBo(T)} = afBo(0) + bBo(T).
This implies acg(0) + bao(T) < 0 < aBy(0) 4 bBo(T).

@Fﬂr’;@

Also, as ag, fy € X, we have o(t) = ap(0), Yt € [—r, 0] and
Bo(t) = Bo(0), Yt € [-r, 0].
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Now starting with the PBVP

\

y'(t) + My(t) = f(t aolt), ao(t —r)) + o[t aolt), aolt —1))
= o(t, y(t), y(t —r))
+ D2 f(t, ao(t), ao(t —7))[y(t) — ao(t)]
+ Dag(t, ao(t), aolt —7))[y(t) — ao(t)]
+ Dsf(t, aolt), ao(t — )yt —r) — aolt — )] (7.15)
+ D3é(t, anolt), aot — 7))yt —r) — ao(t — )],

tel,

ay(0) + by(T) =0,

/

and proceeding similarly along the proof of the Theorem 7.3.1, we get a mono-
tonic increasing sequence of functions {a,} C X such that a,, < fy, Vn € N
on [—r, T] and
A1 (B) + Aania (B) = f(t, an(t), an(t = 7)) + 6(t, an(t), an(t —7))
— 6(t, ana(t), Qupa(t—1))
+ Do f (1, an(t), an(t —7))[omi1(t) — on(?)]
+ Dab(t, an(t), an(t —1))[ansa(t) — an(t)]
+ D3f(t, an(t), an(t — 7)1 (t —7) — an(t —1)]
+ Dyd(t, an(t), anlt =) [ansa(t =) — an(t — 1),
tel,

Apt1(t) = ant1(0), t € [—r, 0],

acy+1(0) + b, 11 (T) = 0.

/

Further lim o, exists in (X, ||.||) and lim ¢, is a solution of the LBVP

(4.3). O
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Theorem 7.3.4. Let g, By € X be weakly coupled lower and upper

solutions of LBVP (4.3). Let f, ¢ € C?*[I x R?, R] satisfy

(1) D; i f(t, @, y)+D; (¢, x, y) <0,V (t, x, y) € IXR* andV i, j =2, 3.

(2) D;f(t, z, y) + Div(t, x, y) >0, V(t, z, y) € [ X R* and Vi =2, 3.

(3) ¥(t, uy, v1) > U(t, ug, va), ¥ (¢, g, v1), (¢, ug, vo) € I X R? such that
U < Uy and vy < vy,

If b < 0, then there is monotonic decreasing sequence of functions {B3,} con-

verging in (X, ||.||) such that lim f3,, is a solution of the LBVP (4.3).
n—oo

Proof. Since, ag, By € X are weakly coupled lower and upper solutions of

< 0 < min{aBo(0) + bao(T), aBo(0) + bBe(T)}.
As b < 0, we have
max{aco(0) + bao(T), aag(0) + bBo(T)} = aag(0) + bay(T) and
min{aBo(0) + bao(T), aBo(0) + bBo(T)} = aBo(0) + bBo(T).
This implies acg(0) 4 bao(T) < 0 < aBy(0) + bBo(T).
Also, as ag, By € X, we have ao(t) = ag(0), V¢ € [-r, 0] and
Bo(t) = Bol0), Y t € [, 0].
Let, G(t, z, y) = f(t, =, y) + ¥(t, =, y), ¥ (t, z, y) € I x R2.
Therefore D; ;G(t, z, y) < 0 and DiG(t, z, y) > 0,
V(t, z,y) €I xR2and Vi, j =2, 3.
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This anhes G(t> L1, yl) - G(t, T2, 92) 2 D2G(t> L1, yl)(xl - $2)

+ D3sG(t, z1, v1)(y1 — y2),

YV (t, 21, 11), (t, 22, y2) € I x R? such that x; > x5 and y; > ys.

This gives f(tv Xy, yl) Z f(t7 T2, yQ) - r(/)(t X1, yl) +77Z)(ta X2, 92)
+ sz(@ Ty, ?/1)(951 - 352) + D2¢(t, Z1, yl)(ﬂh - 332)

+ D3 f(t, x1, y1)(y1 — y2) + D3(t, 71, y1)(y1 — v2),

Y (t, 21, 1), (t, T, y2) € I x R? such that z; > x5 and y1 > 1.
Now starting with the LBVP
y'(t) + Ay(t) = f(t, Bo(t), Bolt —r)) +(t, Bo(t), Bolt —1))
— (L, y(t), y(t —r))
+ D2 f(t, Bo(t), Bo(t —7)[y(t) = Bo(t)]
+ Dat(t, Bo(t), Bolt —r))[y(t) — fo(t)]

+ D3 f(t, Bo(t), Bolt —r))[y(t —r) — Bo(t —1)] (7.16)
+ D3ip(t, Bo(t), Bo(t — 7))yt — 1) — Bot — )],
tel,

y(t) = y(0), t € [=r, 0],

ay(0) + by(T') = 0,

Ve

and proceeding similarly along the proof of the Theorem 7.3.2, we get a mono-
tonic decreasing sequence of functions {3,} C X such that ag < f8,, Vn € N

on [—r, T] and
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Broin(6) + Mir(6) = F(E Bult), Bult =) + 00t Bult), Bult — 1))
— (1, Buna(1), Busa(t — 1))
+ Daf(t, Bu(t), Bult =) [Busa (1) — u(t)]
+ Datb(t, Bult), Bult = 1)[Bass(t) — Bul)]
T+ Daf(t, Bult), Bult = 1) Busa(t — 1) = Bult — 1)
Dyt Bult), Bult = ) Burs(t =) = Bult — 1)),
tel,

Brss(t) = Busa(0), t € [=r, 0],

aBn41(0) + bBy41(T) = 0.

J

Further lim 3, exists in (X, ||.||c) and lim 3, is a solution of the LBVP
n—o0

n—o0

(4.3). O

Theorem 7.3.7. Let ag, By € W be weakly coupled lower and upper solutions

of LBVP (4.8). Let f, ¢ € C*[I x R?, R] satisfy

(1) D; ;f(t, =, y)+D; jo(t, z, y) >0,V (¢, z, y) € IXR* andV i, j =2, 3.

(2) Dif(t, z, y) + Did(t, z, y) >0,V (¢, z, y) € [ x R and Vi =2, 3.

(3) &(t, ur, v1) > O(t, us, v2), V (£, uy, v1), (t, ug, v2) € I x R? such that
U < Uy and vy < vy,

If b < 0, then there is monotonic increasing sequence of functions {a,} con-

verging in (W, ||.||o) such that lim o, is a solution of the LBVP (4.8).
n—oo

Proof. Similar to the proof of the Theorem 7.3.5. [
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Theorem 7.3.8. Let ag, Bo € W be weakly coupled lower and upper solutions
of LBVP (4.8). Let f, ¢ € C*[I x R*, R] satisfy
(1) D; i f(t, @, y)+D; (¢, x, y) <0,V (t, x, y) € IXR* andV i, j =2, 3.
(2) D;f(t, z, y) + Div(t, x, y) >0, V(t, z, y) € [ X R* and Vi =2, 3.
(3) Y(t, uy, v1) > PY(t, uz, va), V (£, u1, v1), (£, u, vo) € I x R?

such that u; < uy and vy < vq.
If b < 0, then there is monotonic decreasing sequence of functions {B,} con-

verging in (W, |].||o) such that lim f3,, is a solution of the LBVP (4.8).
n—oo
Proof. Similar to the proof of the Theorem 7.3.6. O

Next, we prove results on generalized quasilinearization method for NLBVP

of general first order DECD (4.4) and for NLBVP of first order DEVDA (4.9).

Theorem 7.3.9. Let g € C[R?, R| satisfies g(t, ) > g(t, v),

YV (t, x), (t, y) € R? such that x < y. Let ap, By € X be weakly coupled

lower and upper solutions of NLBVP (4.4). Assume that f, ¢ € C?[I x R?* R]

satisfy

(1) D; ;f(t, x, y)+D; ;o(t, x, y) >0,V (¢, z, y) € IXR* andV i, j =2, 3.

(2) Dif(t, x, y) + Dip(t, x, y) >0, V(t, z, y) € xR* and Vi =2, 3.

(3) &(t, ur, v1) > P(t, us, v2), V (£, uy, v1), (t, ug, v2) € I x R? such that
u; < ug and vy < vs.

Then there is monotonic increasing sequence of functions {a,} converging in

(X, ||-|loo) such that lim o, is a solution of the NLBVP (4.4).
n—oo

Proof. Let F(t, z, y) = f(t, z, y) + (L, =, y), V (¢, =, y) € [ x R
Therefore D; ;jF(t, x, y) >0 and D;F(t, z, y) >0, V (¢ ,z, y) € I x R? and
Vi, 3=2, 3.
This implies F(t, x1, y1) — F(t, x2, y2) > Do F(t, xa, y2)(x1 — x2)

+ D3F'(t, w2, y2)(1 — ¥2),

Y (t, z1, y1), (t, T2, yo) € I x R? such that z; > x5 and y; > ye.
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So we have f(t, x1, y1) > f(t, z2, y2) — (¢, z1, y1) + ¢(t, 72, y2)
+ Do f(t, w2, y2)(x1 — 22) + D2g(l, w2, y2)(21 — 22)

+ D3 f(t, z2, y2)(y1 — y2) + D3o(t, 2, y2)(y1 — ¥2),

YV (t, o1, 11), (L, 22, y2) € I x R? such that x; > x5 and 31 > ys.

Since, ag, By € X are weakly coupled lower and upper solutions of NLBVP

(4.4), we have 1. o(t) + Aag(t) < f(t, ao(t), ap(t —1)), t € 1.
2. Bo(t) + ABo(t) = f(L, Bolt), Bo(t —1)), t € 1.
3. ap(t) < ag(0), t € [-r, 0]
4. Bo(t) = Bo(0), t € [—r, 0].
5. ao(t) < Bolt), t € [=r, T)
6. max{g(ao(0), ao(T)), g(ao(0), 5o(T))}

< 0 < min{g(5(0), ao(T)), 9(50(0), So(T))}-
As g(t, x) > g(t, y), V(t, z), (¢, y) € R? such that x <y, we have
max{g(ao(0), ao(T)), g(ao(0), fo(T))} = 9(ao(0), ao(T)) and
min{g(5o(0), ao(T)), 9(50(0), Bo(T))} = 9(Bo(0), Bo(T))-
This implies g(ao(0), ao(T)) <0 < g(Fo(0), So(T)).
Also, as ag, By € X, we have ag(t) = ag(0), V¢ € [—r, 0]
and Bo(t) = Bo(0), Yt € [~r, 0.
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Now starting with the NLBVP

\

y'(t) + My(t) = f(t aolt), ao(t —r)) + o[t aolt), aolt —1))
= o(t, y(t), y(t —r))
+ D2 f(t, ao(t), ao(t —7))[y(t) — ao(t)]
+ Dag(t, ao(t), aolt —7))[y(t) — ao(t)]
+ Dsf(t, aolt), ao(t — )yt —r) — aolt — )] (7.17)
+ D3é(t, anolt), aot — 7))yt —r) — ao(t — )],

tel,

/

and proceeding similarly along the proof of the Theorem 7.3.1, we get a mono-
tonic increasing sequence of functions {a,} C X such that a,, < fy, Vn € N
on [—r, T] and
A1 (B) + Aania (B) = f(t, an(t), an(t = 7)) + 6(t, an(t), an(t —7))
— ¢t anga(t), anpa(t —7))
+ Do f (1, an(t), an(t —7))[omi1(t) — on(?)]
+ Dao(t, an(t), an(t —7))[om1(t) — o ()]
+ Dsf(t, an(t), an(t —7r))[oma(t —7) = an(t = 7)]
+ Dso(t, an(t), an(t —7)om(t —7r) — an(t = 7)),
tel,
an1(t) = anta(0), ¢ € [=r, 0],

9(ans1(0), ana(T)) = 0.

/

Further lim «, exists in (X, ||.||x) and lim «, is a solution of the NLBVP

(4.4). O
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Theorem 7.3.10. Let g € C[R?, R] satisfies g(t, ) > g(t, y),

V (t, x), (t, y) € R? such that x < y. Let o, Bo € X be weakly coupled

lower and upper solutions of NLBVP (4.4). Assume that f, ¢ € C*[I xR? R]

satisfy

(1) D; jf(t, x, y)+D; jo(t, z, y) <0,V (¢, x, y) € IXR* andV i, j =2, 3.

(2) Dif(t, z, y) + Di(t, x, y) >0,V (t, z, y) € [ X R* and Vi =2, 3.

(3) ¥(t, uy, v1) > U(t, ug, va), ¥ (¢, u, v1), (¢, ug, vo) € I X R? such that
U < Uy and vy < vy,

Then there is monotonic decreasing sequence of functions {5,} converging in

(X, ||-|lec) such that lim B, is a solution of the NLBVP (4.4).
n—oo

Proof. Since, ag, By € X are weakly coupled lower and upper solutions of

NLBVP (4.4), we have 1. afy(t) + dao(t) < f(t, ao(t), ao(t —7)), t € I.
2. Bo(t) + ABo(t) = f(t, Bo(t), ot =), t € 1.
3. ao(t) < ap(0), t € [-r, 0].
4. Bo(t) = Bo(0), t € [, 0.

5. ap(t) < Po(t), t € [—r, T].
6. max{g(ao(0), ao(T)), g(ao(0), 5o(T))}
< 0 < min{g(50(0), ao(T)), 9(60(0), Bo(T))}-

As g(t, ) > g(t, y), V (¢, x), (¢, y) € R? such that z < y, we have
max{g(ao(0), ao(T)), g(ao(0), o(T))} = g(ao(0), ao(T)) and
min{g(50(0), ao(T)), 9(50(0), Bo(T))} = 9(Bo(0), Bo(T))-
This implies g(ao(0), ao(T)) <0 < g(5o(0), So(T)).
Also, as ag, By € X, we have ag(t) = ag(0), V¢ € [—r, 0] and
Bo(t) = Bo(0), YVt € [—r, 0]
Let G(t, =, y) = f(t, =, y) + (¢, =, y), V (i, z, y) € [ x R%
Therefore D; ;G(t, z, y) < 0 and D;G(t, =, y) >0, ¥V (t, z, y) € I x R? and
Vi, j=2 3.
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This implies G(t, x1, y1) — G(t, T2, y2) > Da2G(t, x1, y1)(z1 — x2)
+ D3G(t, @1, y1)(y1 — y2),

YV (t, 21, y1), (t, 22, y2) € I x R? such that x; > x5 and y; > ys.

So we have

[z, y1) = [t 22, y2) —U(E, 21, y1) +0(L 22, yo)

+ Daf(t, 1, y1)(x1 — @2) + Darp(t, @1, y1)(z1 — 22)

+ D3 f(t, 1, y1)(y1 — y2) + Ds(t, @1, y1)(y1 — v2),

YV (t, z1, 11), (t, T2, yo) € I x R? such that z; > x5 and y; > ve.

Now, starting with the NLBVP

y'(t) + Ay(t) = f(t, Bo(t), Bo(t — 1)) + B(E, Bo(t), Bo(t — 1))
- B(ta y(t)a y(t - T))
+ Da f (¢, Bo(t), Bo(t — 7)) [y(t) — Bo(t)]
+ Dof3(t, Bo(t), Bo(t — 7)) [y(t) — Bo(t)]

+ D3f(t> ﬁo(t), Bﬂ(t - T))[?/(t - 7") - ,Bo(t — T)] (718)
+ D3f3(t, Bo(t), Bo(t — 7)) [y(t —r) — Bo(t — )],
tel,

7

and proceeding similarly along the proof of theorem 7.3.2, we get a monotonic
decreasing sequence of functions {5,} C X such that 5y < 3,, Vn € N on

[—r, T] and
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Broin(6) + Mir(6) = F(E Bult), Bult =) + 00t Bult), Bult — 1))
— (1, Buna(1), Busa(t — 1))
+ Daf(t, Bu(t), Bult =) [Busa (1) — u(t)]
+ Datb(t, Bult), Bult = 1)[Bass(t) — Bul)]
T+ Daf(t, Bult), Bult = 1) Busa(t — 1) = Bult — 1)
Dyt Bult), Bult = ) Burs(t =) = Bult — 1)),
tel,

Brss(t) = Busa(0), t € [=r, 0],

g(ﬁn—l—l(O)? Bn—i-l(T)) =0.

J

Further lim g, exists in (X, ||.||s) and lim 3, is a solution of the the NLBVP
n—oo n—oo
(4.4). O

Theorem 7.3.11. Let g € C[R?, R] satisfies g(t, x) > g(t, y),

YV (t, x), (t, y) € R? such that v < y. Let ag, By € W be weakly coupled

lower and upper solutions of NLBVP (4.9). Assume that f, ¢ € C?[I x R?* R]

satisfy

(1) D; i f(t, z, y)+D; ;o(t, , y) >0, ¥V (t, z, y) € [IxR? and Vi, j =2, 3.

(2) Dif(t, z, y) + Dio(t, , y) >0,V (¢, z, y) € [ x R* and Vi =2, 3.

(3) (t, uyr, v1) > d(t, ug, va), ¥ (¢, u1, v1), (t, ug, va) € I x R? such that
U < Uy and vy < vs.

Then there is monotonic increasing sequence of functions {a,} converging in

(W, ||-|lo) such that lim v, is a solution of the NLBVP (4.9).
n—oo

Proof. Similar to the proof of the Theorem 7.3.9. [
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Theorem 7.3.12. Let g € C[R?, R] satisfies g(t, ) > g(t, y),

V (t, z), (t, y) € R? such that v < y. Let ag, By € W be weakly coupled

lower and upper solutions of NLBVP (4.9). Assume that f, ¢ € C*[I xR? R]

satisfy

(1) D; ;f(t, x, y)+D; jo(t, z, y) <0,V (¢, x, y) € IXR* andV i, j =2, 3.

(2) Dif(t, z, y) + Di(t, x, y) >0,V (t, z, y) € [ X R* and Vi =2, 3.

(3) ¥(t, uy, v1) > U(t, ug, va), ¥ (¢, u, v1), (¢, ug, vo) € I X R? such that
U < Uy and vy < vy,

Then there is monotonic decreasing sequence of functions {53,} converging in

(W, ||-llo) such that lim (3, is a solution of the NLBVP (4.9).
n—oo

Proof. Similar to the proof of the Theorem 7.3.10. O

7.4 Extended-Generalized Quasilinearization

Method

We now introduce extended-generalized quaslinearization method for bound-
ary value problems of general first order ordinary differential equation with
constant delay of the type

y(t)+ My(t) = f(t, y(t), y(t —r)) + h(t, y(t), y(t —r)) and first order
ordinary differential equation with variable deviating argument of the type
Y () + Xy(t) = f(t, y(t), y(0(t))) + h(t, y(t), y(0(t))), where there are certain
conditions on first and second order partial derivatives with respect to the

second and third arguments of f, h, f+ ¢ and h+ 1 for some functions ¢ and
1.
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Theorem 7.4.1. Let ap, By € X such that ag(t) < Bo(t), YVt € [—r, T] and
Q={(t,u,v) : ap(t) <u < By(t) and ap(t — 1) < v < Fy(t — 1),
t € I}. Assume that f, h, ¢, ¥ € C?[Q, R| satisfying
(1) D;f(t, x, y) + D;op(t, x, y) >0, V (t, z, y) € Q and Vi =2, 3.
(2) D;h(t, x, y)+ Dap(t, =, y) >0, V (¢, z, y) € Q and Vi=2, 3.
(8) Di i f(t, z, y) + Di jo(t, x, y) >0, V(t, x, y) €Q and Vi, j =2, 3.
(4) Di jh(t, x, y) + D; ;B(t, x, y) <0, V(t, v, y) € Qand Vi, j =2, 3.
(5) ot m1, 1) +(t, @1, y1) = O(E, @2, y2) + U (22, 92),

Y (t, x1, y1), (t, T2, y2) € Q such that v1 < xo and y; < Y.
Further, assume that ag and By are lower and upper solutions of PBVP (7.1).
Then there are monotonic sequence of functions {c,} and {B,} converging in

(X, ||-||oo) such that lim o, and lim B, are solutions of the PBVP (7.1).
n—oo

n—r00
Proof. Let F(t, x, y) = f(t, x, y) + &(t, =, y), V (¢, z, y) € Q and
H(t, x, y) = h(t, z, y) + (¢, x, y), V (¢, z, y) € Q.

It is assumed that D; ;f(t, =, y) + D; ;o(t, =, y) >0, V (¢, z, y) € Q and
V1, 7 =2, 3. Therefore
[t wy, y1) = f(t 2, y2) = 0, @1, 1) + O(¢, 22, y2)

+ [D2f (¢, 22, y2) + D20(t, 2, y2)](21 — 2)

+ [Dsf(t, 2, y2) + D3d(t, 2, y2)l(1 — ¥2),
Y (t, x1, y1), (t, x2, yo) € Q such that x1 > x9 and y; > yo.
It is also assumed that D; ;h(t, x, y) + D; ;j4(t, =, y) <0,
V(t, z,y) € Qand Vi, j =2, 3.
Therefore
h(t, o1, y1) > h(t, 2, y2) — (¢, 21, y1) +U(t, 22, ¥2)

+ [Dah(t, z1, y1) + Doto(t, @1, y1)l(z1 — 22)

+ [Dsh(t, z1, y1) + Dsyo(t, 21, yo)l(y1 — o),

Y (t, z1, Y1), (t, xa, y2) € Q such that 1 > x5 and y; > ys.
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Let py = min [Dyh(t, u, v) + Dap(t, u, v)] and

(t, u, vV)EQ

po = ( mir)1 Q[Dgh,(t, u, v) + D3p(t,u,v)]. Then, p; > 0 and pg > 0.
t,u,v)e

So we have
h(t, 1, y1) = h(t, 2, y2) — (t, 21, y1) + (L, 2, o)
+ (21 — z2) + pa(yn — ),
Y (t, x1, y1), (¢, x2, y2) € Q such that x1 > x9 and y; > yo.
Thus

[t @z, ) +h(t, @, ) 2 f(E @2, y2) + h(E, 22, y2) + O(E, 22, y2)
T U(t, 22, 1) — Ot 21, 1) —(t, 21, 1)
+ [Daf (t, 21, 1) + Dad(t, @1, y1)](21 — 22)
+ [Dsf(t, 1, 1) + D3d(t, 1, y1)l(y1 — v2),

+ pa (21 — 22) + pa(yn — 12),

Y (t, x1, Y1), (t, T2, y2) € Q such that 1 > x5 and y; > ys.

Since ayp, By € X are lower and upper solutions of PBVP (7.1), we have

2. Bo(t) + ABo(t) = f(t, Bo(t), Bo(t — 1))+ h(t, Bo(t), Bo(t —71)), t €I
3. Oé()(t
4

ot
o
S
8
IN
S
3



Consider

() + hy(t) =

)

f(t, ap(t), ag(t — 1)) + h(t, ao(t), ag(t —1))

+¢(tv aO(t)v O[O(t_r))_’—ﬂ)(ta CVO(t)a aO(t_r)>

Let Fo(t, u, v) = f(t, ao(t), ao(t — 7)) + h(t, ap(t), ao(t — 1))

+o(t, ao(t), ao(t —7)) +(t, ao(t), ao(t —7))
— ¢(t, u, v) —P(t, u, v)

+ Daf(t, ao(t), ao(t —r))[u — ao(t)]

+ [Dag(t, ao(t), ao(t — 7)) + palfu — ao(t)]

+ D3 f(t, ao(t), ao(t —7))[v —ao(t —7)]

+ [Dso(t, ao(t), ao(t —7)) + po][v — ot — 7)),

Y (t, u, v) € Q.
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(7.19)
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This implies

Fao(t; y(t), y(t = 7)) = f(t, ao(t), ao(t = 7)) + h(t, ao(t), ao(t —7))
+ o(t, ao(t), ag(t — 1)) +¥(t, ao(t), ao(t —1))
—o(t, y(t), x(t —r)) — &t y(t), y(t —7))
+ Do f (8, ao(t), ao(t —7))[y(t) — ao(?)]
+ [Dao(t, ao(t), ao(t = 1)) + m][y(t) — ao(t)]
+ Dsf(t, ao(t), aolt —7))[y(t —r) — ao(t —7)]
+ [Dso(t, ao(t), ao(t —r)) + pa][y(t —7) — aolt — 7)),

Vtel.

Let (¢, z1, 11), (t, @2, y2) € Q such that z; < 2o and y; < ys.
Then 21 — ao(t) < 2 — ao(t) and gy — aglt — 1) < ya — ao(t — ).
This implies
[D2f (L, ao(t), ao(t — 1)) + D29(t, ao(t), ao(t — 1)) + pullz1 — ao(t)]
< [D2f(t ao(t), aolt — 7)) + D2g(t, ao(t), ao(t — 7)) + pa]lzs — ao(t)] and
[Dsf(t, ao(t), ao(t —7)) + Dsd(t, ao(t), ao(t —r)) + pallyr — ao(t — )]
< [Dsf(t, ao(t), aolt — 7)) + D3d(t, ao(t), ao(t — 1)) + pa]lyz — ot —r)].
So we have
[D2f(t, ao(t), ao(t —7)) + D2g(t, ao(t), aot —r)) + pallzr — ao(t)]
+ [Dsf(t, ao(t), aot —r)) + Dso(t, ao(t), ao(t —r)) + pa]lyr — ao(t —r)]
< [Daf(t, ao(t), aolt — 7)) + Dagd(t, ao(t), ao(t — 1)) + pal[z2 — ao(t)]
+ [Dsf(t, ao(t), ao(t — 7)) + D39(t, ao(t), ao(t — 1)) + pally2 — ao(t —7)].
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This gives

f(t, ao(t), ao(t — 7)) + h(t, ao(t), ao(t — 1))

+ o(t, ao(t), aolt — 7)) + ¥(t, ao(t), aolt — 1))

+ [D2f (T, ao(t), ao(t — 7)) + D29(t, ao(t), oot — 7)) + pu]lzr — ao(t)]

+ [D3f(t, aolt), ao(t — 7)) + D3g(t, ao(t), ao(t — 7)) + po]yr — aolt — 7))

< f(t, ao(t), ao(t — 1)) + h(t, ao(t), ol

+ o(t, ao(t), aolt —7)) +9(t, ao(t), aol

+ [Dof(t, ap(t), ao(t — 7)) + Datd(t, (), ao(t — 1)) + pa][z2 — ao(t)]

+ [Dsf(t, ao(t), ao(t —r)) + Dso(t, ao(t), ao(t — 1)) + p2]lye — ao(t —r)].
(

It is given that ¢(t, x1, y1) + ¥ (t, 1, y1) > (t, xa, Y2) +Y(t, T2, Yo).

t—r
t—

This implies
—o(t, x1, 1) —P(t, z1, Y1) < —0(t, 22, y2) — (L, @2, B2).
Therefore
f(t, ao(t), ao(t — 1)) + h(t, ao(t), ag(t — 1)) + o(t, ao(t), ag(t —1))
+ U, ao(t), ao(t —7)) = &(t, x1, y1) —V(t, 21, 1)
J[z1 — ao(?)]
(t,

+ [Dgf(t, ao(t), Cvo(t —’f’)) —|—D2¢(t ao( ), ao(t —T) +,u1
) + p2][yr — ot — 1))

+ [Dsf(t, aop(t), ao(t — 7)) + D3o(t, ao(t), aog(t —r
< f(ts ao(t), ao(t —r)) + h(t, ao(t), aot — 7)) + o(t, ao(t), ao(t —7))

+ ¢t ao(t), ao(t — 1)) — oL, 2, y2) — ¥(L, T2, Y2)

+ [Da2f(t, ao(t), ao(t —r)) + Dagd(t, ao(t), ao(t —r)) + ][z — an(t)]

+ [Dsf(t, ao(t), ao(t —r)) + Dsd(t, ao(t), ao(t — 1)) + p2]lye — ao(t —r)].
Thus Fu,(t, 21, y1) < Fao(t, 22, 12),

Y (t, x1, y1), (t, T2, yo) € Q such that x1 < zy and y; < yo.
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Also

ah(t) + dag(t) < f(t, aolt), ag(t — 1)) + h(t, ao(t), aolt — 1))
= f(t, ao(t), an(t — 1)) + h(t, ao(t), aolt—r))
+o(t, aot), ao(t —7)) +(t, aolt), aolt —))
= o(t, aolt), aot = 7)) =¥t ao(t), ao(t =)
+ D2 f(t, ao(t), ao(t —7))[ao(t) — ao(t)]
+[D2g(t, ao(t), aolt = 1)) + pullao(t) — ao(t)]
+ D3 f(t, ao(t), ao(t —r))[ao(t — 1) —ao(t —7)]
+[Dso(t, ao(t), aolt —1)) + pallao(t —r) — aolt —7)]

= Fo (t, ao(t), ap(t —r)).

Further

Bo(t) + ABo(t) = f(t, Bo(t), Bo(t — 7)) + h(t, Bo(t), Bo(t —1))
> [t ao(t), ao(t —r)) + h(t, ao(t), aolt —7))
+o(t, ap(t), ag(t — 7)) +1(t, ao(t), a(t —1))
— ¢(t, Bo(t), Polt —r)) = (L, folt), Polt —7))
+ Do f (1, ao(t), ao(t —7))[Bo(t) — ao(t)]
+ (D2, ao(t), ot = 7)) + pu][Bo(t) — ao(t)]
+ Dsf(t, aolt), ao(t —7))[Bolt —7) — ao(t —7)]
+ [Dsg(t, ao(t), ao(t — 7)) + pa][Po(t — 1) — ao(t —7)]

= Fo(t, Bo(t), Bo(t —1)).



We already know that

L. ag(t) < Bo(t), t € [,

2. ao(t) = ag(0), t € [~r, 0]
3. Bo(t) = o(0), t € [=r, (]
4. ao(0) < a(T).
5. 5o(0) = Bo(T)
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Therefore ap and 3y are lower and upper solutions of the PBVP (7.19) such

that ao(t) < Bo(t), Vit € [—r, T].

Thus the PBVP (7.19) has a solution «; € X such that ap < a3 < Gy on

[—r, T]. (Using Theorem 4.4.5)

Therefore

a4 () + Aan(t) = f(t, ao(t), aolt — 1)) + hlt, ao(t), ao(t — 1))
+o(t, aolt), aolt — 1)) +(t, ao(t), an(t — 1))
= o(t, ar(t), an(t = 7)) = P(t, au(t), au(t =)
+ D2 f(t, ao(t), ao(t —r))[en(t) —ao(?)]
+[D20(t, ao(t), aolt —7)) + mllon(t) — ao(t)]
+ Daf(t, ao(t), aot —r))[aa(t —r) — ao(t —7)]

+ [D3o(t, ao(t), ao(t —71)) + po]laa(t — 1) — ap(t — 7)),

tel,
ai(t) = ay1(0), t € [-r, 0],

061<O> = Q1 (T)

This implies

o () + Aaqg(t) < f(t, ai(t), aq(t — 7)) + h(t, aa(t), au(t —1)), t € 1.
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5. a1(0) < o (7).

6. Bo(0) = Bo(T).

Therefore ay and fy € X are lower and upper solutions of PBVP (7.1) such
that ay(t) < fo(t), Vt € [-r, T].

Continuing in this manner, we get a monotonic increasing sequence of

functions {«,} C X such that a,, < Sy, Vn € Non [—r, T] and

o1 (1) + A1 () = F(E on(t), an(t — 7)) + h(t, (L), an(t — 7))
+alt, an(t), an(t — 1)) + B(E, an(t), an(t — 1)
— alt, apr1(t), anta (t = 7)) = B, anta(t), anga (t — 1))
+ Do f (t, an(t — 1), an(t — 7))o (t) — o (t)]
+ Daar(t, an(t), an(t — )i (t) — n(t)
+ D3 f(t, an(t), on(t — 7)) [omsa (t —7) — an(t — )]
+ Dsalt, an(t), an(t — 1)) [omsi(t — 1) — an(t — 1),
+ 1alansa(£) = an(t)] + alansa (t = 1) = an(t — 1)),
tel,

Oén+1(t) = ()én+1(0), t e [—T, O],

n11(0) = a1 (7).

/

Further lim «, exists in (X, ||.||«) and lim «,, is a solution of the PBVP
n—00 n—oo

(7.1).
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Let 6 = min [Dof(t, u, v) + Dag(t, u, v)] and

(t, u, v)€Q

0, = min [Dsf(t, u, v) + D3¢(t, u, v)]. Then 6; > 0 and 0y > 0.

(t, u, v)EQ

This implies f(¢, x1, y1) > f(t, x2, y2) — &(t, x1, y1) — O(t, T2, Yo)
+ 01 (v1 — x2) + O2(v1 — ¥2),
Y (t, x1, y1), (t, x2, yo) € Q such that x1 > x9 and y; > yo.
So we have
[, @, yo) + Wt 21, y1) = f(t, 22, y2) + Rt 2, y2) + O(t, T2, yo)
+(t, T, Y2) — O, 1, Y1) — (¢, 21, Y1)
+[01 + Doh(t, x1, y1) + Datp(t, 21, y1)](z1 — 22)
+ 024 D3h(t, z1, y1)+Dsp(t, z1, y1)](y1 —v2),
Y (t, x1, Y1), (t, o2, y2) € Q such that 1 > x5 and y; > ys.

Now consider

\

y'(t) + Ay(t) = f(t, Bo(t), Bo(t — 7))+ h(t, Bo(t), Bo(t —1))

+¢(t, Bo(t), Bolt —r)) +9(t, Bo(t), Solt —7))
—o(t, y(t), y(t —r)) — o, y(t), y(t —r))

+ Doh(t, Bo(t), Bot —r))[y(t) — Bo(t)]

+ Dotp(t, o(t), Bo(t —r)[y(t) — Bo(t)]

+ Dsh(t, Bo(t), Bo(t —r))[y(t —r) — Bolt —7)] (7.20)
+ Dsip(t, Bo(t), Bo(t —r))y(t —r) — ot —r)]
+ 0u[y(t) — Bo()] + ba2[y(t — 1) — Bolt — )],

tel,




251

Let G, (t, u, v) = f(t, Bo(t), Po(t — 7))+ h(t, Bo(t), Bo(t —r))
+o(t, fo(t), Bo(t —7)) +9(E, folt), Bolt —7))
— o(t, u, v) —Y(t, u, v)
+ (01 + D2h(t, Bo(t), Polt —r))][u— Po(t)]
+ Datp(t, Po(t), ot —r))|u — bo(t)]
+ 102 + Dsh(t, Po(t), Bo(t —7))][v = fo(t —7)]

+ D3ip(t, Bo(t), Bo(t —7))[v— Bo(t —7)], ¥V (£, u, v) € Q.

This implies

Gy (t, y(t), y(t —r)) = f(t, Bo(t), Bol(t — 7))+ h(t, Bo(t), Bolt —1))
+o(t, Bo(t), Polt —7)) +¥(t, Bo(t), Polt —1))
—o(t, y(t), y(t —r)) —v(t, y(t), y(t —r))
+ [0+ D2h(t, Bo(t), Bo(t —r))][y(t) — Bo(t)]
+ Datp(t, Bo(t), Bolt —r))[y(t) — Bo(t)]
+ (02 + Dsh(t, Bo(t), Bo(t —r)][y(t —r) — Bo(t — )]
+ Daip(t, Polt), Po(t —r))ly(t —r) — folt — 7)),

Vtel.

SO we have Gﬂo(ta X1, yl) S G,Bo(ta X2, y2)7 v (t, X1, yl)a (t, X2, y2) S Q

such that x1 < x5 and y; < ys.



Also

ap(t) + Aao(t) < f(t, ao(t), ao(t —1r)) + h(t, ao(t), ao(t —1))
< f(t, Bo(t), Bot — 7)) + h(t, Bolt), Bo(t —7))
+o(t, folt), Bo(t —7)) +4(Et, bolt), Polt —7))
— oL, ao(t), ao(t —7)) = P(t, ao(t), ao(t —7))
+ [01 + D2h(t, Bo(t), Bo(t —r))][ao(t) — Bo(t)]
+ Dyo(t, Bolt), Polt —7))[an(t) — Bo(t)]
+ 102+ Dsh(t, fo(t), Polt —r))][en(t —r) = Bo(t — )]
+ Ds(t, Bo(t), Polt —r))lao(t —r) — Bo(t —7)]

— G (t, aolt), aolt —1)).

Further

Bo(t) + ABo(t) = f(E, Bo(t), Bo(t — 7))+ h(t, Bo(t), Bolt —7))

= [(t, Bo(t), Pot — 7)) + h(t, Bo(t), Bolt —7))
+o(t, Bo(t), Bolt —7)) + (L, bolt), Bolt —7))
— ¢(t, Bo(t), Polt —r)) = (L, folt), Polt —7))
+ 101+ D2h(t, Bo(t), Bo(t —r))][Bo(t) — Bo(t)]
+ Dotp(t, Solt), Polt —1))[Bo(t) — Po(t)]
+[02+ Dsh(t, Go(t), Po(t —r))[Bo(t —7) = Polt — )]
+ Dap(t, Bolt), Polt —1))[Bolt —r) = Bolt — )]

= Gy (L, folt), Bo(t —7)).

252
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We already know that
1. Oég(t) S ﬁo(t), t e [—7", T]

2. ao(t) = ag(0), t € [~r, 0]
3. Bo(t) = o(0), t € [=r, (]
4. ao(0) < a(T).
5. 5o(0) = Bo(T)

Therefore, oy and By are lower and upper solutions of the PBVP (7.20) such
that ao(t) < Bo(t), Vit € [—r, T].
Thus the PBVP (7.20) has a solution 8; € X such that ap < 8 < Sy on
[—r, T]. (Using Theorem 4.4.5)
This implies
Bi(t) + ABi(t) = f(t, Bo(t), Bot —r)) + h(t, Bo(t), Bo(t —7))
+o(t, Bolt), Bolt —7)) + (L, Bo(t), Polt —7))
—¢(t, (), Ai(t =) = (L, (), Ailt —7))
+ [01 + Dah(t, Bo(t), Bo(t —7))I[B1(t) — Bo(t)]
+ Dotp(t, Bo(t), Bo(t —r))[Br(t) — fo(t)]
+ (02 + Dsh(t, fo(t), Po(t —r)][Br(t —7) = Bolt —7)]
+ Dsy(t, Polt), ot —r)[Br(t —r) = Bolt — )],
tel,
Bu(t) = $1(0), t € [-r, 0],
£1(0) = Bu(T).

So we have

Bi(t) + ABi(t) = f(t, Bi(t), Bi(t — 1))+ h(t, Bi(t), Bu(t—7)), t € L.
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Also

Loaj(t) + dag(t) < f(t, ao(t), ao(t — 1)) + h(t, ao(t), ag(t —1)), t € I.
2. ao(t) = ap(0), ¢ € [—r, 0]

3. Bu(t) = B1(0), t € [—r, 0].

4. op(t) < pi(t), t € [—r, T

5. a(0) < ao(T)

6. 51(0) = 1 (T)

Therefore oy and 51 € X are lower and upper solutions of the PBVP (7.1)
such that ag(t) < p1(t), Vt € [—r, T1.
Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {f,} C X such that ay < ,, Vn € Non [-r, T] and

Bra () + ABuia(t) = f(t, Balt), Balt — 1)) + h(t, Balt), Bult —1))
+ O, Bu(t), Bult = 1)) +(t, Bult), Pu(t —7))
— ¢, Bnir(t), Bra(t — 7)) = &(t, Buir(t), Bral(t — 7))
+ (01 + D2h(t, Bu(t), Bu(t —7)][Bnsr(t) — Bu(t)]
+ Dotp(t, Bu(t), Bult —=7))[Bnia(t) = Pu(t)]
+ (02 + Dsh(t, Bu(t), Bu(t = r)[Baa(t —7) = Bu(t —7)]
+ Dsto(t, Bu(t), Bult —r))[Bnia(t —7) = Bult — 1)),
tel,

Prt1(t) = Bnia(0), t € [=r, 0],

Brt1(0) = Brugr (T).

Further lim f,, exists in (X, ||.||«) and lim g, is a solution of the PBVP
n—o0

(7.1). O
Theorem 7.4.2. Let ap, fo € W such that ag(t) < Po(t), V t € I and
Q={(t,u,v) : ap(t) <u < By(t) and ap(8(t)) < v < Bo(0(t)), t € I}. Assume
that f, h, ¢, v € C?[Q, R] satisfying
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(1) D;f(t, x, y) + D;op(t, x, y) >0, V (t, z, y) € Q and Vi =2, 3.
(2) D;h(t, x, y) + Di(t, =, y) >0, V (¢, z, y) € L andVi=2, 3.
(3) D; if(t, x, y)+ D; j0(t, z, y) >0,V (¢, z, y) € Qand Vi, j =2, 3.
(4) D; jh(t, x, y)+ D, ;B(t, =, y) <0,V (¢, z, y) € Qand Vi, j =2, 3.
(5) o(t, z1, y1) + (¢, 21, 1) = O(¢, 22, y2) + ¢(t, T2, 42),

Y (t, x1, Y1), (t, xa, y2) € Q such that z1 < x5 and y; < ys.
Further, assume that g and By are lower and upper solutions of PBVP (7.4).
Then there are monotonic sequence of functions {c,} and {B,} converging in

(W, ||-|lo) such that lim o, and lim f3,, are solutions of the PBVP (7.4).
n—oo

n—o0

Proof. Similar to the proof of the Theorem 7.4.1. ]

We now introduce extended-generalized quasilinearization method to es-
tablish exitence theorems for LBVP of general first order DECD (7.2) and for
LBVP of first order DEVDA (7.5).

Theorem 7.4.3. Let ap, By € X such that ag(t) < Bo(t), Vt € [-r, T] and
Q= A{(t,u,v) : apg(t) < u < Bo(t) and ag(t —r) < v < Bo(t — 1), t € IT}.
Assume that f, h, ¢, ¢ € C*[Q, R| satisfying
(1) D;f(t, =, y) + D;o(t, x, y) >0, V (t, z, y) € L and Vi =2, 3.
(2) D;h(t, x, y)+ Dap(t, x, y) >0, V (¢, z, y) € Q and Vi=2, 3.
(3) D;, ;i f(t, z, y)+ D; jo(t, x, y) >0,V (¢, z, y) € Qand Vi, j =2, 3.
(4) D; jh(t, x, y)+ D, ;B(t, =, y) <0,V (t, z, y) € Qand Vi, j =2, 3.
(5) ¢(t, x1, y1) +¥(t, 21, y1) = O(¢, @2, Y2) + (¢, 22, 92),

Y (t, x1, Y1), (t, T2, y2) € Q such that z1 < x5 and y; < ys.
Further, assume that oy and [y are weakly coupled lower and upper solutions
of LBVP (7.2). If b <0, then there are monotonic sequence of functions {c,}
and {fn} converging in (X, ||.||s) such that nlij&an and lim 8, are solutions

n—oo

of the LBVP (7.2).



256

Proof. Let F(t, x, y) = f(t, =, y) + ¢(t, =, y), V (t, z, y) € Q and
H(t, z, y) = h(t, z, y) + (¢, z, y), V (¢, z, y) € Q.
It is assumed that D; ;f(t, =, y) + D; ;0(t, =, y) >0, V (¢, z, y) € Q and
Vi, 7 =2, 3. Therefore
[z, y1) = [t 22, y2) — O(E, 21, y1) + O(E, 22, Y2)
+ [Daf (T, 2, y2) + Dao(t, 22, yo)](21 — 72)
+ [D3f(t, T2, ya) + D3o(t, 72, y2)|(11 — v2),
Y (t, 1, y1), (t, x2, yo) € Q such that x1 > x9 and y; > yo.
It is also assumed that D; ;h(t, x, y) + D; j4(t, =, y) <0,
V(t, z, y) € Qand Vi, j =2, 3.
Therefore
h(t, x1, y1) > h(t, 22, y2) — (¢, z1, Y1) +V(t, 22, Y2)
+ [Dah(t, @1, y1) + Davo(t, z1, y1)|(z1 — 22)
+ [Dsh(t, ©1, y1) + Dso(t, x1, y)l(yr — ),
Y (t, x1, y1), (t, x2, y2) € Q such that x1 > x9 and y; > yo.
Let pu; = " Z{l%}l;lgg[Dgh(t, u, v) + Dotp(t, u, v)] and
o = (t’zr’lir)leQ[Dgh(t, u, v) + D3p(t,u,v)]. Then, uy > 0 and py > 0.
So we have
h(t, x1, y1) = h(t, 22, y2) —¥(L, 21, 1) + YL, 22, y2)
+ (1 — w2) + p2(y1 — y2),
Y (t, x1, y1), (t, x2, y2) € Q such that x1 > x9 and y; > yo.
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Thus

[ @z, ) +h(t, @z, ) 2 f(E @2, y2) + h(E, 22, y2) + O(E, 22, y2)
T O(t, 22, 1) — Ot 21, 1) —(t, 1, p1)
+ [Daf (t, 21, 1) + Dad(t, 21, y1)](21 — 22)
+ [Dsf(t, z1, 1) + D3d(t, 1, y1)l(y1 — v2),

+ pa (21 — 22) + p2(yr — 12),

V (t, w1, y1), (t, v2, y2) € Q such that z; > x5 and y; > .

Since ayp, By € X are weakly coupled lower and upper solutions of LBVP (7.2),

we have

Lo (t) + dao(t) < f(t, ao(t), ao(t — 1)) + h(t, ao(t), ag(t —1)), t € 1.
2. Bo(t) + ABo(t) = f(t, Bo(t), Bo(t — 7))+ h(t, Bo(t), fo(t —7)), t el
3. ap(t) < ap(0), t € [-r, 0].

4. Bo(t) 0), t e [—r, 0]

< 0 < min{aBy(0) + bao(T), afo(0) 4+ b5s(T)}.
As b < 0, we have
max{aco(0) + bao(T), acg(0) + bBo(T)} = ac(0) + bao(T) and
min{ay(0) + bao(T), aBo(0) + bBo(T)} = aBo(0) + bBo(T).
This implies acg(0) + bag(T) < 0 < afy(0) + bBo(T).
Also, as ag, By € X, we have ag(t) = ao(0), YVt € [—r, 0] and
Bo(t) = Bo(0), YVt € [—r, 0]
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Now, starting with the LBVP

3\

y'(t) + My(t) = f(t, aolt), ao(t —r)) + h(t, aolt), ao(t — 1))
+é(t, ao(t), ao(t —7)) +(t, ao(t), ao(t —1))
—o(t, y(@), y(t —r)) —(t, y@t), y(t —r))
+ D2 f(t, ao(t), ao(t —7))[y(t) — ao(t)]
+ Dag(t, ano(t), aolt —7))[y(t) — ao(t)]
+ Dsf(t, ap(t), aolt —r))[y(t —r) — ag(t —1)] (7.21)
+ Dso(t, ao(t), ao(t —r))[y(t —r) — aolt — )],
+paly(t) — ao(t)] + poly(t — ) — aolt — 1),

tel,

ay(0) + by(T) = 0,

Vs

and proceeding similarly along the proof of the Theorem 7.4.1, we get a mono-
tonic increasing sequence of functions {a,} C X such that a,, < fy, Vn € N

on [—r, T] and
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A1 (1) + Aanga () = f(t, an(t), om(t = 1)) + (L, an(t), an(t — 7))
+a(t, an(t), an(t — 1)) + B(t, an(t), an(t — 1))
— aft, anga (), anga (t = 7)) = Bt anga (), anga (t = 7))
+ Do f (t, om(t = 7), an(t — 1)) [an(t) — an(t)]
+ Doau(t, ap(t), an(t — 7)) a1 (t) — an(t)]
+ D3 f(t, an(t), an(t —r)[ansi(t — 1) — an(t —r)]
+ Dsa(t, an(t), an(t — 7)) [ana(t — 1) — an(t —7)]
+ palomi1 () — an(t)] + poloma (t — 1) — an(t — 7)),
tel,

i1 (t) = ane1(0), t € [—r, 0],

ac,1+1(0) + b, 11 (T) = 0.

M

Further lim «, exists in (X, ||.||) and lim «,, is a solution of the LBVP
(7.2).
Let 6 = min [Dof(t, u, v) + Dag(t, u, v)] and

(t, u, v)EQ

0y = min [Dsf(t, u, v) + D3¢(t, u, v)]. Then 6; > 0 and 6y > 0.

(t, u, v)EQ

This implies f(¢, x1, y1) > f(t, x2, y2) — &(t, x1, y1) — O(t, T2, Yo)
+ 01(z1 — 22) + O2(y1 — 42),
Y (t, x1, y1), (t, x2, y2) € Q such that x1 > x9 and y; > yo.
So we have
[t x, y) + At 21, yi) > f(E 2, y2) +0(E, 22, yo) + O(L, T2, y2)
+(t, x2, y2) — O, 1, 1) — (¢, @1, v1)
+ [0+ Doh(t, z1, y1) + Doto(t, @1, y1)(21 — 2)
+ 02+ Dsh(t, z1, y1) + Dsto(t, 21, y1)](y1 — y2),

Y (t, 1, y1), (t, T2, yo) € Q such that x1 > x9 and y; > yo.
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Next, begining with the LBVP

y'(t) + Ay(t) = f(t, Bo(t), Bo(t — 7))+ h(t, Bo(t), Bo(t —1))

+ o(t, Bolt), Bot — 7)) +o(t, Bo(t), Polt —7))
—o(t, y(t), y(t —r)) — ¢, y(t), y(t —r))

+ Dah(t, Bo(t), Bo(t —7))[y(t) — Bolt)]

+ Dotp(t, Bo(t), Bot —7))[y(t) — Bo(t)]

+ Dsh(t, Bo(t), Po(t —r))[y(t —r) = Bo(t —7)] ¢ (7.22)
+ Dsip(t, Bo(t), Bo(t —r))y(t —r) — ot —7)]
+ 0y (t) — Bo(t)] + b2[y(t — ) — Bolt — )],

tel,

ay(0) + by(T) = 0,

Vs

and proceeding similarly along the proof of the Theorem 7.4.1, we get a mono-
tonic decreasing sequence of functions {3,} C X such that ag < f8,, Vn € N

on [—r, T] and
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Br1 () + ABuia(t) = f(t, Bu(t), Balt — 1)) + h(t, Balt), Bult —1))
+ Ot Bult), Pult —7)) +¢(t, Bult), Bult —1))
— (L, Braa(t), Puga(t = 7)) = (t, Brsa(t), Pyt —7))
+ D2h(t, Bu(t), Bu(t —7))[Brsr(t) — Bn(t)]
+ Dat(t, Bu(t), Bu(t = 1)) [Pt (t) = Bu(t)]
+ Dsh(t, Bu(t), Bu(t = 1) [Para(t —7) = Bu(t —7)]
+ Dso(t, Bu(t), Bu(t =) [Bnia(t —7) = Bult —7)]
+ 01811 (t) = Pu(O)] + O2[Bria (t — 1) — Bult — 7],

tel,
Bn-&-l(t) = 571-&-1(0)7 S [—’I“, 0]7

aﬁnJrl (0) + bﬁn+1 (T) =0.

J

Further lim f, exists in (X, ||.||s) and lim 3, is a solution of the LBVP
n—oo

n—o0
(7.2). O
Theorem 7.4.4. Let oy, By € W such that ap(t) < Bo(t), V t € I and
Q={(t,u,v) : ap(t) <u < Bo(t) and ap(6(t)) < v < Bo(0(t)), t € I}. Assume
that f, h, ¢, ¥ € C?[Q, R]| satisfying
(1) D;f(t, =, y) + D;o(t, x, y) >0, V (¢, z, y) € L and Vi =2, 3.
(2) D;h(t, x, y)+ Dap(t, xz, y) >0, V (¢, z, y) € Q and Vi=2, 3.
(3) D;, ;i f(t, z, y)+ D; jo(t, x, y) >0, V (¢, z, y) € Qand Vi, j =2, 3.
(4) D; jh(t, x, y)+ D; ;B(t, =, y) <0,V (t, z, y) € Qand Vi, j =2, 3.
(5) ¢(t, z1, y1) +¥(t, 21, y1) = O(¢, @2, Y2) + (¢, T2, 92),

Y (t, x1, Y1), (t, T2, y2) € Q such that z1 < x5 and y; < ys.
Further, assume that oy and By are weakly coupled lower and upper solutions
of LBVP (7.5). If b < 0, then there are monotonic sequence of functions {c,}
and {B,} converging in (W, ||.|lo) such that r}Lrgoan and lim B, are solutions

n—oo

of the LBVP (7.5).
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Proof. Similar to the proof of the Theorem 7.4.3. n

Next, we use extended-generalized quasilinearization method for obtaining
results on existence of solution for NLBVP of general first order DECD (7.3)
and for NLBVP of first order DEVDA (7.6).

Theorem 7.4.5. Let g : R? — R be a continuous function satisfying
g(t, ©) > g(t, y), V (t, x), (t, y) € R? such that v <y. Let ap, By € X
such that og(t) < Bo(t), Yt € [—r, T| and
Q= A{(t,u,v) : apg(t) < u < Bo(t) and ag(t —r) < v < Bo(t — 1), t € I}.
Assume that f, h, ¢, ¢ € C*[Q, R| satisfying
(1) D;f(t, =, y) + D;o(t, x, y) >0, V (¢, z, y) € QL and Vi =2, 3.
(2) D;h(t, x, y) + Dap(t, =, y) >0, V (¢, z, y) € Q and Vi =2, 3.
(3) D;, ;i f(t, x, y)+ D; jo(t, x, y) >0, V (¢, z, y) € Qand Vi, j =2, 3.
(4) D; jh(t, x, y)+ D; ;B(t, =, y) <0,V (t, z, y) € Qand Vi, j =2, 3.
(5) o(t, z1, y1) +¥(t, 21, y1) = O(¢, T2, Y2) + (¢, T2, 92),

Y (t, x1, Y1), (t, T2, y2) € Q such that z1 < x5 and y; < ys.
Further, assume that oy and By are weakly coupled lower and upper solutions
of NLBVP (7.3). Then there are monotonic sequence of functions {a,} and
{Bn} converging in (X, ||.||s) such that T}Lrgoan and lim (3, are solutions of

n—oo

the NLBVP (7.3).

Proof. Let F(t, x, y) = f(t, =, y) + o(t, =, y), V (t, z, y) € Q and
H(t, z, y) = h(t, z, y) + (¢, z, y), V (¢, z, y) € Q.
It is assumed that D; ;f(t, =, y) + D; ;0(t, =, y) >0, V (¢, z, y) € Q and
Vi j=2 3.
Therefore f(t, x1, y1) 2 f(t, T2, y2) — O(t, x1, y1) + O(¢, T2, y2)
+ [D2f (¢, 22, y2) + D20(t, 2, y2)](21 — 22)
+ [Dsf(t, 2, y2) + D3d(t, 2, y2)l(y1 — ¥2),

Y (t, x1, y1), (t, T2, yo) € Q such that x1 > xo and y; > yo.



263

It is also assumed that D; ;h(t, =, y) + D; ju(t, =, y) <0, V (¢, z, y) € Q
and V¢, 7 = 2, 3. Therefore
h(t, z1, y1) 2 h(t, 22, y2) — ¥(t, 21, 1) + UL, 22, o)
+ [Dah(t, @1, y1) + Doto(t, @1, y1)|(z1 — 22)
+ [Dsh(t, 1, y1) + Da(t, z1, yi)l(yr — v2),
Y (t, 1, y1), (t, T2, yo) € Q such that x1 > xo and y; > yo.
Let puy = " IJ}%}I)]EQ[DQh(t7 u, v) + Dotb(t, u, v)] and
o = (tvlul’lig)leﬂ[Dgh(t, u, v) + D3(t,u,v)]. Then, py > 0 and pg > 0.
So we have
h(t, z1, y1) = h(t, x2, y2) —P(t, 21, y1) +¢(t, 22, y2)
+ pa (@1 — 22) + pa(yr — v2),
Y (t, 1, y1), (t, T2, yo) € Q such that x1 > xo and y; > yo.

Thus

f(t @y, y1) + it @1, y1) = f(E @2, y2) + h(E, 22, y2) + 6(t, 22, 32)
TU(t, 22, y2) — Ot 21, Y1) — (L, @1, Y1)
+ [Daf (8, w1, y1) + Dagd(t, 21, y)(w1 — 22)
+ [Dsf(t, 21, 1) + D3d(t, 21, y1)l(y1 — v2),

+ (1 — z2) + p2(yr — y2),

Y (t, x1, y1), (t, T2, yo) € Q such that x1 > xo and y; > yo.
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Since ag, Py € X are weakly coupled lower and upper solutions of NLBVP
(7.3), we have

Loaj(t) + Aao(t) < f(t, ao(t), ao(t — 1)) + h(t, ao(t), ag(t —1)), tel
2. Bo(t) + ABo(t) = f(t, fo(t), Bo(t —7)) + h(t, Polt), Bolt —7)), t €1,
3. ag(t) < ag(0), t € [—r, 0],

4. Bo(t) = Bo(0), t € [—r, 0],

B. ap(t) < [

ao(T)), g(ao(0), Bo(T))}
), ao(T)), 9(Bo(0), Bo(T))}-
As g(t, ) > g(t, y), V (¢, x), (¢, y) € R? such that = < y, we have
max{g(ao(0), ao(T)), g(ao(0), (1))} = g(ao(0), ao(T)) and
min{g(5o(0), ao(T)), 9(6o(0), Bo(T))} = 9(Bo(0), fo(T)).
), ao(T)) <0 < g(Bo(0), Bo(T)).
Also, as ag, [y € X, we have og(t) = ap(0), ¥t € [—r, 0] and
Bo(t) = Bo(0), YVt € [—r, 0]
Now, starting with the NLBVP

6. max{g(a(0
< 0 < min{g(fo(0

This implies g(a(0

)

y'(t) + Ay(t) = f(t, aolt), ao(t —r)) + h(t, aolt), ao(t — 1))
+o(t, ao(t), ap(t — 1)) + (1, ao(t), ag(t —1))
—o(t, y(@), y(t —r)) —(t, y@t), y(t —r))
+ Do f(t, ao(t), ao(t —7))[y(t) — ao(t)]
+ D2g(t, ano(t), aolt —7))[y(t) — ao(t)]
+ Dsf(t, ao(t), aglt — )yt —r) — ag(t —1)] (7.23)
+ Dso(t, aolt), ao(t —r))[y(t —r) — aolt — )],
+paly(t) — ao(t)] + poly(t —r) — aolt — )],

tel,
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and proceeding similarly along the proof of the Theorem 7.4.1, we get a mono-
tonic increasing sequence of functions {«,} C X such that a,, < fy, Vn € N
on [—r, T] and
A1 (B) + Aanga (B) = f(t, an(t), an(t = 1)) + h(t, an(t), an(t — 7))
+ a(t, an(t), an(t — 1)) + B(t, an(t), an(t — 1))
— a(t, anpa(t), anga (t = 7)) = B ana (1), anga (t = 7))
+ Do f (t; ot = 1), an(t = 7)) |an1(t) — an(t)]
+ Dyt an(t), o (t = 7))o (1) — an(t)]
+ D3 f(t, om(t), an(t = 7)) ona(t —7) — an(t —7)]
+ Dsa(t, an(t), an(t — 7)) [ani1(t — 1) — an(t — 1)
+ palana (8) = an(t)] + polan (t =) — an(t — 7)),
tel,

Qpt1(t) = ant1(0), t € [—r, 0],

ac,+1(0) + b, 11 (T) = 0.

Further lim «, exists in (X, ||.||x) and lim «, is a solution of the NLBVP
(7.3).
Let 6 = min [Dyf(t, u, v) + Dag(t, u, v)] and

(t, u, v)EQ

Oy = ( miI)l Q[Dgf(t, u, v) + D3¢(t, u, v)]. Then 6; > 0 and 0y > 0.
t,u, v)€

This implies f(t, x1, y1) > f(t, @2, y2) — &(t, 1, 1) — O(t, 22, Y2)

+ 01 (21 — x2) + O2(y1 — y2),

Y (t, x1, y1), (¢, x2, y2) € Q such that x1 > x9 and y; > yo.



So we have

f(t, x, y1) + h(t, z1, 11) > f(t, 22, y2) + h(t, 22, Y2) + O(t, 2, yo)
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+(t, @2, y2) — O(t, T1, y1) — (L, 21, 11)
+ 01 + Daoh(t, @1, y1) + Datp(t, 21, y1)|(v1 — 22)

+ 02+ Dsh(t, 1, y1) + Ds(t, z1, y1)](y1 —y2),

Y (t, 21, 1), (t, T, y2) € Q such that z; > z, and 1 > 3.
Next, begining with the NLBVP
Y1)+ Ay(t) = f(t, Bo(t), Bo(t — 1))+ h(t, Bo(t), Bolt —r))
+o(t, Bolt), Bolt — 1)) + (L, Bolt), Bolt —7))
—o(t, y@t), y(t —r)) —v(t, y@t), y(t —r))
+ Dah(t, Bo(t), Bolt —r))[y(t) — Bo(t)]
+ Dap(t, Bo(t), Bolt —r))[y(t) — Po(t)]
+ Dsh(t, Bo(t), Polt —r))[y(t —r) = Bolt — )]
+ Dat(t, Bo(t), Bolt —r))[y(t —r) = Bolt —7)]
+01[y(t) — Bo(t)] + ba[y(t — 1) = Bo(t — 1),

tel,

3

/

(7.24)

and proceeding similarly along the proof of the Theorem 7.4.1, we get a mono-

tonic decreasing sequence of functions {f,} C X such that ap < f,, Vn € N

on [—r, T] and
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Bra(t) + ABnia(t) = f(t, Bu(t), Bult = 1)) + h(t, Bu(t), Bult — 1))
+ Ot Bult), Bult —7)) +U(t, Bult), Bult —1))
— O(t, Prra(t), Bra(t = 1)) = 0(t, Buyr(t), Pt — 7))
+ D2h(t, Bu(t), Bu(t —7))[Bnsr(t) — Bu(t)]
+ Dotp(t, Bn(t), Bt —7))Bnsa(t) — Bu(t)]
+ Dsh(t, Bu(t), Bn(t = 7)) [Pa(t —7) = Bult —7)]
+ Dgp(t, Bult), Bu(t =) [Puta(t —7) = Bult —7)]
+ 01841 (t) = Bu()] + O2[Bria (t — 1) — Bult —7)],
tel,
Prt1(t) = Bni1(0), t € [=r, 0O,

9(Bn+1(0), Bnya(T)) = 0.

Further lim f, exists in (X, ||.||s) and lim 3, is a solution of the LBVP
n—o0

n—>00
(7.2). O
Theorem 7.4.6. Let g : R? — R be a continuous function satisfying
g(t, ) > g(t, y), V (t, ©), (t, y) € R? such that v < y. Let ap, By € W
such that ag(t) < Bo(t), YVt eI and
Q={(t,u,v) : ap(t) <u < By(t) and ap(8(t)) < v < Bo(0(t)), t € I}. Assume
that f, h, ¢, v € C?[Q, R]| satisfying
(1) Dif(t, =, y) + D;o(t, x, y) >0, V(t, z, y) € QL andVi=2, 3.
(2) D;h(t, x, y)+ Dp(t, =, y) >0, V (¢, z, y) € Q and Vi=2, 3.
(3) Di i f(t, x, y)+ Dj j0(t, x, y) >0,V (¢, 2, y) €EQand Vi, j=2, 3.
(4) D;. jh(t, x, y) + D; ;5(t, =, y) <0,V (¢, z, y) € Qand Vi, j =2, 3.
(5) ot m1, y1) +(t, @1, y1) = O(E, @2, y2) + Y (22, 92),
Y (t, x1, Y1), (L, X2, y2) € Q such that x1 < xo and y; < Y.

Further, assume that o and By are lower and upper solutions of NLBVP (7.6).
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Then there are monotonic sequence of functions {a,} and {B,} converging in

(W, ||-|lo) such that lim o, and lim 8, are solutions of the NLBVP (7.6)
n—oo n—oo

Proof. Similar to the proof of the Theorem 7.4.5. O



Chapter 8

SECOND ORDER
DIFFERENTIAL EQUATIONS
WITH DEVIATING
ARGUMENTS

Some content of this chapter is published [see P5].
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8.1 Introduction
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In previous chapters we studied BV Ps for first order DECD and first order DE-

VDA. In this chapter, we investigate BVPs of second order DECD and second

order DEVDA for existence of solution using Schauder’s Fixed Point Theorem

and Banach Fixed Point Theorem. We also employ method of lower and upper

solutions to prove our results on existence of solution between lower and upper

solutions for BVPs of second order DECD and second order DEVDA.

Leta, b, 71, 2 € R, T>0,A>0,1=[0, T],0<r<Tandf:I— I be

continuous. Then the BVPs for second order DECD under investigation are

)

y'(t) = f(t, y(t), y(t —7r), y'(t)), t €1,
y(t) =a, t € [-r, 0],

y(T) +y(T) = .

Y'(t) + iy (1) +yyt) = f(t, y(t), y(t —7), ¥'(t), t €1,
y(t) =a, t € [-r, 0],

y(T) +y(T) =b.

)

y'(t) = f@t, y(t), y(t—r), (1), L€,

y(t) =0, t € [—-r, 0],

y(T) +y(T) = .

(8.1)

(8.2)

(8.3)



The BVPs for second order DEVDA under investigation are

y'(t) = f(t, y(t), y(0(1), ¥'(1)), t €1,

\
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(8.4)

(8.5)

(8.6)

(8.7)



y'(t) +ny'(t) +yyt) = f(t, y(t), y(0)), y'(t)), t €1,

3\
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(8.9)

(8.10)

(8.11)

(8.12)

(8.13)

(8.14)
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We shall need the following lemmas to prove our results on existence of

solution for the above BVPs. We state them without proofs.

Lemma 8.1.1. Let L : X — Y x R? be an operator defined by

Lly(®)] = (u(t), y(0), y(T)), where

Then
1. L: X =Y xR? is a continuous linear operator.
2. L7 Y x R? — X exists and is a continuous linear operator.

Lemma 8.1.2. Let f: I x R? — R be continuous, g* : R® — R be

continuous and h* : R — R be continuous. Let Q : X — Y x R? be defined by

Qly()] = (v(t), g*(y(0), ¥'(0), ¥'(T)), h*(y(0))), where

0; —r<t<0
U(t) = t
[ f(s, y(s), y(s —r))ds; 0<t<T.
0

Then Q : X =Y x R? is continuous and compact.

Lemma 8.1.3. Let f: I x R? = R be continuous, g* : R* — R be

continuous and h* : R — R be continuous. Let Q : X — Y x R? be defined by
Qly(®)] = (v(t), g"(y(0), ¥'(0)), h*(y(0))), where
0; —r<t<0

v(t) = t7
Off(é% y(s), y(s—r))ds; 0<t<T.

Then Q : X —Y x R? is continuous and compact.
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Lemma 8.1.4. Let f: I x R? — R be continuous, g* : R* — R be

continuous and h* : R — R be continuous. Let Q : W — V x R? be defined by

Qy(t)] = (v(t), g"(y(0), ¥'(0), y'(T)), h*(y(0))), where

v(t) = ftf(s, y(s), y(0(s)))ds, t € I. Then Q : W — V x R? is continuous
0

and compact.

Lemma 8.1.5. Let f : I x R? = R be continuous, g* : R? — R be
continuous and h* : R — R be continuous. Let Q : W — V x R? be defined by
Qly(t)] = (v(t), g"(y(0), ¥'(0)), h*(y(0))), where

v(t) = Oftf(s, y(s), y(0(s)))ds, t € I. Then Q : W — V x R? is continuous

and compact.

8.2 Existence Theorems using Banach Fixed
Point Theorem

In this section, we estabish results on existence of solution to some of the above
BVPs using Banach fixed point theorem. We first define the solution of the

BVP (8.1).

Definition 8.2.1. A function y : [—r, T] — R is said to be a solution for
BVP of second order DECD (8.1) if

1. y e Cl[-r, T), R] and y € C*[I, R].

2. y"'(t) = ft, y(t), y(t —7), ¥'(¥), t € L.

3. y(t)=a, t€[-r 0.

4 y(T)+y(T) =0

Similarly, we can give definitions of solution for other BVPs of second order

DECD.
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Definition 8.2.2. A function y : I — R is said to be a solution for BVP of
second order DEVDA (8.8) if

1. y e C*, R.

2 () = £(t, y(t), y(OW)), y'(1), tel.

3. y(0) = a.

4. y(T) +y'(T) =b.

Stmilarly, we can give definitions of solution for other BVPs of second order

DEVDA.
We need following lemmas and we state them without proofs.

Lemma 8.2.1. A function y : [-r, T| — R is a solution of the BVP (8.1) iff

y satisfies

y(t) = (8.15)

(8.16)

Lemma 8.2.2. A function y: I — R is a solution of the BVP (8.8) iff y

(b—a)t
14+7T

T
satisfies y(t) = a + + /G(t, s)F(s; y)ds, t € 1, (8.17)
0

where G(t, s) is given by (8.16) and F(t; y) = f(t, y(t), y(0(t)), ¥'(t)),
Vtel.

We have the following existence theorem for BVP(8.1).
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Theorem 8.2.3. Let pu; >0, pg > 0, uz > 0, p = max{u1, po, us} such that

6uT (2T + 1) +9uT < 1. Let f: I x R® = R be continuous and satisfy

|f(t7 T1, Y1, Zl) - f(tv T2, Y2, 22)| S ,LL1|$1 - aj?l +,U2|y1 - y2| + M3|Zl - 22|,

Y (t, @1, y1, 21), (t, T2, Y2, 22) € I x R®. Then the BVP (8.1) has a unique

solution y € E.

Proof. Let Ly = 6uT (2T + 1) and Ly = 9uT'. Then L = Ly + Ly < 1.

Let J : E — E be a mapping defined by

;

\

a, —r <t <0
(8.18)

a+’i+‘¥t+fGt $)F(s; y)ds, 0<t<T,

where G(t, s) is given by (8.16) and F(t; y) = f(¢t, y(t), y(t —7r), ¥'(t)),

Vtel.

For 0 <t < T, we may also express J[y(t)] as

T t

/ (s; y)ds + /(t—s)F(s; y)ds.

0

Jlyt)] =

t

T
—i—/ T F(s; y)ds + /F(s; y)ds.
0

0

Therefore J'[y(t)] =

We show that J : E — FE is a contraction.

Let w, z € E be arbitrary.
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Let —r <t < 0. Then
[Jw(®)] = J[z@)]| = |la — a] =0 < Lid(w, 2).
Let 0 <t <T. Then

| Jw(®)] = J[=@)]|

< /|G(t> SIIf (s, w(s), w(s —r), w'(s)) = f(s, 2(s), 2(s —r), 2'(s))lds

< GG, s){mlw(s) = 2(s)| + palw(s —7) = 2(s = 1) + psfw'(s) — 2'(s)[}ds

Ot — 5

T
< Budoo (w, z)/\G(t, s)|ds
0

= 3udoo(w, 2){ |G(t,s)|ds+/|G(t,s)|ds}

Lo~

T

_3“dT+1 { st+sT+sds+/(st+tT+t)ds}

0 t
d T T
< 3 {/ (2T2+T) ds+/2T2+T)ds}

0 0
T

= 6udso( /2T—|—
0

=6pT (2T + 1)d(w, z) = Lide(w, 2).

Therefore sup |J{w(t)] — J[z(t)]] < Lide(w, 2). (8.19)
te[—r, T
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For 0 <t < T, consider

| [w(®)] = 'zl

+ /{mlw(S) — 2(8)| + palw(s — ) = 2(s = ) + psfw'(s) = 2'(s)[}ds

< 3l (w, 2)

(

N w

T
+ 1)ds + 3,udoo(w,z)/ds
0

Tt — g T —

T
< 6udoo(w, z) [ ds + 3,udoo(w,z)/ds
0
= 9uTd(w, z)
= Lody(w, 2).
Therefore sup |J'[w(t)] — J'[2(t)]] < Ladw(w, 2). (8.20)
te[—r, T

Adding inequalities (8.19) and (8.20), we get d(Jw, Jz) < Ldo(w, 2),
Vw, z€ Fand L < 1. Therefore J : EF — FE is a contraction mapping. Thus

J has a unique fixed point y € E. Hence y is a unique solution of the BVP
(8.1). m

Next we prove the result for BVP(8.8).
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Theorem 8.2.4. Let p; >0, pg > 0, us > 0, p = max{u1, po, us} such that
6uT (2T + 1) +9uT < 1. Let f: I x R® = R be continuous and satisfy

|t @1, y1, 21) = f(E @2, Y2, 22)| < palwr — @2 + polyn — yo| + palzr — 22,
V (¢, z1, Y1, 21), (t, T2, Yo, 22) € [ Xx R®. Then the BVP (8.8) has a unique

solution y € U.
Proof. Similar to the proof of the Theorem 8.2.3. m
Following corollary gives the existence result for BVP(8.2).

Corollary 8.2.5. Let u1 >0, s >0, uz > 0 and

= max{p + |nl, po, s+ 12|} such that 6T (2T + 1) + 9uT < 1.

Let f: I x R® — R be continuous and satisfy

|f(t @1, g, 21) = [ @2, g, 22)| < palwy — @o| + pofyr — yo| + psl21 — 2,
YV (t, T, y1, 21), (t, T2, Y2, 22) € I x R®. Then the BVP (8.2) has unique

solution y € E.

Proof. Let F*(t, u, v, w) = f(t, u, v, W) — YU — Yw,
V(t, u, v, w) € I x R3.

Consider the BVP given by

\

y'(t) = F*(t, y(t), y(t —r), ¥'(t), t €,
y(t) =a, t € [-r, 0], (8.21)

y(T) +y(T) =b.

Let (t, uy, vi, wy), (¢, Uz, vo, we) € I x R3 be arbitrary. Then

|F*(t, w1, vi, wy) — F*(t, ug, va, wy)|

= |f(t, u1, vi, w1) — UL — Yowy — f(t, U, va, wa) + Y1Us + Yows|

< |[f(t, ur, vi, wi) = f(t uz, va, wo)| + |7illur — ua| + [y2f|wr — ws

< (p1 + [ ur = ug| + palvr — va| + (p3 + y2)[wr — wa.

Therefore by applying Theorem 8.2.2, we conclude that the BVP (8.21) has

unique solution y € E.



280

So we have

)

y'(t) = f(t, y(t), yt —7), y'(t) —ny(t) — vy (), t €,

y(t) =a, t € [-r, 0],

y(T) +y/(T) = b.

Hence y is unique solution of the BVP (8.2). O
Next we obtain the result for BVP(8.9).

Corollary 8.2.6. Let 1 >0, o >0, ps > 0 and
p o= max{ps + |vl, g2, s+ ||} such that 6pT (2T + 1) + 9uT < 1. Let
f:IxR3— R be continuous and satisfy

|f(Es z1, y1s 21) — [t 22, Y2, 22)| < |z — 2| + pralys — Yol + pialzn — 2,
Y (t, x1, y1, 21), (t, @9, Y2, 22) € I x R3. Then the BVP (8.9) has unique

solution y € U.

Proof. Similar to the proof of the Corollary 8.2.5. [

8.3 Existence Theorems using Schauder’s Fixed
Point Theorem
In this section, we estabish results on existence of solution to the BVP (8.3)

using Schauder’s fixed point theorem. We break down our main theorem into

two lemmas.
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Lemma 8.3.1. Let f : I x R* = R be continuous. Then N :Y —Y

0, —r<t<0,
defined by Ny(t)] =
T
o7+ OfG(t s)F(s; y)ds, 0<t<T,

is continuous, where G(t, s) is given by (8.16) and

E(t; y) = [t y(@), y(t =r), y'(1)), Vel

Proof. For 0 <t < T, we may express N[y(t)] as

T

Nly(t)] 1+T+/1—|—T t1F(s; y)ds—I—/(t—s)F(s; y)ds.

t

T
b 5
Therefi ! = — —1 ; F(s; :
erefore N'[y(t)] 7T +/[1+T |F(s; y)ds + / (s; y)ds
0 0

Let {y,} be a sequence in (Y, ||.||o) such that y, — y in (Y, ||.||c)-

Then ||y — y||oc = 0 as n — oo. Therefore y,, — y uniformly on [—r, T] and

yr, — 4 uniformly on I.

ie sup |yn(t) —y(t)| = 0 as n — oo and sup |y, (t) — y'(t)| = 0 as n — oc.
te[—r, T] tel

Let v, = Ny, and v = Ny. We prove that v, — v in (Y, ||.||e). We

first show that v, — v uniformly on [—r, T].

Let € > 0 be arbitrary. Since y,, — y uniformly on [—r, T, y, — y uniformly

on I. Therefore y,(t —r) — y(t — r) uniformly on I.

This implies f(t, yn(t), ya(t — 1), ¥, (8)) = f(t, y(t), y(t — 1), ¥'(1))

uniformly on I as f: I x R® — R is continuous.

Therefore 4 ng € N such that

[F(E yn(t), yn(t = 1), yn(8)) = f(E, (@), y(t —7), ()] < 572,

Vn>ngandVitel.
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ie |F(t; yn) — F(t; y)| < g, VR >ngand Vit € I
Let —r <t < 0. Then

lun(t) —v(t)] =0<e¢, Vn>ngand Ve |[—r 0. (8.22)

Let 0 <¢ <T. Then

T T
t) = o0 = | [ Gt 9F(s: s — [ Gt )F(s: s
0 0
So we have
T
o) / (t, $)|F(s: y) — F(s: y)lds
0

8T2/|Gt s)|ds
8T2{/|Gt s |ds—|—/|Gt s)|ds}

€ st
- 8T2{/’1+ _S|d5+/

T
8T2{ / 2Tds + / 2Tds}
0

== <e€.

Therefore |v,(t) —v(t)| <€, Yn>npand Vit e I. (8.23)

Thus from (8.22) and (8.23), we conclude that, |v,(t) —v(t)] < €, ¥V n > ng
and V t € [—r, T]. This implies v, — v uniformly on [—r, T7.

We next show that v, — v’ uniformly on I.
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Let € > 0 be arbitrary.
Since F(t; y,) — F(t; y) uniformly on I, 3 ng € N such that
\F(t; yn) — F(t; y)| < g5, Vn>ngand Vel

Let 0 <t <T. Then

) = (01 < [ 1 = UIPs: ) = Fss g)lds

+/\F(3; yn) — F(s; y)|ds.

So we have

0 0) =0 < [ 17 = UIP(s: ) = Flss o)lds
+/|F(8; yn) — F(s; y)lds
< [+ VIFGss ) = Flsi lds+ [ 1F(st ) = Flss o)lds

<2 [|Fsi o) = Flsi plds+ [ |Plsi ) = Flsi w)lds

[en]

Therefore |v),(t) —v'(t)| <€, Vn>mngand Vit € I.

This implies v/, — v uniformly on I.
So we have v, — v uniformly on [—r, T] and v/, — v’ uniformly on /.
Therefore v, — v on (Y, ||.||c0)- 1.6 Ny, = Ny on (Y, ||-||sc)-

Hence N : Y — Y is continuous. O
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Lemma 8.3.2. Let f : I xR3 — R be continuous and bounded. Let N : Y —Y
be defined by

/

0, —r<t<0,

Nly(t)] =

T
o7 +bfG(t, s)F(s; y)ds, 0<t<T,
\

where G(t, s) is given by (8.16) and F(t; y) = f(t, y(t), y(t —r), ¥'(1)),
Vit el Then N(Y) is bounded subset of (Y, ||.|lc) and N : Y — Y is

compact.

Proof. Since f : I x R* — R is bounded, 3 M > 0 such that
lf(t, u, v, w)| < M, V(t, u, v, w) € I x R3.

For 0 <t < T, we can express N[y(t)] as

Nl = 11+ [l ~ PG wds + [ 9F(s: s
Therefore N'[y(t)] = HLT + /[1 j T~ 1|F(s; y)ds + /F(S; y)ds.

We first show that N(Y) is a bounded subset of (Y, ||.||~)-
Let y € Y be arbitrary.

If —r <t <0, then |N[y(t)]| =0 < [b|] +4MT?.

Let 0 < ¢ <T. Then

T t
LI . /
< o . o .
Nl < 20 [ 1 = dIEGs wlds + [ 1= slIF(ss y)las
0 0
T T
t
<lbl+ [GE+0IFGs wlds + [0+ 9)IF(s lds
0 0

T T
< |b] +2TM/ds + 2TM/ds: b + 4MT?.
0 0
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Therefore |N[y(t)]| < |b| + 4MT? ¥Vt € [—r, T] and

sup_ [N[y(t)]| < o] + 4MT?.
te[—r, T]

Now for 0 <t < T, we have

T t
b s
Nl < T2+ [ = s s + [ 176 s
0 0

T T
0] s . .
0 0

IN

Therefore

T T
N [y(1)]] < g+2M/ds + M/ds
0 0

b
:%+3MT, Vtel

1ol
T

So we have sup |N'[y(t)]| < 2 +3MT. Thus

tel

INylloo = sup_[N[y(®)]| + sup [N'[y(1)]]

te[—r, T tel

b
< |b| +4MT? + LT| +3MT.

Hence ||Nylloo < [b] +4MT?2 + Y 4+ 3MT, Yy e Y.

This shows that N(Y') is bounded subset of (Y, ||.||co)-

Next we show that N : Y — Y is a compact operator.

Let {y,} be a bounded sequence in (Y, ||.||o) and let v, = Ny,,.

Since N(Y') is a bounded subset of (Y, ||.||s); {vn} is & bounded sequence
in (Y, ||.||cc). Therefore {v,} is uniformly bounded on [—r, T] and {v}} is
uniformly bounded on I.

Claim 1:- {v,} is equicontinuous on [—r, T].

Let ty € [—=r, T] and € > 0 be arbitrary.
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CASE 1.1:- Let tg = —r. Choose § = min{Z, €}.

Then, for —r <t < —r+746, |v,(t) —va(to)| =0 < e.

This implies {v, } is equicontinuous at ty = —r.

CASE 1.2:- Let ty = 0. Choose § = min{%, WG}.

Let t be such that |¢t| < d. If t <ty then |v,(t) — v, (to)] =0 < e.

Let t > ty. Then

[un () — vn(to)]

T

|0 t] / st /

< —tl|F(s; yn)ld t — s||F'(s; yn)|ds.

< 12— 1P lds + [ 1t = sl1F(s: wo)lds
0 0

Therefore

[0alt) = valto)]
< 4 / DI wlds + [ (¢4 9P (s w)lds

0

'by' +2M|t|/ds + QTM/ds

bl|¢
’;’ +AMTY|
_ (yb\ +4MT?
T
|b| +4MT? T _
< )@

)6

Therefore |v,(t) — v, (to)| <€, V¢ such that || < 9.
This implies {v,} is equicontinuous at ¢ty = 0.
CASE 1.3:- Let to = T. Choose § = min{Z, |IJIJF%G}

Let t besuch that T —d <t <T.
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Then

[V (t) — vn(to)| = |vn(T) — vn(t)]
N 1+T +/
+ /(T— F(s: ya)ds — /(t—s)F(S' y)ds|

+ |/(T— S)F(s; yn)ds + /(t—s)F(s7 Yn)ds|
T —

[F(s; yn)ds

t

| /\

DIF(s; yn)lds

’ﬂl%

t

D ¢ onmr(r—1)

T

T
T 0
+ I/TF(S; Yn)ds + /tF(S; Yn)ds — /SF(S; Yn)ds|
t

t

2MT(T —
0 o -
T 0 T
+ |/TF(3; yn)ds + /tF(s; yn)ds| + /S\F(s; Yn)|ds
0 t
T

t
T

< ’b|<T ) +3MT(T —t) + ]/TF(S; Yn)ds
+ /tF(s; Y )ds|
T =D snrper — o)

T
T T
+ |/TF(3; Yn)ds — /tF(s; Yn)ds
0

0

0
T

+ /tF(s; Yn)ds + /tF(s; Y )ds|.
0
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Therefore
T

+3MT(T —t) + | /(T —t)F(s; yn)ds
0

bI(T" — 1)

[un(t) — va(to)| = T

T

+ /tF(S; Yn)ds|

t

T T
b(T -1
< | ’(T )+3MT(T—t) + M(T—t)/ds + MT/ds
0 t
T —
SMMMT(T—t)
|b| + 5MT*?
—)6
< ()
b| + 5MT*? T
< =
_< T )(|b|—|—5MT2)€

Thus |v,(t) — va(to)| <€, Vit such that T —§ <t <T.

This implies {v,} is equicontinuous at ¢ty = 7.

CASE 1.4:- Let —r <ty < 0. Choose § = min{ty + §

Then |v,(t) — v,(to)| = 0 < €, ¥V t such that |t — tg| < e. This implies {v,} is

equicontinuous at ty, where —r <ty < 0.

CASE 1.5:- Let 0 < to < T. Choose § = min{¥§, %5, priyme}-

Let t be such that |t — tg| < 6. Then

— 1]F'(s;
o (s gn)ds

T
t—t
o (t) — on(to)] = |2 T0) / 1)
0
t

+ /(t— $)F(s; yn)ds — f(to — $)F(s; yn)ds

0

T
bl|t — t
< LTM + |t—t0|/(% + DIF(s; yn)lds
0

t

+ ]/(t — $)F(s; yn)ds + /(to — $)F(s; yn)ds|.

0 to
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bl|t —¢
TETRS

0

¢ ¢

+ |/tF(s; Yn)ds + /tOF(S; Yn)ds| + |/S|F(s; Yn)|ds|
0 to to

_ bl =t

SMT|t —t
T + | 0|

t t

T / (P (s yo)ds — / foF(s; yo)ds
0
0

0
t
+ /toF(s; Yn)ds +/toF(ss Yn)ds|
0

to

_ blit— 1ol

t
= T 3MTIt—to| + !/(t—to)F(s; Yn)ds
0

t

+ /toF(3§ Yn)ds|

to

T
bllt — ¢
< sz\mt—m + yt—to\/IF(s; Yn)lds
0

t
+ / ol F(s: yn)lds]
to

T t
bt —t
< [blft = tol - ol +3MT|t — to| + M]t—to!/ds + MT!/dS\
0 to
bt —t
< M+5MT\t—to|
|b| + 5MT*?
<
b + 5MT? T
< = €&

Therefore |v,(t) — v, (to)| <€, V¢ such that |t — ¢y < J.

This implies {v, } is equicontinuous at o, where 0 < tg < T

Hence, from CASE 1.1 - CASE 1.5, we may conclude that {v,} is

equicontinuous on [—r, T'] uniformly.
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Now using Arzela-Ascoli’s lemma, {v,} has a uniformly convergent
subsequence {v(,, )} converging uniformly to v on [—r, T7.

i.e V(n, m) — v uniformly [—r, 7] as m — oo.

Since each v(,, ) is continuous on [—r, T, v is continuous on [—r, T.

As {v,} and {v},} are uniformly bounded on [—r, T] and I respectively,

{v@, m} and {v{, ,,} are uniformly bounded on [—r, T] and [ respectively.

/

Let Zm - /U(TL7 m).

Claim 2:- {z,,} is equicontinuous on / uniformly.
Let ty € I be arbitrary and € > 0 be arbitrary.
CASE 2.1:- Let tp = 0. Choose § = min{%, <}.

Let ¢t be such that 0 < ¢ < §. Then

anlt) = 2mlta)] = | | F(s5 g0 m)ds

t
< / IF(8: oo mo)lds
0

gM/ds—tM<M5§e.

Thus |zm(t) — zm(te)] < €, V t such that 0 < ¢t < §. Therefore {z,,} is
equicontinuous at ty = 0.

CASE 2.2:- Let to = T. Choose § = min{%, <}

Let t be such that T'— § < ¢t < T. Then

[2m(t) = zm(to)| = |2m(T) = 2m(1)]

t

T

/ S5 Y(n, m) dS - /F<Su y(n,m))dsl
0 0
/T

F(8; Y(n, m) \ds<M/ds— (T —t)M < Mé <e.
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Thus |2,(t) — zm(to)| <€, Vitsuch that T —d <t <T.

Therefore {z,,} is equicontinuous at ty = 7.

CASE 2.3:- Let 0 < to < T. Choose § = min{%, Lo <}

27 2

Let t be such that |t —tg| < . Then

to

t
om(t) — zm(to)] = | / F(s; Yo my)ds / F(s; Yonmy)ds]
0

0

¢
< [1FG: v m)lds
to
¢
SM/ds:M]t—to\ < Mé§ <e.
to

Thus |2,(t) — zm(to)| < €, V t such that |t — t] < 6.

This implies {z,,} is equicontinuous at tg, where 0 < to < T

Hence, from CASE 2.1 - CASE 2.3, we conclude that {z,,} is equicontinuous
on I uniformly.

i.e {v(, ,,} 18 equicontinuous on I uniformly.

Again making use of Arzela-Ascoli’s lemma, we may find a subsequence {/UEn m, p)}
of {v(,, .y} converging uniformly to u on /.

ie vgm myp) U uniformly on I as p — oo.

Since V(n, my — v uniformly on [—r, T as m — 00, V(y, i) — v uniformly on I

as m — oo. As {v(, ., ,

)} is a subsequence of {v(;, m)}, we may conclude that

U(n, m,p) — v uniformly on I as p — oo. Therefore v, ,,, ) — v uniformly

!/

(nmp) U uniformly on I as p — oo implies that v is

on [ as p — oo and v
differentiable on I and v' = u on I. Thus v(,, m, »y — v uniformly on [—r, T

as p — oo and UE — ¢" uniformly on I as p — co.

n, m, p)
i.e [|[Vn, m,p) = V||oc = 0 as p — oo.
Also {v(n, m, p} €Y and (Y, ||.||e) is @ Banach space implies that v € Y.

Therefore v, m, py = vin (Y, [|.||e). Thus { Ny, } has a subsequence { Ny, m, )}
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converging in (Y, ||.||o). Hence N : Y — Y is a compact operator. O

We now combine Lemma 8.3.1 and Lemma 8.3.2 to get the following the-

orem on existence of solution.

Theorem 8.3.3. Let f : I x R® — R be continuous and bounded. Then the

BVP (8.3) has atleast one solution.

Proof. Let N :Y — Y be defined by

,
0, —r <t <0,
Nly(t)] =
T
kli—tT + OfG(t, s)F(s; y)ds, 0<t<T,

where G(t, s) is given by (8.16) and

F(t; y) = f(t, y@t), yit —7r), y'(t), V¢ € I. Since f : I x R* — R is
continuous, N : Y — Y is continuous. (By Lemma 8.3.1)

As f: I x R® — R is continuous and bounded, N(Y) is bounded subset of
(Y, ||.]l~) and N : Y — Y is compact. (By Lemma 8.3.2)

Therefore by applying Schauder’s fixed point theorem, N : Y — Y has a fixed
point y € Y.

Thus y satisﬁes y(t) =0, t € [-r, 0], (T) +¢/'(T) = b and

y(t —1+T+f1+T Syd8+ft—sF(s;y)ds,t€].

Therefore y/(t) = 1+_T + f[H_LT —1]F(s; y)ds + ftF(s; y)ds, t € 1.

Since f: I x R® — R is gontinuous, y' is differentoiable on [ and

y'(t) = f(t, y(t), y(t —r), 2/(t)), t € I. Thus y € C[[-r, T], R] and
y € C?[I, R]. Hence y is a solution of the BVP (8.3). O

Next, we estabish existence of solution to the BVP (8.10) using Schauder’s
fixed point theorem. Again we may break down our main theorem into two

lemmas.
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Lemma 8.3.4. Let f: I x R* — R be continuous. Then N : V —V defined

T
by Ny(t)] = li—tT + [G(t, s)F(s; y)ds, t € I is continuous, where G(t, s) is
0

given by (8.16) and F(t; y) = f(t, y(t), y(6(t)), ¥'(¢), Vt el
Proof. Similar to the proof of the Lemma 8.3.1. n

Lemma 8.3.5. Let f : [ x R — R be continuous. Let N : V — V defined by

14T

T

Niy(t)] = & + [G(t, s)F(s; y)ds, t € I, where G(t, s) is given by (8.16)
0

and F(t; y) = f(t, y(t), y(0(t)), y'(t)), Vt € I. Then N(V) is a bounded

subset of (V, ||.|lo) and N : V — V' is compact.

Proof. Similar to the proof of the Lemma 8.3.2. O

Theorem 8.3.6. Let f : I x R> — R be continuous and bounded. Then the
BVP (8.10) has atleast one solution.

Proof. Similar to the proof of the Theorem 8.3.3. O

We shall illustrate Theorem 8.3.3 with the following example.
Example 8.3.1. Consider the following BVP

y"(t) = cos|y(t — g)], te ],\

y(t) = y(0), t € [, 0]

m ,, T
- 2)=1.
) +9 () J

y(

Herer =T =7%,1=[0, 3], f(t, u, v, w) = cosw,
V(t, u, v, w) € I x R® and b= 1.

Clearly f: I x R® — R is bounded and continuous.
Let 0 <t < 7. Then —5 <t — 5 <0.

].

This implies cos[y(t — )] =1, Vt € [0, 5]. Soy"(t) =1, ¥t € [0, F].

Therefore y(t — 5) =0, V¢ € [0,

o

2

Thus y(t) =y (0)t + 5, t € [0, 5] and ¢/(t) = y/(0) + ¢, t € [0, F].
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Substituting ¢t = 7 in above expressions of y(t) and y'(t) we get

—4r—72
y'(0) =% 8t—47r :
Hence y(t) = (8_8&;”2)75 + %, t € [0, %] is a solution to the given BVP.

8.4 Method of Lower and Upper Solutions

In this section, we prove existence of solution between lower and upper solu-
tions to BVPs of second order DECD and second order DEVDA. We first give
definitions of lower and upper solutions to BVPs of second order DECD and
second order DEVDA.

Definition 8.4.1. A function o : [—r, T| — R is said to be a lower solution
of BVP (84) if 1. a € C[[-r, T], R] and o € C?[I, R].

2. —=d"(t) + da(t) < f(t, at), alt—1)), t € 1.

3. at) = a(0), t € [-r, 0].

4 @'(0) > a/(T).

5. a0) =a(T).
Stmilarly we may give definitions of a lower solution for BV Ps of second order

DECD (8.5), (8.6) and (8.7).

Definition 8.4.2. A function 8 : [—r, T] — R is said to be an upper solution
of BVP (8.4) if 1. B € C[[~r, T), R] and B € C2[I, R].

2. =B"(t) + AB(t) > f(t, B(t), B(t—1)), t €.

3. B(t) = B(0), t € [-r, 0].

4. B'(0) < B/(T)

5. B(0) = B(T).
Similarly we may give definitions of an upper solution for BVPs of second

order DECD (8.5), (8.6) and (8.7).



295

Definition 8.4.3. A function o : I — R is said to be a lower solution of BVP
(8.11) if 1. a € C?[I, R].

2. —=d"(t) + da(t) < f(t, at), a(d(t))), t € 1.

3. a(0) >/ (T).

4. a(0) = a(T).
Stmilarly we may give definitions of a lower solution for BV Ps of second order

DEVDA (8.12), (8.13) and (8.14).

Definition 8.4.4. A function 5 : I — R is said to be an upper solution of
BVP (8.11) if 1. 8 € C*[I, R].

2. =p"(t) + AB(t) = f(t, B(1), B(O(1))), te L.

3. p(0) < B'(T)

4. (0) = B(T).
Stmilarly we may give definitions of an upper solution for BVPs of second

order DEVDA (8.12), (8.13) and (8.14).

We now establish the results on existence of solution between lower and

upper solutions for BVP of second order DECD (8.4) and (8.5).

Theorem 8.4.1. Let f : [ x R? = R be continuous and satisfy

f(t, uy, v1) < f(t, ug, v2), ¥V (¢, uy, v1), (¢, uz, v2) € I x R? such that
up < ug and vy < vy, Let a, [ be respectively lower and upper solutions of
BVP (8.4) such that a(t) < p(t), Y t € [—r, T|. Then the BVP (8.4) has

atleast one solution y € X such that a(t) < y(t) < B(t), Vit € [-r, T].
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Proof. Since «, 8 are respectively lower and upper solutions of BVP (8.4), we
have 1. —a”(t) + Aa(t) < f(t, a(t), a(t—71)), t € 1,

2. =p"(t) + AB(t) = f(t, B(t), Bt —r)), tel,
=«a(0), t € [-r, 0],

3
4. B(t :ﬁ(0)7 te [—T‘, O]a

Ot
Q\
=
W%
Q\
==

Let p: I x R — R be defined by

p(t, ) = max {a(t), min{z, B(t)}}, V (¢, x) € I xR,

Therefore a(t) < p(t, ) < B(t), V (t, ) € I x R.

Further p : I x R — R is continuous and bounded.

Let g* : R? — R be defined by

g (z, vy, 2) = p0, z+y—2), V(z, y, 2) € R% Then g* : R® - R is
continuous and bounded.

Let h* : R — R be defined by

h*(z) = p(0, =), Vz € R. Then h* : R® = R is continuous and bounded.

Let L : X — Y x R? be an operator defined by

Lly(t)] = (u(t), y(0), y(T)), where

07 _TStS()?

t
=y (t)+y(0)+ X [y(s)ds; 0<t<T.
\ 0

Then, by Lemma 8.1.1, we have

1. L: X —Y x R?is a continuous linear operator.

2. L7': Y x R? — X exists and it is continuous linear operator.



Let F* : I x R? — R be defined by

7

aft), at —r)),

z, alt —r)),

F*(t, z, y) =
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Then F*: I x R?2 — R is continuous and bounded.

Let @ : X — Y x R? be defined by

t

\ 0

[ EF*(s, y(s), y(s—r))ds; 0<t<T.

By Lemma 8.1.2, Q : X — Y x R? is continuous and compact.

Let S=L7'Q:X — X. Then S : X — X is continuous and compact.

Since F*, g* and h* are bounded, Z(X) is a bounded subset of (X, ||.||~)-

Therefore by Schauder’s fixed point theorem, S has a fixed point y € X.

This implies y(t) = y(0), V¢ € [—r, 0].

Also, for 0 <t < T we have y(t) = S[y(t)].

This implies L[y(t)] = Q[y(t)].
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t

ie[—y(t)+y(0)+ Aofy(s)ds, y(0), y(T)]

= [[ F*(s, y(s), y(s = r))ds, g"(y(0), y'(0), ¥'(T)), h*(y(0))].

0

Therefore

t

—y'(t) + 4/ (0) + )\/y(s)ds = /F*(s, y(s), y(s—r))ds, t €I,

[e=]

¢

Since F* is continuous on I x R?, [ F*(s, y(s), y(s —r))ds is
0

differentiable on I. Therefore y € C?[I, R|.

Thus .
—y"(t) + Ay(t) = F*(¢, y(t), y(t — 7)), t € I,

(8.24)

Therefore y € X is a fixed point of S iff y is a solution of the BVP (8.24).
We now show that a(t) < y(t) < B(t), Vt e [-r, T].

Since a(T) = a(0) < p(0,y(0)) < B(0) = B(T"), we have

a(T) < h*(y(0)) < B(T). This implies o(T) < y(T) < B(T).

Also as a(0) < p(0,y(0) +4'(0) — ¢/(T)) < 5(0), we have

a(0) < " (y(0), #(0), ¥ (T)) < A(0). Therefore a(0) < y(0) < A(0).

Thus a(t) < y(t) < B(t), Vte[-r 0].

Therefore it is enough to show that a(t) < y(t) < B(t), Vt € (0, T).

Let if possible y — /5 has a positive maximum at ¢; € (0, T').

Then y(t) > B(t), v/() = B/(t) and y(t) < B"(t1).
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Therefore —y”(t1) + \y(t1) > —p"(t1) + A\B(t1).

So we have f(t1, 8(t1), B(t1 — 1)) < F*(t1, y(t1), y(tr — 1)) (8.25)

CASE-1: Let y(t; —r) < a(t; — r). Then

ft, B(tr), Bt —r)) < F*(t, y(t1), y(t1 — 1))
= f(t1, B(t1), a(ti — 7))

< f(t1, B(t1), B(t1 —r)), which is a contradiction.

CASE-2: Let a(ty —r) < y(t; —r) < B(t; —r). Then

fty, B(tr), Bt — 1)) < F*(t, y(t1), y(t1 — 1))
= f(t1, B(tr), y(t1 — 7))

< f(t1, B(t1), B(t; —r)), which is a contradiction.

CASE-3: Let y(ty —r) > (ty —r). Then

f(t, B(tr), B(ti—1)) < F*(t1, y(t1), y(t1 — 1))

= f(t1, B(t1), B(t1 —r)), which is a contradiction.

So we conclude that a(t) < y(t) < B(t), Vit € [-r, T].

This implies a(t —r) <yt —7) < Bt —7r), Vt € I.

Thus F*(t, y(t), y(t —r)) = f(¢, y(t), y(t — 1)), Vt € L.

Also y(T) = h*(y(0)) = p(0,y(0)) = y(0).

Next we show that p(0, y(0) + y'(0) — y'(T)) = y(0) + y'(0) — /' (T).
It is enough to show that a(0) < y(0) + ¢/ (0) — /(T) < B(0).

Let if possible a(0) > y(0) + y'(0) — y/'(7T).
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Then

y(0) = p(0, y(0) +y'(0) — y'(T))
= max{a(0), min{y(0) +¢'(0) —¢'(T), B(0)}}
= max{a(0), y(0) +y'(0) — y'(T)}

= «(0).

Therefore y(T') = y(0) = «(0) = (7).
Since a(t) < y(t), Vt € I, we have o/(0) < 4/(0) and y/(T) < /(7).

Therefore y(0) + v'(0) — ' (T) = «(0) + ¥/ (0) — ¥'(T)
> a(0) + o' (0) — &/(T)

> «(0), which is contradiction.

Thus a(0) < y(0) +y'(0) = y'(7)
Similarly it can be proved that y(0) + v/ (0) — y'(T) < 5(0).
y'(0) =y (T).
y(t

Y
+4/(0) —
)< B(), VEe[-r, T]. O

This implies p(0, y(0) + 1/ (0) + y/(T)) = y(0

)
Hence y is a solution of (8.4) such that «a(t) <

Corollary 8.4.2. Let f : I x R?> = R be continuous and satisfy

flt, uy, vy) < ft, ug, v2), ¥V (¢, uy, v1), (¢, uz, v2) € I x R? such that
up < ug and vy < vy, Let o, B be respectively lower and upper solutions of
BVP (8.5) such that o(t) < S(t), Yt € [-r, T]. Then the BVP (8.5) has
atleast one solution y € X such that a(t) < y(t) < B(t), Vit € [-r, T).
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Proof. Since a, € X are respectively lower and upper solutions of BVP (8.5),
we have 1. —a”(t) < f(t, a(t), a(t —1)), t € I,
2. =p"(t) = f(t, B(t), B(t—r)), tel.

3. a(t) = a(0), t € [-r, 0]
4. B(t) = B(0), t € [r, 0]
5. a/(0) > o/(T)
6. 5'(0) < /(7).
7. a(0) = a(T).
8. B(0) = B(T).

For A\ > 0, define F(t, u, v) = f(t, u, v) + Au, V (t, u, v) € [ x R
Consider the BVP

\

—y"(t) + My(t) = F(t, y(t), y(t —7r)), t €1,

(8.26)

Since —a(t) < f(t, a(t), a(t —r)), t € I, we have
a"(t) + Aa(t) < F(t, alt), alt—r1)), t € 1.

Also —B"(t) > f(t, B(t), B(t—r)), t € I implies

=p"(t) + AB(t) = F(t, B(t), B(t—r)), t €l

Therefore a and 3 are respectively lower and upper solutions of the BVP (8.26)

such that a(t) < B(t), Vt € [-r, T).

Let (t, x1, 1), (t, @9, y2) € I x R? such that z; < x5 and y; < y». Then

F(t, z1, y1) = f(t, 21, y1) + Amy
< f(t, w2, y2) + Ay
< f(t, z2, y2) + Azo

= F<t7 T2, y2)
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So we have F(t, x1, y1) < F(t, xa, y2), V (£, 1, y1), (t, T2, y2) € [ x R?
such that x1 < x9 and y; < ys.

Thus by using Theorem 8.4.1 we conclude that the BVP (8.26) has atleast one
solution y € X such that a(t) < y(t) < B(t), Vt € [-r, T]. Hence y is a

solution of the BVP (8.5) such that a(t) < y(t) < p(t), Yt € [-r, T]. O

Similarly, we can prove results on existence of solution between lower and

upper solutions for BVP of second order DEVDA (8.11) and (8.12).

Theorem 8.4.3. Let f: I x R?2 — R be continuous and satisfy

f(t, uy, vi) < f(t, ug, va), V (t, u1, v1), (t, ug, vo) € I x R? such that
up < ug and v; < ve. Let a, B be respectively lower and upper solutions of
BVP (8.11) such that a(t) < B(t), Vt € I. Then the BVP (8.11) has atleast

one solution y € W such that o(t) < y(t) < p(t), Vt e I.
Proof. Similar to the proof of the Theorem 8.4.1. n

Corollary 8.4.4. Let f : I x R?> = R be continuous and satisfy

f(t, uy, vy) < f(t, ug, v2), ¥V (¢, uy, v1), (¢, uz, va) € I x R? such that
up < ug and vy < vy. Let o, B be respectively lower and upper solutions of
BVP (8.12) such that a(t) < B(t), V't € I. Then the BVP (8.12) has atleast

one solution y € W such that a(t) < y(t) < pB(t), Vte I.
Proof. Similar to the proof of the Corollary 8.4.2. O

Finally we prove results on existence of solution between lower and upper

solutions for BVP of second order DECD (8.6) and (8.7).

Theorem 8.4.5. Let f: I x R?2 — R be continuous and satisfy

f(t, uy, v1) < f(t, ug, v2), V (¢, u1, v1), (t, ug, vo) € I x R? such that
up < ug and vy < ve. Let a, B respectively be lower and upper solutions of
BVP (8.6) such that o(t) < S(t), ¥ t € [-r, T]. Then the BVP (8.6) has

atleast one solution y € X such that a(t) < y(t) < B(t), Vit € [-r, T].
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Proof. Since a, € X are respectively lower and upper solutions of BVP (8.6),
we have 1. —a”(t) + Aa(t) < f(t, a(t), a(t—71)), t € 1,
2. =p"(t) + AB(t) = f(¢, B(t), B —r1)), t €1,

3. a(t) = a(0), t € [-r, 0],
4. B(t) = B(0), t € [-r, 0],
5. a/(0) 20,
6. 5'(0) <0,
7. a(0) = a(T),
8. 6(0) = B(T)

Also a, B € X.

Letp: IXxR =R, F*: I xR? 2R, h*:R—-Rand L: X - Y xR? be
defined as in the proof of the Theorem 8.4.1.

Let g* : R? — R be defined by g*(z, y) = p(0, x +y), V (z, y) € R

Then g* : R? — R is continuous and bounded.

Let @ : X =Y x R? be defined by Q[y(t)] = (v(t), g*(y(0), ¥'(0)), h*(y(0))),

where

¢
JEF*(s, y(s), y(s—r))ds; 0<t<T.
\ 0

By Lemma 8.1.3, Q : X — Y x R? is continuous and compact.

Let S=L7'Q:X — X. Then S : X — X is continuous and compact.
Since F*, g* and h* are bounded, S(X) is a bounded subset of (X, ||.||o0)-
Therefore by Schauder’s fixed point theorem, S has a fixed point y € X.
This implies y(t) = y(0), V¢ € [—r, 0].

Also, for 0 <t < T we have y(t) = S[y(t)].

This implies L[y(t)] = Q[y(t)].
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t
Since F* is continuous on I x R?, [ F*(s, y(s), y(s—r))ds is differentiable on
0

I. Therefore y € C*[I, R]. So we have

—y"(1) + My(t) = F*(t, y(t), y(t— 1)), t €I,

y(t) = y(0), t € [-r, 0],
(8.27)

Therefore y € X is a fixed point of S iff y is a solution of the BVP (8.27).
Proceding similarly as in the proof of the Theorem 8.4.1, it can be easily shown
that a(t) <y(t) < B(t), YVt € [-r, T]. This implies
at—r)<ylt—r)<plt—r), Vtel.

Thus F*(t, y(t), y(t —r)) = f(t, y(t), y(t —7r)), VL€ L.

Also y(T) = h*(y(0)) = p(0,y(0)) = y(0).

Next we show that p(0, y(0) +¢/(0)) = y(0) + ¥'(0).

It is enough to show that a(0) < y(0) + v/(0) < 5(0).

Let if possible a(0) > y(0) + 4/(0).
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Then

y(0) = p(0, y(0) +¥'(0))
= max{a(0), min{y(0) +¢'(0), 5(0)}}
= max{«a(0), y(0) +¢'(0)}

= a(0).

Therefore y(T') = y(0) = «(0) = (7).
Since a(t) < y(t), Vt e I, /(0) < y'(0) and ¢'(T') < /(7).

So we have y(0) 4+ 3'(0) = a(0) + y'(0)
> a(0) + o/(0)

> «(0), which is contradiction.

Thus «(0) < y(0) 4+ v/(0).

Similarly it can be proved that y(0) + 3/(0) < 5(0).

This implies p(0, y(0) + ¥'(0)) = y(0) + ¥'(0). Hence y is a solution of the
BVP (8.6) such that a(t) < y(t) < B(t), Vt e [—r, T]. O

Corollary 8.4.6. Let f : I x R?> = R be continuous and satisfy

flt, uy, vi) < f(t, ug, vo), V (¢, uy, vi), (t, ug, vo) € I x R? such that
up < ug and v; < vg. Let a, [ be respectively lower and upper solutions of
BVP (8.7) such that o(t) < 5(t), Y t € [—r, T]. Then the BVP (8.7) has
atleast one solution y € X such that a(t) < y(t) < B(t), Vit € [-r, T).

Proof. Similar to the proof of the Corollary 8.4.2. [

Similarly, we can prove results on existence of solution between lower and

upper solutions for BVP of second order DEVDA (8.13) and (8.14).
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Theorem 8.4.7. Let f : I x R?2 — R be continuous and satisfy

f(t, uwy, vr) < ft, ug, va), ¥V (t, wy, v1), (¢, uz, va) € I x R? such that
up < ug and v; < vy, Let a, B respectively be lower and upper solutions of
BVP (8.13) such that a(t) < B(t), Vt € I. Then the BVP (8.13) has atleast

one solution y € W such that a(t) < y(t) < p(t), Vt e l.
Proof. Similar to the proof of the Theorem 8.4.5. m

Corollary 8.4.8. Let f : I x R? — R be continuous and satisfy

flt, uy, v1) < f(t, ug, vo), V (¢, uy, vi), (t, ug, vo) € I x R? such that
u < ug and vy < vy. Let a, [ be respectively lower and upper solutions of
BVP (8.14) such that a(t) < B(t), V't € I. Then the BVP (8.14) has atleast

one solution y € W such that o(t) < y(t) < p(t), Vt e I.

Proof. Similar to the proof of the Corollary 8.4.2. O]
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9.1 Introduction

This chapter deals with developing monotone iterative method and quasilin-
earization method to obtain existence theorems for BVPs of second order
DECD (8.7) and second order DEVDA (8.14), discussed in Chapter 8. We
make use of Corollary 8.4.6 on existence of solution between lower and upper
solutions for BVP of second order DECD (8.7) and Corollary 8.4.8 on exis-
tence of solution between lower and upper solutions for BVP of second order

DEVDA (8.14), to prove our results.

9.2 Monotone Iterative Method

We first establish the existence result by using the monotone iterative method

for BVP of second order DECD (8.7).

Theorem 9.2.1. Let f: I x R? — R be continuous and satisfy

ft @y, y1) = ft 2, y2) = (@ — 22) + pa(yr — v2),

YV (t, 21, y1), (t, 2o, y2) € I X R? such that 1o < 11, yo < y1 and for some
constants py > 0, us > 0. Let o, By € X be lower and upper solutions of
BVP (8.7) such that ap(t) < Bo(t), Vt € [—=r, T]. Then there are sequences of
monotonic functions {a,} and {5,} converging in (X, ||.||) such that 7}i—>n§oa”

and lim B, are solutions of the BVP (8.7).

n—oo
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Proof. Since, oy, By € X are lower and upper solutions of BVP (8.7), we have

L —aj(t) < f(t, ao(t), ap(t —1)), t € 1.

2. —Fy(t) = f(t, Bolt), Bo(t —r)), tel.
3. ap(t) = ap(0), t € [—r, 0].

4. Bo(t) = Bo(0), t € [-r, 0].

5. ap(0) = ap(T).

6. Bo(0) = Bo(T).

7. al(0) > 0.

8. (0 < 0.

Consider

\

—y"(t) = f(t, ao(t), ao(t — 7)) + ply(t) — ao(t)]

+ pay(t —r) —ao(t — 7)), t €1,

y(t> = y(O), te [—7”, 0]7 (91)
y(0) = y(T)
y'(0)=0

Let gao(t’ u, U) = f(tv O./()(t), Cl/o(t - T)) + ,Ul[u - Oé()(t)] + MQ[U — Oéo(t - 7“)],
V(t, u, v) € I x R%
Therefore gy (t, 4(t), y(t — 1)) = F(t, a0(t), oot — 1) + mly(t) — ag(t)

+ poly(t —r) —ap(t —r)], Vtel.

So we have go, (t, 1, ¥1) < Gao(t, T2, y2), YV (¢, 71, y1), (t, T2, y2) € I x R?
such that x1 < x9 and y; < ys.
Also — Oég(t) < f(tv Oéo(t), aO(t - T))
= f(t, ao(t), ao(t — 7)) + pmao(t) — ao(t)]
+ pizloo(t — 1) — ag(t — )]

= Gag (tv ao(t)v ao(t - T))



Further — 50 (t) > f(t, Bo(t), Bo(t — 1))
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> f(t, ao(t), ao(t —7)) + p[Bo(t) — ao(t)]

+ po[Bo(t — 1) — oot —1)]

- goéo(t? ﬂO(t)v Bo(t - T))

We already know that

1. ao(t) = ag(0), t € [-r, 0]
2. Bolt) = Bo(0), t € [~r, 0.
3. ap(t) < Polt), t € [—r, T).
4. ag(0) = ap(T).

5. Bo(0) = Bo(T).

6. oy(0) > 0.

7. B)(0) < 0.

This implies o and fy are lower and upper solutions of the BVP (9.1) such

that ao(t) < Bo(t), Vit e [—r, T].

Therefore the BVP (9.1) has a solution a5 € X such that ap < a3 < fp on

[—r, T]. (Using Corollary 8.4.6)
So we have
_O/ll(t) = f<t7 a0<t)7 a0<t - 7')) + ,Ul[Oél(t) — ao(t)]

+ polon(t —r) —ao(t — 1)), t € 1,

ap(t) = ay1(0), t € [—r, 0],
a1(0) = o (7)),
a1 (0) = 0.

This gives —a//(t) < f(t, a1(t), an(t —1)), t € 1.

\
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) ,
3. Bo(t) = Bo(0), t € [-r, O]
4. ay(t) < Bo(t), t € [—r, T]
5. n(0) = an(T)
6. Bo(0) = So(T)
7. a4(0) =0
8. 5y(0) <

Therefore o; and 5y € X are lower and upper solutions of the BVP (8.7) such
that aq(t) < Bo(t), YVt € [-r, TJ.
Next consider

—y"(t) = f(t, ar(t), on(t — 7)) + paly(t) — on(t)]

+paly(t —r) —an(t —r)], t €1,

\

y(t) =y(0), t € [-r, 0], (9.2)
y(0) = y(T)
y'(0) =0

Let gal(t’ U, U) = f(tv al(t)a al(t - T)) ‘l’,ul[u - Oél(t)] + MQ[U — Ozl(t — 7”)],
V(t, u, v) € I x R

Therefore Gou (tv y(t)v y(t - T)) = f(t7 al(t)7 (1/1(75 - T)) + :ul[y(t) - (t)]

+ paly(t—r) —au(t—r)], Vtel.

So we have gal(t, xy, ?/1) < gal(tﬂ I, y2>7 v (ta Iy, yl)? (tv T2, y2) €l x ]R2

such that #; < 25 and y; < y.
Also — o/(t) < f(t, ax(t), ar(t —1))
= f(t, ar(t), aa(t —r)) + mfaa(t) — aa(t)]
+ o (t — 1) — aa(t — 1)

= Gou (tv al(t)v al(t - T‘))



Further — £{(t) > f(t, Bo(t), Bo(t — 1))
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> [t ar(t), ar(t = 7)) + mlBo(t) — an(t)]

+ p2[Bo(t — 1) — ax(t — )]

= qu(t’ ﬁo(t), /30<t - T))

We already know that

1. ay(t) = ay(0), t € [=r, 0]
2. Bo(t) = Bo(0), t € [—r, 0]
3. ai(t) < Bolt), t € [—r, T
4. 1(0) = ay (7).

5. fo(0) = Bo(T).

6. o/ (0) = 0.

7. 3)(0) < 0.

This implies o and By are lower and upper solutions of the BVP (9.2) such

that ay(t) < fo(t), Vt e [-r, T).

Therefore the BVP (9.2) has a solution ay € X such that oy < as < ffp on

[—7, T]. (Using Corollary 8.4.6)
This gives
—ay(t) = f(t, ar(t), aa(t — 7)) + pafaa(t) — ar(t)]
+ pafan(t — 1) —on(t—7)], te

O./Q(t) Oég(()), t e [—T, O],

So we have —aj(t) < f(t, as(t), az(t —1)), t € I.

\
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Also 1. —f7(t) = f(t, Bo(t), folt — 1)), t € L.

2. ay(t) = a2(0), t € [—r, 0]
3. Bo(t) = Bo(0), t € [—r, O]
4. as(t) < Bolt), t € [—r, T]
5. as(0) = an(T)

6. 5o(0) = Bo(T)

7. a4(0) = 0.

8. A(0) < 0.

Therefore as and 5y € X are lower and upper solutions of the BVP (8.7) such
that Oég(t) < ﬁo(t), Vite [—T, T]
Continuing in this manner, let o, € X be a solution of

\

—y"(t) = f(t; ana(t), cna(t = 7)) + pay(t) — ana(t)]

+:u2[y(t - T) - an—l(t - T)L te ]7

y(t) = y(O)v te [_T’ O]v (93)
y(0) = y(T),
y'(0) =0,

such that a,,—1 < a,, < By on [—r, T].

Next consider

(1) = F(t, anlt), anlt — 1)) + mly(t) — an(t)]

+haly(t —r) —an(t = 7)), t €1,

y(t) = y(O)a te [—7’, O]v (9 4)
y(0) = y(T),
y'(0)=0

Let ga, (t, u, v) = f(t, a,(t), an(t — 7)) + p1[u — a,(t)]

+ po[v — an(t —7)], VY (t, u, v) € I x R
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Therefore ga, (¢, y(t), y(t = 7)) = f(t, an(t), an(t = 7)) + ply(t) — an(t)]

+ poy(t —r) —au(t —r)], Vt e I.

Also ga, (t, 1, Y1) < Ga, (t, T2, y2), V (£, 21, y1), (t, 22, y2) € I x R? such
that z1 < x5 and y; < yo.

Further «,, and [y are lower and upper solutions of the BVP (9.4) such that
an(t) < Bo(t), Vte[—r T.

Therefore the BVP (9.4) has a solution a,,4; € X such that a,, < a1 < fo
on [—r, T]. (Using Corollary 8.4.6)

This gives

3\

—0n 1 (t) = f(E, an(t), am(t = 7)) + pafania(t) — an(t)]
+ pofani1(t — 1) —an(t —7r)], t €1,
Apt1(t) = ant1(0), t € [—r, 0],

Qn+1 (O) = Qn+1 (T) )

ap1(0) = 0.

Thus we get a monotonic increasing sequence of functions {a,,} C X such that
an < Py, Vn € Non [—r, T| and

)

— a1 (8) = (L, an(t), an(t = 7)) + plom(t) — on(t)]
F palona(t—7) — an(t — 7)), t €1,

i1 (t) = i (0), t € [=r, 0], (9.5)

an+1(0) = anga (1),

ap11(0) = 0.

Now for each fixed t € [—r, T], {a,(t)} is a monotonic increasing sequence
in R which is bounded above by [y(t). Therefore by Monotone Convergence

Theorem for sequences in R, {a,(t)} is convergent in R, for each t € [—r, T1.



This implies {a,} is pointwise convergent on [—r, T7.
Let lim o, (t) = af(t), Vt € [—r, T].
n—oo

From (9.5), we get
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n® == [ 5, (o) anls = r)ds = [lanea(s) = anfslds (99)

i / (nr (5 — 1) — (s — 1)]ds.

0
Integrating (9.6) from 0 to t, we get

t

1 (1) = 112 (0) — / (t = $)f(5, au(s), anls — r)ds

0
t

o / (= )t (5) — n(s)]ds

0
t

— o /(t — 8)[ant1(s — 1) — ay(s — r)]ds.

Now {a,,} is uniformly bounded on [—r, T| as ag(t) < a,(t) < Bo(t),

V¢t € [—r, T]. Therefore 3 M > 0 such that |a,(t)] < M, Vt € [—r, T] and

vV n € N. Since f : I xR? — R is continuous, f : [ x[—M, M]x[-M, M] — R

is continuous. Therefore f: I x [-M, M] x [-M, M] — R is bounded, as

I x [—M, M] x [-M, M]is compact. So there is K > 0 such that

|f(t, an(t), an(t—71))| < K,VtelandVneN.



316

Now from equation (9.6), we get

|1 (B)] < I/tf(s,an(S)ﬂn(s —7))ds|
+ || j[an+1(8) — Qn(s)]ds]
+ |2l /t[@n—i-l(‘s — 1) = an(s —7)]ds|
S/t\f(s,an(S),Oén(S—?"))\ds +\u1\/t{\an+1(8)\+\an(5)l}ds

T Lo / {atmen(s — )] + lan(s — r)[}ds

0
T T T
< K/ds + 2M|u1|/ds +2M|u2]/ds
0 0 0

=TK + 2TM|u1| +2TM|pus| = C (Say).

Thus {«/,} is uniformly bounded on I.

We now show that {a,,} is equicontinuous on I.

Let € > 0 be arbitrary. Choose § = min{5, %}.

Let t1, to € I be such that [t; — ta] < 9.

By Lagrange’s Mean Value Theorem, 3 £ between ¢; and ¢, such that

|an(t1) = ()| = g, ([t — Lol

This implies |ay,(t1) — ap(te)] < Clty —ta] < C6 <€, V t1, ta € I such that
|ty — t2| < 0. Therefore {a,} is equicontinuous on /. Using Arzela-Ascoli’s
lemma we may conclude that {o,} has a subsequence {a,, } converging uni-
formly on /. So a,, — o uniformly on I. Since each a,, is continuous on I,
« is continuous on I. Also a(t) = «(0), V¢ € [—r, 0] and a(0) = (7). So we
conclude that « is continuous on [—r, T]. Since {w,} is increasing and

lim o, (t) = «(t), ¥ ¢t € I, by Dini’s Theorem for uniform convergence of se-
n—o0
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quence of functions, «,, — a uniformly on I.

Taking limit as n — oo on both sides of equation (9.7) we get

a(t) = a(0) — j(t —s)f(s, a(s), a(s—r1))ds, Vte I

This implies tli)at « is differentiable on I and

a(t) = —ftf(s, a(s), a(s—r))ds, Vtel.

Since the (;ight hand side of equation (9.6) forms a uniformly convergent se-
quence of functions, we conclude that {«/, } is uniformly convergent on I.
Now taking limit as n — oo on both sides of equation (9.6) we get

i 1 (6) = /(1)

So we conclude that o] — o' uniformly on /. Also «,, — « pointwise on
[—r, T] and «a,, — « uniformly on I. Further a,(t) = a,,(0), ¥t € [—r, 0] and
VneN, at)=a0), Vte[-r 0.

Therefore o, — « uniformly on [—r, 7.

Thus {a,} converges to a in (X, ||.||s) and nli_g)loan = «(t) is a solution of the

BVP (8.7).

Next consider

\

—y"(t) = f(t, Bo(t), Bo(t —7)) + mly(t) — Po(t)]

+paly(t —r) = Bo(t — 7)), t € 1,

y(t) =y(0), t € [-r, 0], > (9.8)
y(0) = y(7),
y'(0) =0

Let hg, (L, u, v) = f(t, Po(t), Bolt = 7)) + pulu = Fo(t)]

+ po[v — Bo(t —7)], V (¢, u, v) € I x R?.

Therefore hg, (¢, y(t),y(t —r)) = f(t, Bo(t), Bo(t — 1)) + paly(t) — Bo(t)]

+ poly(t —r) — Bo(t —7)], Yt e I.
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So we have g,@o(tv Ty, yl) S g,@o(t7 T, y2)a v (t> Zy, yl)7 (ta T, y?) €l x RQ

such that x1 < x9 and y; < ys.
Also — ag(t) < f(t, ao(t), ao(t — 1))
< f(t, Bo(t), Bot — 7)) + pafao(t) — Bo(t)]
+ paao(t — 1) — Bo(t —1)]

= hg,(t, ao(t), a(t —1)).

Further — 54(t) > f(t, Bo(t), Bo(t — 1))
= f(t, Bo(t), Bo(t — 1)) + pua[Bo(t) — Bo(t)]
+ p2lBo(t — 1) — Bo(t — )]
= hg,(t, Bo(t), Bo(t —1)).

We already know that

1. ao(t) = ag(0), t € [—r, 0].
2. Bolt) = Bo(0), t € [~r, 0]
3. ao(t) < Bo(t), t € [—r, T
4. ap(0) = ao(T).

5. Bo(0) = Bo(T).

6. a)(0) > 0.

7. By(0) < 0.

This implies that ag and 5y are lower and upper solutions of the BVP (9.8)
such that ag(t) < Bo(t), Vit € [—r, T1.

Therefore the BVP (9.8) has a solution 1 € X such that oy < 57 < fp on
[—r, T]. (Using Corollary 8.4.6)



So we have

)

—B1(t) = f(t, Bo(t), Bo(t — 7)) + m[Br(t) — Bo(t)]
+ [t —r) = Bo(t —r)], t 1,
Pr(t) = Bu(0), t € [=r, 0],
£1(0) = Bu(T),
p1(0) = 0.

This gives —p7(t) > f(t, Bi(t), pi(t — 1)), t € I.
Also 1. —ag(t) < f(t, ap(t), ap(t — 7)), t € 1.

/

2. ap(t) = ap(0), t € [-r, 0].
3. Bi(t) = 51(0), t € [—r, O]
4. op(t) < Bult), te[—r T
5. ap(0) = ao(T).

6. 51(0) = Bi(T)

7. ah(0) > 0.

8. 3(0) = 0.
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Therefore oy and 31 € X are lower and upper solutions of the BVP (8.7) such

that ay(t) < Bo(t), Vt € [—r, T].

Continuing in this manner, we get a monotonic decreasing sequence of

functions {f,} C X such that oy < ,, Vn € Non [—r, T| and

\

—Bya(t) = f (& Bu(t), Bu(t = 7)) + pa[Brsr (t) — Bu(t)]
+ p2lBnpa(t —7) = Bt —1)], t € 1,
Prs1(t) = Bnia(0), t € [—r, 0],
Pnt1(0) = Bnpa(T),

ﬁéﬂ (0> =0.

J

Further, {f,} converges in (X, ||.||«c) and lim 5, is a solution of the BVP
n—oo

(8.7).

]
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Next, we establish the existence result for BVP of second order DEVDA

(8.14) by using the monotone iterative method.

Theorem 9.2.2. Let f : [ x R? =+ R be continuous and satisfy

f wy, y1) = ft 2, y2) = @ — @2) + pa(yr — 2),

YV (t, Ty, y1), (t, T, y2) € I X R? such that xy < 11, yo < y1 and for some
constants p1y > 0, ps > 0. Let ag, Bp € W be lower and upper solutions of BVP
(8.4) such that ag(t) < Bo(t), Yt € I. Then there are sequences of monotonic
functions {a,,} and {B,} converging in (W, ||.||o) such that nh_{goa” and lim G,

n—oo

are solutions of the BVP (8.14).

Proof. Similar to the proof of the Theorem 9.2.1. O

9.3 Quasilinearization Method

In this section, we obtain results on existence of solution for BVP of second
order DECD (8.7) and for BVP of second order DEVDA (8.14) by using quasi-

linearization method.

Theorem 9.3.1. Let f € C?[I x R R| and «g, By € X be lower and upper
solutions of the BVP (8.7) such that ag(t) < Bo(t), ¥V t € [—r, T]. Assume
that D;f(t, =, y) > 0 and D; ;f(t, =, y) >0, V (¢, z, y) € I x R? and
Vi, 5 =2, 3. Then there is a monotonic increasing sequence of functions
{an} converging in (X, ||.||c) such that 7lli_>n;oan is a solution of the BVP

(8.7).

Proof. 1t is given that D; ;f(t, z, y) >0, V (¢, z, y) € I x R* and
Vi, j=2 3.



Therefore f(t, x1, y1) — f(t, 22, y2) > Daf(t, 22, yo)(z1 — 72)

+ D3 f(t, z2, y2)(y1 — y2),
YV (t, 21, y1), (t, 22, y2) € I x R? such that x; > x5 and y; > ys.
Since g, [y € X are lower and upper solutions of BVP (8.7), we have
Lo —ag(t) < f(t, ao(t), ap(t —1)), t € 1.

< f(
2. =fp(t) = f(t, Bolt), Polt =), Ll

3. ag(t) = ap(0), t € [—r, 0]
4. Bo(t) = Bo(0), t € [-r, 0]
5. ao(0) = ao(T).

6. Bo(0) = Bo(T)

7. ay(0) > 0.

8. B(0) < 0.

Consider

_y”(t) = f(t> Olo(t), CVO(t - T))
+ Do f(t, ao(t), ao(t —7))[y(t) — ao(t)]

+ Dsf(t, ao(t), ap(t =)yt —7) —ap(t —7)], t € I,

y(t) - y(0)> te [—’l‘, O]a
y(0) = y(T),
y'(0)=0

Let

gao(tv U, U) = f(tv ao(t)v ao(t - T‘)) + DQf(t’ ao(t)’ ao(t - r))[u - ao(t)]

321

(9.9)

+ Dsf(t, ap(t), ap(t —7))[v — gt —7)], V (t, u, v) € I x R%
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This implies

Gao(t, y(t), y(t —7)) = f(t, a(t), ao(t —7))
+ Dy f(t, ao(t), ao(t —7))[y(t) — ao(t)]

+ D3 f(t, ao(t), ao(t —7))[y(t —7) —ao(t —7)], Vt €L

So we have gao(t7 Ty, yl) S gao(ta T2, y2)7 v (ta Iy, yl)? (t7 T, y?) €1l x RQ

such that x1 < x5 and y; < yo. Also

—al(t) < f(t, aolt), aolt — 1)
= f(t, ao(t), ao(t —7)) + Daf(t, ao(t), ao(t —1))[ao(t) — ao(t)]
+ D3 f(t, ao(t), ao(t —7))[ao(t — 1) — ag(t —1)]

= Gao (t, apo(t), ap(t —1)).

Further

=By (t) = f(t, Bo(t), Bo(t —1))
> [(t, ao(t), ao(t — 7)) + Daf(t, ao(t), aolt —7))[Bo(t) — ()]
+ Dsf(t, aot), ao(t =7))[Bo(t = 1) — ao(t —7)]

= ga()(t? 50@), ﬁ()(t - 7”))

We already know that

L ap(t) < Po(t), t € [-r, T].

2. ag(t) = ap(0), t € [—r, 0].
3. Bo(t) = Bo(0), t € [-r, 0]
4. ag(0) = ao(T)

5. fo(0) = Bo(T).

4. a}y(0) > 0.

5. B,(0) < 0.
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Therefore g and fy are lower and upper solutions of the BVP (9.9) such that
ap(t) < Bo(t), Vte[—r T).

Thus the BVP (9.9) has a solution «; € X such that

ap < oy < By on [—r, T]. (Using Corollary 8.4.6)

So we have

\

—ay(t) = f(t, ao(t), ao(t — 7)) + Daf(t, ao(t), ao(t —7))[ea(t) — ao(t)]
+ Dsf(t, ao(t), ap(t —7))[ar(t —71) —ap(t —71)], t € I,
ai(t) = a1(0), t € [—r, 0],
a1(0) = en(T),

a;(0) = 0.

This gives —a//(t) < f(t, a1(t), au(t — 1)), t € 1.
Also 1. =fg(t) > f(t, Bo(t), Bolt —1)), t € 1.

2. Bo(t) = Bo(0), t € [—r, 0].
3. a(t) = au(0), t € [, 0].
4. ay(t) < Bo(t), t € [—r, T].
5. a1(0) = ai (7).

6. Bo(0) = Bo(T)

7. o,(0) = 0.

8. B5(0) < 0.

Therefore o; and 5y € X are lower and upper solutions of the BVP (8.7) such
that ay(t) < Bo(t), Vit e [—r, T].
Continuing in this manner, we get a monotonic increasing sequence of functions

{an} C X such that o, < fy, Vn € Non [—r, T] and
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—ap (1) = f(t, an(t), an(t—r1))
+ Daof(t, an(t), @nlt —1))ans(t) — an(t)]
+ Df(t, an(t), an(t — ) ane(t — ) — an(t — 1)), t € I,
ni1(t) = ant1(0), t € [=r, 0],

n41(0) = o (T),

A 41(0) = 0. )

Further {a,} converges in (X, ||.||s) and lim o, is a solution of the BVP
n—oo

(8.7). O

Theorem 9.3.2. Let f € C?*[I x R% R] and ap, By € W be lower and upper
solutions of the BVP (8.14) such that og(t) < Bo(t), Vt € [—r, T]. Assume
that D;f(t, =, y) > 0 and D; ;jf(t, =, y) >0, V (¢, =, y) € I x R?* and
Vi, j =2, 3. Then there is a monotonic increasing sequence of functions

{an} converging in (W, ||.|lo) such that lim a, is a solution of the BVP (8.14).
n—oo
Proof. Similar to the proof of the Theorem 9.3.1. O

We now obtain similar results by changing the condition on decond order

partial deivatives of f.

Theorem 9.3.3. Let f € C?*[I x R?, R| and ay, Sy € X be lower and upper
solutions of BVP (8.7) such that ao(t) < Bo(t), ¥V t € [—r, T]. Assume
that D;f(t, =, y) > 0 and D; ;jf(t, =, y) <0, V (¢, z, y) € I x R?* and
Vi, 7 =2, 3. Then there is a monotonic decreasing sequence of functions

{Bn} converging in (X, ||.||«) such that lim B, is a solution of the BVP (8.7).
n—oo

Proof. Tt is given that D; ; f(t, x, y) <0, V (¢, z, y) € I x R? and
Vi, j=2 3.



Therefore f(t, x1, y1) — f(t, 22, y2) > Daf(t, 21, y1)(x1 — 72)

+ D3 f(t, z1, y1)(y1 — y2),
YV (t, 21, y1), (t, 22, y2) € I x R? such that x; > x5 and y; > ys.
Since g, [y € X are lower and upper solutions of BVP (8.7), we have
Lo —ag(t) < f(t, ao(t), ap(t —1)), t € 1.

< f(
2. =fp(t) = f(t, Bolt), Polt =), Ll

3. ag(t) = ap(0), t € [—r, 0]
4. Bo(t) = Bo(0), t € [-r, 0]
5. ao(0) = ao(T).

6. Bo(0) = Bo(T)

7. ap(0) > 0.

8. Bo(0) < 0.

Consider

—y"(t) = f(t, Bo(t), Bo(t — 1))
+ Do f(t, Bo(t), Bo(t —1))[y(t) — Bo(t)]
+ DSf@?ﬁO(t)v 50(t - T))[y(t - T) - 50@ - T)]’ te [7

y(t) = y(0), t € [-r, 0],

y(0) = y(T),

y'(0)=0 )
Let

h’b’o(t? u, U) = f(t> Bﬂ(t)v 50(t - T))
+ Daf(t, Bo(t), Bo(t —1))[u— Bo(t)]

325

(9.10)

+ Dsf(t, Bo(t), Bo(t —r))[v — Bo(t —7)], V (t, u, v) € I x R2.
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Then

heo(t, y(t), y(t —r)) = f(t, Bo(t), Bo(t — 1))
+ Daf(t, Bo(t), Bo(t —7))[y(t) — Bo(t)]
+ D3 f(t, Bo(t), Bo(t — 1)yt —r)— Bolt —7)],

Vtel

So we have hg,(t, 1, 1) < hao(t, T2, y2), ¥ (£, 21, 1), (t, @2, yo) € I x R?
such that #; < 75 and 31 < y». Also
—ay(t) < f(t, ao(t), aolt —1))
< (&, Bo(t), Bo(t —r)) + Daf(t, Bo(t), Bo(t —1))lew(t) — Bolt)]
+ D3 f(t, fo(t), Bo(t — 7))ot —r) = fo(t — )]

= hg,(t, ao(t), ap(t —1)).

Further
—Bo(t) = f(t, Bo(t), Bo(t —1))
= [t Bo(t), Bo(t — 7)) + Daf (£, Po(t), Folt —7))[Bo(t) — Fo(t)]
+ Dof(t, Bo(t), Bo(t —7)[Bo(t —7) = Bolt —7)]
= hiy (8, Bo(t), Bolt = 7).

We already know that
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Therefore ag and fy are lower and upper solutions of the BVP (9.10) such that
ap(t) < Bo(t), Vte[—r T).

Thus the BVP (9.10) has a solution §; € X such that oy < f; < [y on
[—7, T]. (Using Corollary 8.4.6)

So we have

\

=B{(t) = f(t, Bolt), Bo(t — 7))+ D2f (t, Bo(t), Bo(t —7))[Br(t) — Bo(t)]
+ D3 f(t, Po(t), Polt —r)[Br(t —r) = Po(t —7)], t € I,
fi(t) = 1(0), t € [=r, 0],
P1(0) = Bu(T),
p1(0) = 0.

This implies —g7(t) > f(t, Bi(t), fi(t — 1)), t € 1.

Also 1. —ag(t) < f(t, ap(t), ap(t — 1)), t € 1.

2. ao(t) = ao(0), t € [—r, 0].
3. Bi(t) = Bi(0), t € [—r, 0].
4. ap(t) < Bi(t), t € [—r, T1.
5. ao(0) = ag(T).

6. 51(0) = B:(T)

7. ab(0) > 0.

8. B,(0) = 0.

Therefore oy and 51 € X are lower and upper solutions of the BVP (8.7) such
that ao(t) < pi(t), Vit e [—r, T].
Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {f,} C X such that oy < 3,, Vn € Non [—r, T] and
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=B (t) = f(t, Bult), Bu(t —7))
+ Dof (t, Bu(t), Bu(t —7))[Bnir(t) — Bu(t)]
+ D3 f(t, Bult), Bult — 1)) [Busr(t —7) = Bult — 7)), t € I,
Prta(t) = Bnsa(0), t € [=r, 0],
Pnt1(0) = B (T),

Bwlﬁ-l(O) =0.

J

Further {f,} converges in (X, ||.||oc) and lim 3, is a solution of the BVP
n—oo
(8.7). u

Theorem 9.3.4. Let f € C?*[I x R R| and oy, Sy € W be lower and upper
solutions of BVP (8.14) such that ay(t) < Bo(t), Vt € I. Assume that

Dif(t, @, y) > 0 and D; ;f(t, =, y) < 0, ¥V (¢, =, y) € I x R? and
Vi, 5 =2, 3. Then there is a monotonic decreasing sequence of functions

{Bn} converging in (W, ||.||0) such that lim 5, is a solution of the BVP (8.14).
n—o0

Proof. Similar to the proof of the Theorem 9.3.3. [
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10.1 Introduction

In this chapter, we shall discuss the BVPs of second order DECD of the type
—y"(t) = f(t, y(t), y(t —r)) + h(t, y(t), y(t —r)) and BVPs of second order
DEVDA of the type —y"(t) = f(¢, y(t), y(0(t))) + h(t, y(t), y(0(t))), where
there are certain conditions on first and second order partial derivatives with
respect to the second and third arguments of f and h. We shall establish
the existence of solution results by employing the extended quasilinearisation
method. We shall also establish results on existence of solution, by using
generalized quasilinearization method, for BVPs of second order DECD (8.7)
and for BVPs of second order DEVDA (8.14), discussed in Chapter 8, by
forcing certain conditions on first and second order partial derivatives with
respect to the second and third argument of f and f + ¢, for some function ¢.
Further we introduce extended-generalized quaslinearization Method for
BVP of second order DECD of the type
—y"(t) = f(t, y(t), y(t —r)) + h(t, y(t), y(t —r)) and for BVP of second
order DEVDA of the type —y"(t) = f(t, y(t), y(6(t)))+h(t, y(t), y(6(t))), by
imposing certain conditions on first and second order partial derivatives with
respect to the second and third arguments of f, h, f + ¢ and h + 1 for some
functions ¢ and 1.

We make use of Corollary 8.4.6 and Corollary 8.4.8 to obtain all our results.

10.2 Extended Quasilinearization Method

Let T>0,A>0,1=10,T],0<r<T,0:1— IDbe continuous function
and f, h : I x R? — R be continuous functions. Then we investigate the

following BVPs for extended quasilinearization method. The BVP of second
order DECD is given by
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—y"(t) = f(t, y(0), y(t =) + h(t, y(1), y(t —r)), te [,

y(t) =y(0), t e [=r, 0],

(10.1)
y(0) = y(T),
y'(0) =0 )
The BVP of second order DEVDA is given by
=y'(t) = f(t, y(t), y(01)) + h(t, y(t), y(0(1))), t € L\
y(0) = y(T), (10.2)

We prove the following result for the BVP(10.1).

Theorem 10.2.1. Let ap, By € X such that ao(t) < po(t), Vit € [—r, T| and
Q={(, u, v): ) <u<Bo(t) and ap(t — 1) < v < Byt —7r), t € I}. Let
f, h € C*Q, R] be such that D;f >0, D;h >0, D; ;f >0 and D; jh <0 on
Qand Vi, j =2, 3. Assume that ag and By are lower and upper solutions
of BVP (10.1). Then there are monotonic sequences of functions {c,} and

{Bn} converging in (X, ||.||e) such that lim a,, and lim 5, are solutions of
n—oo n—oo

the BVP (10.1).

Proof. 1t is given that D; ;f > 0and D; ;A <0on Q and Vi, j =2, 3.
Therefore f(t, x1, y1) — f(t, T2, y2) > Daof(t, xa, y2)(x1 — x2)
+ D3 f(t, 2, y2)(y1 — ¥2),
Y (t, x1, y1), (t, x2, y2) € Q such that x; > z9, Y1 > Y.
Also h(t, x1, y1) — h(t, x2, y2) > Doh(t, x1, y1)(21 — x2)
+ D3h(t, x1, y1)(y1 — y2),
Y (t, x1, y1), (t, x2, y2) € Q such that x; > x9, Y1 > Y.

Let py = min Dsh(t, u, v) and puy = min Dsh(t, u, v). Then u; > 0
(t, u, v)EQ (t, u, v)EQ

and pg > 0.



Thus we have, h(t, z1, 11) — h(t, 22, y2) > p1(x1 — 22) + p2(y1 — y2),

Y (t, x1, y1), (t, x2, y2) € Q such that x; > x9, Y1 > Y.

Since ayg, [y are lower and upper solutions of BVP (10.1), we have
Lo —og(t) < f(t, aolt), ao(t — 7)) + h(t, ao(t), ap(t —71)), t € 1.
2. =Py(t) = f(E, Bolt), Bo(t —7)) + h(t, Bo(t), Bo(t —r)), t € L.

3. ap(t) = ap(0), t € [~r, 0]
4. Bo(t) = Bo(0), t € [, 0]
5. ao(0) = ap(T).

6. Aol0) = Bo(T).

7. ab(0) > 0.

8. 8,(0) < 0.

Consider

_y”(t) = f(ta a0<t)7 O(0<t - T)) + h(ta aO(t)a aO(t - 7”))
+[D2f(t, aolt), ao(t — 7)) + m]ly(t) — ao(t)]
+ [Dsf(t, ao(t), aot —r)) + pally(t —r) — aolt — )],

tel,

y'(0) =0. )
Let Fo,(t, u, v) = f(t, ap(t), ag(t — 7)) + h(t, ao(t), ag(t — 1))

+[Daf (8, ao(t), ao(t =7)) + pu]lu — ao(t)]

+ [D3f(t, ao(t), ao(t —1)) + pollv — ao(t — )],

v (t, u, v) € Q.

332

(10.3)
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This implies
Foolts y(t), y(t —7)) = f(t, ao(t), ao(t —7)) + h(t, aolt), ao(t —r))
+ [D2f(t, aolt), ao(t — 7)) + m][y(t) — ao(t)]
+ [Dsf(t, aolt), ao(t — 7)) + po][y(t — ) — ao(t — 7)),

Vtel.

So we have Fu,(t, 21, y1) < Fag(t, T, y2), ¥ (t, 21, y1), (£, 22, y2) € Q such
that 71 < 9 and y; < ys.
Also — ag(t) < f(t, ao(t), ao(t — 1))+ h(t, ao(t), ag(t —1))
= f(t, ao(t), ao(t —r)) + h(t, ao(t), ao(t —1))
+ [D2f (t, o), ot — 7)) + palleno(t) — ao(t)]
+ [Dsf(t, ao(t), ao(t —r)) + pallao(t — 1) — ao(t —r)]

= F,,(t, ap(t), ap(t —1)).

Further — 5((t) > f(t, Bo(t), Bo(t — 1)) + h(t, Bo(t), Bo(t —r))
> f(t, ao(t), ap(t — 7))+ h(t, a(t), ag(t —1))
+[D2f(t, aolt), ao(t — 7)) + m][Bo(t) — ao(t)]
+[Dsf(t, aolt), ao(t — 7)) + pa][Po(t — ) — ao(t —7)]

= Fo,(t, Bo(t), olt —1)).

We already know that

—_

- ap(t) < Bo(t), t € [—r, T].
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7. B4(0) <0.
Therefore ag and 3y are lower and upper solutions of the BVP (10.3) such that
ap(t) < Bo(t), Vte[—r T).

Thus the BVP (10.3) has a solution a3 € X such that oy < a; < [y on
[—r, T]. (Using Corollary 8.4.6)
Therefore
—af(t) = f(t, ao(t), ao(t — 7)) + h(t, ao(t), ao(t —7))
+ [D2f(t, o), ot — 7)) + pu]fen(t) — ao(t)]
+ [Dsf(t, ao(t), ao(t — 7)) + pollar(t — 1) —ao(t — 7)), t €1,
ay(t) = a1(0), t € [—r, 0],

(03] (0) = (T),

a’(0) = 0.

J

2. fo(t) = Bo(0), t € [-r, 0]
3. ai(t) = an(0), t € [~r, 0]
4. ay(t) < Bolt), t € [—r, T
5. a1(0) = ay(T).

6. Bo(0) = So(T)

7. a4 (0) = 0.

8. 34(0) < 0.

Therefore a; and Sy € X are lower and upper solutions of the BVP (10.1) such
that ay(t) < Bo(t), Vit € [—r, T].
Continuing in this manner, we get a monotonic increasing sequence of

functions {«,} C X such that a,, < Sy, Vn € Non [—r, T] and



—0n 1 (8) = f(E, an(t), an(t —7)) + h(t, an(t), an(t — 7))

+ [Daf (t, an(t), an(t —71)) + pl[anyi(t) — an(?)]

+ [Dsf(t, an(t), an(t —1)) + po)[ans1(t —r) — a,(t —

Oén+1(t> = Oén_H(O), t e [—7’, O],
n+1(0) = o (1),

0 41(0) = 0.
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], tel,

Further lim «, exists in (X, ||.||s) and lim «, is a solution of the BVP (10.1).
n—oo

n—o0

Let 1 = min Dyf(t, u, v) and 0 = min Ds3f(¢, u, v). Then 6; > 0

(t, u, v)EQ (t, u, v)EQ

and 6, > 0.

Thus we have f(t, z1, y1) — f(t, x2, y2) > b1(x1 — z2) + O2(y1 — ¥2),

Y (t, x1, Y1), (t, T2, y2) € Q such that 1 > x5 and y; > ys.

Now consider
—y"(t) = f(t, Bo(t), Bo(t —1)) +h(t, Bolt), Bol(t —1))
+ [01 + Dah(t, Bo(t), Bo(t —r))]ly(t) — Bo(t)]

+ [02 + Dsh(t, Bo(t), Bo(t — )|yt —r) — Bo(t — 7)),

Let Gg,(t, u, v) = f(t, Bo(t), Bo(t — 7)) + h(t, Bo(t), Po(t — 1))

+ [0 + Dah(t, Bo(t), Bo(t —1))|[u — Bo(t)]

+ [02 + D3h(t, Bo(t), Bo(t —7))l[v — Bo(t — )],

V (¢, u, v) € Q.

(10.4)

Ve
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This implies

Gpo(t, y(t), y(t —r)) = f(t, Bo(t), Bo(t —71)) + h(t, Bo(t), Bo(t —1))
+ [01 + Dah(t, Bo(t), Bo(t —r)[y(t) — Bo(t)]
+ [02 + Dsh(t, Bo(t), Bo(t — )yt —7) — Bo(t — 7)),

Vtel.

So we have Gg,(t, z1, y1) < Gg,(t, x2, y2), ¥ (t, @1, y1), (t, 22, y2) € N

such that x1 < x9 and y; < ys.

Also — afj(t) < f(t, ao(t), ao(t — 1)) + h(t, ao(t), ag(t—7))
< St Bo(t), Bolt =)+ h(t, Polt =), Bo(t))
+[00 + Doh(t, Bo(t), So(t = 7))l (t) = Bo(t)]
+ [0z + Dsh(t, Bo(t), Bo(t —r))]leo(t —7) = Bolt —7)]

= Gﬁo(t7 Oéo(t), ao(t - T))

Further — G (t) = f(t, Bo(t), Bo(t — 7)) + h(t, Bo(t), Bolt — 1))
= J(t, Po(t), Bo(t =)+ h(t, Polt =), Bolt))
+ 01+ Dah(t, Po(t), Bo(t —7))][Po(t) = Bo(t)]
+[02+ Dsh(t, Go(t), Po(t —r))][Bo(t —7) = Polt —7)]
= Gao(t, Po(t), ot —r)).

We already know that

1. aolt) < Bo(t), t € [=r, T).



6. a)(0)
7. By(0)

337

> 0.
<0.

Therefore oy and 5y are lower and upper solutions of the BVP (10.413) such

that ag(t) < Bo(t), Vit € [-r, T).

Thus the BVP (10.4) has a solution §; € X such that oy < f; < [y on

[—r, T]. (Using Corollary 8.4.6)

Therefore

Bi(t) = f(t, Bo(t), Bo(t — 7))+ h(t, Bo(t —7), Bo(t))

Bl(t) = 51(0), t e [—T, O],
51(0) = 51(T)7
A1(0) = 0.

+ [01 + Dah(t, Bo(t), Bo(t —7))I[B1(t) — Bo(t)]

+ (02 + Dsh(t, Bo(t), Bo(t —r)|[Bi(t —7) = Bo(t —7)], t € 1,

Vs

This implies —87(t) > f(t, Bi(t), Bult — 1)) + h(t, Bu(t), Bu(t — 1)), t € 1.

Also 1.
2.

3.
4

ot

o N>

—ag(t) < f(t, ao(t), ap(t — 7)) + h(t, ao(t), ag(t —r)), t € I.

ap(t) = ap(0), t € [—r, 0].

Bi(t) = £i(0), t € [-r, O]
(t) < Bu(t), te[—r, T

a(0) = ao(T)

51(0) = Bu(T).

ay(0) >0

£1(0)=0

Therefore ag and 8; € X are lower and upper solutions of the BVP (10.1) such

that ao(t) < pi(t), Vit e [—r, T1.

Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {f,} € X such that oy < 3,, Vn € Non [—r, T] and
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—Braa(t) = f(t, Balt), Bult — 7)) + h(t, Balt —7), Bal(t))
+[01 + Dah(t, Ba(t), Bult —1)][Busr(t) — Ba(t)]
+ [0z + Dsh(t, Ba(t), Bult — ))|[Basi(t — 1) = Balt — 1),
tel,
Bus1(t) = Bara(0), t € [-r, 0],

Bt (0) = Bt (T),

5;1-5-1(0) = 0. )
Further lim S, exists in (X, ||.||~) and lim S, is a solution of the BVP
n—oo n—oo
(10.1). O

Next we have a similar result for the BVP (10.2).

Theorem 10.2.2. Let oy, Sy € W such that ay(t) < Bo(t), YVt € I and
Q={(t, u, v) : a(t) <u < Fy(t) and ap(0(t)) < v < Bo(6(t)), t € I}. Let
f, h € C?[Q, R] be such that D;f >0, D;h >0, D; ;f >0 and D; ;h <0 on
Qand Vi, j =2, 3. Assume that oy and [y are lower and upper solutions of

BVP (10.2). Then there are monotonic sequences of functions {c,} and {B,}

converging in (W, ||.|lo) such that lim o, and lim B, are solutions of the BVP
n—oo n—oo

(10.2).

Proof. Similar to the proof of the Theorem 10.2.1. [

10.3 Generalized Quasilinearization Method

In this section, we undertake the study of existence of solution for the BVP of
second order DECD (8.7) and BVP of second order DEVDA (8.14), by forcing
certain conditions on first and second order partial derivatives with respect to
the second and third argument of f and f + ¢, for some function ¢. We obtain

our results by using generalised quasilinearization method.
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Theorem 10.3.1. Let o, Sy € X be lower and upper solutions of BVP (8.7)
such that ag(t) < Bo(t), Vt € [—r, T|. Let f, ¢ € C*[I x R*, R] such that
(1) D; ;f(t, @, y)+D; ;6(t, x, y) >0,V (¢, z, y) € [xR* andV i, j =2, 3.
(2) Dif(t, z, y) + D;ig(t, x, y) >0,V (t, z, y) €[ x R? and Vi = 2, 3.
(3) o(t, uy, v1) > &(t, ug, v2), V (¢, uy, v1), (t, uz, vo) € I x R? such

that vy < uy and vy < vs.
Then there is a monotonic increasing sequence of functions {ay, } converging in

(X, ||-|lec) such that lim o, is a solution to the BVP (8.7).
n—oo

Proof. Let F(t, z, y) = f(t, z, y) + &(t, z,y), V (t, z, y) € [ x R
Therefore D; ;jF(t, x, y) > 0 and D;F(t, z, y) >0, V (¢, x, y) € I x R? and
V1, 7 =2, 3. This implies

F(t, x1, y1)—F(t, x2, y2) > DoF(t, 2, y2)(x1—x2)+DsF(t, x2, y2)(y1—Y2),
YV (t, z1, y1), (t, T2, yo) € I x R? such that z; > x5 and y; > ye.

So we have

f, o, y1) > f(t, 22, y2) — &(F, 21, y1) + 0t T2, o)
+ Do f(t, z2,y2)(21 — 22) + Dac(t, 22, yo)(x1 — 22)

+ Dsf(t, w2, y2)(y1 — y2) + Daal(t, z2, y2)(y1 — y2),

V (t, z1, y1), (t, T2, y2) € I x R? such that z; > x5 and y; > ye.
Since ayp, By are lower and upper solutions of BVP (8.7), we have
L —aj(t) < f(t, ao(t), ap(t —1)), t €1,
2. =f5(t) = f(t, Polt), bot —r)), t €,

3. ap(t) = ap(0), t € [—r, 0],
4. Bo(t) = Bo(0), t € [-r, 0],
5. ap(0) = an(T),

6. Bo(0) = Bo(T),

7. al(0) > 0,

8. p(0) <0
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t, (&%)
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— qb(t, u, U) + Dgf

—~ o~ —~

~—

V (¢, u, v) €I x R%.

This implies

—~

—~

t=7))[y(t) — ao(?)]

t=r)y(t —r) = ao(t —r)]

~— ~— =

~— ~— ~—~ —~ — —~

+D2¢(t7 O{()(t )

+ D3f(t> aO(t ’
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So we have Fao(ta Ty, yl) S Fao(ta T2, y2)7 v <t7 Z1, y1)7 (ta T2, y2) €l x RQ

such that x1 < x9 and y; < ys.

Also — ag(t) < f(t, ao(t), ao(t —7))
= [(t, ao(t), aolt = 7)) + &(t, aolt), aolt — 7))
— o(t; ao(t), awo(t =)
+ Daf(t, ao(t), ao(t —7))[ao(t) = ao(t)]
+ Dag(t, ao(t), ao(t —r))[ao(t) — ao(t)]
+ Dsf(t, ao(t), ao(t —7))]ao(t —r) — ot —7)]
+ Dsop(t, ao(t), ao(t —7))[an(t —7) — ap(t — )]

= Fo (t, ap(t), ap(t —r)).

Further — By(t) > f(t, Bo(t), Bo(t — 1))
> [t ao(t), ao(t —r)) + oL, ao(t), aolt —7))
— ¢, fo(t), Bolt =)
+ Do f (8, ao(t), ao(t —7))[Fo(t) — ao(t)]
+ Dao(t, ao(t), ao(t —7))[Bo(t) — ao(t)]
+ Dsf(t, aot), ao(t = 7))[Bolt = 1) — ao(t —7)]
+ Dso(t, ao(t), ao(t —r))][Bo(t — 1) — ao(t —7)]

= Fo(t, Bo(t), Bo(t —1)).

We already know that
1. Cko(t) S ﬁo(t), te [—7", T]
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6. ap(0) > 0.

7. 54(0) <0.
Therefore ag and 3y are lower and upper solutions of the BVP (10.5) such that
ao(t) < Bo(t), Vi € [—r, T].
Thus the BVP (10.5) has a solution a3 € X such that oy < o < [y on
[—r, T]. (Using Corollary 8.4.6)

Therefore

—af(t) = f(t, ao(t), ot — 7)) + (L, ao(t), aolt —7))
— oL, en(t), au(t — 7))
+ Do f(t, ao(t), ao(t —7))[en(t) — ao(t)]
+ Daop(t, ao(t), ao(t —7))[on(t) — ao(t)]
+ D3 f(t, ap(t), ao(t —r))[ag(t —r) — ap(t — )]
+ D3o(t, ap(t), ao(t —r))[ai(t — 1) — ag(t —r)], t € I,
ai(t) = ay(0), t € [—r, 0],

(){1(0) = (T),

This implies —af (t) < f(t, aq(t), an(t — 1)), t € I.
Also 1. —ﬁ[/),(t) > f(tv ﬁo(t)v ﬁo(t o T))a tel.
2. ﬁO(t = 50(O>7 te [—7“, 0]

3. (05]

© N o
o
2.
(@)
I
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Therefore o and By € X are lower and upper solutions of the BVP (8.7) such
that aq(t) < Bo(t), Vit € [—r, T).
Continuing in this manner, we get a monotonic increasing sequence of functions

{a,} € X such that a,, < By, Vn € Non [—r, T| and

—ap (1) = f(t, an(t), an(t —1)) + 8t an(t), an(t —1))
= o(t, ant1(t), ansa(t — 7))
+ Do f (¢, an(t), an(t —7))]ons1(t) — an(t)]
+ Dad(t, an(t), an(t —r))[an1(t) — an(t)]
+ D3 f(t, an(t), an(t — 7))ot — 1) — an(t —7)]
+ Dyo(t, an(t), am(t — ) anes(t — 1) — an(t — 7)), t € I,
i1 (t) = an11(0), t € [—r, 0],

A 41(0) = a1 (1),

a41(0) = 0. )
Further lim v, exists in (X, ||.||o) and lim v, is a solution of the BVP
n—oo n—oo
(8.7). O

Next we have a similar result for the BVP(8.14).

Theorem 10.3.2. Let ag, Sy € W be lower and upper solutions of BVP (8.14)
such that ag(t) < Bo(t), Vt € I. Let f, ¢ € C*[I x R?, R] such that
(1) D; i f(t, z, y)+D; ;o(t, , y) >0, ¥V (t, z, y) € [IxR? and Vi, j =2, 3.
(2) Dif(t, z, y) + Did(t, z, y) >0,V (¢, z, y) € [ x R* and Vi =2, 3.
(3) &(t, ur, v1) > G(t, ug, v2), V (£, uy, v1), (t, ug, v2) € I X R? such

that uy < ue and vy < vy.
Then there is a monotonic increasing sequence of functions {ay, } converging in

(W, ||-]lo) such that lim v, is a solution to the BVP (8.14).
n—oo

Proof. Similar to the proof of the Theorem 10.3.1. [
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Next we prove results for the BVPs under consideration by reversing the
inequality in the first condition. We see that in case of BVP (8.7), we get a

monotonic decreasing sequence of functions {3, } converging to a

Theorem 10.3.3. Let o, By € X be lower and upper solutions of BVP (8.7)
such that ap(t) < Bo(t), V t € [—r, T|. Assume that f, ¢ € C*[I x R? R]
such that
(1) D; ;f(t, x, y)+D; 0t x, y) <0, V(t, x, y) € [XR? and Vi, j =2, 3.
(2) Dif(t, z, y) + Di(t, x, y) >0, V(t, z, y) € [ XxR* and Vi =2, 3.
(3) ¥(t, ui, v1) > U(t, ug, va), ¥ (£, g, v1), (¢, ug, va) € I x R?

such that u; < ug and vy < vs.

Then there is a monotonic decreasing sequence of functions {3, }converging in

(X, ||.l|oc) such that lim B, is a solution of the BVP (8.7).
n—oo

Proof. Let G(t, z, y) = f(t, z, y) +¥(t, =, y), V (t, x, y) € [ x R2.
Therefore D; ;G(t, z, y) <0 and D;G(t, z, y) > 0,
V(t, z, y) € I x R? and Vi, j =2, 3. This implies
G(t, x1, y1) — G(t, x2, y2) = DoG(L, 1, y1)(w1 — a2)
+ D3G(t, @1, y1)(y1 — y2),

YV (t, o1, y1), (L, 22, y2) € I x R? such that x; > x5 and y; > ys.

So we have f(t, x1, y1) > f(t, 2, y2) — V(t, x1, 11) +U(L, T2, VY2)
+ Do f(t, x1, y1)(@1 — @2) + Dotp(t, x1, y1)(T1 — 2)

+ D3 f(t, z1, y1)(y1 — v2) + D3vo(t, 21, y1)(y1 — v2),

YV (t, o1, y1), (L, 22, y2) € I x R? such that x; > x5 and y; > ys.

Since g, [y € X are lower and upper solutions of the BVP (8.7), we have
Lo —og(t) < f(t, ao(t), ap(t —1)), t € 1.

2. —=By(t) = f(t, Bo(t), Bolt — 7)), t €I

3. ap(t) = ap(0), t € [-r, 0].



4. Bo(t) = Bo(0), t € [-r, O]
5. ap(0) = ap(T).

6. Bo(0) = Bo(T)

7. ab(0) > 0.

8. 8(0) < 0.

Consider

=y (t) = f(t, Bolt), Bo(t — 1)) +1(t, Bo(t), Bolt —r))
— (L, y(t), y(t —r))
+ Do f(t, Bo(t), Bolt —7))[y(t) — Bo(t)]
+ Datb(t, Bo(t), Bolt —1))[y(t) — Bo(t)]
+ D3 f(t, Bot), Polt — )yt —r) — Bo(t —7)]
+ D3p(t, Bo(t), Bolt —r)[y(t —r) = Bolt —7)], t €1,

Let Gg,(t, u, v) = f(t, Bo(t), Bo(t — 7)) + (¢, Bo(t), Bolt — 1))

= O(t; u, v) + Daf(t, folt), fo(t —r))[u— Bo(t)]

+ Datp(t, Bo(t), Po(t —r))[u— Bo(t)]
+ D3 f(t, Bo(t), Bo(t —r))[v— Bolt —1)]
+ D3i)(t, Bo(t), Bolt —1))[v— Bo(t —7)],

V (¢, u, v) € I x R%

345
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This implies

G (t, y(t), y(t —r)) = f(t, Bo(t), Po(t — 7)) +¥(t, Bo(t), Polt —7))
—(t, y(t), y(t —r))
+ D2 f(t, Bo(t), Bo(t —r))[y(t) — Bo(t)]
+ Dap(t, Bo(t), Bo(t —r))[y(t) — Bo(t)]
+ D f(t, Bolt), Bol(t =)yt —r) — Bo(t —7)]

+ Dap(t, Po(t), Bo(t —r))ly(t —r) = Polt —7)], VI el

So we have G, (£, 21, y1) < Gay(t, 2, y2), ¥ (t, 1, 1), (t, T2, yo) € I x R?
such that z; < 25 and y; < y.
Also —ag(t) < f(t, ao(t), ao(t — 1))
< f(E, Bo(t), Bo(t —r)) +(t, Bo(t), Bolt —1))

— (¢, ao(t), ao(t —r))

+ Daf(t, Bo(t), Bo(t —r))[ao(t) — Bo(t)]

+ Datp(t, Bo(t), Po(t —7))[co(t) — Bo(t)]

+ D3 f(t, Bolt), Bo(t —7))]ewo(t —r) — Bolt —7)]

+ Dstp(t, Bo(t), Bo(t —7))[ewo(t —7) = Bo(t —7)]

= Gg,(t, ap(t), ap(t —1)).
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Further — Bf(t) > f(t, Bo(t), Bolt — 1))

= f(t, Bo(t), Bo(t —r)) + (¢, Bo(t), folt —7))
—U(t, Bolt), Bolt — 1))
+ Daf(t, Bolt), Bo(t —7))[Bo(t) — Bo(t)]
+ Datp(t, Bo(t), Bolt —1))[Bo(t) — Bo(?)]
+ D3 f(t, Bo(t), Bo(t —7))[Bo(t — 1) — Polt —7)]
+ Dso(t, Bo(t), Bolt —1))][Bo(t — 1) — Bolt — )]

= G (t, Bo(t), Bo(t —1)).

We already know that
1. Q) t) < ﬁg(t), t e [—7’, T]

2. Ck(]t

3

4. op(0) = (7).

5. B0(0) = Po(T).

6. ap(0) > 0.

7. 54(0) <0.

Therefore ag and 3y are lower and upper solutions of the BVP (10.6) such that
ao(t) < Bo(t), YVt € [-r T]

Thus the BVP (10.6) has a solution §; € X such that oy < f; < [y on
[—r, T]. (Using Corollary 8.4.6)



348

So we have

=01 (t) = f(t, Bo(t), Bo(t — 7)) + (¢, Bolt), Bolt —7))
—¢(t, Bu(t), Bult =)
+ Do f (L, Bolt), Bolt —r))[Bu(t) — Po(t)]
+ Dat(t, Po(t), Bo(t —r))[Bi(t) — Bo(t)]
+ Ds (2, Bo(t), Bot —r))Bi(t —7) = Folt — )]
+ D3ip(t, Bo(t), Bo(t —r)) Bt —r) = Bolt —r)], t €1,
Pr(t) = Bu(0), t € [=r, 0],
£1(0) = Bu(T),
p1(0) = 0.

This implies —37(t) > f(t, Bi(t), fi(t —1)), t € I.

Also 1. —og(t) < f(t, ao(t), ao(t —1)), t € 1.

2. ap(t) = ap(0), t € [-r, 0].
3. Bi(t) = B1(0), t € [—r, 0]
L aolt) < B(t), t€ [—r, T
5. a0(0) = ao(T).

6. 1(0) = pu(T)

7. ab(0) > 0.

8. £(0) = 0.

Therefore oy and 5 € X are lower and upper solutions of the BVP (8.7) such
that ao(t) < pi(t), Vt e [—r, T].
Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {5,} € X such that oy < 3,, Vn € Non [—r, T] and
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By (t) = f(t, Bult), Bult — 1)) + B(t, Bu(t), Bult —1))
= B(t, Buri(t), Bura(t —1))
+ Daf(t, Bult), Balt —7))[Brs1(t) — Balt)]
+ Daf(t, Bu(t), Bult — 1)) [Bas1(t) — Ba(t)]
+ D3 f(t, Bult), Bult —1))[Brsa(t — 1) — Bult — 1))
+ D3f(t, Bult), Bult = 1) [Bua(t —7) = Bult —7)], t € 1,
Brr1(t) = B4 (0), t € [-r, 0],

Bt (O) = Bt (T) )

5;L+1(0) = 0. J
Further lim S, exists in (X, ||.||c) and lim f3, is a solution of the BVP
n—oo n—0o0
(8.7). O

Incase of the BVP(8.14), we see that as a result of reversing the inequality in
first condition, we get a monotonic decreasing sequence of functions converging

to a solution of the BVP.

Theorem 10.3.4. Let ag, Sy € W be lower and upper solutions of BVP (8.14)
such that a(t) < Bo(t), V't € I. Assume that f, 1 € C*[I x R? | R| such that
(1) D i f(t, z, y)+Dijb(t, x, y) <0,V (¢, z, y) €  xR* and Vi, j =2, 3.
(2) Dif(t, z, y) + D(t, x, y) >0,V (¢, z, y) € [ x R* and Vi =2, 3.
(3) ¥(t, ui, v1) > U(t, ug, v2), V (£, uy, v1), (£, ug, va) € I x R?

such that u; < uy and vy < vq.

Then there is monotonic decreasing sequence of functions {f,}converging in

(W, ||-/lo) such that lim B, is a solution of the BVP (8.14).
n—oo

Proof. Similar to the proof of the Theorem 10.3.3. [
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10.4 Extended-Generalized Quasilinearization

Method

In this section , we make use of extended-generalized quaslinearization method
to prove the existence of solution for the BVP of second order DECD (10.1)
and BVP of second order DEVDA (8.14). The results are obtained under
certain conditions on first and second order partial derivatives with respect to

the second and third arguments of f, h, f + ¢ and h + ¢ for some functions
¢ and 1.

Theorem 10.4.1. Let ap, Sy € X such that ao(t) < Po(t), Vt € [—r, T| and
Q= {(t,u,v) : ap(t) < u < Bo(t) and ap(t — 1) < v < Bo(t — 1), t € I}
Assume that f, h, ¢, ¢ € C*[Q, R| satisfying
(1) D;f(t, x, y) + D;op(t, x, y) >0,V (t, z, y) € Q and Vi =2, 3.
(2) D;h(t, x, y)+ Dap(t, =, y) >0, V (¢, z, y) € Q and Vi=2, 3.
(8) Di i f(t, z, y) + Di jo(t, x, y) >0, V(t, z, y) € Q and Vi, j =2, 3.
(4) D jh(t, x, y) + D; ;B(t, x, y) <0, V(t, v, y) € Qand Vi, j =2, 3.
(5) ot m1, y1) +(t, @1, y1) = O(E, @2, y2) + Y (22, 92),

Vo (t, z1, y1), (t, @2, y2) € Q such that x1 < x9 and y; < yo. Further,
assume that o and Py are lower and upper solutions of BVP (10.1). Then there
are monotonic sequences of functions {a,} and {B,} converging in (X, ||.||c)

such that lim o, and lim f3,, are solutions to the BVP (10.1).

n—oo n—oo

Proof. Let F(t, x, y) = f(t, =, y) + &(t, =, y), V (¢, z, y) € Q and

H(t, x, y) = h(t, z, y) + (¢, x, y), V (¢, z, y) € Q.
It is assumed that D; ;f(t, =, y) + D; ;o(t, =, y) >0, V (¢, z, y) € Q and
Vi j=2 3.
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Therefore f(tv L1, y1) > f(t7 T2, yz) - (iﬁ(t; T, yl) + (/5(157 T2, yz)
+ [Dof (t, z2, y2) + Dag(t, o, yo)](71 — 72)

+ [Dsf(t, x2, yo) + D3o(t, za, y2)|(y1 — 42),

Y (t, 1, y1), (t, T2, yo) € Q such that x1 > xo and y; > yo.
It is also assumed that D; ;h(t, =, y) + D; j9(t, =, y) <0, V (¢, z, y) € Q
and Vi, 7 =2, 3.

So we have h(t, x1, y1) > h(t, x2, y2) — (L, x1, y1) + (¢, x2, y2)

+ [Doh(t, x1, y1) + Doto(t, 1, y1)|(v1 — 72)

+ [Dsh(t, x1, y1) + Dsp(t, x1, y1)](y1 — y2),

Y (t, x1, y1), (t, T2, yo) € Q such that x1 > xo and y; > yo.

Let py = ( Hlil;l Q[Dzh(t, u, v) + Dat)(t, u, v)] and
t,u, v)e

o = ( mir)l Q[Dgh(t, u, v) + D3(t,u,v)]. Then p; > 0 and py > 0.
t,u,v)€

So we have h(t, x1, y1) > h(t, z2, y2) — ¥(t, 1, 11) + (¢, 22, Y2)

+ pi (1 — x2) + p2(y1 — 12),

Y (t, x1, y1), (t, x2, y2) € Q such that x1 > x5 and y; > yo.
Thus

f(t, z1, y) + h(t, x4, y1) > f(t, 22, Y2) + h(t, T2, y2) + O(t, T2, y2)
+h(t, x2, y2) — O(t, 1, 1) — (¢, ®1, Y1)
+ [Daof(t, o1, y1) + Dag(t, 21, y1) + pa](z1 — 2)

+ [Daf(t, 21, y1) + D3p(t, 21, y1) + p2)(yr — v2),

Y (t, 1, y1), (t, T2, yo) € Q such that x1 > xo and y; > yo.
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Since g, [y € X are lower and upper solutions of BVP (10.1), we have

L. —aj(t) < f(t, ao(t), o
2. =Py(t) = f(E, Bolt),
3. ap(t) = a(0), t € [,
4. Bo(t) = Bo(0), t € [-r,
5. ap(0) = ao(T).

6. 5o(0) = Bo(T).

7. a(0) > 0.

8. B(0) < 0.

Consider

—y"(t)

= [(t, ao(t), ao(t — 1)) + h(t, ao(t), aolt —7))
+ o(t, ao(t), aolt — 7)) +¥(t, ao(t), ao(t —7))
—o(t, y(t), y(t —r)) — (L, y(t), y(t —r))

+ Do f(t, ao(t), ao(t —7))[y(t) — co(t)]

+ [Dagp(t, ag(t), ao(t —7)) + p]ly(t) — ao(t)]

(t—r1)) + h(t, ag(t), ag(t — 1)), t € I.

Bo(t — 1)) + h(t, Bo(t), Bo(t —1)), t €.

0.
0.

+ D3 f(t, ao(t), ao(t — 7))yt —7) — ao(t —1)] (10.7)

+ [D3o(t, ao(t), ao(t — 7)) + pa]ly(t —r) — aolt — 1)),

tel,
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Let Foy(t, u, v) = f(t, ao(t), ag(t — 7))+ h(t, ao(t), ag(t —1))
+o(t, aot), ao(t =) + (L, aolt), aolt =)
— (t, u, v) — P(t, u, v)
+ Do f(t, ao(t), aolt —r))[u —ao(t)]
+[D2g(t, ao(t), aolt — 7)) + pu][u — ao(t)]
+ D3 f(t, ao(t), ao(t —1))[v — ag(t —7)]
+[Dsg(t, ao(t), aolt —7)) + po][v — ao(t = 7)),

Y (t, u, v) €.

This implies

Foot,y(t), y(t —r)) = f(t, ao(t), ao(t —7)) + h(t, ao(t), ao(t —7))
+o(t, ao(t), ao(t — 7)) +¥(t, ao(t), ao(t —1))
—o(t, y@t), y(t —r)) —o(t, y(t), y(t —r))
+ Do f(t, ao(t), ao(t —7))[y(t) — co(t)]
+ [Daop(t, ao(t), ao(t — 7)) + pally(t) — ()]
+ D3 f(t, ao(t), ao(t —7r))[y(t —7) — ot —7)]
+[D3g(t, aolt), ao(t — 7)) + po][y(t — ) — ao(t — 7)),

Vtel

So we have F,,(t, x1, y1) < Fo,(t, xa2, y2), V (¢, 21, y1), (£, T2, y2) €  such

that 1 < a9 and y; < ys.



Also — ap(t) < f(t, ao(t), ao(t — 7)) + h(t, ao(t), ag(t —1))
= f(t, ao(t), ao(t —7)) + h(t, ao(t), oot —1))
+ o(t, ap(t), ag(t — 7)) +1(t, ao(t), ao(t —1))
— (L, ao(t), ao(t —7)) = (t, ao(t), ao(t —7))
+ Daf(t, ao(t), ao(t —7))]eo(t) — ao(t)]
+ [D20(t, ao(t), ao(t — 7)) + p]eo(t) — ao(t)]
+ D3 f(t, ao(t), ao(t —7))[ao(t —7) —ao(t —7)]
+[Dso(t, aolt), ao(t — 7)) + po]lao(t — ) — ag(t —7)]

= F,,(t, ap(t), ap(t —1)).

Further — §5(t) > f(t, fo(t), Bo(t — 7)) + h(t, Bo(t), Bo(t — 7))

> f(t aot), ao(t — 7)) + h(t, ao(t), ao(t —r))
+ o(t, ao(t), ao(t — 1)) +(t, ao(t), ao(t —1))
— ¢(t, fo(t), Polt —r)) = (L, folt), Polt —7))
+ Do f (1, ao(t), ao(t —7))[Bo(t) — ao(t)]
+ [D20(t, ao(t), ao(t — 7)) + pul[Bo(t) — ao(t)]
+ Dsf(t, aolt), ao(t —7))[Bolt — 1) — ao(t —7)]
+[Dso(t, aolt), ao(t — 7)) + pa][Fo(t — 1) — ao(t — )]

= Fo,(t, Bo(t), ot —1)).

We already know that
1. ao(t) < Bo(t), t € [—r, T].
2. ao(t) = ao(0), t € [, 0]
3. Bo(?)
4. ap(0) = ao(T).

354
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5. Bo(0)

6. a;(0)

7. 5(0)
Therefore ag and [y are lower and upper solutions of the BVP (10.7) such that
ap(t) < Bo(t), Vit € [-r, TV.

Bo(T).-
0.
0

IN IV

Thus the BVP (10.7) has a solution a; € X such that ap < a3 < By on
[—r, T]. (Using Corollary 8.4.6)

Therefore

—af(t) = f(t. ao(t), ao(t — 7))+ h(t, ag(t), ag(t—7))
+o(t, aolt), aolt — 1)) +(t, an(t), ao(t — 1))
= o(t, ar(t), an(t = 7)) = ¥(t, au(t), au(t =)
+ D2f(t, ao(t), ao(t —7))[en(t) —ao(?)]
+[D20(t, ao(t), aolt — 7)) + mllan(t) — ao(t)]
+ D3 f(t, ao(t), ao(t —r))[en(t —r) = ap(t —7)]
+[Dsg(t, ao(t), ao(t — 7)) + pal[on(t — ) — ap(t — 7)), t € I,

Oél<t> = 041(0), t e [—7’, O],

This implies —af(t) < f(t, au(t), aa(t — 7)) + h(t, au(t), au(t — 7)), t € I.
Also
L =p5(t) = f(t, Bo(t), Bo(t —7)) + h(t, Bo(t), Bo(t — 1)), t €.

Po(

2. Bo(t) = Po(0), t € [—r, O].
3. an(t) = an(0), £ € [—r, 0].
4 ai(t) < Bolt), t € [-r, T].
5. 1(0) = an(T).
6. Bo(0) = Bo(T).
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7. o/(0) = 0.

8. B,(0) <0.

Therefore a; and 5y € X are lower and upper solutions of the BVP (10.1) such
that aq(t) < Bo(t), Vit € [-r, T).

Continuing in this manner, we get a monotonic increasing sequence of functions

{an} C X such that o, < fy, Vn € Non [—r, T] and

—all ) (8) = f(t,an(t), an(t = 1)) + h(t, an(t), an(t — 1))
+ at, an(t), an(t — 7)) + B(t, an(t), anl(t — 1))
— a(t, st (1), A (= 1)) = Blt, A (), i (£ — 7))
T Daf(ty n(t = 1), @t — 7)1 (£) — @a(0)
T [Daar(t, an(t), an(t — 1) + e () — ()]
T Daf(t, an(t), an(t = 1)ansi(t = 1) — an(t — 7))
T [Dsalt, an(t), an(t = 1)) + pallansa(t = ) — an(t = 1)),
tel,
G (1) = @i (0), £ € [, 0],
0 11(0) = i (T),

ap,11(0) = 0.

Further lim «,, exists in (X, ||.||s) and lim «, is a solution of the BVP (10.1).
n—oo

n—o0

Let 1 = min [Dyf(t, u, v) + Dag(t, u, v)] and

(t, u, v)EQ

0y = min [Dsf(t, u, v) + D3p(t, u, v)]. Then 6; > 0 and 6, > 0.

(t, u, v)€Q
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This implies f(t, z1, y1) > f(t, z2, y2) — O(t, 1, 11) — O(t, T2, Y2)

+ 61 (1 — x2) + Oa(y1 — ya2),

YV (t, 21, 1), (L, 22, y2) € Q such that x; > x5 and y; > ye.

So we have

f(t, x1, y) + h(t, x1, y1) > f(t, 22, y2) + h(L, T2, y2) + O(t, T2, y2)
+¢(t7 T2, yz) - ¢(t; Iy, yl) _?/J(t, I, yl)
+ [01 + Dah(t, x1, y1) + Datp(t, 1, y1)](21 — x2)

+ 02 4+ D3h(t, x1, y1) + Dsb(t, z1, y1)|(vn — y2),

Y (t, 1, y1), (t, T2, yo) € Q such that x1 > xo and y; > yo.

Now consider

—y"(t) = f(t, Bo(t), Bo(t — 7))+ h(t, Bo(t), Bolt —7))
+¢(t, Bolt), Bolt — 7)) + (L, folt), Bolt —7))
—o(t, y(t), y(t —r)) —v(t, y@), y(t —r))
+ 01 + Dah(t, Bo(t), Bolt —1))ly(t) — Bo(t)]
+ Dato(t, Bo(t), Bolt —7)[y(t) — Bo(t)]

+ [02 4+ Dsh(t, Bo(t), Bo(t — )]yt —1r) — Bo(t —1)] (10.8)
+ Dsip(t, Bo(t), Bolt —7))[y(t —r) — Bolt — )],
tel,
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Let G, (t, u, v) = f(t, Bo(t), Bo(t — 7))+ h(t, Bo(t), Bolt — 1))
+¢(t, Bo(t), Bo(t —7)) +9(E, folt), Polt —7))
— o(t, u, v) —Y(t, u, v)
+ (01 + D2h(t, Bo(t), Bo(t —7))][u— Bo(t)]
+ Dyo(t, Bo(t), Polt —7))[u— Po(t)]
+[02 + Dsh(t, Bo(t), Bo(t —r))][v— Bo(t —7)]
+ Ds(t, Bo(t), Polt —r))[v = Folt — )],
V(t, u, v) €

This implies

G, (t; y(t), y(t —r)) = f(t, Bo(t), Po(t — 7))+ h(t, Bo(t), Bolt — 1))
+o(t, Bolt), Bolt — 7)) + (L, folt), Polt —7))
—o(t, y@t), y(t —r)) —v(t, y@), y(t —r))
+ 01 + Dah(t, Bo(t), Bolt —7))][y(t) — Bo(t)]
+ Dat(t, Po(t), Bo(t —r))[y(t) — Bo(t)]
+ (02 + Dsh(t, Bo(t), Bo(t —r))ly(t —7) = Bo(t — )]
+ Daip(t, Po(t), Bolt —r))[y(t —r) = Bolt — )],

Vtel

So we have Gg,(t, z1, y1) < Gg,(t, x2, y2), ¥V (t, @1, y1), (t, 22, y2) € N

such that x; < x9 and y; < ys.



Also —ag(t) < f(t, ao(t), ao(t —7)) +h(t, aolt), ao(t —1))
< f(t, Bo(t), Po(t —7))+h(t, Bo(t), fo(t —r))
+ o(t, Bolt), Bo(t —7)) +o(t, Bo(t), Polt —7))
— o(t, ao(t), aolt — 7)) —(t, ao(t), ao(t —r))
+ 101+ D2h(t, Bo(t), Bo(t —r))][ao(t) — Bo(t)]
+ Dop(t, Bo(t), Bo(t —r))lan(t) — Bo(t)]
+ 62 + D3h(t, Bo(t), Bo(t —r))l[aw(t —r) = Bolt —7)]
+ D3ip(t, Bo(t), Bot —r))lao(t —r) = Bolt —7)]

= Gp,(t, ap(t), ap(t —r1)).

Further — G () > f(t, Bo(t), Bo(t — 7)) + h(t, Bo(t), Bolt — 1))
= f(t, Bo(t), Bo(t — 1))+ h(t, Bo(t), Bot —r))
+o(t, fo(t), Bo(t —7)) +9(Et, folt), Bolt —7))
= o(t, Po(t), bo(t —r)) = (t, Bo(t), Polt — 1))
+ 01 + Dah(t, Bo(t), Bo(t —7))][Bo(t) — Bo(t)]
+ Datp(t, fo(t), Polt —7))[Bo(t) = Po(t)]
+[02+ Dsh(t, Go(t), Po(t —r))[Bo(t —7) = Polt — )]
+ Dap(t, Polt), Polt —r))[Polt —r) = Folt — )]
= Gy (t, fo(t), Polt —7)).

We already know that
ao(t) < Bolt), t € [-r, T1.

—_

ot H~ W [\]
e
[e=)
(=)
S~—
|
Q
[en)
—
S
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6. a;(0)
7. 5(0)
Therefore, oy and [y are lower and upper solutions of the BVP (10.8) such

IN IV

0.
0.
that ag(t) < Bo(t), Vit € [-r, T).

Thus the BVP (10.8) has a solution §; € X such that oy < f; < [y on

[—r, T]. (Using Corollary 8.4.6)

This implies

—B1(t) = f(t, Bo(t), Bo(t — 7))+ h(t, Bo(t), Bo(t —r))
+ oL, Bolt), bo(t —7)) +¢(t, Bo(t), Polt — 1))
= ¢(t, i), Ai(t =) —o(t, (), Bult —7))
+ [0+ D2h(t, Bo(t), Bo(t —r))][Br(t) — Bo(t)]
+ Doip(t, Bolt), Polt —r))[Br(t) — Po(t)]
+[02+ Dsh(t, Go(t), Po(t —r)[Br(t —7) = Polt —7)]
+ D3ip(t, Bo(t), Bo(t —r))[Br(t —r) = Bo(t —r)], t €1,
Ai(t) = Bi(0), t € [=r, 0],
P1(0) = Bu(T),
1(0) = 0.

/

This implies —3/(t) > f(t, i(t), Bu(t — )+ h(t, Bi(t), Byt —r)), t eI,
Also

2. ao(t) = ap(0), t € [—r, 0]
3. B1(t) = B1(0), t € [—r, 0]
4. ap(t) < Bi(t), t € [-r, T
5. ap(0) = ao(T)

6. 51(0) = B:(T)

7. ah(0) > 0.
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8. 1(0) =0.

Therefore ag and 57 € X are lower and upper solutions of the BVP (10.1) such
that ag(t) < pi(t), Vt e [—r, T).

Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {B,} € X such that ag < §,, Vn € Non [—r, T] and

B (t) = f(t, Balt), Bult — 7))+ h(t, Balt), Bult —1))

+ Ot Bult), Pult = 7)) +¢(t; Bult), Bult —1))
= ¢(t, Braa(t), Buga(t = 7)) = (t, Bria(t), Byt —7))
+ 01+ D2h(t, Bu(t), Bu(t —7)][Bnsr(t) — Bn(t)]
+ Da(t, Bu(t), Bu(t —7))[Buta(t) — Bu(t)]
+ (02 + Dsh(t, Bu(t), Bu(t = r)][Bnia(t —7) = Bult —7)]
+ Dso(t, Bu(t), Bu(t =) [Prsa(t — 1) = Bult = 1)), t €1,

Prt1(t) = Bnia(0), t € [=r, 0],

Bnt1(0) = Bnia (T),

5;+1(0) =0.

J

Further, lim 3, exists in (X, ||.||c) and lim 3, is a solution of the BVP
n—oo n—oo

(10.1). O
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Finally we state a similar result for the BVP (10.2).

Theorem 10.4.2. Let oy, By € W such that ap(t) < So(t), ¥Vt € I and
Q={(t,u,v) : ap(t) <u < Bo(t) and ap(0(t)) < v < Bo(0(t)), t € I}. Assume
that f, h, ¢, v € C?[Q, R]| satisfying
(1) D;f(t, =, y) + D;o(t, x, y) >0, V (¢, z, y) € L and Vi =2, 3.
(2) D;h(t, x, y) + Dap(t, xz, y) >0, V (¢, z, y) € Q and Vi=2, 3.
(3) D;, ;i f(t, x, y)+ D; jo(t, x, y) >0,V (¢, z, y) € Qand Vi, j =2, 3.
(4) D; jh(t, x, y)+ D; ;B(t, =, y) <0,V (t, z, y) € Qand Vi, j =2, 3.
(5) ¢t z1, y1) +¥(t, 21, y1) = O(¢, @2, Y2) + (¢, T2, 92),
Y (t, x1, y1), (¢, x2, y2) € Q such that v1 < x9 and y; < Y.
Further, assume that ag and By are lower and upper solutions of BVP (10.2).
Then there are monotonic sequences of functions {a,} and {S,} converging in

(W, ||-|lo) such that lim «v,, and lim 3, are solutions to the BVP (10.2).
n—o0

n—oo

Proof. Similar to the proof of the Theorem 10.4.1. n
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Summary

In this thesis, an effort is made to establish some existence of solutions re-
sults to BVPs of first and second order differential equations with deviating
arguments. The BVPs discussed in this work includes PBVP, APBVP, LBVP,
NLBVP of first order differential equations with deviating arguments and var-
ious BVPs of second order differential equations with deviating arguments.
Leray-Schauder Alternative, Schauder’s fixed point theorem, Fixed point the-
orem on partially ordered metric space and Banach fixed point theorem are
used to obtain the results.

In this work, we take f to be continuous and non-decreasing in the second
coordinate or second and third co-ordinate, as the case may be, to prove our
most of the results. However, while using method of coupled lower and upper
solutions, we assume f to be non increasing in second and third arguments.

It is to be noted that in existing literature the function f is taken to be
continuous and Lipchitz or continuous and decreasing in second coordinate
for establishing existence of a solution for initial value problems as well as
boundary value problems.

Some salient features of the thesis are as follows:

1. Some results on existence of solution for BVPs of first order DEDA are

obtained.

2. Results on existence of solution between lower and upper solutions for

BVPs of first order DEDA are proved.

3. Existence of solution results for BVPs of first order DEDA are proved

using MIM, QM, EQM, GQM and EGQM.

4. Existence of solution results for BVPs of second order DEDA are ob-

tained.
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5. Results on existence of solution between lower and upper solutions for

BVPs of second order DEDA are proved.

6. Existence of solution results for BVPs of second order DEDA are proved

by using techniques of MIM, QM, EQM, GQM and EGQM .

Problems for Further Study

We suggest the following topics for further study.

1. Study of Qualitative Properties for BVPs First and Second Order Dif-

ferential Equations with Deviating Arguments.

2. Study of Hyers - Ulam Stability for BVPs of First and Second Order

Differential Equations with Deviating Arguments.

3. To Study BVPs of n'* Order Differential Equations with Deviating Ar-

guments.

4. To Study BVPs of Partial Differential Equations with Deviating Argu-

ments.
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