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Chapter 1

INTRODUCTION

The theory of differential equations with deviating arguments has history of

atleast 200 years. It mainly originated because of problems in number theory

and geometry. Differential equations with deviating argument ( or delay differ-

ential equations) were introduced to create more realistic models since many

processes depend on past history or on future data.

The study of boundary value problems is important because of their

applications in various fields such as mechanical vibration of elastic rods, heat

flow, wave distribution, electromagnetic fields, fluid flow etc. Differential equa-

tions with deviating argument feature when dealing with modeling physical

and biological situations. These equations are also used to study population

dynamics, epidemic spread, control theory, distributed networks and neural

networks. In economics, delay differential equations are used to study mar-

ket fluctuations, consumer behavior, taxation effect etc. This makes study of

boundary value problems for differential equations with deviating argument

an important topic to investigate.
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1.1 Research Objectives

The most natural question which arises in solving a mathematical problem is

whether its solution exists or not. Many physical situations can be modelled

into boundary value problems of differential equations with deviating argu-

ments. These problems are mainly non-linear. So the primary thing is to look

at different techniques of solving these problems analytically or numerically.

In the absence of method of obtaining a solution, it is often seen that, theoret-

ically one establishes the existence of a solution to the problem. This research

work mainly deals with proving results on existence of solution for various

boundary value problems of first and second order ordinary differential equa-

tions with deviating arguments by using different techniques.

Our main objectives of this research work are as follows:

1. To establish results on existence of solution for boundary value

problems of first order differential equations with deviating arguments

using Leray-Schauder alternative, Schauder’s fixed point theorem,

Banach fixed point theorem and Fixed point theorem on partially

ordered metric spaces.

2. To establish results on existence of solution between lower and upper

solutions for boundary value problems of first order differential

equations with deviating arguments.

3. To develope Monotone Iterative Method, Quasilinearization Method, Ex-

tended Quasilinearization Method, Generalized Quasilinearization Method

and Extended-Generalized Quasilinearization Method for

boundary value problems of first order differential equations with

deviating arguments.
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4. To establish results on existence of solution for boundary value

problems of second order differential equations with deviating

arguments using Schauder’s fixed point theorem and Banach fixed point

theorem.

5. To establish results on existence of solution between lower and

upper solutions for boundary value problems of second order differential

equations with deviating arguments.

6. To develope Monotone Iterative Method, Quasilinearization Method, Ex-

tended Quasilinearization Method, Generalized Quasilinearization Method

and Extended-Generalized Quasilinearization Method for

boundary value problems of second order differential equations with de-

viating arguments.

1.2 Notations

The following notations will be used throughout this work.

1. T > 0, λ ≥ 0 and 0 < r ≤ T .

2. I = [0, T ].

3. θ : I → I is a continuous function.

4. B is the set of all functions defined and continuous on [−r, T ] and which

are continuously differentiable on I.

5. X = {y ∈ B : y(t) = y(0), ∀ t ∈ [−r, 0]}.

6. Y = {y ∈ B : y(t) = 0, ∀ t ∈ [−r, 0]}.

7. Z = C[I, R].

8. W = C ′[I, R].
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9. E = {y ∈ B : y(t) = a, ∀ t ∈ [−r, 0]}.

10. U = {y ∈ W : y(0) = a}.

11. V = {y ∈ W : y(0) = 0}.

12. ||z|| = sup
t∈I

|z(t)|, ∀ z ∈ Z.

13. ||w||0 = sup
t∈I

|w(t)|+ sup
t∈I

|w′(t)|, ∀ w ∈ W .

14. ||x||∞ = sup
t∈[−r, T ]

|x(t)|+ sup
t∈I

|x′(t)|, ∀ x ∈ B.

15. d∞(w, z) = ||w − z||∞, ∀ w, z ∈ E.

16. d0(u, v) = ||u− v||0, ∀ u, v ∈ U .

17. ||(y, ξ)||⋆ = ||y||∞ + |ξ|, ∀ (y, ξ) ∈ Y × R.

18. ||(y, ξ1, ξ2)||⋆⋆ = ||y||∞ + |ξ1|+ |ξ2|, ∀ (y, ξ1, ξ2) ∈ Y × R2.

19. ||(v, ξ)||$ = ||v||0 + |ξ|, ∀ (v, ξ) ∈ V × R.

20. ||(v, ξ1, ξ2)||$$ = ||v||0 + |ξ1|+ |ξ2|, ∀ (v, ξ1, ξ2) ∈ V × R2.

21. For a linear operator L : X → Y × R, ||L||1 = sup
||x||∞=1

||Lx||⋆.

22. Dif(x1, x2, .... xn) =
∂f(x1, x2,.... xn)

∂xi
, i = 1, 2, .... n.

23. Di, jf(x1, x2, .... xn) =
∂2f(x1, x2,.... xn)

∂xi ∂xj
, i, j = 1, 2, .... n.

Note that (B, ||.||∞), (X, ||.||∞), (Y, ||.||∞), (Z, ||.||), (W, ||.||0), (V, ||.||0),

(Y × R, ||.||⋆) and (Y × R2, ||.||⋆⋆), (V × R, ||.||$) and (V × R2, ||.||$$) are

Banach Spaces. Also (U, d0) and (E, d∞) are complete metric spaces.
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1.3 Abbreviations

Following abbreviations are being used consistently in this work.

1. ODE : Ordinary Differential Equation.

2. PDE : Partial Differential Equation.

3. IVP : Initial Value Problem.

4. BVP : Boundary Value Problem.

5. DEDA: Differential Equation with Deviating Argument.

6. DDE: Delay Differential Equation.

7. DECD: Differential Equation with Constant Delay.

8. DEVDA: Differential Equation with Variable Deviating Argument.

9. PBVP: Periodic Boundary Value Problem.

10. APBVP: Anti-Periodic Boundary Value Problem.

11. LBVP: Boundary Value Problem with Linear Condition.

12. NLBVP: Boundary Value Problem with Non-Linear Condition.

13. MIM: Monotone Iterative Method.

14. QM: Quasilinearization Method.

15. EQM: Extended Quasilinearization Method.

16. GQM: Generalized Quasilinearization Method.

17. EGQM: Exended-Generalized Quasilinearization Method.
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1.4 Organization of the Thesis

We divide the thesis into 10 chapters.

Chapter 1 gives introduction to history and applications to boundary value

problems of differential equations with deviating arguments. We also give

main objectives of the thesis together with notations and abbreviations used

throughout the thesis. Further, we highlight chapter wise description of the

research work done.

Chapter 2 deals with literature survey for initial and boundary value prob-

lems of ordinary differential equations and differential equations with deviating

arguments.

In Chapter 3, we investigate the following BVPs of first order DECD.

Let a, b ∈ R such that a ̸= 0 and b ̸= 0. Let T > 0, λ ≥ 0, I = [0, T ],

0 < r ≤ T , f : I ×R → R be continuous and g : R2 → R be continuous. Then

the PBVP of first order DECD under investigation is given by

y′(t) + λy(t) = f(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).


(3.1)

The APBVP of first order DECD under investigation is

y′(t) + λy(t) = f(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = −y(T ).


(3.2)
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The LBVP of first order DECD under investigation is

y′(t) + λy(t) = f(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0.


(3.3)

The NLBVP of first order DECD under investigation is

y′(t) + λy(t) = f(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0.


(3.4)

We also investigate the NLBVP of first order DECD given by

y′(t) + λy(t) = f(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = g(y(0), y(T )).


(3.5)

We first prove results on existence of solution for problems (3.1), (3.2) and

(3.3) by using Leray-Schauder alternative. Then using Schauder’s fixed point

theorem, we prove existence of solution for problem (3.5) by assuming f and

g to be bounded continuous functions. Further, we prove a result on existence

of solution between lower and upper solutions for PBVP (3.1) and results on

existence of solution between weakly coupled lower and upper solutions for

APBVP (3.2), LBVP (3.3) and NLBVP (3.4). We move on to prove results on

existence of solution between coupled lower and upper solutions for problems

(3.1) to (3.4).

In Chapter 4, we investigate the following BVPs of general first order DECD

and DEVDA.
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Let a, b ∈ R such that a ̸= 0 and b ̸= 0. Let T > 0, λ ≥ 0, I = [0, T ],

0 < r ≤ T , f : I × R2 → R be continuous, θ : I → I be continuous and

g : R2 → R be continuous. Then the PBVP of general first order DECD under

investigation is given by

y′(t) + λy(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).


(4.1)

The APBVP of general first order DECD under investigation is

y′(t) + λy(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = −y(T ).


(4.2)

The LBVP of general first order DECD under investigation is

y′(t) + λy(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0.


(4.3)

The NLBVP of general first order DECD under investigation is

y′(t) + λy(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0.


(4.4)
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We also investigate the NLBVP of general first order DECD given by

y′(t) + λy(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = g(y(0), y(T )).


(4.5)

The PBVP of first order DEVDA under investigation is given by

y′(t) + λy(t) = f(t, y(t), y(θ(t))), t ∈ I,

y(0) = y(T ).

 (4.6)

The APBVP of first order DEVDA under investigation is

y′(t) + λy(t) = f(t, y(t), y(θ(t))), t ∈ I,

y(0) = −y(T ).

 (4.7)

The LBVP of first order DEVDA under investigation is

y′(t) + λy(t) = f(t, y(t), y(θ(t))), t ∈ I,

ay(0) + by(T ) = 0.

 (4.8)

The NLBVP of first order DEVDA under investigation is

y′(t) + λy(t) = f(t, y(t), y(θ(t))), t ∈ I,

g(y(0), y(T )) = 0.

 (4.9)

We first apply Leray-Schauder alternative to prove results on existence

of solution for problems (4.1), (4.2), (4.3), (4.6), (4.7) and (4.8). Then, we

use Schauder’s fixed point theorem to prove existence of solution theorem for

problem (4.5) by assuming f and g to be bounded continuous functions. Also,

we apply Schauder’s fixed point theorem to prove existence of solution for the
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PBVP of DEVDA (4.6) by assuming f to be bounded continuous function.

Further, we prove existence of solution between lower and upper solutions for

the PBVPs (4.1) and (4.6). Results on existence of solution between weakly

coupled lower and upper solutions for BVPs (4.2), (4.3), (4.4), (4.7), (4.8)

and (4.9) are established. We move on to prove existence of solution between

coupled lower and upper solutions for problems (4.1), (4.2), (4.3), (4.4), (4.6),

(4.7), (4.8) and (4.9). Finally, we apply Banach fixed point theorem and Fixed

point theorem on partially ordered metric space to prove existence of solution

for the PBVP of DEVDA (4.6).

In Chapter 5, we develope monotone iterative method and quasilineariza-

tion method to establish the existence of solutions for the BVPs (3.1), (3.3)

and (3.4).

In Chapter 6, we develope monotone iterative method and quasilineariza-

tion method to establish the existence of solutions for the BVPs of DECD

(4.1), (4.3), (4.4). We also develope these methods to establish the existence

of solutions for the BVPs of DEVDA (4.6), (4.8) and (4.9).

Chapter 7 deals with the investigation of the following boundary value

problems of general first order DECD and first order DEVDA for developing

extended quasilinearization method and extended-generalized quasilineariza-

tion method.

Let a, b ∈ R such that a ̸= 0 and b ̸= 0. Let T > 0, λ ≥ 0, I = [0, T ],

0 < r ≤ T , f, h : I × R2 → R be continuous, θ : I → I be continuous and

g : R2 → R be continuous. Then the PBVP of general first order DECD under

investigation is given by

y′(t) + λy(t) = f(t, y(t), y(t− r)) + h(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).


(7.1)
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The LBVP of general first order DECD under investigation is

y′(t) + λy(t) = f(t, y(t), y(t− r)) + h(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0.


(7.2)

The NLBVP of general first order DECD under investigation is

y′(t) + λy(t) = f(t, y(t), y(t− r)) + h(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0.


(7.3)

The PBVP of first order DEVDA under investigation is given by

y′(t) + λy(t) = f(t, y(t), y(θ(t))) + h(t, y(t), y(θ(t))), t ∈ I,

y(0) = y(T ).

 (7.4)

The LBVP of first order DEVDA under investigation is

y′(t) + λy(t) = f(t, y(t), y(θ(t))) + h(t, y(t), y(θ(t))), t ∈ I,

ay(0) + by(T ) = 0.

 (7.5)

The NLBVP of first order DEVDA under investigation is

y′(t) + λy(t) = f(t, y(t), y(θ(t))) + h(t, y(t), y(θ(t))), t ∈ I,

g(y(0), y(T )) = 0.

 (7.6)

We also develope generalized quasilinearization method to establish the

existence of solutions for the BVPs (4.1), (4.3), (4.4), (4.6), (4.8) and (4.9).
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Chapter 8 deals with the study of existence of solution for various BVPs

of second order DECD and second order DEVDA.

Let a, b, γ1, γ2 ∈ R, T > 0, λ ≥ 0, I = [0, T ], 0 < r ≤ T and θ : I → I be

continuous. Then the BVPs for second order DECD under investigation are

y′′(t) = f(t, y(t), y(t− r), y′(t)), t ∈ I,

y(t) = a, t ∈ [−r, 0],

y(T ) + y′(T ) = b.


(8.1)

y′′(t) + γ1y
′(t) + γ2y(t) = f(t, y(t), y(t− r), y′(t)), t ∈ I,

y(t) = a, t ∈ [−r, 0],

y(T ) + y′(T ) = b.


(8.2)

y′′(t) = f(t, y(t), y(t− r), y′(t)), t ∈ I,

y(t) = 0, t ∈ [−r, 0],

y(T ) + y′(T ) = b.


(8.3)

−y′′(t) + λy(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = y′(T ).


(8.4)



13

−y′′(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = y′(T ).


(8.5)

−y′′(t) + λy(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.


(8.6)

−y′′(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.


(8.7)

The BVPs for second order DEVDA under investigation are

y′′(t) = f(t, y(t), y(θ(t)), y′(t)), t ∈ I,

y(0) = a,

y(T ) + y′(T ) = b.


(8.8)

y′′(t) + γ1y
′(t) + γ2y(t) = f(t, y(t), y(θ(t)), y′(t)), t ∈ I,

y(0) = a,

y(T ) + y′(T ) = b.


(8.9)
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y′′(t) = f(t, y(t), y(θ(t)), y′(t)), t ∈ I,

y(0) = 0,

y(T ) + y′(T ) = b.


(8.10)

−y′′(t) + λy(t) = f(t, y(t), y(θ(t))), t ∈ I,

y(0) = y(T ),

y′(0) = y′(T ).


(8.11)

−y′′(t) = f(t, y(t), y(θ(t))), t ∈ I,

y(0) = y(T ),

y′(0) = y′(T ).


(8.12)

−y′′(t) + λy(t) = f(t, y(t), y(θ(t))), t ∈ I,

y(0) = y(T ),

y′(0) = 0.


(8.13)

−y′′(t) = f(t, y(t), y(θ(t))), t ∈ I,

y(0) = y(T ),

y′(0) = 0.


(8.14)

We first apply Banach fixed point theorem to establish exitence of solution

for the BVPs (8.1), (8.2), (8.8) and (8.9). We then prove existence of solution

for the BVPs (8.3) and (8.10) using Schauder’s fixed point theorem. Further,
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we establish results on existence of solution between lower and upper solutions

for BVPs (8.4), (8.5), (8.6), (8.7), (8.11), (8.12), (8.13) and (8.14).

In Chapter 9, we develope Monotone Iterative Method and Quasilineariza-

tion Method to prove the existence of solution for the BVPs (8.7) and (8.14).

Chapter 10 deals with the investigation of the following boundary value

problems of second order DECD and second order DEVDA for developing ex-

tended quasilinearization method and extended-generalized quasilinearization

method.

Let T > 0, λ ≥ 0, I = [0, T ], 0 < r ≤ T , f, h : I × R2 → R be

continuous, θ : I → I be continuous. Then the BVP of second order DECD

under investigation is given by

−y′′(t) = f(t, y(t), y(t− r)) + h(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.


(10.1)

The BVP of second order DEVDA under investigation is given by

−y′′(t) = f(t, y(t), y(θ(t))) + h(t, y(t), y(θ(t))), t ∈ I,

y(0) = y(T ),

y′(0) = 0.


(10.2)

We also develope generalized quasilinearization method for BVPs (8.7) and

(8.14).

It is to be noted that in existing literature the function f is taken

to be continuous and Lipchitz or continuous and decreasing in sec-

ond coordinate for establishing existence of a solution for initial value

problems as well as boundary value problems. In the present work,

we take f to be continuous and non-decreasing in the second coordi-
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nate or second and third co-ordinate, as the case may be to prove our

most of the results. However, while using method of coupled lower

and upper solutions, we assume f to be non increasing in second

and third arguments.

At the end we summarize the research work done throughout the study

and also mention the topics for future research work. We highlight the papers

presented in national and international conferences, papers published in jour-

nals and papers communicated to various journals for publication. We wind

up our thesis with complete bibliography.



Chapter 2

LITERATURE REVIEW

2.1 Introduction

The chapter presents, in brief, the literature review on various boundary value

problems of first and second order ordinary differential equation and differential

equations with deviating arguments. Also theorems such as Leray-Schauder al-

ternative, Schauder’s fixed point theorem, Ascoli lemma, Fixed point theorem

on partially ordered metric spaces and Banach fixed point theorem are stated

which will be used time and again in proving many theorems on existence of

solutions in our work.

2.2 Literature Review

As mentioned in the begining, the study of DDEs has a history of atleast

200 years[21]. A systematic treatment to the theory of DEDA started in the

year 1949[54]. They first appeared as solution of PDEs[54]. Later DEDAs

were studied in problems of geometry and were applied in automatic control

theory[54].

17
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A theory on differential equations and BVPs is covered in [12] and [13].

A thorough approach to differential equations and DEDA, is provided in [14].

Theorems on existence of solutions for BVPs and IVPs are proved using mainly

fixed point theorems and one may refer [28] and [30] for various fixed point

theorems used in the literature. One may refer [9], [20], [24], [26], [32], [40],

[41], [47] and [52] for literature on existence of solutions for BVPs of first order

DEDA. Monotone Iterative Method for IVPs and BVPs of first order DEDA

is well estabished in [11], [23], [29], [31], [35], [44], [50] and [53]. The literature

on quasilinearization method for IVPs and BVPs of first order DEDA can

be found in [1], [2], [6], [7], [8], [15], [33], [34], [45], [46], [48], [49] and [51].

Existence of solution literature on BVPs of second order DEDA can be cited

in [4], [10], [16], [19], [22], [25], [27], [32], [42] and [43]. For monotone iterative

method and quasilinearization method for BVPs of second order DEDA, one

may cite [5], [23], [31], [34], [36], [37], [38] and [39].

In 2003, Daniel Franco and others[18] published a paper in which a theorem

on existence of solution between coupled lower and upper solution for NLBVP

of first order ODE is proved.

In 2003, Daniel Franco and others[17] published a paper in which a theorem

on existence of solution using Leray-Schauder alternative is proved.

In 2014, Bachar and Khamsi[3] applied fixed point theorem on partially

ordered metric spaces to prove theorem on existence of solution for PBVP of

first order DDE.

Monotone iterative techniques for discontinuous nonlinear differential equa-

tions are studied in detail by Ladde and others [31]. Lakshmikantham and

Vatsala [34] have provided minute details on generalized quasilinearization for

nonlinear problems.

In 2002, D. Franco and D. O’Regan [16] proved a theorem on existence of

solution for second order BVP with nonlinear conditions.
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2.3 Preliminaries

We now state some fixed point theorems and few other theorems required to

prove theorems on existence of solutions for BVPs of first and second order

DEDA.

Theorem 2.3.1 (Leray-Schauder Alternative [17]). Let C be a complete convex

subset of a locally convex Hausdorff linear topological space H and O an open

subset of C with p ∈ O. In addition, let A : Ō → C be a continuous and

compact map. Then either A has a fixed point in Ō or there is u ∈ ∂O and

µ ∈ (0, 1) with u = µAu+ (1− µ)p.

Theorem 2.3.2 (Schauder’s Fixed Point Theorem [28]). Let H be a normed

linear space, S : H → H be a continuous and compact map such that S(H) is

bounded. Then S has a fixed point.

Theorem 2.3.3 (Contraction Mapping Theorem [30]). Let (C, d) be a com-

plete metric space and S : C → C be a contraction mapping. Then S has a

fixed point in C.

Theorem 2.3.4 (Fixed Point Theorem on Partially Ordered Metric Spaces

[3]). Let (C, d) be a complete metric space with partial order ≤ and

J : C → C be an order preserving operator. Assume that ∃ k ∈ [0, 1) such

that d(Jx, Jy) ≤ kd(x, y), ∀ x, y ∈ C satisfying x ≤ y. If ∃ x0 ∈ C such

that x0 ≤ Jx0 or Jx0 ≤ x0, then J has a unique fixed point in C.

Lemma 2.3.5 (Arzela-Ascoli lemma [13]). Let {fn} be an equicontinuous and

uniformly bounded sequence of functions on a closed and bounded interval J .

Then {fn} contains a subsequence {fnk
} which is uniformly convergent on J .
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Lemma 2.3.6. [18] Let L : W → V × R be an operator defined by

L[y(t)] = (y(t)− y(0) + λ
t∫
0

y(s)ds, y(0)). Then

1. L : W → V × R is a continuous linear operator.

2. L−1 : V × R →W exists and it is defined as

L−1(u(t), ω) = ωe−λt +
t∫
0

e−λ(t−s)u′(s)ds.

3. L−1 : V × R →W is a continuous linear operator.

Lemma 2.3.7. [16] Let L : W → V × R2 be an operator defined by

L[y(t)] = (−y′(t) + y′(0) + λ
t∫
0

y(s)ds, y(0), y(T )). Then

1. L : W → V × R2 is a continuous and bijective linear operator.

2. L−1 : V × R2 → W is a continuous linear operator.



Chapter 3

FIRST ORDER

DIFFERENTIAL EQUATIONS

WITH CONSTANT DELAY

Some content of this chapter is published [see P1 and P2].

Some content of this chapter is presented at the Conference [see C1, C2 and

C6].

21
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3.1 Introduction

In this chapter, we investigate BVPs of first order DECD for existence of

solution using Leray - Schauder alternative and Schauder’s fixed point theorem.

We employ the method of lower and upper solutions to these BVPs to prove

some results on existence of solution between lower and upper solutions.

Let a, b ∈ R such that a ̸= 0 and b ̸= 0. Let T > 0, λ ≥ 0, I = [0, T ],

0 < r ≤ T , f : I ×R → R be continuous and g : R2 → R be continuous. Then

the PBVP for first order DECD under investigation is given by

y′(t) + λy(t) = f(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).


(3.1)

The APBVP for first order DECD under investigation is

y′(t) + λy(t) = f(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = −y(T ).


(3.2)

The LBVP for first order DECD under investigation is

y′(t) + λy(t) = f(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0.


(3.3)

The NLBVP for first order DECD under investigation is

y′(t) + λy(t) = f(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0.


(3.4)
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We also investigate BVP for first order DECD given by

y′(t) + λy(t) = f(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = g(y(0), y(T )).


(3.5)

We shall need the following Lemmas to prove theorems on existence of solution

for the above BVPs.

Lemma 3.1.1. Let L : X → Y × R be an operator defined by

L[y(t)] = (u(t), y(0)), where u(t) =


0, −r ≤ t ≤ 0,

y(t)− y(0) + λ
t∫
0

y(s)ds, 0 ≤ t ≤ T.

Then

1. L : X → Y × R is a continuous linear operator.

2. L−1 : Y × R → X exists and it is defined by

L−1(u(t), ω) =


ω, −r ≤ t ≤ 0,

ωe−λt +
t∫
0

e−λ(t−s)u′(s)ds, 0 ≤ t ≤ T.

3. L−1 : Y × R → X is continuous linear operator.

Proof. (1) Claim 1.1:- L : X → Y × R is a linear operator.

Let y1, y2 ∈ X and c1, c2 ∈ R and t ∈ [−r, T ].

CASE-1.1:- Let t ∈ [−r, 0].

Then (c1y1 + c2y2)(t) = c1y1(t) + c2y2(t)

= c1y1(0) + c2y2(0)

= (c1y1 + c2y2)(0).
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Thus L[(c1y1 + c2y2)(t)] = [0, (c1y1 + c2y2)(0)]

= c1[0, y1(0)] + c2[0, y2(0)]

= c1L[y1(t)] + c2L[y2(t)].

CASE-1.2:- Let t ∈ I.

Let L[y1(t)] = (u1(t), y1(0)) = (L1[y1(t)], L2[y1(t)]) and

L[y2(t)] = (u2(t), y2(0)) = (L1[y2(t)], L2[y2(t)]),

where L1[y1(t)] = u1(t) = y1(t)− y1(0) + λ
t∫
0

y1(s)ds,

L1[y2(t)] = u2(t) = y2(t)− y2(0) + λ
t∫
0

y2(s)ds,

L2[y1(t)] = y1(0) and L2[y2(t)] = y2(0).

Therefore c1L1[y1(t)] = c1u1(t) = c1y1(t)− c1y1(0) + c1λ
t∫
0

y1(s)ds and

c2L1[y2(t)] = c2u2(t) = c2y2(t)− c2y2(0) + c2λ
t∫
0

y2(s)ds.

So we have

c1L1[y1(t)] + c2L1[y2(t)] = c1y1(t)− c1y1(0) + c1λ

t∫
0

y1(s)ds

+ c2y2(t)− c2y2(0) + c2λ

t∫
0

y2(s)ds

= (c1y1 + c2y2)(t)− (c1y1 + c2y2)(0)

+ λ

t∫
0

(c1y1 + c2y2)(s)ds

= L1[(c1y1 + c2y2)(t)].

Also c1L2[y1(t)] + c2L2[y2(t)] = c1y1(0) + c2y2(0)

= (c1y1 + c2y2)(0)

= L2[(c1y1 + c2y2)(t)].
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Thus

c1L[y1(t)] + c2L[y2(t)] = (c1L1[y1(t)], c1L2[y1(t)]) + (c2L1[y2(t)], c2L2[y2(t)])

= (c1L1[y1(t)] + c2L1[y2(t)], c1L2[y1(t)] + c2L2[y2(t)])

= (L1[(c1y1 + c2y2)(t)], L2[(c1y1 + c2y2)(t)])

= L[(c1y1 + c2y2)(t)].

Hence from CASE-1.1 and CASE-1.2, L : X → Y × R is a linear operator.

Claim 1.2:- L : X → Y × R is continuous.

Let y ∈ X be arbitrary. Then y(t) = y(0), ∀ t ∈ [−r, 0].

Also y ∈ C[−r, T ] and y ∈ C ′(I).

Let L[y(t)] = (u(t), y(0)), where u(t) =


0, −r ≤ t ≤ 0,

y(t)− y(0) + λ
t∫
0

y(s)ds, 0 ≤ t ≤ T.

Therefore |y(0)| ≤ sup
t∈[−r, T ]

|y(t)|+ sup
t∈I

|y′(t)| = ||y||∞.

Since u(t) = 0, ∀ t ∈ [−r, 0], |u(t)| ≤ ||y||∞, ∀ t ∈ [−r, 0].

Let 0 ≤ t ≤ T . Then

|u(t)| ≤ |y(t)|+ |y(0)|+ |λ|
t∫

0

|y(s)|ds

≤ ||y||∞ + ||y||∞ + |λ| T ||y||∞

= (2 + |λ| T ) ||y||∞.

Thus sup
t∈[−r, T ]

|u(t)| ≤ (2 + |λ| T ) ||y||∞.

Also, for 0 ≤ t ≤ T , we have u′(t) = y′(t) + λy(t).



26

This implies

|u′(t)| ≤ |y′(t)|+ |λ| |y(t)|

≤ sup
t∈I

|y′(t)|+ |λ| sup
t∈[−r, T ]

|y(t)|

≤ ||y||∞ + |λ| ||y||∞

= (1 + |λ|) ||y||∞.

So we have, sup
t∈I

|u′(t)| ≤ (1 + |λ|) ||y||∞.

Therefore ||u||∞ ≤ (3 + |λ|+ |λ|T ) ||y||∞. Thus

||Ly||⋆ = ||(u, y(0))||⋆

= ||u||∞ + |y(0)|

≤ (3 + |λ|+ |λ|T ) ||y||∞ + ||y||∞

= (4 + |λ|+ |λ|T ) ||y||∞.

Hence L : X → Y × R is a bounded linear operator and hence continuous.

(2) Claim 2.1:- L : X → Y × R is injective.

Let L[y(t)] = (0, 0). Then (y(t)− y(0) + λ
t∫
0

y(s)ds, y(0)) = (0, 0).

This implies y(t)− y(0) + λ
t∫
0

y(s)ds = 0 and y(0) = 0. Therefore

y′(t) + λy(t) = 0, t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = 0.


Thus y(t) = y(0)e−λt = 0, ∀ t ∈ [−r, T ].

Therefore L[y(t)] = (0, 0) implies that y(t) = 0 on [−r, T ].

Hence L : X → Y × R is injective.

Claim 2.2:- L : X → Y × R is surjective.

Let (u, ω) ∈ Y × R. Then u(t) = 0, ∀ t ∈ [−r, 0].
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We wish to find y ∈ X such that L[y(t)] = (u(t), ω).

i.e (v(t), y(0)) = (u(t), ω), where

v(t) =


0, −r ≤ t ≤ 0,

y(t)− y(0) + λ
t∫
0

y(s)ds, 0 ≤ t ≤ T.

i.e v(t) = u(t) and y(0) = ω.

Let such y ∈ X exists. Then y(t) = y(0), t ∈ [−r, 0] and

u(t) = y(t)− y(0) + λ
t∫
0

y(s)ds, t ∈ I. Therefore

y′(t) + λy(t) = u′(t), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = ω.



This implies y(t) =


ω, −r ≤ t ≤ 0,

ωe−λt +
t∫
0

e−λ(t−s)u′(s)ds, 0 ≤ t ≤ T.

So to each (u, ω) ∈ Y × R, ∃ y ∈ X such that L[y(t)] = (u(t), ω).

Therefore L : X → Y × R is surjective.

Thus from Claim-2.1 and Claim-2.2, L : X → Y × R is bijective.

Hence L−1 : Y × R → X exists and it is defined by

L−1(u(t), ω) =


ω, −r ≤ t ≤ 0,

ωe−λt +
t∫
0

e−λ(t−s)u′(s)ds, 0 ≤ t ≤ T.

(3) Since L : X → Y × R is bounded linear operator and (X, ||.||∞) and

(Y × R, ||.||⋆) are Banach spaces, L−1 : Y × R → X is bounded

linear operator and hence continuous by bounded inverse

theorem.
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Lemma 3.1.2. Let f : I × R → R be continuous and N : X → Y × R be

defined by N [y(t)] = (v(t), y(T )),

where v(t) =


0, −r ≤ t ≤ 0,

t∫
0

f(s, y(s− r))ds, 0 ≤ t ≤ T.

Then N : X → Y × R is continuous and compact.

Proof. Claim 1:- N : X → Y × R is continuous.

Let y ∈ X be arbitrary and {yn} ⊆ X such that yn → y in (X, ||.||∞).

Therefore ||yn − y||∞ → 0 as n → ∞. This implies yn → y uniformly on

[−r, T ] and y′n → y′ uniformly on I.

Since yn(t) = yn(0), ∀ t ∈ [−r, 0] and ∀ t ∈ N, we have y(t) = y(0),

∀ t ∈ [−r, 0] as yn → y pointwise on [−r, 0].

Let N [yn(t)] = (vn(t), yn(T )) and N [y(t)] = (v(t), y(T )), where

vn(t) =


0, −r ≤ t ≤ 0,

t∫
0

f(s, yn(s− r))ds, 0 ≤ t ≤ T.

and

v(t) =


0, −r ≤ t ≤ 0,

t∫
0

f(s, y(s− r))ds, 0 ≤ t ≤ T.

We show that Nyn → Ny in (Y × R, ||.||⋆).

Since yn → y uniformly on [−r, T ], yn(T ) → y(T ) in R.

Let ϵ > 0 be arbitrary and t ∈ [−r, 0]. Then |vn(t) − v(t)| = 0 < ϵ, ∀ n ∈ N

and ∀ t ∈ [−r, 0].

Let 0 ≤ t ≤ T .

Since yn → y uniformly on [−r, T ], we have yn(s− r) → y(s− r) uniformly on

I. Therefore f(s, yn(s−r)) → f(s, y(s−r)) uniformly on I, as f : I×R → R

is continuous.
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So ∃ n0 ∈ N such that |f(s, yn(s − r)) − f(s, y(s − r))| < ϵ
T
, ∀ n ≥ n0 and

∀ s ∈ I. Therefore

|vn(t)− v(t)| ≤
t∫

0

|f(s, yn(s− r))− f(s, y(s− r))|ds

≤
T∫

0

|f(s, yn(s− r))− f(s, y(s− r))|ds

<
ϵ

T

T∫
0

ds = ϵ.

So we have |vn(t) − v(t)| < ϵ, ∀ n ≥ n0 and ∀ t ∈ I. Thus vn → v uniformly

on [−r, T ]. Since v′n(t) = f(t, yn(t− r)) and v′(t) = f(t, y(t− r)), we get

|v′n(t) − v′(t)| = |f(t, yn(t − r)) − f(t, y(t − r))| < ϵ
T
, ∀ n ≥ n0 and ∀ t ∈ I.

This implies v′n → v′ uniformly on I.

Therefore sup
t∈[−r, T ]

|vn(t) − v(t)| → 0 as n → ∞ and sup
t∈I

|v′n(t) − v′(t)| → 0 as

n→ ∞.

So we have ||vn − v||∞ → 0 as n→ ∞. This implies

||Nyn −Ny||⋆ = ||(vn, yn(T ))− (v, y(T ))||⋆

= ||vn − v||∞ + |yn(T )− y(T )|.

Thus ||Nyn −Ny||⋆ → 0 as n→ ∞. Hence N : X → Y × R is continuous.

Claim 2:- N : X → Y × R is compact.

Let {yn} be a bounded sequence in (X, ||.||∞).

Therefore ∃ K > 0 such that ||yn||∞ ≤ K, ∀ n ∈ N. Let

Nyn = (vn, yn(T )), ∀ n ∈ N, where vn(t) =


0, −r ≤ t ≤ 0,

t∫
0

f(s, yn(s− r))ds, 0 ≤ t ≤ T.

Since ||yn||∞ ≤ K, ∀ n ∈ N, we have sup
t∈[−r, T ]

|yn(t)| ≤ K, ∀ n ∈ N and

sup
t∈I

|y′n(t)| ≤ K, ∀ n ∈ N. Note that |vn(t)| = 0, ∀ t ∈ [−r, 0]. Also ∃ η > 0
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such that |f(t, yn(t− r))| ≤ η, ∀ t ∈ I and ∀ n ∈ N.

Let 0 ≤ t ≤ T . Then |vn(t)| ≤
t∫
0

|f(s, yn(s − r))|ds ≤ η
T∫
0

ds = ηT, ∀ t ∈ I

and ∀ n ∈ N. This implies sup
t∈[−r, T ]

|vn(t)| ≤ ηT, ∀ n ∈ N.

Since v′n(t) = f(t, yn(t − r)), ∀ n ∈ N, we have |v′n(t)| ≤ η, ∀ t ∈ I and

∀ n ∈ N. Therefore sup
t∈I

|v′n(t)| ≤ η, ∀ n ∈ N.

So we get ||vn||∞ ≤ ηT + η = (η + 1)T, ∀ n ∈ N. Thus {vn} is bounded on

(Y, ||.||∞). Hence {vn} is uniformly bounded on [−r, T ] and {v′n} is uniformly

bounded on I.

Let t0 ∈ [−r, T ] be arbitrary and ϵ > 0 be arbitrary.

CASE-1: Let t0 = −r.

Choose δ = min
{

r
2
, ϵ

}
. Then

|vn(t)− vn(−r)| = 0 < ϵ, ∀ t such that −r < t < −r + δ.

Therefore {vn} is equicontinuous at −r.

CASE-2: Let t0 = 0.

Choose δ = min
{

r
2
, ϵ

η

}
and t be such that |t| < δ.

If t ≤ t0, then |vn(t)− vn(t0)| = 0 < ϵ.

Let t ≥ t0. Then

|vn(t)− vn(t0)| = |vn(t)| ≤
t∫

0

f(s, yn(s− r))ds

≤ tη < δη ≤ η
ϵ

η
= ϵ.

This implies |vn(t)− vn(t0)| < ϵ, ∀ t such that |t| < δ.

Therefore {vn} is equicontinuous at 0.

CASE-3: Let t0 = T .

Choose δ = min
{

T
2
, ϵ

η

}
and let T − δ < t ≤ T .
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Then |vn(t)− vn(t0)| = |
t∫

0

f(s, yn(s− r))ds−
T∫

0

f(s, yn(s− r))ds|

= |
T∫
t

f(s, yn(s− r))ds|

≤ (T − t)η < δη ≤ η
ϵ

η
= ϵ.

This implies |vn(t)− vn(t0)| < ϵ, ∀ t such that T − δ < t ≤ T .

Therefore {vn} is equicontinuous at T .

CASE-4: Let −r < t0 < 0.

Choose δ = min
{
t0 +

r
2
, −t0

2

}
. Then

|vn(t)− vn(t0)| = 0 < ϵ, ∀ t such that |t− t0| < δ.

Therefore {vn} is equicontinuous at t0, where −r < t0 < 0.

CASE-5: Let 0 < t0 < T .

Choose δ = min
{

t0
2
, T−t0

2
, ϵ

η

}
and let t be such that |t− t0| < δ. Then

|vn(t)− vn(t0)| = |
t∫

0

f(s, yn(s− r))ds−
t0∫
0

f(s, yn(s− r))ds|

= |
t∫

t0

f(s, yn(s− r))ds|

≤ |
t∫

t0

|f(s, yn(s− r))|ds| ≤ η|t− t0| < δη ≤ η
ϵ

η
= ϵ.

This implies |vn(t)− vn(t0)| < ϵ, ∀ t such that |t− t0| < δ.

Therefore {vn} is equicontinuous at t0, where 0 < t0 < T .

Hence, from CASE-1 to CASE-5, we conclude that {vn} is equicontinuous on

[−r, T ].

Now by using Arzela-Ascoli’s lemma we get a subsequence {v(n,m)} of {vn}

which is uniformly convergent to some function v on [−r, T ]. Let {y(n,m)}
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be the corresponding subsequence of {yn}. Since ||yn||∞ ≤ K, ∀ n ∈ N, we

have ||y(n,m)||∞ ≤ K, ∀ m ∈ N. This implies {y(n,m)} is uniformly bounded

on [−r, T ] and {y′(n,m)} is uniformly bounded on I. Therefore {v(n,m)} is uni-

formly bounded on [−r, T ] and {v′(n,m)} is uniformly bounded on I. Since

v′(n,m)(t) = f(t, y(n,m)(t− r)), ∀ t ∈ I and as f : I × R → R is continuous, we

have {v′(n,m)} equicontinuous on I.

Therefore by Arzela-Ascoli’s lemma {v′(n,m)} has a subsequence {v′(n,m,q)} con-

verging uniformly to u on I. Since {v(n,m)} is a subsequence of {vn} and

{v(n,m,q)} is a subsequence of {v(n,m)}, we have {v(n,m,q)} is a subsequence of

{vn}. Now v(n,m) → v uniformly on [−r, T ] implies v(n,m,q) → v uniformly on

[−r, T ]. Therefore v(n,m,q) → v uniformly on I. Since v′(n,m,q) → u uniformly

on I, we have u = v′ on I. So we have v(n,m,q) → v uniformly on [−r, T ] as

q → ∞ and v′(n,m,q) → v′ uniformly on I as q → ∞. Thus ||v(n,m,q) − v||∞ → 0

as q → ∞. Let {y(n,m,q)} be the corresponding subsequence of {yn}. Now

||yn||∞ ≤ K, ∀ n ∈ N implies ||y(n,m,q)||∞ ≤ K, ∀ q ∈ N.

This implies |y(n,m,q)(t)| ≤ K, ∀ q ∈ N and ∀ t ∈ [−r, T ].

So we have |y(n,m,q)(T )| ≤ K, ∀ q ∈ N.

Therefore by Bolzano-Weierstrass’s theorem, {y(n,m,q)(T )} has a convergent

subsequence {yl(T )} converging to γ ∈ R as l → ∞. Let {vl} be the cor-

responding subsequence of {v(n,m,q)} in (Y, ||.||∞). Since v(n,m,q) → v in

(Y, ||.||∞) as q → ∞, we have vl → v in (Y, ||.||∞) as l → ∞.

So we have ||Nyl − (v, γ)||⋆ = ||(vl, yl(T ))− (v, γ)||⋆

= ||vl − v||∞ + |yl(T )− γ| → 0 as l → ∞.

Therefore Nyl → (v, γ) in (Y × R, ||.||⋆) as l → ∞.

Hence N : X → Y × R is a compact operator.
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Lemma 3.1.3. Let f : I × R → R be continuous and N : X → Y × R be

defined by N [y(t)] = (v(t), −y(T )),

where v(t) =


0, −r ≤ t ≤ 0,

t∫
0

f(s, y(s− r))ds, 0 ≤ t ≤ T.

Then N : X → Y × R is continuous and compact.

Proof. Proof is similar to the proof of the Lemma 3.1.2 and hence omitted.

Lemma 3.1.4. Let f : I × R → R be continuous and N : X → Y × R be

defined by N [y(t)] = (v(t), − b
a
y(T )),

where v(t) =


0, −r ≤ t ≤ 0,

t∫
0

f(s, y(s− r))ds, 0 ≤ t ≤ T.

Then N : X → Y × R is continuous and compact.

Proof. Proof is similar to the proof of the Lemma 3.1.2 and hence omitted.

Lemma 3.1.5. Let f : I × R → R be continuous and

p : I × R → R be continuous. Let N : X → Y × R be defined by

N [y(t)] = (v(t), p(T, y(T ))), where

v(t) =


0, −r ≤ t ≤ 0,

t∫
0

f(s, y(s− r))ds, 0 ≤ t ≤ T.

Then N : X → Y × R is continuous and compact.

Proof. Proof is similar to the proof of the Lemma 3.1.2 and hence omitted.
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Lemma 3.1.6. Let f : I × R → R be continuous and

h : R2 → R be continuous. Let N : X → Y × R be defined by

N [y(t)] = (v(t), h(y(0), y(T ))), where

v(t) =


0, −r ≤ t ≤ 0,

t∫
0

f(s, y(s− r))ds, 0 ≤ t ≤ T.

Then N : X → Y × R is continuous and compact.

Proof. Proof is similar to the proof of the Lemma 3.1.2 and hence omitted.

3.2 Existence Theorems using Leray - Schauder

Alternative

In this section, we estabish some results on existence of solution to the BVPs

using Leray - Schauder alternative.

Definition 3.2.1. A function u : [−r, T ] → R is said to be a solution of

PBVP (3.1) if

1. u is continuous on [−r, T ] and continuously differentiable on I.

2. u′(t) + λu(t) = f(t, u(t− r)), t ∈ I.

3. u(t) = u(0), t ∈ [−r, 0].

4. u(0) = u(T ).

Similarly we can define solution for other given BVPs of first order DECD.
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Theorem 3.2.1. Let f : I × R → R be continuous. If ∃ M > 0 independent

of µ with ||y||∞ ̸=M for any solution y of

y′(t) + λy(t) = µf(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = µy(T ),


(3.6)

for each µ ∈ (0, 1), then the PBVP (3.1) has atleast one solution in X.

Proof. Let L : X → Y × R be defined by L[y(t)] = (u(t), y(0)), where

u(t) =


0, −r ≤ t ≤ 0,

y(t)− y(0) + λ
t∫
0

y(s)ds, 0 ≤ t ≤ T.

By Lemma 3.1.1, L : X → Y × R is linear, bijective and continuous.

Also L−1 : Y × R → X exists and is given by

L−1(u(t), γ) =


γ, −r ≤ t ≤ 0,

γe−λt +
t∫
0

e−λ(t−s)u′(s)ds, 0 ≤ t ≤ T.

Further L−1 : Y × R → X is bounded and hence continuous.

Let N : X → Y × R be defined by N [y(t)] = (v(t), y(T )), where

v(t) =


0, −r ≤ t ≤ 0,

t∫
0

f(s, y(s− r))ds, 0 ≤ t ≤ T.

Then by Lemma 3.1.2, N : X → Y × R is continuous and compact.

Let S = L−1N : X → X. Then

S[y(t)] =


y(T ), −r ≤ t ≤ 0,

y(T )e−λt +
t∫
0

e−λ(t−s)f(s, y(s− r))ds, 0 ≤ t ≤ T.

A fixed point of S is a solution of the PBVP (3.1).
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Let {yn} be a bounded sequence in (X, ||.||∞).

Since N : X → Y × R is a compact operator, we can find a convergent

subsequence {Nynl
} of {Nyn} as l → ∞. Also it is given that

L−1 : Y × R → X is continuous linear operator. Therefore {L−1[Nynl
]} is

convergent in (X, ||.||∞) as l → ∞. This implies {Synl
} is convergent in

(X, ||.||∞) as l → ∞. Thus S : X → X is a compact operator. Since

composition of continuous operators is continuous, S : X → X is a continuous

operator.

Let U = {y ∈ X : ||y||∞ < M}. Then U is open in (X, ||.||∞).

By Leray-Schauder alternative either S has a fixed point in Ū or

∃ µ ∈ (0, 1) and y ∈ ∂U such that y = µSy.

Let if possible S has no fixed point in Ū . Then ∃ y ∈ ∂U and µ ∈ (0, 1) such

that y = µSy. Therefore y is a solution of BVP (3.6).

Since y ∈ ∂U , we have ||y||∞ =M , which is a contradiction.

Therefore S has fixed point in Ū . This implies ∃ y ∈ Ū such that y = Sy.

Hence y is a solution of the PBVP (3.1).

Theorem 3.2.2. Let f : I × R → R be continuous. If ∃ M > 0 independent

of µ with ||y||∞ ̸=M for any solution y of

y′(t) + λy(t) = µf(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = −µy(T ),


(3.7)

for each µ ∈ (0, 1), then the APBVP (3.2) has atleast one solution in X.

Proof. Let L : X → Y × R be defined as in the proof of the Theorem 3.2.1.

By Lemma 3.1.1, L : X → Y × R is linear, bijective and continuous.
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Also L−1 : Y × R → X exists and is given by

L−1(u(t), γ) =


γ, −r ≤ t ≤ 0,

γe−λt +
t∫
0

e−λ(t−s)u′(s)ds, 0 ≤ t ≤ T.

Further L−1 : Y × R → X is bounded and hence continuous.

Let N : X → Y × R be defined by N [y(t)] = (v(t), −y(T )), where

v(t) =


0, −r ≤ t ≤ 0,

t∫
0

f(s, y(s− r))ds, 0 ≤ t ≤ T.

Then by Lemma 3.1.3, N : X → Y × R is continuous and compact.

Let S = L−1N : X → X. Then

S[y(t)] =


−y(T ), −r ≤ t ≤ 0,

−y(T )e−λt +
t∫
0

e−λ(t−s)f(s, y(s− r))ds, 0 ≤ t ≤ T.

Also S is compact and continuous.

The remaining part of the proof is similar to the proof of the Theorem 3.2.1.

Hence there exists atleast one solution in X to the APBVP (3.2).

Theorem 3.2.3. Let f : I × R → R be continuous. If ∃ M > 0 independent

of µ with ||y||∞ ̸=M for any solution y of

y′(t) + λy(t) = µf(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = −µb
a
y(T ),


(3.8)

for each µ ∈ (0, 1), then the LBVP (3.3) has atleast one solution in X.

Proof. Let L : X → Y × R be defined as in the proof of the Theorem 3.2.1.

By Lemma 3.1.1, L : X → Y × R is linear, bijective and continuous.
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Also L−1 : Y × R → X exists and is given by

L−1(u(t), γ) =


γ, −r ≤ t ≤ 0,

γe−λt +
t∫
0

e−λ(t−s)u′(s)ds, 0 ≤ t ≤ T.

Further L−1 : Y × R → X is bounded and hence continuous.

Let N : X → Y × R be defined by N [y(t)] = (v(t), − b
a
y(T )), where

v(t) =


0, −r ≤ t ≤ 0,

t∫
0

f(s, y(s− r))ds, 0 ≤ t ≤ T.

Then by Lemma 3.1.4, N : X → Y × R is continuous and compact.

Let S = L−1N : X → X. Then

S[y(t)] =


− b

a
y(T ), −r ≤ t ≤ 0,

− b
a
y(T )e−λt +

t∫
0

e−λ(t−s)f(s, y(s− r))ds, 0 ≤ t ≤ T.

Also S is compact and continuous.

The remaining part of the proof is similar to the proof of the Theorem 3.2.1.

Hence there exists atleast one solution in X to the APBVP (3.3).

3.3 Existence Theorem using Schauder’s Fixed

Point Theorem

In this section, we first prove a result on existence of solution for BVP (3.5),

by assuming f and g to be continuous and bounded, using Schauder’s fixed

point theorem.
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Definition 3.3.1. A function u : [−r, T ] → R is said to be a solution of BVP

(3.5) if 1. u is continuous on [−r, T ] and continuously differentiable on I.

2. u′(t) = f(t, u(t− r)), t ∈ I.

3. u(t) = u(0), t ∈ [−r, 0].

4. u(0) = g(u(0), u(T )).

Theorem 3.3.1. Let f : I × R → R and g : R2 → R be both bounded and

continuous functions. Then the BVP (3.5) has atleast one solution y ∈ X.

Proof. As g : R2 → R is bounded, ∃ K1 > 0 such that |g(x, y)| ≤ K1,

∀ (x, y) ∈ R2.

Also f : I × R → R is bounded implies that ∃ K2 > 0 such that

|f(t, x)| ≤ K2, ∀ (t, x) ∈ I × R.

Let A : X → X be defined by

A[y(t)] =


g(y(0), y(T )), −r ≤ t ≤ 0,

g(y(0), y(T )) +
t∫
0

f(s, y(s− r))ds, 0 ≤ t ≤ T.

A fixed point of A : X → X is a solution of the BVP (3.5).

Claim 1:- A : X → X is continuous.

Let y ∈ X be arbitrary and {yn} ⊆ X such that yn → y in (X, ||.||∞).

Then ||yn − y||∞ → 0 as n → ∞. This implies yn → y uniformly on [−r, T ]

and y′n → y′ uniformly on I. Since yn(t) = yn(0), ∀ t ∈ [−r, 0] and ∀ t ∈ N,

we have y(t) = y(0), ∀ t ∈ [−r, 0] as yn → y pointwise on [−r, 0].

Let A[yn(t)] = vn(t) and A[y(t)] = v(t), where

vn(t) =


g(yn(0), yn(T )), −r ≤ t ≤ 0,

g(yn(0), yn(T )) +
t∫
0

f(s, yn(s− r))ds, 0 ≤ t ≤ T,
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and

v(t) =


g(y(0), y(T )), −r ≤ t ≤ 0,

g(y(0), y(T )) +
t∫
0

f(s, y(s− r))ds, 0 ≤ t ≤ T.

We show that Ayn → Ay in (X, ||.||∞).

Let ϵ > 0 be arbitrary.

Since yn → y uniformly on [−r, T ], we have yn(0) → y(0) and yn(T ) → y(T )

in R. This implies g(yn(0), yn(T )) → g(y(T ), y(0)) in R, as g is continuous.

Therefore ∃ n1 ∈ N such that |g(yn(0), yn(T ))−g(y(T ), y(0))| < ϵ
2
, ∀ n ≥ n1.

Let −r ≤ t ≤ 0 be arbitrary.

Then |vn(t)− v(t)| = |g(yn(0), yn(T ))− g(y(T ), y(0))| < ϵ

2
, ∀ n ≥ n1.

Let 0 ≤ t ≤ T .

Since yn → y uniformly on [−r, T ], yn(s− r) → y(s− r) uniformly on I.

This implies f(s, yn(s− r)) → f(s, y(s− r)) uniformly on I as f : I ×R → R

is continuous. Therefore ∃ n2 ∈ N such that

|f(s, yn(s− r))− f(s, y(s− r))| < ϵ
2T
, ∀ n ≥ n2 and ∀ s ∈ I.

Let n0 = max{n1, n2}.

Then |f(s, yn(s − r)) − f(s, y(s − r))| < ϵ
2T
, ∀ n ≥ n0 and ∀ s ∈ I and

|g(yn(0), yn(T ))− g(y(T ), y(0))| < ϵ
2
, ∀ n ≥ n0. This implies

|vn(t)− v(t)| ≤ |g(yn(0), yn(T ))− g(y(0), y(T ))|

+

t∫
0

|f(s, yn(s− r))− f(s, y(s− r))|ds

<
ϵ

2
+

T∫
0

|f(s, yn(s− r))− f(s, y(s− r))|ds

<
ϵ

2
+

ϵ

2T

T∫
0

ds = ϵ.

Therefore |vn(t)− v(t)| < ϵ, ∀ n ≥ n0 and ∀ t ∈ I.
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Also we have |vn(t)− v(t)| < ϵ, ∀ n ≥ n0 and ∀ t ∈ [−r, 0]. This implies

|vn(t) − v(t)| < ϵ, ∀ n ≥ n0 and ∀ t ∈ [−r, T ]. Thus vn → v uniformly on

[−r, T ]. For t ∈ I, we have v′n(t) = f(t, yn(t− r)) and v′(t) = f(t, y(t− r)).

So we get

|v′n(t)− v′(t)| = |f(t, yn(t− r))− f(t, y(t− r))| < ϵ

2T
, ∀ n ≥ n0 and ∀ t ∈ I.

This implies v′n → v′ uniformly on I.

Therefore sup
t∈[−r, T ]

|vn(t)− v(t)| → 0 and sup
t∈I

|v′n(t)− v′(t)| → 0 as n→ ∞.

Thus ||vn − v||∞ → 0 as n → ∞. This implies ||Ayn − Ay||∞ → 0 as n → ∞.

So we have Ayn → Ay in (X, ||.||∞).

Hence A : X → X is continuous.

Claim 2:- A : X → X is compact.

Let {yn} be a bounded sequence in (X, ||.||∞). Then ∃ K > 0 such that

||yn||∞ ≤ K, ∀ n ∈ N.

Let A[yn(t)] = vn(t),

where vn(t) =


g(yn(0), yn(T )), −r ≤ t ≤ 0,

g(yn(0), yn(T )) +
t∫
0

f(s, yn(s− r))ds, 0 ≤ t ≤ T.

Now ||yn||∞ ≤ K, ∀ n ∈ N implies sup
t∈[−r, T ]

|yn(t)| ≤ K, ∀ n ∈ N and

sup
t∈I

|y′n(t)| ≤ K, ∀ n ∈ N.

Let M = max{K1, TK2} and −r ≤ t ≤ 0. Then

|vn(t)| = |g(yn(0), yn(T ))| ≤ K1 ≤M ≤ 2M, ∀ n ∈ N and ∀ t ∈ [−r, 0].
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Let 0 ≤ t ≤ T .

Therefore |vn(t)| = |g(yn(0), yn(T )) +
t∫

0

f(s, yn(s− r))ds|

≤ |g(yn(0), yn(T ))|+ |
t∫

0

f(s, yn(s− r))ds|

≤ K1 +

t∫
0

|f(s, yn(s− r))|ds

≤ K1 +

T∫
0

|f(s, yn(s− r))|ds

≤ K1 +K2T ≤ 2M, ∀ t ∈ I and ∀ n ∈ N.

This implies sup
t∈[−r, T ]

|vn(t)| ≤ 2M, ∀ n ∈ N.

Now v′n(t) = f(t, yn(t − r)), ∀ n ∈ N. So we have |v′n(t)| ≤ K2, ∀ t ∈ I and

∀ n ∈ N. Therefore sup
t∈I

|v′n(t)| ≤ K2, ∀ n ∈ N. This gives ||vn||∞ ≤ K2,

∀ n ∈ N. Therefore {vn} is bounded on (X, ||.||∞). Thus {vn} is uniformly

bounded on [−r, T ] and {v′n} is uniformly bounded on I.

Let t0 ∈ [−r, T ] be arbitrary and ϵ > 0 be arbitrary.

CASE-1: Let t0 = −r. Choose δ = min
{

r
2
, ϵ

}
.

Then |vn(t)− vn(−r)| = |g(yn(0), yn(T ))− g(yn(0), yn(T ))|

= 0 < ϵ, ∀ t such that − r < t < −r + δ.

This implies {vn} is equicontinuous at −r.

CASE-2: Let t0 = 0.

Choose δ = min
{

r
2
, ϵ

K2

}
and t ∈ (−δ, δ) be arbitrary.

If t ≤ t0, then |vn(t)− vn(t0)| = |g(yn(0), yn(T ))− g(yn(0), yn(T ))|

= 0 < ϵ.
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Let t ≥ t0. Then

|vn(t)− vn(t0)| = |g(yn(0), yn(T ))

+

t∫
0

f(s, yn(s− r))ds− g(yn(0), yn(T ))|

= |
t∫

0

f(s, yn(s− r))ds|

≤
t∫

0

|f(s, yn(s− r))|ds ≤ tK2 < δK2 ≤ K2
ϵ

K2

= ϵ.

So we have |vn(t)− vn(t0)| < ϵ, ∀ t such that |t| < δ.

This implies {vn} is equicontinuous at 0.

CASE-3: Let t0 = T .

Choose δ = min
{

T
2
, ϵ

K2

}
and let T − δ < t ≤ T . Then

|vn(t)− vn(t0)| = |
t∫

0

f(s, yn(s− r))ds−
T∫

0

f(s, yn(s− r))ds|

= |
t∫

T

f(s, yn(s− r))ds|

= | −
T∫
t

f(s, yn(s− r))ds|

= |
T∫
t

f(s, yn(s− r))ds|

≤
T∫
t

|f(s, yn(s− r))|ds ≤ (T − t)K2 < δK2

≤ K2
ϵ

K2

= ϵ.

Therefore |vn(t)− vn(t0)| < ϵ, ∀ t such that T − δ < t ≤ T .

This implies {vn} is equicontinuous at T .
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CASE-4: Let −r < t0 < 0. Choose δ = min
{
t0 +

r
2
, −t0

2

}
.

Then |vn(t)− vn(t0)| = |g(yn(0), yn(T ))− g(yn(0), yn(T ))|

= 0 < ϵ, ∀ t such that |t− t0| < δ.

This implies {vn} is equicontinuous at t0, where −r < t0 < 0.

CASE-5: Let 0 < t0 < T .

Choose δ = min
{

t0
2
, T−t0

2
, ϵ

K2

}
and let t be such that |t− t0| < δ. Then

|vn(t)− vn(t0)| = |
t∫

0

f(s, yn(s− r))ds−
t0∫
0

f(s, yn(s− r))ds|

= |
t∫

t0

f(s, yn(s− r))ds|

≤
t∫

t0

|f(s, yn(s− r))|ds

≤ |
t∫

t0

|f(s, yn(s− r))|ds|

≤ |t− t0|K2 < δK2 ≤ K2
ϵ

K2

= ϵ.

So we get |vn(t)− vn(t0)| < ϵ, ∀ t such that |t− t0| < δ.

Thus {vn} is equicontinuous at t0, where 0 < t0 < T .

Hence from CASE-1 to CASE-5, we conclude that {vn} is equicontinuous on

[−r, T ].

By Arzela-Ascoli’s lemma, {vn} has a subsequence {v(n,m)} converging uni-

formly to v on [−r, T ]. Let {y(n,m)} be the corresponding subsequence of

{yn}. Since ||yn||∞ ≤ K, ∀ n ∈ N, we have ||y(n,m)||∞ ≤ K, ∀ m ∈ N.

This implies {y(n,m)} is uniformly bounded on [−r, T ] and {y′(n,m)} is uni-

formly bounded on I. Therefore {v(n,m)} is uniformly bounded on [−r, T ] and

{v′(n,m)} is uniformly bounded on I. Since v′(n,m)(t) = f(t, y(n,m)(t−r)), ∀ t ∈ I
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and f : I × R → R is continuous, we have {v′(n,m)} equicontinuous on I.

Therefore by Arzela-Ascoli’s lemma {v′(n,m)} has a subsequence {v′(n,m,q)} con-

verging uniformly to u on I.

Since {v(n,m)} is a subsequence of {vn} and {v(n,m,q)} is a subsequence of

{v(n,m)}, {v(n,m,q)} is a subsequence of {vn}. Also as v(n,m) → v uniformly on

[−r, T ], we have v(n,m,q) → v uniformly on [−r, T ]. This implies v(n,m,q) → v

uniformly on I. As v′(n,m,q) → u uniformly on I, we have u = v′ on I. Therefore

v(n,m,q) → v uniformly on [−r, T ] as q → ∞ and v′(n,m,q) → v′ uniformly on I

as q → ∞. Thus ||v(n,m,q) − v||∞ → 0 as q → ∞. Further as v is continuous

on [−r, T ] and differentiable on I, we have v ∈ X as (X, ||.||∞) is a Banach

space.

Hence A : X → X is a compact operator.

Claim 3:- A(X) is bounded.

Let v ∈ A(X) be arbitrary. Then ∃ y ∈ X such that v(t) = A[y(t)].

This implies v(t) =


g(y(0), y(T )), −r ≤ t ≤ 0,

g(y(0), y(T )) +
t∫
0

f(s, y(s− r))ds, 0 ≤ t ≤ T.

Let −r ≤ t ≤ 0. Then |v(t)| = |g(y(0), y(T ))| ≤ K1 ≤M ≤ 2M .

Let 0 ≤ t ≤ T . Then

|v(t)| = |g(y(0), y(T )) +
t∫

0

f(s, y(s− r))ds|

≤ |g(y(0), y(T ))|+ |
t∫

0

f(s, y(s− r))ds|

≤ K1 +

t∫
0

|f(s, y(s− r))|ds ≤ K1 +K2

T∫
0

ds ≤ 2M.

This implies sup
t∈[−r, T ]

|v(t)| ≤ 2M . As v′(t) = f(t, y(t − r)), ∀ t ∈ I, we have

|v′(t)| ≤ K2, ∀ t ∈ I. So we get sup
t∈I

|v′(t)| ≤ K2. Thus ||v||∞ ≤ 2M + K2.
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Therefore A(X) is bounded in (X, ||.||∞). Now by Schauder’s fixed point

theorem, A : X → X has a fixed point y ∈ X.

Hence y is a solution of the BVP (3.5).

3.4 Method of Lower and Upper Solutions

In this section, we first give definitions of lower solution, upper solution, strict

lower solution, strict upper solution and solution for first order DECD

y′(t) + λy(t) = f(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

 (3.9)

to prove that upper solution exceeds lower solution under certain conditions

on a function f : I × R → R, lower and upper solution.

Definition 3.4.1. A function α ∈ B is called a lower solution of

first order DECD (3.9) if 1. α′(t) + λα(t) ≤ f(t, α(t− r)), t ∈ I.

2. α(t) ≤ α(0), t ∈ [−r, 0].

A function β ∈ B is called an upper solution of first order DECD (3.9) if above

inequalities are reversed.

Definition 3.4.2. A function α ∈ B is called a strict lower solution of first

order DECD (3.9) if 1. α′(t) + λα(t) < f(t, α(t− r)), t ∈ I.

2. α(t) ≤ α(0), t ∈ [−r, 0].

Definition 3.4.3. A function β ∈ B is called a strict upper solution of first

order DECD (3.9) if 1. β′(t) + λβ(t) > f(t, β(t− r)), t ∈ I.

2. β(t) ≥ β(0), t ∈ [−r, 0].

Definition 3.4.4. A function u ∈ B is called a solution of first order DECD

(3.9) if 1. u′(t) + λu(t) = f(t, u(t− r)), t ∈ I.

2. u(t) = u(0), t ∈ [−r, 0].
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Theorem 3.4.1. Let f : I × R → R be continuous and satisfy

f(t, u) ≤ f(t, v), ∀ (t, u), (t, v) ∈ I × R such that u ≤ v. Let α, β ∈ X be a

strict lower and upper solutions respectively of first order DECD (3.9). Then

α(0) ≤ β(0) implies α(t) ≤ β(t), ∀ t ∈ [−r, 0] and α(t) < β(t), ∀ t ∈ (0, T ].

Proof. As α ∈ X is strict lower solution of first order DECD (3.9), we have

1. α′(t) + λα(t) < f(t, α(t− r)), t ∈ I,

2. α(t) = α(0), t ∈ [−r, 0].

Since β ∈ X is an upper solution of first order DECD (3.9), we have

3. β′(t) + λβ(t) ≥ f(t, β(t− r)), t ∈ I,

4. β(t) = β(0), t ∈ [−r, 0].

It is given that α(0) ≤ β(0). Also α(t) = α(0), ∀ t ∈ [−r, 0] and

β(t) = β(0), ∀ t ∈ [−r, 0].

Therefore α(t) ≤ β(t), ∀ t ∈ [−r, 0].

We next prove that α(t) < β(t), ∀ t ∈ (0, T ].

Let if possible ∃ t1 ∈ (0, T ] such that α(t) < β(t), ∀ t ∈ (0, t1) and

α(t1) = β(t1). Therefore α(t1 − h) < β(t1 − h) for sufficiently small h > 0.

This implies β(t1)−β(t1−h)
h

< α(t1)−α(t1−h)
h

. Thus β′(t1) ≤ α′(t1).

So we have β′(t1) + λβ(t1) ≤ α′(t1) + λα(t1). Therefore

f(t1, β(t1 − r)) ≤ β′(t1) + λβ(t1) ≤ α′(t1) + λα(t1) < f(t1, α(t1 − r)).

This gives f(t1, β(t1 − r)) < f(t1, α(t1 − r)).

CASE-1: Let 0 < t1 ≤ r.

Therefore −r < t1 − r ≤ 0.

So we have α(t1 − r) ≤ β(t1 − r).

As f is non-decreasing in the second argument, we have

f(t1, α(t1 − r)) ≤ f(t1, β(t1 − r)), which is a contradiction.

CASE-2: Let r < t1 ≤ T .

This gives 0 < t1 − r < t1.

So we have α(t1 − r) < β(t1 − r).
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As f is non-decreasing in the second argument, we have

f(t1, α(t1 − r)) ≤ f(t1, β(t1 − r)), which is a contradiction.

Thus α(t) < β(t), ∀ t ∈ (0, T ].

Hence α(t) ≤ β(t), ∀ t ∈ [−r, 0] and α(t) < β(t), ∀ t ∈ (0, T ].

Theorem 3.4.2. Let f : I × R → R be continuous and satisfy

f(t, u) ≤ f(t, v), ∀ (t, u), (t, v) ∈ I × R such that u ≤ v. Let α, β ∈ X be a

lower and strict upper solutions respectively of first order DECD (3.9). Then

α(0) ≤ β(0) implies α(t) ≤ β(t), ∀ t ∈ [−r, 0] and α(t) < β(t), ∀ t ∈ (0, T ].

Proof. Similar to the proof of the Theorem 3.4.1.

Next we define lower and upper solution for the PBVP (3.1) to prove result

on existence of solution between them using Schauder’s fixed point theorem.

We also define strict lower and upper solution for the PBVP to prove result

on existence of solution between the two.

Definition 3.4.5. A function α ∈ B is called a lower solution of PBVP (3.1)

if 1. α′(t) + λα(t) ≤ f(t, α(t− r)), t ∈ I.

2. α(t) ≤ α(0), t ∈ [−r, 0].

3. α(0) ≤ α(T ).

Definition 3.4.6. A function β ∈ B is called an upper solution of PBVP (3.1)

if 1. β′(t) + λβ(t) ≥ f(t, β(t− r)), t ∈ I.

2. β(t) ≥ β(0), t ∈ [−r, 0].

3. β(0) ≥ β(T ).

Definition 3.4.7. A function α ∈ B is called a strict lower solution of PBVP

(3.1) if 1. α′(t) + λα(t) < f(t, α(t− r)), t ∈ I.

2. α(t) ≤ α(0), t ∈ [−r, 0].

3. α(0) ≤ α(T ).
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Definition 3.4.8. A function β ∈ B is called a strict upper solution of PBVP

(3.1) if 1. β′(t) + λβ(t) > f(t, β(t− r)), t ∈ I.

2. β(t) ≥ β(0), t ∈ [−r, 0].

3. β(0) ≥ β(T ).

We have the following existence theorem.

Theorem 3.4.3. Let f : I × R → R be continuous and satisfy

f(t, x) ≤ f(t, y), ∀ (t, x), (t, y) ∈ I × R such that x ≤ y. Let α, β ∈ X

be lower and upper solutions of PBVP (3.1) such that α(t) ≤ β(t),

∀ t ∈ [−r, T ]. Then the PBVP (3.1) has atleast one solution y ∈ X such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Proof. Since α, β ∈ X are lower and upper solutions of PBVP (3.1), we have

1. α′(t) + λα(t) ≤ f(t, α(t− r)), t ∈ I,

2. β′(t) + λβ(t) ≥ f(t, β(t− r)), t ∈ I,

3. α(t) ≤ α(0), t ∈ [−r, 0],

4. β(t) ≥ β(0), t ∈ [−r, 0],

5. α(0) ≤ α(T ),

6. β(0) ≥ β(T ).

As α, β ∈ X, we get α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0), ∀ t ∈ [−r, 0].

Let p : I × R → R be defined by p(t, x) = max {α(t), min {x, β(t)}} ,

∀ (t, x) ∈ I × R. Since α(t) ≤ max {α(t), {x, β(t)}}, we have

α(t) ≤ p(t, x), ∀ (t, x) ∈ I × R. Also α(t) ≤ β(t), ∀ t ∈ I as

α(t) ≤ β(t), ∀ t ∈ [−r, T ].

Now min {x, β(t)} ≤ β(t), ∀ (t, x) ∈ I × R implies that

max {α(t), min {x, β(t)}} ≤ β(t), ∀ (t, x) ∈ I × R.

So we have p(t, x) ≤ β(t), ∀ (t, x) ∈ I × R.

Therefore α(t) ≤ p(t, x) ≤ β(t), ∀ (t, x) ∈ I × R.

Hence p : I × R → R is continuous and bounded.
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Let F ⋆ : I × R → R be defined by

F ⋆(t, y) =


f(t, α(t− r)), y ≤ α(t− r),

f(t, y), α(t− r) ≤ y ≤ β(t− r),

f(t, β(t− r)), y ≥ β(t− r).

Then F ⋆ : I × R → R is continuous and bounded.

Let L : X → Y × R be defined by L[y(t)] = (u(t), y(0)), where

u(t) =


0, −r ≤ t ≤ 0,

y(t)− y(0) + λ
t∫
0

y(s)ds, 0 ≤ t ≤ T.

By Lemma 3.1.1, L : X → Y × R is linear, bijective and continuous.

Also L−1 : Y × R → X exists and is given by

L−1(u(t), γ) =


γ, −r ≤ t ≤ 0,

γe−λt +
t∫
0

e−λ(t−s)u′(s)ds, 0 ≤ t ≤ T.

Further L−1 : Y × R → X is bounded and hence continuous.

Let N : X → Y × R be defined as N [y(t)] = (v(t), p(T, y(T ))),

where v(t) =


0, −r ≤ t ≤ 0,

t∫
0

F ⋆(s, y(s− r))ds, 0 ≤ t ≤ T.

Then N : X → Y × R is compact and continuous.

Let S = L−1N : X → X. Then

S[y(t)] =


p(T, y(T )), −r ≤ t ≤ 0,

p(T, y(T ))e−λt +
t∫
0

e−λ(t−s)F ⋆(s, y(s− r))ds, 0 ≤ t ≤ T.



51

A fixed point of S : X → X is a solution of

y′(t) + λy(t) = F ∗(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = p(T, y(T )).


(3.10)

Since L−1 : Y × R → X is continuous linear operator and N : X → Y × R

is compact, S : X → X is a compact operator. Because composition of

continuous operators is continuous, we have S : X → X to be continuous.

Further p and F ⋆ are bounded implies that S(X) is a bounded subset of

(X, ||.||∞). Therefore by Schauder’s fixed point theorem, S : X → X has

a fixed point y ∈ X. Thus y is a solution of the BVP (3.10).

We show that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Since α(0) ≤ α(T ) ≤ p(T, y(T )) ≤ β(T ) ≤ β(0), we have

α(0) ≤ p(T, y(T )) ≤ β(0). This implies α(0) ≤ y(0) ≤ β(0).

Therefore α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

Hence it is enough to show that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ (0, T ].

Let ϵ > 0 be arbitrary.

Define αϵ(t) = α(t)− ϵ(t+ 2r), ∀ t ∈ [−r, T ] and

βϵ(t) = β(t) + ϵ(t+ 2r), ∀ t ∈ [−r, T ].

Therefore αϵ(t) < α(t), ∀ t ∈ [−r, T ] and βϵ(t) > β(t), ∀ t ∈ [−r, T ].

Also α′
ϵ(t) = α′(t)− ϵ, ∀ t ∈ I and β′

ϵ(t) = β′(t) + ϵ, ∀ t ∈ I.

This implies α′
ϵ(t) < α′(t), ∀ t ∈ I and β′

ϵ(t) > β′(t), ∀ t ∈ I.

Since α(0) ≤ y(0) ≤ β(0), we have αϵ(0) < α(0) ≤ y(0) ≤ β(0) < βϵ(0).

So we get αϵ(0) < y(0) < βϵ(0).

Therefore we prove that αϵ(t) < y(t) < βϵ(t), ∀ t ∈ (0, T ].

Let if possible ∃ t1 ∈ (0, T ] such that αϵ(t) < y(t) < βϵ(t),

∀ t ∈ (0, t1) and y(t1) = βϵ(t1). Therefore y(t1) > β(t1).

Also y(t1 − h) < βϵ(t1 − h) for sufficiently small h > 0.
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This implies βϵ(t1)−βϵ(t1−h)
h

< y(t1)−y(t1−h)
h

. Therefore β′
ϵ(t1) ≤ y′(t1).

CASE-1: Let 0 < t1 ≤ r.

So we have −r < t1 − r ≤ 0.

This implies α(t1 − r) ≤ y(t1 − r) ≤ β(t1 − r).

Therefore y′(t1) = F ⋆(t1, y(t1 − r))− λy(t1)

= f(t1, y(t1 − r))− λy(t1)

≤ f(t1, β(t1 − r))− λβ(t1)

≤ β′(t1) < β′
ϵ(t1), which is a contradiction.

CASE-2: Let r < t1 ≤ T .

So we have 0 < t1 − r ≤ t1.

This implies αϵ(t1 − r) < y(t1 − r) < βϵ(t1 − r).

CASE-2.1: Let y(t1 − r) < α(t1 − r).

Therefore y′(t1) = F ⋆(t1, y(t1 − r))− λy(t1)

= f(t1, α(t1 − r))− λy(t1)

≤ f(t1, β(t1 − r))− λy(t1)

< f(t1, β(t1 − r))− λβ(t1)

≤ β′(t1) < β′
ϵ(t1), which is a contradiction.

CASE-2.2: Let α(t1 − r) ≤ y(t1 − r) ≤ β(t1 − r).

Therefore y′(t1) = F ⋆(t1, y(t1 − r))− λy(t1)

= f(t1, y(t1 − r))− λy(t1)

≤ f(t1, β(t1 − r))− λβ(t1)

≤ β′(t1) < β′
ϵ(t1), which is a contradiction.
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CASE-2.3: Let y(t1 − r) > β(t1 − r).

Therefore y′(t1) = F ⋆(t1, y(t1 − r))− λy(t1)

= f(t1, β(t1 − r))− λy(t1)

< f(t1, β(t1 − r))− λβ(t1)

≤ β′(t1) < β′
ϵ(t1), which is a contradiction.

From the above discussed cases we conclude that

αϵ(t) < y(t) < βϵ(t), ∀ t ∈ I and ∀ ϵ > 0. Therefore by taking ϵ→ 0

we get, α(t) ≤ y(t) ≤ β(t), ∀ t ∈ I. This gives α(t) ≤ y(t) ≤ β(t),

∀ t ∈ [−r, T ]. Thus F ⋆(t, y(t− r)) = f(t, y(t− r)), ∀ t ∈ I and

p(T, y(T )) = y(T ).

Hence y is a solution of (3.1) such that α(t) ≤ y(t) ≤ β(t),

∀ t ∈ [−r, T ].

We shall illustrate theorem 3.4.3 with the following examples.

Example 3.4.1. Consider the following PBVP

y′(t) + y(t) = y(t− 1), t ∈ [0, 2],

y(t) = y(0), t ∈ [−1, 0],

y(0) = y(2).


Here r = 1, T = 2, I = [0, 2] and f(t, u) = u, ∀ (t, u) ∈ I × R.

Therefore f(t, y(t− 1)) = y(t− 1).

Also f is non-decreasing in the second argument.

Let α : [−1, 2] → R be defined by α(t) = −1, ∀ t ∈ [−1, 2].

Therefore α(0) = −1 = α(2). Also α′(t) + α(t) = −1 = α(t− 1).

Let β : [−1, 2] → R be defined by β(t) = 1, ∀ t ∈ [−1, 2].

Therefore β(0) = 1 = β(2). Also β′(t) + β(t) = 1 = β(t− 1).
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Therefore we have 1. α′(t) + α(t) = α(t− 1), t ∈ [0, 2].

2. β′(t) + β(t) = β(t− 1), t ∈ [0, 2].

3. α(t) = α(0), t ∈ [−1, 0].

4. β(t) = β(0), t ∈ [−1, 0].

5. α(t) ≤ β(t), t ∈ [−1, 2].

6. α(0) = α(2).

7. β(0) = β(2).

So we can say that α and β are lower and upper solutions of the given PBVP

such that α(t) ≤ β(t), t ∈ [−1, 2].

Now let y : [−1, 2] → R be defined by y(t) = 0, ∀ t ∈ [−1, 2].

Then y is a solution of the given PBVP such that α ≤ y ≤ β on [−1, 2].

Example 3.4.2. Consider PBVP

y′(t) + y(t) = (y(t− 1) + 1)e−t, t ∈ [0, 1],

y(t) = y(0), t ∈ [−1, 0],

y(0) = y(1).


Here r = 1, T = 1, I = [0, 1] and f(t, u) = (u+ 1)e−t, ∀ (t, u) ∈ I × R.

Therefore f(t, y(t− 1)) = (y(t− 1) + 1)e−t.

Also f is non-decreasing in the second argument.

Let α : [−1, 1] → R be defined by α(t) =



1−e−1

e−2
, −1 ≤ t ≤ 0,

e−t

e−2
+
(
e−1
e−2

)
te−t − e−1

e−2
, 0 ≤ t ≤ 1.

Therefore α(0) = 1−e−1

e−2
= α(1).

Let 0 ≤ t ≤ 1. This implies −1 ≤ t− 1 ≤ 0. Therefore α(t− 1) = α(0).

So we have α′(t) + α(t) =
(
e−1
e−2

)
e−t − e−1

e−2
and

(α(t− 1) + 1)e−t =
(
e−1
e−2

)
e−t − e−1e−t

e−2
.
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Thus α′(t) + α(t) ≤ (α(t− 1) + 1)e−t.

Let β : [−1, 1] → R be defined by β(t) =



1+e−1

e−2
, −1 ≤ t ≤ 0,

e−t

e−2
+
(
e−1
e−2

)
te−t + e−1

e−2
, 0 ≤ t ≤ 1.

Therefore β(0) = 1+e−1

e−2
= β(1).

Let 0 ≤ t ≤ 1. This implies −1 ≤ t− 1 ≤ 0. Therefore β(t− 1) = β(0).

So we have β′(t) + β(t) =
(
e−1
e−2

)
e−t + e−1

e−2
and

(β(t− 1) + 1)e−t =
(
e−1
e−2

)
e−t + e−1e−t

e−2
.

Thus β′(t) + β(t) ≤ (β(t− 1) + 1)e−t.

Therefore we have 1. α′(t) + α(t) ≤ (α(t− 1) + 1)e−t, t ∈ [0, 1].

2. β′(t) + β(t) ≥ (β(t− 1) + 1)e−t, t ∈ [0, 1].

3. α(t) = α(0), t ∈ [−1, 0].

4. β(t) = β(0), t ∈ [−1, 0].

5. α(t) ≤ β(t), t ∈ [−1, 1].

6. α(0) = α(1).

7. β(0) = β(1).

So we can say that α and β are lower and upper solutions of the given PBVP

such that α(t) ≤ β(t), t ∈ [−1, 1].

Now let y : [−1, 1] → R be defined by y(t) =



1
e−2

, −1 ≤ t ≤ 0,

e−t

e−2
+
(
e−1
e−2

)
te−t, 0 ≤ t ≤ 1.

Then y is a solution of the given PBVP such that α ≤ y ≤ β on [−1, 1].

Next, we prove a result on existence of solution between strict lower and

strict upper solution for the PBVP.
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Theorem 3.4.4. Let f : I × R → R be continuous and satisfy

f(t, x) ≤ f(t, y), ∀ (t, x), (t, y) ∈ I × R such that x ≤ y. Let α, β ∈ X

be strict lower and upper solutions of PBVP (3.1) such that α(t) ≤ β(t),

∀ t ∈ [−r, T ]. Then the PBVP (3.1) has atleast one solution y ∈ X such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0] and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Since α, β ∈ X are strict lower and upper solutions of PBVP (3.1),

we have 1. α′(t) + λα(t) < f(t, α(t− r)), t ∈ I,

2. β′(t) + λβ(t) > f(t, β(t− r)), t ∈ I,

3. α(t) ≤ α(0), t ∈ [−r, 0],

4. β(t) ≥ β(0), t ∈ [−r, 0],

5. α(t) ≤ β(t), t ∈ [−r, T ],

6. α(0) ≤ α(T ),

7. β(0) ≥ β(T ).

As α, β ∈ X, we get α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0), ∀ t ∈ [−r, 0].

Defining p, F ⋆, L, N and S as in the proof of the Theorem 3.4.3 and using

Schauder’s fixed point theorem, we see that S : X → X has a fixed point

y ∈ X. Therefore y is a solution of (3.10).

Proceeding as in the proof of the Theorem 3.4.3, we get α(0) ≤ y(0) ≤ β(0).

Therefore α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

Next we show that α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Let if possible ∃ t1 ∈ (0, T ] such that α(t) < y(t) < β(t), ∀ t ∈ (0, t1) and

y(t1) = β(t1). This implies that y(t1 − h) < β(t1 − h) for sufficiently small

h > 0. So we have β(t1)−β(t1−h)
h

< y(t1)−y(t1−h)
h

. Therefore β′(t1) ≤ y′(t1).

CASE-1: Let 0 < t1 ≤ r. So we have −r < t1 − r ≤ 0.

This implies α(t1 − r) ≤ y(t1 − r) ≤ β(t1 − r). Then

y′(t1) = F ⋆(t1, y(t1 − r))− λy(t1)

= f(t1, y(t1 − r))− λy(t1)

≤ f(t1, β(t1 − r))− λβ(t1).
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Therefore y′(t1) < β′(t1), which is a contradiction.

CASE-2: Let r < t1 ≤ T . So we have, 0 < t1 − r ≤ t1.

This implies, α(t1 − r) < y(t1 − r) < β(t1 − r). Therefore

y′(t1) = F ⋆(t1, y(t1 − r))− λy(t1)

= f(t1, y(t1 − r))− λy(t1)

≤ f(t1, β(t1 − r))− λβ(t1)

< β′(t1), which is a contradiction.

Thus from CASE-1 and CASE-2, we have α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Therefore F ⋆(t, y(t − r)) = f(t, y(t − r)), ∀ t ∈ I and p(T, y(T )) = y(T ).

Hence y is a solution of the PBVP (3.1) such that α(t) ≤ y(t) ≤ β(t),

∀ t ∈ [−r, 0] and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

3.5 Method of Weakly Coupled Lower and

Upper Solutions

In this section, we define weakly coupled coupled lower and upper solutions

for APBVP (3.2), LBVP (3.3) and NLBVP (3.4). Again we make use of

Schauder’s fixed point theorem to estabish theorems on existence of solution

between weakly coupled lower and upper solutions for these problems. We

further define strict weakly coupled lower and upper solutions APBVP, LBVP

and NLBVP to establish results on existence of solution between the two.
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Definition 3.5.1. A pair of functions α, β ∈ B is called weakly coupled lower

and upper solutions of APBVP (3.2) if

1. α′(t) + λα(t) ≤ f(t, α(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, β(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. α(0) ≤ −β(T ).

7. β(0) ≥ −α(T ).

Definition 3.5.2. A pair of functions α, β ∈ B is called weakly coupled lower

and upper solutions of LBVP (3.3) if

1. α′(t) + λα(t) ≤ f(t, α(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, β(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. max{aα(0) + bα(T ), aα(0) + bβ(T )}

≤ 0 ≤ min{aβ(0) + bα(T ), aβ(0) + bβ(T )}.

Definition 3.5.3. A pair of functions α, β ∈ B is called weakly coupled lower

and upper solutions of NLBVP (3.4) if

1. α′(t) + λα(t) ≤ f(t, α(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, β(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. max{g(α(0), α(T )), g(α(0), β(T ))} ≤ 0 ≤ min{g(β(0), α(T )), g(β(0), β(T ))}.
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Definition 3.5.4. A pair of weakly coupled lower and upper solutions α, β ∈ B

of APBVP (3.2), is called strict weakly coupled lower and upper solutions of

APBVP (3.2) if 1. α′(t) + λα(t) < f(t, α(t− r)), t ∈ I.

2. β′(t) + λβ(t) > f(t, β(t− r)), t ∈ I.

Similarly, we may define strict weakly coupled lower and upper solutions for

LBVP (3.3) and NLBVP (3.4).

We now prove a result on existence of solution between weakly coupled

lower and upper solutions for APBVP (3.2), LBVP (3.3) and NLBVP (3.4).

Theorem 3.5.1. Let f : I × R → R be continuous and satisfy

f(t, x) ≤ f(t, y), ∀ (t, x), (t, y) ∈ I × R such that x ≤ y. Let α, β ∈ X be

weakly coupled lower and upper solutions of APBVP (3.2) Then the APBVP

(3.2) has atleast one solution y ∈ X such that α(t) ≤ y(t) ≤ β(t),

∀ t ∈ [−r, T ].

Proof. Since α, β ∈ X are weakly coupled lower and upper solutions of APBVP

(3.2), we have 1. α′(t) + λα(t) ≤ f(t, α(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, β(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. α(0) ≤ −β(T ).

7. β(0) ≥ −α(T ).

As α, β ∈ X, we get α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0), ∀ t ∈ [−r, 0].

Let p, F ⋆ and L be as defined in the proof of the Theorem 3.4.3.

Let N : X → Y × R be defined by N [y(t)] = (v(t), −p(T, y(T ))),

where v(t) =


0, −r ≤ t ≤ 0,

t∫
0

F ⋆(s, y(s− r))ds, 0 ≤ t ≤ T.
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Therefore N : X → Y × R is compact and continuous.

Let S = L−1N : X → X. Then

S[y(t)] =


−p(T, y(T )), −r ≤ t ≤ 0,

−p(T, y(T ))e−λt +
t∫
0

e−λ(t−s)F ⋆(s, y(s− r))ds; , 0 ≤ t ≤ T.

By Schauder’s fixed point theorem, S : X → X has a fixed point y ∈ X.

A fixed point of S : X → X is a solution of

y′(t) + λy(t) = F ∗(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = −p(T, y(T )).


(3.11)

Therefore y is a solution of the BVP (3.11).

Since −β(0) ≤ α(T ) ≤ p(T, y(T )) ≤ β(T ) ≤ −α(0), we have

−β(0) ≤ p(T, y(T )) ≤ −α(0). This implies α(0) ≤ −p(T, y(T )) ≤ β(0).

Therefore α(0) ≤ y(0) ≤ β(0). Thus α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.4.3.

We illustrate theorem 3.5.1 with the following example.

Example 3.4.3. Consider the following APBVP

y′(t) + y(t) = y(t− 1) + 1, t ∈ [0, 1],

y(t) = y(0), t ∈ [−1, 0],

y(0) = −y(1).


Here r = 1, T = 1, I = [0, 1] and f(t, u) = u+ 1, ∀ (t, u) ∈ I × R.

Therefore f(t, y(t− 1)) = y(t− 1) + 1.

Also f is non-decreasing in the second argument.
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Let α : [−1, 1] → R be defined as α(t) =



e−1

2
− 1, −1 ≤ t ≤ 0,

e−1

2
− e−t, 0 ≤ t ≤ 1.

Therefore α(0) = e−1

2
− 1 and α(1) = − e−1

2
.

Let 0 ≤ t ≤ 1. This implies −1 ≤ t− 1 ≤ 0.

Therefore α(t− 1) = α(0) = e−1

2
− 1.

Thus α′(t) + α(t) = e−1

2
= α(t− 1) + 1.

Let β : [−1, 1] → R be defined as β(t) =



e−1

2
, −1 ≤ t ≤ 0,

e−1

2
+ 1− e−t, 0 ≤ t ≤ 1.

Therefore β(0) = e−1

2
and β(1) = e−1

2
− 1.

Let 0 ≤ t ≤ 1. This implies −1 ≤ t− 1 ≤ 0.

Therefore β(t− 1) = β(0) = e−1

2
.

Thus β′(t) + β(t) = e−1

2
+ 1 = β(t− 1) + 1.

Therefore we have 1. α′(t) + α(t) = α(t− 1) + 1, t ∈ [0, 1],

2. β′(t) + β(t) = β(t− 1) + 1, t ∈ [0, 1],

3. α(t) = α(0), t ∈ [−1, 0],

4. β(t) = β(0), t ∈ [−1, 0],

5. α(t) ≤ β(t), t ∈ [−1, 1],

6. α(0) = −β(1),

7. β(0) = −α(1).

So we can say that α and β are weakly coupled lower and upper solutions of

the given APBVP.
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Now let y : [−1, 1] → R be defined as y(t) =



e−1−1
2

, −1 ≤ t ≤ 0,

e−1+1
2

− e−t, 0 ≤ t ≤ 1.

Then y is a solution of the given APBVP such that α ≤ y ≤ β on [−1, 1].

Next, we prove the existence theorem for the LBVP between weakly coupled

lower and upper solutions.

Theorem 3.5.2. Let f : I × R → R be continuous and satisfy

f(t, x) ≤ f(t, y), ∀ (t, x), (t, y) ∈ I × R such that x ≤ y. Let α, β ∈ X be

weakly coupled lower and upper solutions of LBVP (3.3). Then the LBVP (3.3)

has atleast one solution y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Proof. Since α, β ∈ X are weakly coupled lower and upper solutions of LBVP

(3.3), we have 1. α′(t) + λα(t) ≤ f(t, α(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, β(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. max{aα(0) + bα(T ), aα(0) + bβ(T )} ≤ 0

≤ min{aβ(0) + bα(T ), aβ(0) + bβ(T )}.

As α, β ∈ X, we get α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0), ∀ t ∈ [−r, 0].

Let p, F ⋆ and L be as defined in the proof of the Theorem 3.4.3.

Let g : R2 → R be defined by g(x, y) = ax+ by, ∀ (x, y) ∈ R2.

Therefore g : R2 → R is continuous and g(y(0), y(T )) = ay(0) + by(T ).

Let g⋆ : R2 → R be defined by

g⋆(x, y) = p(0, x)− g[p(0, x), p(T, y)], ∀ (x, y) ∈ R2.

= p(0, x)− ap(0, x)− bp(T, y), ∀ (x, y) ∈ R2.
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Therefore g⋆(x, y) = (1− a)p(0, x)− bp(T, y), ∀ (x, y) ∈ R2.

Since α(0) ≤ p(0, x) ≤ β(0), ∀ x ∈ R, we have

|p(0, x)| ≤ K1 = max{|α(0)|+ 1, |β(0)|}, ∀ x ∈ R.

Also α(T ) ≤ p(T, y) ≤ β(T ), ∀ y ∈ R implies that

|p(T, y)| ≤ K2 = max{|α(T )|+ 1, |β(T )|}, ∀ y ∈ R.

Therefore |g⋆(x, y)| ≤ |1− a||p(0, x)|+ |b||p(T, y)|, ∀ (x, y) ∈ R2.

≤ |1− a|K1 + |b|K2, ∀ (x, y) ∈ R2.

Therefore g⋆ : R2 → R is bounded. Also g⋆ : R2 → R is continuous,

as p and g are continuous.

Let N : X → Y × R be defined as N [y(t)] = [v(t), g⋆(y(0), y(T ))],

where v(t) =


0, −r ≤ t ≤ 0,

t∫
0

F ⋆(s, y(s− r))ds, 0 ≤ t ≤ T.

Then by Lemma 3.1.6, N is compact and continuous.

Let S = L−1N : X → X. Then

S[y(t)] =


g⋆(y(0), y(T )), −r ≤ t ≤ 0,

g⋆(y(0), y(T ))e−λt +
t∫
0

e−λ(t−s)F ⋆(s, y(s− r))ds, 0 ≤ t ≤ T.

A fixed point of S : X → X is a solution of

y′(t) + λy(t) = F ⋆(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = g⋆(y(0), y(T )).


(3.12)

Further S : X → X is compact and continuous. Therefore by Schauder’s fixed

point theorem, S : X → X has a fixed point y ∈ X.
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Thus y is a solution of the BVP (3.12).

We first show that α(0) ≤ y(0) ≤ β(0).

Let if possible y(0) > β(0).

CASE-I:- Let b > 0.

Therefore max{aα(0) + bα(T ), aα(0) + bβ(T )} = aα(0) + bβ(T ) and

min{aβ(0) + bα(T ), aβ(0) + bβ(T )} = aβ(0) + bα(T ).

This implies that aα(0) + bβ(T ) ≤ 0 ≤ aβ(0) + bα(T ).

So we get

p(0, y(0)) = max{α(0), min{y(0), β(0)}} = max{α(0), β(0)} = β(0).

Since α(T ) ≤ p(T, y(T )), we have bα(T ) ≤ bp(T, y(T )).

This gives 0 ≤ aβ(0) + bα(T ) ≤ aβ(0) + bp(T, y(T )). Therefore

y(0) = g⋆(y(0), y(T ))

= p(0, y(0))− ap(0, y(0))− bp(T, y(T ))

= β(0)− aβ(0)− bp(T, y(T ))

= β(0)− [aβ(0) + bp(T, y(T ))] ≤ β(0).

Thus y(0) ≤ β(0) is a contradiction as y(0) > β(0).

CASE-II:- Let b < 0.

Therefore max{aα(0) + bα(T ), aα(0) + bβ(T )} = aα(0) + bα(T ) and

min{aβ(0) + bα(T ), aβ(0) + bβ(T )} = aβ(0) + bβ(T ).

So we get aα(0) + bα(T ) ≤ 0 ≤ aβ(0) + bβ(T ). This implies

p(0, y(0)) = max{α(0), min{y(0), β(0)}} = max{α(0), β(0)} = β(0).

Since p(T, y(T )) ≤ β(T ), we have bβ(T ) ≤ bp(T, y(T )).

This gives 0 ≤ aβ(0) + bβ(T ) ≤ aβ(0) + bp(T, y(T )). Therefore

y(0) = g⋆(y(0), y(T ))

= p(0, y(0))− ap(0, y(0))− bp(T, y(T ))

= β(0)− aβ(0)− bp(T, y(T )).
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So we have y(0) = β(0)− [aβ(0) + bp(T, y(T ))] ≤ β(0).

Thus y(0) ≤ β(0) is a contradiction as y(0) > β(0).

Therefore from CASE-I and CASE-II, we have y(0) ≤ β(0).

Similarly, it can be proved that α(0) ≤ y(0). So we have α(0) ≤ y(0) ≤ β(0).

The remaining part of proof is similar to the proof of the Theorem 3.4.3.

Further, we prove the existence theorem for the NLBVP between weakly

coupled lower and upper solutions.

Theorem 3.5.3. Let f : I × R → R be continuous and satisfy

f(t, x) ≤ f(t, y), ∀ (t, x), (t, y) ∈ I ×R such that x ≤ y. Let g : R2 → R be

continuous function which satisfies

(1) g(t, x) ≤ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y or

(2) g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Let α, β ∈ X be weakly coupled lower and upper solutions of NLBVP (3.4).

Then the NLBVP (3.4) has atleast one solution y ∈ X such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Proof. Without the loss of generality, let g(t, x) ≤ g(t, y),

∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Since α, β ∈ X are weakly coupled lower and upper solutions of

NLBVP (3.4), we have 1. α′(t) + λα(t) ≤ f(t, α(t− r)), t ∈ I,

2. β′(t) + λβ(t) ≥ f(t, β(t− r)), t ∈ I,

3. α(t) ≤ α(0), t ∈ [−r, 0],

4. β(t) ≥ β(0), t ∈ [−r, 0],

5. α(t) ≤ β(t), t ∈ [−r, T ],

6. max{g(α(0), α(T )), g(α(0), β(T ))}

≤ 0 ≤ min{g(β(0), α(T )), g(β(0), β(T ))}.

Since α, β ∈ X, we get α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0),

∀ t ∈ [−r, 0].
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As g(t, x) ≤ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y,

we have max{g(α(0), α(T )), g(α(0), β(T ))} = g(α(0), β(T )) and

min{g(β(0), α(T )), g(β(0), β(T ))} = g(β(0), α(T )).

This implies g(α(0), β(T )) ≤ 0 ≤ g(β(0), α(T )).

Let p, F ⋆ and L be as defined in the proof of the Theorem 3.4.3.

Let g⋆ : R2 → R be defined by

g⋆(x, y) = p(0, x)− g[p(0, x), p(T, y)], ∀ (x, y) ∈ R2.

Therefore g⋆ : R2 → R is continuous and bounded.

Let N : X → Y × R be defined by N [y(t)] = [v(t), g⋆(y(0), y(T ))],

where v(t) =


0, −r ≤ t ≤ 0,

t∫
0

F ⋆(s, y(s− r))ds, 0 ≤ t ≤ T.

Then N is compact and continuous, by Lemma 3.1.6.

Let S = L−1N : X → X. Then

S[y(t)] =


g⋆(y(0), y(T )), −r ≤ t ≤ 0,

g⋆(y(0), y(T ))e−λt +
t∫
0

e−λ(t−s)F ⋆(s, y(s− r))ds, 0 ≤ t ≤ T.

A fixed point of S : X → X is a solution of

y′(t) + λy(t) = F ⋆(t, y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = g⋆(y(0), y(T )).


(3.13)

By Schauder’s fixed point theorem, S : X → X has a fixed point y ∈ X.

Therefore y is a solution of the BVP (3.13).

We first prove that α(0) ≤ y(0) ≤ β(0).

Let if possible y(0) > β(0). This implies

p(0, y(0)) = max{α(0), min{y(0), β(0)}} = max{α(0), β(0)} = β(0).
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Therefore y(0) = g⋆(y(0), y(T ))

= p(0, y(0))− g[p(0, y(0)), p(T, y(T ))]

= β(0)− g(β(0), α(T ))

≤ β(0).

Thus y(0) ≤ β(0) is a contradiction to y(0) > β(0).

Therefore y(0) ≤ β(0). Similarly, it can be proved that α(0) ≤ y(0).

Hence α(0) ≤ y(0) ≤ β(0).

The remaining part of the proof is similar to the proof of the Theorem 3.4.3.

Next, we prove a result on existence of solution theorem for strict weakly

coupled lower and upper solution for APBVP (3.2), LBVP (3.3) and NLBVP

(3.4).

Theorem 3.5.4. Let f : I × R → R be continuous and satisfy

f(t, x) ≤ f(t, y), ∀ (t, x), (t, y) ∈ I × R such that x ≤ y. Let α, β ∈ X

be strict weakly coupled lower and upper solutions of APBVP (3.2). Then the

APBVP (3.2) has atleast one solution y ∈ X such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0] and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Since α, β ∈ X are strict weakly coupled lower and upper solutions of

APBVP (3.2), we have 1. α′(t) + λα(t) < f(t, α(t− r)), t ∈ I,

2. β′(t) + λβ(t) > f(t, β(t− r)), t ∈ I,

3. α(t) ≤ α(0), t ∈ [−r, 0],

4. β(t) ≥ β(0), t ∈ [−r, 0],

5. α(t) ≤ β(t), t ∈ [−r, T ],

6. α(0) ≤ −β(T ),

7. β(0) ≥ −α(T ).

As α, β ∈ X, we get α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0), ∀ t ∈ [−r, 0].

Defining p, F ⋆, L, N and S as in the proof of the Theorem 3.5.1 and using
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Schauder’s fixed point theorem, we see that S : X → X has a fixed point

y ∈ X. This will imply that y is a solution of the BVP (3.11). Proceding as

in proof of the Theorem 3.5.1, we obtain α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.4.4.

Theorem 3.5.5. Let f : I × R → R be continuous and satisfy

f(t, x) ≤ f(t, y), ∀ (t, x), (t, y) ∈ I × R such that x ≤ y. Let α, β ∈ X be

strict weakly coupled lower and upper solutions of LBVP (3.3). Then the LBVP

(3.3) has atleast one solution y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0]

and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Since α, β ∈ X are strict weakly coupled lower and upper solutions of

LBVP (3.3), we have 1. α′(t) + λα(t) < f(t, α(t− r)), t ∈ I,

2. β′(t) + λβ(t) > f(t, β(t− r)), t ∈ I,

3. α(t) ≤ α(0), t ∈ [−r, 0],

4. β(t) ≥ β(0), t ∈ [−r, 0],

5. α(t) ≤ β(t), t ∈ [−r, T ],

6. max{aα(0) + bα(T ), aα(0) + bβ(T )} ≤ 0

≤ min{aβ(0) + bα(T ), aβ(0) + bβ(T )}.

As α, β ∈ X, we get α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0), ∀ t ∈ [−r, 0].

Defining p, F ⋆, L, N and S as in the proof of the Theorem 3.5.2 and using

Schauder’s fixed point theorem, we see that S : X → X has a fixed point

y ∈ X. This implies y is a solution of the BVP (3.12). Proceding as in the

proof of the theorem 3.5.2, we obtain α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.4.4.

Theorem 3.5.6. Let f : I × R → R be continuous and satisfy

f(t, x) ≤ f(t, y), ∀ (t, x), (t, y) ∈ I ×R such that x ≤ y. Let g : R2 → R be

continuous function which satisfies

(1) g(t, x) ≤ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y or

(2) g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y.
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Let α, β ∈ X be strict weakly coupled lower and upper solutions of NLBVP

(3.4). Then the NLBVP (3.4) has atleast one solution y ∈ X such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0] and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Without the loss of generality, let g(t, x) ≤ g(t, y),

∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Since α, β ∈ X are strict weakly coupled lower and upper solutions of

NLBVP (3.4), we have

1. α′(t) + λα(t) < f(t, α(t− r)), t ∈ I,

2. β′(t) + λβ(t) > f(t, β(t− r)), t ∈ I,

3. α(t) ≤ α(0), t ∈ [−r, 0],

4. β(t) ≥ β(0), t ∈ [−r, 0],

5. α(t) ≤ β(t), t ∈ [−r, T ],

6. max{g(α(0), α(T )), g(α(0), β(T ))} ≤ 0 ≤ min{g(β(0), α(T )), g(β(0), β(T ))}.

As α, β ∈ X, we get α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0), ∀ t ∈ [−r, 0].

Defining p, F ⋆, L, N and S as in the proof of the Theorem 3.5.3 and using

Schauder’s fixed point theorem, we see that S : X → X has a fixed point

y ∈ X. This implies y is a solution of (3.13). Proceding as in the proof of the

Theorem 3.5.3, we obtain α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.4.4.

3.6 Method of Coupled Lower and Upper

Solutions

In this section, we define coupled lower and upper solutions for PBVP (3.1),

APBVP (3.2), LBVP (3.3) and NLBVP (3.4) to estabish few results on exis-

tence of solution between coupled lower and upper solutions for these prob-

lems. We further define strict coupled lower and upper solutions for the above

problems to establish results on existence of solution between the two.
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Definition 3.6.1. A pair of functions α, β ∈ B is called coupled lower and

upper solutions of PBVP (3.1) if

1. α′(t) + λα(t) ≤ f(t, β(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, α(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. α(0) ≤ α(T ).

7. β(0) ≥ β(T ).

Definition 3.6.2. A pair of functions α, β ∈ B is called coupled lower and

upper solutions of APBVP (3.2) if

1. α′(t) + λα(t) ≤ f(t, β(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, α(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. α(0) ≤ −β(T ).

7. β(0) ≥ −α(T ).

Definition 3.6.3. A pair of functions α, β ∈ B is called coupled lower and

upper solutions of LBVP (3.3) if

1. α′(t) + λα(t) ≤ f(t, β(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, α(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. max{aα(0) + bα(T ), aα(0) + bβ(T )} ≤ 0

≤ min{aβ(0) + bα(T ), aβ(0) + bβ(T )}.
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Definition 3.6.4. A pair of functions α, β ∈ B is called coupled lower and

upper solutions of NLBVP (3.4) if

1. α′(t) + λα(t) ≤ f(t, β(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, α(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. max{g(α(0), α(T )), g(α(0), β(T ))} ≤ 0 ≤ min{g(β(0), α(T )), g(β(0), β(T ))}.

Definition 3.6.5. A pair of coupled lower and upper solutions α, β ∈ B of

PBVP (3.1) is called strict coupled lower and upper solutions of PBVP (3.1)

if 1. α′(t) + λα(t) < f(t, β(t− r)), t ∈ I.

2. β′(t) + λβ(t) > f(t, α(t− r)), t ∈ I.

Similarly we may define strict coupled lower and upper solutions for

APBVP, LBVP and NLBVP of first order DECD.

We now prove results on existence of solution between coupled lower and

upper solutions for PBVP, APBVP, LBVP and NLBVP of first order DECD.

Theorem 3.6.1. Let f : I × R → R be continuous and satisfy

f(t, x) ≥ f(t, y), ∀ (t, x), (t, y) ∈ I × R such that x ≤ y. Let α, β ∈ X be

coupled lower and upper solutions of PBVP (3.1). Then the PBVP (3.1) has

atleast one solution y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Proof. Since α, β ∈ X are coupled lower and upper solutions of PBVP (3.1),

we have 1. α′(t) + λα(t) ≤ f(t, β(t− r)), t ∈ I,

2. β′(t) + λβ(t) ≥ f(t, α(t− r)), t ∈ I,

3. α(t) ≤ α(0), t ∈ [−r, 0],

4. β(t) ≥ β(0), t ∈ [−r, 0],

5. α(0) ≤ α(T ),

6. β(0) ≥ β(T ).
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Also α, β ∈ X implies α(t) = α(0), ∀ t ∈ [−r, 0] and

β(t) = β(0), ∀ t ∈ [−r, 0].

Defining p, F ⋆, L, N and S as in the proof of the Theorem 3.4.3 and using

Schauder’s fixed point theorem, we see that S : X → X has a fixed point

y ∈ X. This will imply that y is a solution of the BVP (3.10).

Proceeding as in the proof of the Theorem 3.4.3, we get α(0) ≤ y(0) ≤ β(0).

This implies α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

Therefore it is enough to show that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ (0, T ].

Let ϵ > 0 be arbitrary.

Let αϵ and βϵ be as defined in the proof of theorem 3.4.3.

So we get αϵ(0) < y(0) < βϵ(0). Therefore we prove that

αϵ(t) < y(t) < βϵ(t), ∀ t ∈ (0, T ].

Let if possible ∃ t1 ∈ (0, T ] such that αϵ(t) < y(t) < βϵ(t),

∀ t ∈ (0, t1), y(t1) = βϵ(t1) and β
′
ϵ(t1) ≤ y′(t1).

CASE-1: Let 0 < t1 ≤ r. So we have −r < t1 − r ≤ 0.

This implies α(t1 − r) ≤ y(t1 − r) ≤ β(t1 − r). Therefore

y′(t1) = F ⋆(t1, y(t1 − r))− λy(t1)

= f(t1, y(t1 − r))− λy(t1)

≤ f(t1, α(t1 − r))− λβ(t1)

≤ β′(t1) < β′
ϵ(t1), which is a contradiction.

CASE-2: Let r < t1 ≤ T . So we have 0 < t1 − r ≤ t1.

This implies αϵ(t1 − r) < y(t1 − r) < βϵ(t1 − r).

CASE-2.1: Let y(t1 − r) < α(t1 − r). Then

y′(t1) = F ⋆(t1, y(t1 − r))− λy(t1)

= f(t1, α(t1 − r))− λy(t1)

< f(t1, α(t1 − r))− λβ(t1).
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Therefore y′(t1) < β′
ϵ(t1) < β′(t1), which is a contradiction

CASE-2.2: Let α(t1 − r) ≤ y(t1 − r) ≤ β(t1 − r).

Therefore y′(t1) = F ⋆(t1, y(t1 − r))− λy(t1)

= f(t1, y(t1 − r))− λy(t1)

≤ f(t1, α(t1 − r))− λβ(t1)

≤ β′(t1) < β′
ϵ(t1), which is a contradiction.

CASE-2.3: Let y(t1 − r) > β(t1 − r).

Therefore y′(t1) = F ⋆(t1, y(t1 − r))− λy(t1)

= f(t1, β(t1 − r))− λy(t1)

≤ f(t1, α(t1 − r))− λβ(t1)

≤ β′(t1) < β′
ϵ(t1), which is a contradiction.

Thus from the above discussed cases, we conclude that

αϵ(t) < y(t) < βϵ(t), ∀ t ∈ I and ∀ϵ > 0. Therefore by taking ϵ → 0, we get

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ I. This implies α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

So we have F ⋆(t, y(t − r)) = f(t, y(t − r)), ∀ t ∈ I and p(T, y(T )) = y(T ).

Hence y is a solution of the PBVP (3.1) such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Theorem 3.6.2. Let f : I × R → R be continuous and satisfy

f(t, x) ≥ f(t, y), ∀ (t, x), (t, y) ∈ I × R such that x ≤ y. Let α, β ∈ X be

coupled lower and upper solutions of APBVP (3.2). Then the APBVP (3.2)

has atleast one solution y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].
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Proof. Since α, β ∈ X are coupled lower and upper solutions of APBVP (3.2),

we have 1. α′(t) + λα(t) ≤ f(t, β(t− r)), t ∈ I,

2. β′(t) + λβ(t) ≥ f(t, α(t− r)), t ∈ I,

3. α(t) ≤ α(0), t ∈ [−r, 0],

4. β(t) ≥ β(0), t ∈ [−r, 0],

5. α(t) ≤ β(t), t ∈ [−r, T ],

6. α(0) ≤ −β(T ),

7. β(0) ≥ −α(T ).

As α, β ∈ X, we get α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0), ∀ t ∈ [−r, 0].

Defining p, F ⋆, L, N and S as in the proof of the Theorem 3.5.1 and using

Schauder’s fixed point theorem, we see that S : X → X has a fixed point

y ∈ X. Therefore y is a solution of the BVP (3.11). Proceding as in the proof

of the Theorem 3.5.1, we obtain α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.6.1.

Theorem 3.6.3. Let f : I × R → R be continuous and satisfy

f(t, x) ≥ f(t, y), ∀ (t, x), (t, y) ∈ I × R such that x ≤ y. Let α, β ∈ X be

coupled lower and upper solutions of LBVP (3.3). Then the LBVP (3.3) has

atleast one solution y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Proof. Since α, β ∈ X are coupled lower and upper solutions of LBVP (3.3),

we have 1. α′(t) + λα(t) ≤ f(t, β(t− r)), t ∈ I,

2. β′(t) + λβ(t) ≥ f(t, α(t− r)), t ∈ I,

3. α(t) ≤ α(0), t ∈ [−r, 0],

4. β(t) ≥ β(0), t ∈ [−r, 0],

5. α(t) ≤ β(t), t ∈ [−r, T ],

6. max{aα(0) + bα(T ), aα(0) + bβ(T )} ≤ 0

≤ min{aβ(0) + bα(T ), aβ(0) + bβ(T )}.

As α, β ∈ X, we get α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0), ∀ t ∈ [−r, 0].

Defining p, F ⋆, L, N and S as in the proof of the Theorem 3.5.2 and using
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Schauder’s fixed point theorem, we see that S : X → X has a fixed point

y ∈ X. This will imply that y is a solution of the BVP (3.12). Proceding as in

the proof of the Theorem 3.5.2, we obtain α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining part of the proof is similar to the proof the of Theorem 3.6.1.

Theorem 3.6.4. Let f : I × R → R be continuous and satisfy

f(t, x) ≥ f(t, y), ∀ (t, x), (t, y) ∈ I ×R such that x ≤ y. Let g : R2 → R be

continuous function which satisfies

(1) g(t, x) ≤ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y or

(2) g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Let α, β ∈ X be coupled lower and upper solutions of NLBVP (3.4). Then the

NLBVP (3.4) has atleast one solution y ∈ X such that α(t) ≤ y(t) ≤ β(t),

∀ t ∈ [−r, T ].

Proof. Without the loss of generality, let g(t, x) ≤ g(t, y),

∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Since α, β ∈ X are coupled lower and upper solutions of NLBVP (3.4),

we have

1. α′(t) + λα(t) ≤ f(t, β(t− r)), t ∈ I,

2. β′(t) + λβ(t) ≥ f(t, α(t− r)), t ∈ I,

3. α(t) ≤ α(0), t ∈ [−r, 0],

4. β(t) ≥ β(0), t ∈ [−r, 0],

5. α(t) ≤ β(t), t ∈ [−r, T ],

6. max{g(α(0), α(T )), g(α(0), β(T ))} ≤ 0 ≤ min{g(β(0), α(T )), g(β(0), β(T ))}.

Also α, β ∈ X implies α(t) = α(0), ∀ t ∈ [−r, 0] and

β(t) = β(0), ∀ t ∈ [−r, 0].

Defining p, F ⋆, L, N and S as in the proof of the Theorem 3.5.3 and using

Schauder’s fixed point theorem, we see that S : X → X has a fixed point

y ∈ X. This will imply that y is a solution of the BVP (3.13).

Proceding as in the proof of the Theorem 3.5.3, we obtain
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α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.6.1.

We further prove results on existence of solution between strict coupled

lower and upper solutions for PBVP, APBVP, LBVP and NLBVP of first

order DECD.

Theorem 3.6.5. Let f : I × R → R be continuous and satisfy

f(t, x) ≥ f(t, y), ∀ (t, x), (t, y) ∈ I × R such that x ≤ y. Let α, β ∈ X be

strict coupled lower and upper solutions of PBVP (3.1). Then the PBVP (3.1)

has atleast one solution y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0] and

α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Since α, β ∈ X are strict coupled lower and upper solutions of PBVP

(3.1), we have 1. α′(t) + λα(t) < f(t, β(t− r)), t ∈ I,

2. β′(t) + λβ(t) > f(t, α(t− r)), t ∈ I,

3. α(t) ≤ α(0), t ∈ [−r, 0],

4. β(t) ≥ β(0), t ∈ [−r, 0],

5. α(t) ≤ β(t), t ∈ [−r, T ],

6. α(0) ≤ α(T ),

7. β(0) ≥ β(T ).

As α, β ∈ X, we get α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0), ∀ t ∈ [−r, 0].

Defining p, F ⋆, L, N and S as in the proof of the Theorem 3.4.3 and using

Schauder’s fixed point theorem, we see that S : X → X has a fixed point

y ∈ X. This will imply that y is a solution of the BVP (3.10).

Proceeding as in the proof of the Theorem 3.4.3, we get α(0) ≤ y(0) ≤ β(0).

This implies α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

Therefore it is enough show that α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Let if possible ∃ t1 ∈ (0, T ] such that α(t) < y(t) < β(t), ∀ t ∈ (0, t1) and

y(t1) = β(t1). This implies that y(t1 − h) < β(t1 − h) for sufficiently small

h > 0. Therefore β(t1)−β(t1−h)
h

< y(t1)−y(t1−h)
h

. Thus β′(t1) ≤ y′(t1).
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CASE-1: Let 0 < t1 ≤ r. So we get −r < t1 − r ≤ 0.

This implies α(t1 − r) ≤ y(t1 − r) ≤ β(t1 − r).

Therefore y′(t1) = F ⋆(t1, y(t1 − r))− λy(t1)

= f(t1, y(t1 − r))− λy(t1)

≤ f(t1, α(t1 − r))− λβ(t1)

< β′(t1), which is a contradiction.

CASE-2: Let r < t1 ≤ T . So we get 0 < t1 − r ≤ t1.

This implies α(t1 − r) < y(t1 − r) < β(t1 − r).

Therefore y′(t1) = F ⋆(t1, y(t1 − r))− λy(t1)

= f(t1, y(t1 − r))− λy(t1)

≤ f(t1, α(t1 − r))− λβ(t1)

< β′(t1), which is a contradiction.

Thus from CASE-1 and CASE-2, we have α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Therefore F ⋆(t, y(t− r)) = f(t, y(t− r)), ∀ t ∈ I and p(T, y(T )) = y(T ).

Hence y is a solution of the PBVP (3.1) such that α(t) ≤ y(t) ≤ β(t),

∀ t ∈ [−r, 0] and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Theorem 3.6.6. Let f : I × R → R be continuous and satisfy

f(t, x) ≥ f(t, y), ∀ (t, x), (t, y) ∈ I × R such that x ≤ y. Let α, β ∈ X

be strict coupled lower and upper solutions of APBVP (3.2). Then the APBVP

(3.2) has atleast one solution y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0]

and α(t) < y(t) < β(t), forall t ∈ (0, T ].
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Proof. Since α, β ∈ X are strict coupled lower and upper solutions of (3.2),

we have 1. α′(t) + λα(t) < f(t, β(t− r)), t ∈ I,

2. β′(t) + λβ(t) > f(t, α(t− r)), t ∈ I,

3. α(t) ≤ α(0), t ∈ [−r, 0],

4. β(t) ≥ β(0), t ∈ [−r, 0],

5. α(t) ≤ β(t), t ∈ [−r, T ],

6. α(0) ≤ −β(T ),

7. β(0) ≥ −α(T ).

As α, β ∈ X, we get α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0), ∀ t ∈ [−r, 0].

Defining p, F ⋆, L, N and S as in the proof of the Theorem 3.5.1 and using

Schauder’s fixed point theorem, we see that S : X → X has a fixed point

y ∈ X. This will imply that y is a solution of the BVP (3.11). Proceding as in

the proof of the Theorem 3.5.1, we obtain α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.6.5.

Theorem 3.6.7. Let f : I × R → R be continuous and satisfy

f(t, x) ≥ f(t, y), ∀ (t, x), (t, y) ∈ I × R such that x ≤ y. Let α, β ∈ X

be strict coupled lower and upper solutions of LBVP (3.3). Then the LBVP

(3.3) has atleast one solution y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0]

and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Since α, β ∈ X are strict coupled lower and upper solutions of LBVP

(3.3), we have 1. α′(t) + λα(t) < f(t, β(t− r)), t ∈ I,

2. β′(t) + λβ(t) > f(t, α(t− r)), t ∈ I,

3. α(t) ≤ α(0), t ∈ [−r, 0],

4. β(t) ≥ β(0), t ∈ [−r, 0],

5. α(t) ≤ β(t), t ∈ [−r, T ],

6. max{aα(0) + bα(T ), aα(0) + bβ(T )} ≤ 0

≤ min{aβ(0) + bα(T ), aβ(0) + bβ(T )}.

As α, β ∈ X, we get α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0), ∀ t ∈ [−r, 0].
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Defining p, F ⋆, L, N and S as in the proof of the Theorem 3.5.2 and using

Schauder’s fixed point theorem, we see that S : X → X has a fixed point

y ∈ X. Then y is a solution of the BVP (3.12). Proceding as in the proof of

the Theorem 3.5.2, we obtain α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.6.5.

Theorem 3.6.8. Let f : I × R → R be continuous and satisfy

f(t, x) ≥ f(t, y), ∀ (t, x), (t, y) ∈ I ×R such that x ≤ y. Let g : R2 → R be

continuous function which satisfies

(1) g(t, x) ≤ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y or

(2) g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Let α, β ∈ X be strict coupled lower and upper solutions of NLBVP (3.4).

Then the NLBVP (3.4) has atleast one solution y ∈ X such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0] and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Without the loss of generality, let g(t, x) ≤ g(t, y),

∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Since α, β ∈ X are strict coupled lower and upper solutions of NLBVP (3.4),

we have 1. α′(t) + λα(t) < f(t, β(t− r)), t ∈ I,

2. β′(t) + λβ(t) > f(t, α(t− r)), t ∈ I,

3. α(t) ≤ α(0), t ∈ [−r, 0],

4. β(t) ≥ β(0), t ∈ [−r, 0],

5. α(t) ≤ β(t), t ∈ [−r, T ],

6. max{g(α(0), α(T )), g(α(0), β(T ))}

≤ 0 ≤ min{g(β(0), α(T )), g(β(0), β(T ))}.

Also α, β ∈ X implies α(t) = α(0), ∀ t ∈ [−r, 0] and

β(t) = β(0), ∀ t ∈ [−r, 0].

Defining p, F ⋆, L, N and S as in the proof of the Theorem 3.5.3 and using

Schauder’s fixed point theorem, we see that S : X → X has a fixed point

y ∈ X. This will imply that y is a solution of the BVP (3.13). Proceding as in



80

the proof of the Theorem 3.5.3, we obtain α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining part of the proof is similar to the proof of the Theorem 3.6.5.
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4.1 Introduction

In this chapter, we investigate BVPs of general first order DECD and first

order DEVDA for existence of solution using Leray - Schauder alternative

and Schauder’s fixed point theorem. We employ method of lower and upper

solution to prove some results on existence of solution between them for PBVP

of general first order DECD and first order DEVDA. We also establish results

on existence of solution between weakly coupled lower and upper solutions

for APBVP, LBVP and NLBVP of general first order DECD and first order

DEVDA. Further, we establish results on existence of solution between coupled

lower and upper solutions for PBVP, APBVP, LBVP and NLBVP of general

first order DECD and first order DEVDA. Apart from this, we use fixed point

theorem on partially ordered metric spaces and Banach fixed point theorem to

prove results on existence of solution for PBVP of first order DEVDA.

Let a, b ∈ R such that a ̸= 0 and b ̸= 0. Let T > 0, λ ≥ 0, I = [0, T ],

0 < r ≤ T , θ : I → I be continuous, f : I × R2 → R be continuous and

g : R2 → R be continuous. Then the PBVP for general first order DECD

under investigation is given by

y′(t) + λy(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).


(4.1)

The APBVP for general first order DECD under investigation is

y′(t) + λy(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = − y(T ).


(4.2)
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The LBVP for general first order DECD under investigation is,

y′(t) + λy(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0.


(4.3)

The NLBVP for general first order DECD under investigation is

y′(t) + λy(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0.


(4.4)

We also investigate BVP for general first order DECD given by

y′(t) + λy(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = g(y(0), y(T )).


(4.5)

The PBVP for first order DEVDA under investigation is given by

y′(t) + λy(t) = f(t, y(t), y(θ(t))), t ∈ I,

y(0) = y(T ).

 (4.6)

The APBVP for first order DEVDA under investigation is

y′(t) + λy(t) = f(t, y(t), y(θ(t))), t ∈ I,

y(0) = − y(T ).

 (4.7)

The LBVP for first order DEVDA under investigation is

y′(t) + λy(t) = f(t, y(t), y(θ(t))), t ∈ I,

ay(0) + by(T ) = 0.

 (4.8)
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The NLBVP for first order DEVDA under investigation is

y′(t) + λy(t) = f(t, y(t), y(θ(t))), t ∈ I,

g(y(0), y(T )) = 0.

 (4.9)

We will need the following lemmas to prove existence of solution results for

the above BVPs.

Lemma 4.1.1. Let f : I × R2 → R be continuous and N : X → Y × R be

defined by N [y(t)] = (v(t), y(T )), where

v(t) =


0, −r ≤ t ≤ 0,

t∫
0

f(s, y(s), y(s− r))ds, 0 ≤ t ≤ T.

Then N : X → Y × R is continuous and compact.

Proof. Similar to the proof of the Lemma 3.1.2.

Lemma 4.1.2. Let f : I × R2 → R be continuous and N : X → Y × R be

defined by N [y(t)] = (v(t), −y(T )), where

v(t) =


0, −r ≤ t ≤ 0,

t∫
0

f(s, y(s), y(s− r))ds, 0 ≤ t ≤ T.

Then N : X → Y × R is continuous and compact.

Proof. Similar to the proof of the Lemma 3.1.2.

Lemma 4.1.3. Let f : I × R2 → R be continuous and N : X → Y × R be

defined by N [y(t)] = (v(t), − b
a
y(T )), where

v(t) =


0, −r ≤ t ≤ 0,

t∫
0

f(s, y(s), y(s− r))ds, 0 ≤ t ≤ T.

Then N : X → Y × R is continuous and compact.
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Proof. Similar to the proof of the Lemma 3.1.2.

Lemma 4.1.4. Let f : I × R2 → R be continuous and p : I × R → R be

continuous. Let N : X → Y × R be defined by N [y(t)] = (v(t), p(T, y(T ))),

where v(t) =


0, −r ≤ t ≤ 0,

t∫
0

f(s, y(s), y(s− r))ds, 0 ≤ t ≤ T.

Then N : X → Y × R is continuous and compact.

Proof. Similar to the proof of the Lemma 3.1.2.

Lemma 4.1.5. Let f : I × R2 → R be continuous and

h : R2 → R be continuous. Let N : X → Y × R be defined by

N [y(t)] = (v(t), h(y(0), y(T ))), where

v(t) =


0, −r ≤ t ≤ 0,

t∫
0

f(s, y(s), y(s− r))ds, 0 ≤ t ≤ T.

Then N : X → Y × R is continuous and compact.

Proof. Similar to the proof of the Lemma 3.1.2.

Lemma 4.1.6. Let f : I × R2 → R be continuous and Q :W → V × R be

defined by Q[y(t)] = (v(t), y(T )), where v(t) =
t∫
0

f(s, y(s), y(θ(s)))ds,

t ∈ I. Then Q : W → V × R is continuous and compact.

Proof. Similar to the proof of the Lemma 3.1.2.

Lemma 4.1.7. Let f : I × R2 → R be continuous and Q : W → V × R be

defined by Q[y(t)] = (v(t), − y(T )), where v(t) =
t∫
0

f(s, y(s), y(θ(s)))ds,

t ∈ I. Then Q : W → V × R is continuous and compact.

Proof. Similar to the proof of the Lemma 3.1.2.
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Lemma 4.1.8. Let f : I × R2 → R be continuous and Q : W → V × R be

defined by Q[y(t)] = (v(t), − b
a
y(T )), where v(t) =

t∫
0

f(s, y(s), y(θ(s)))ds,

t ∈ I. Then Q : W → V × R is continuous and compact.

Proof. Similar to the proof of the Lemma 3.1.2.

Lemma 4.1.9. Let f : I×R2 → R be continuous, p : I×R → R be continuous

and Q : W → V × R be defined by Q[y(t)] = (v(t), p(T, y(T ))), where

v(t) =
t∫
0

f(s, y(s), y(θ(s)))ds, t ∈ I. Then Q : W → V × R is continuous

and compact.

Proof. Similar to the proof of the Lemma 3.1.2.

Lemma 4.1.10. Let f : I ×R2 → R be continuous, h : R2 → R be continuous

and Q : W → V × R be defined by Q[y(t)] = (v(t), h(y(0), y(T ))), where

v(t) =
t∫
0

f(s, y(s), y(θ(s)))ds, t ∈ I. Then Q : W → V × R is continuous

and compact.

Proof. Similar to the proof of the Lemma 3.1.2.

4.2 Existence Theorems using Leray - Schauder

Alternative

In this section, we estabish results on existence of solution to above BVPs

of using Leray - Schauder alternative. We start with definition of solution of

PBVP (4.1).
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Definition 4.2.1. A function u : [−r, T ] → R is said to be a solution of

PBVP (4.1) if

1. u is continuous on [−r, T ] and continuously differentiable on I.

2. u′(t) + λu(t) = f(t, u(t), u(t− r)), t ∈ I.

3. u(t) = u(0), t ∈ [−r, 0].

4. u(0) = u(T ).

Similarly we can give definitions of solution for other given BVPs of general

first order DECD.

Definition 4.2.2. A function u : I → R is said to be a solution of PBVP

(4.6) if 1. u is continuously differentiable on I.

2. u′(t) + λu(t) = f(t, u(t), u(θ(t))), t ∈ I.

3. u(0) = u(T ).

Similarly we can give definitions of solution for other given BVPs of first order

DEVDA.

We now have the following existence results.

Theorem 4.2.1. Let f : I × R2 → R be continuous. If ∃ M > 0 independent

of µ with ||y||∞ ̸=M for any solution y of

y′(t) + λy(t) = µf(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = µy(T ),


(4.10)

for each µ ∈ (0, 1), then the PBVP (4.1) has atleast one solution in X.

Proof. Similar to the proof of the Theorem 3.2.1.
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Theorem 4.2.2. Let f : I × R2 → R be continuous. If ∃M > 0 independent

of µ with ||y||∞ ̸=M for any solution y of

y′(t) + λy(t) = µf(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = −µy(T ),


(4.11)

for each µ ∈ (0, 1), then the APBVP (4.2) has atleast one solution in X.

Proof. Similar to the proof of the Theorem 3.2.2.

Theorem 4.2.3. Let f : I × R2 → R be continuous. If ∃ M > 0 independent

of µ with ||y||∞ ̸=M for any solution y of

y′(t) + λy(t) = µf(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = −µb
a
y(T ),


(4.12)

for each µ ∈ (0, 1), then the LBVP (4.3) has atleast one solution in X.

Proof. Similar to the proof of the Theorem 3.2.3.

Theorem 4.2.4. Let f : I × R2 → R be continuous. If ∃ M > 0 independent

of µ with ||y||∞ ̸=M for any solution y of

y′(t) + λy(t) = µf(t, y(t), y(θ(t))), t ∈ I,

y(0) = µy(T ),

 (4.13)

for each µ ∈ (0, 1), then the PBVP (4.6) has atleast one solution in X.

Proof. Similar to the proof of the Theorem 3.2.1.



89

Theorem 4.2.5. Let f : I × R2 → R be continuous. If ∃M > 0 independent

of µ with ||y||∞ ̸=M for any solution y of

y′(t) + λy(t) = µf(t, y(t), y(θ(t))), t ∈ I,

y(0) = − µy(T ),

 (4.14)

for each µ ∈ (0, 1), then the APBVP (4.7) has atleast one solution in X.

Proof. Similar to the proof of the Theorem 3.2.2.

Theorem 4.2.6. Let f : I × R2 → R be continuous. If ∃ M > 0 independent

of µ with ||y||∞ ̸=M for any solution y of

y′(t) + λy(t) = µf(t, y(t), y(θ(t))), t ∈ I,

y(0) = − µ
b

a
y(T ),

 (4.15)

for each µ ∈ (0, 1), then the LBVP (4.8) has atleast one solution in X.

Proof. Similar to the proof of the Theorem 3.2.3.

4.3 Existence Theorems using Schauder’s Fixed

Point Theorem

In this section, we first prove the existence of solution for BVP (4.5), by assum-

ing f and g both to be bounded and continuous. We make use of Schauder’s

fixed point theorem to obtain the result.
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Definition 4.3.1. A function u : [−r, T ] → R is said to be a solution of BVP

(4.5) if

1. u is continuous on [−r, T ] and continuously differentiable on I.

2. u′(t) = f(t, u(t), u(t− r)), t ∈ I.

3. u(t) = u(0), t ∈ [−r, 0].

4. u(0) = g(u(0), u(T )).

Theorem 4.3.1. Let f : I × R2 → R be bounded and continuous function,

g : R2 → R be bounded and continuous function. Then the BVP (4.5) has

atleast one solution y ∈ X.

Proof. Similar to the proof of the Theorem 3.3.1.

Next we establish existence of solution result for PBVP of first order DE-

VDA (4.6) using of Schauder’s fixed point theorem by assuming f : I×R2 → R

to be continuous and bounded. We break down the result into two lemmas.

Lemma 4.3.2. Let λ > 0 and f : I×R2 → R be continuous. Then J : Z → Z

defined by

J [y(t)] =
T∫
0

e−λ(T−s+t)

1−e−λT f(s, y(s), y(θ(s)))ds +
t∫
0

e−λ(t−s)f(s, y(s), y(θ(s)))ds

is continuous.

Proof. Let yn → y in (Z, ||.||).

Therefore ||yn − y|| → 0 as n→ ∞. This implies yn → y uniformly on I.

Let Jyn = vn and Jy = v.

We claim that vn → v uniformly on I.

Let ϵ > 0 be arbitrary.

Since yn → y uniformly on I, f : I × R2 → R is continuous and θ : I → I is

continuous, we have f(t, yn(t), yn(θ(t))) → f(t, y(t), y(θ(t)))

uniformly on I.
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Therefore ∃ n0 ∈ N such that |f(t, yn(t), yn(θ(t)))− f(t, y(t), y(θ(t)))| < λϵ,

∀ n ≥ n0 and ∀ t ∈ I. So we have

|vn(t)− v(t)| = |
T∫

0

e−λ(T−s+t)

1− e−λT
f(s, yn(s), yn(θ(s)))ds

+

t∫
0

e−λ(t−s)f(s, yn(s), yn(θ(s)))ds

−
T∫

0

e−λ(T−s+t)

1− e−λT
f(s, y(s), y(θ(s)))ds

−
t∫

0

e−λ(t−s)f(s, y(s), y(θ(s)))ds|

≤
T∫

0

e−λ(T−s+t)

1− e−λT
|f(s, yn(s), yn(θ(s))) − f(s, y(s), y(θ(s)))|ds

+

t∫
0

e−λ(t−s)|f(s, yn(s), yn(θ(s))) − f(s, y(s), y(θ(s)))|ds

< λϵ

T∫
0

e−λ(T−s+t)

1− e−λT
ds + λϵ

t∫
0

e−λ(t−s)ds = ϵ.

Therefore |vn(t)− v(t)| < ϵ, ∀ n ≥ n0 and ∀ t ∈ I. Thus vn → v uniformly on

I. Hence J : Z → Z is a continuous operator.

Lemma 4.3.3. Let λ > 0 and f : I×R2 → R be continuous and bounded. Let

J : Z → Z defined by

J [y(t)] =
T∫
0

e−λ(T−s+t)

1−e−λT f(s, y(s), y(θ(s)))ds +
t∫
0

e−λ(t−s)f(s, y(s), y(θ(s)))ds.

Then J(Z) is a bounded subset of (Z, ∥.∥) and J : Z → Z is compact.

Proof. Since f : I × R2 → R is bounded, ∃M > 0 such that

|f(t, u, v)| ≤M, ∀ (t, u, v) ∈ I × R2.
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Let y ∈ Z. Then

|J [y(t)]| = |
T∫

0

e−λ(T−s+t)

1− e−λT
f(s, y(s), y(θ(s)))ds

+

t∫
0

e−λ(t−s)f(s, y(s), y(θ(s)))ds|

≤
T∫

0

e−λ(T−s+t)

1− e−λT
|f(s, y(s), y(θ(s)))|ds

+

t∫
0

e−λ(t−s)|f(s, y(s), y(θ(s)))|ds

≤M

T∫
0

e−λ(T−s+t)

1− e−λT
ds + M

t∫
0

e−λ(t−s)ds =
M

λ
, ∀ t ∈ I.

This implies ∥Jy∥ ≤ M
λ
, ∀ y ∈ Z.

Therefore J(Z) is bounded subset of (Z, ∥.∥).

Next we prove that J : Z → Z is a compact operator.

Let {yn} be a bounded sequence in (Z, ∥.∥). Denote vn = Jyn.

Since J(Z) is a bounded subset of (Z, ∥.∥), {vn} is bounded sequence in

(Z, ∥.∥). Therefore {vn} is uniformly bounded sequence on I.

We show that {vn} is equicontinuous on I uniformly.

Let t0 ∈ [−r, T ] be arbitrary and ϵ > 0 be arbitrary.

CASE-1: Let t0 = 0. Consider

|vn(t)− vn(t0)| = |vn(t)− vn(0)|

≤ |
T∫

0

e−λ(T−s+t)

1− e−λT
f(s, yn(s), yn(θ(s)))ds

+

t∫
0

e−λ(t−s)f(s, yn(s), yn(θ(s)))ds

−
T∫

0

e−λ(T−s)

1− e−λT
f(s, yn(s), yn(θ(s)))ds|.
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So we have

|vn(t)− vn(t0)| ≤
T∫

0

e−λ(T−s)

1− e−λT
(1− e−λT )|f(s, yn(s), yn(θ(s)))|ds

+

t∫
0

e−λ(t−s)|f(s, yn(s), yn(θ(s)))|ds

≤ e−λT (1− e−λt)

1− e−λT
M

T∫
0

eλsds + Me−λt

t∫
0

eλsds

=
2M

λ
(1− e−λt).

CASE-1.1: Let 0 < λϵ
2M

< 1.

Let 2M
λ
|1− e−λt| < ϵ. Then |1− e−λt| < λϵ

2M
.

This implies − λϵ
2M

< 1− e−λt < λϵ
2M

. So we have 1− λϵ
2M

< e−λt < 1 + λϵ
2M

.

Therefore log[1− λϵ
2M

] < −λt < log[1 + λϵ
2M

].

Thus − 1
λ
log[1 + λϵ

2M
] < t < − 1

λ
log[1− λϵ

2M
].

Choose δ = min{T
2
,− 1

λ
log[1− λϵ

2M
]}.

Let 0 ≤ t < δ.

Then t < − 1
λ
log[1− λϵ

2M
]. This implies log[1− λϵ

2M
] < −λt.

So we have 1− λϵ
2M

< e−λt. Therefore 1− e−λt < λϵ
2M

. Thus 2M
λ
(1− e−λt) < ϵ.

Hence |vn(t)− vn(t0)| < ϵ, ∀ t such that 0 ≤ t < δ.

CASE-1.2: Let λϵ
2M

≥ 1. Choose δ = min{T
2
,− 1

λ
log(1

2
)}.

Let 0 ≤ t < δ. Then t < − 1
λ
log(1

2
).

This implies log(1
2
) < −λt. So we have 1

2
< e−λt. This gives −e−λt < −1

2
.

Therefore 1− e−λt < 1
2
< λϵ

2M
. Thus 2M

λ
(1− e−λt) < ϵ.

Hence |vn(t)− vn(t0)| < ϵ, ∀ t such that 0 ≤ t < δ.

From CASE 1.1 and CASE 1.2, we may conclude that {vn} is equicontinuous

at t0 = 0.
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CASE-2: Let t0 = T . Then for t ≤ T , we have

|vn(t)− vn(t0)| = |vn(t)− vn(T )|

= |
T∫

0

e−λ(T−s+t)

1− e−λT
f(s, yn(s), yn(θ(s)))ds

+

t∫
0

e−λ(t−s)f(s, yn(s), yn(θ(s)))ds

−
T∫

0

e−λ(2T−s)

1− e−λT
f(s, yn(s), yn(θ(s)))ds

−
T∫

0

e−λ(T−s)f(s, yn(s), yn(θ(s)))ds|

= |
T∫

0

[
e−λ(T−s+t)

1− e−λT
− e−λ(2T−s)

1− e−λT
]f(s, yn(s), yn(θ(s)))ds

+

t∫
0

e−λ(t−s)f(s, yn(s), yn(θ(s)))ds

−
t∫

0

e−λ(T−s)f(s, yn(s), yn(θ(s)))ds

−
T∫
t

e−λ(T−s)f(s, yn(s), yn(θ(s)))ds|

≤M

T∫
0

e−λ(T−s)

1− e−λT
|e−λt − e−λT |ds + M

t∫
0

eλs|e−λt − e−λT |ds

+ M

T∫
t

e−λ(T−s)ds

≤ M

λ

e−λT

1− e−λT
(e−λt − e−λT )(eλT − 1)

+
M

λ
(e−λt − e−λT )(eλt − 1) +

M

λ
e−λT (eλT − eλt)

=
M

λ
(e−λt − e−λT ) +

M

λ
(1− e−λ(T−t)) − M

λ
(e−λt − e−λT )

+
M

λ
(1− e−λ(T−t))

=
2M

λ
(1− e−λ(T−t)).
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CASE-2.1: Let 0 < λϵ
2M

< 1. Choose δ = min{T
2
,− 1

λ
log[1− λϵ

2M
]}.

Let T − δ ≤ t < T . Then T − t < − 1
λ
log[1− λϵ

2M
].

This implies log[1− λϵ
2M

] < −λ(T − t). So we have 1− λϵ
2M

< e−λ(T−t).

Therefore 1− e−λ(T−t) < λϵ
2M

. Thus 2M
λ
(1− e−λ(T−t)) < ϵ.

Hence |vn(t)− vn(t0)| < ϵ, ∀ t such that T − δ < t ≤ T .

CASE-2.2: Let λϵ
2M

≥ 1. Choose δ = min{T
2
,− 1

λ
log(1

2
)}.

Let T − δ ≤ t < T . Then T − t < − 1
λ
log(1

2
). This implies log(1

2
) < −λ(T − t).

So we have 1
2
< e−λ(T−t). This gives −e−λ(T−t) < −1

2
.

Therefore 1− e−λ(T−t) < 1
2
< λϵ

2M
. Thus 2M

λ
(1− e−λ(T−t)) < ϵ.

Hence |vn(t)− vn(t0)| < ϵ, ∀ t such that T − δ < t ≤ T .

From CASE 2.1 and CASE 2.2, we may conclude that {vn} is equicontinuous

at t0 = T .

CASE-3: Let 0 < t0 < T . Let t ≥ t0. Then

|vn(t)− vn(t0)| = |
T∫

0

e−λ(T−s+t)

1− e−λT
f(s, yn(s), yn(θ(s)))ds

+

t∫
0

e−λ(t−s)f(s, yn(s), yn(θ(s)))ds

−
T∫

0

e−λ(T−s+t0)

1− e−λT
f(s, yn(s), yn(θ(s)))ds

−
t0∫
0

e−λ(t0−s)f(s, yn(s), yn(θ(s)))ds|.
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So we have

|vn(t)− vn(t0)| = |
T∫

0

[
e−λ(T−s+t)

1− e−λT
− e−λ(T−s+t0)

1− e−λT
]f(s, yn(s), yn(θ(s)))ds.

+

t0∫
0

e−λ(t−s)f(s, yn(s), yn(θ(s)))ds

+

t∫
t0

e−λ(t−s)f(s, yn(s), yn(θ(s)))ds

−
t0∫
0

e−λ(t0−s)f(s, yn(s), yn(θ(s)))ds|

≤
T∫

0

e−λ(T−s)

1− e−λT
|e−λt − e−λt0||f(s, yn(s), yn(θ(s)))|ds

+

t0∫
0

eλs|e−λt − e−λt0||f(s, yn(s), yn(θ(s)))|ds

+

t∫
t0

e−λ(t−s)|f(s, yn(s), yn(θ(s)))|ds

≤M
e−λT

1− e−λT
|e−λt − e−λt0|

T∫
0

eλsds + M |e−λt − e−λt0|
t0∫
0

eλsds

+ Me−λt

t∫
t0

eλsds

≤ M

λ

e−λT

1− e−λT
|e−λt − e−λt0|(eλT − 1)

+
M

λ
|e−λt − e−λt0|(eλt0 − 1) +

M

λ
e−λt(eλt − eλt0)

=
M

λ
|e−λt − e−λt0| +

M

λ
(1− e−λ(t−t0)) − M

λ
|e−λt − e−λt0|

+
M

λ
(1− e−λ(t−t0))

=
2M

λ
(1− e−λ(t−t0)) =

2M

λ
(1− e−λ|t−t0|).
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Let t ≤ t0. Then

|vn(t)− vn(t0)| = |
T∫

0

e−λ(T−s+t)

1− e−λT
f(s, yn(s), yn(θ(s)))ds

+

t∫
0

e−λ(t−s)f(s, yn(s), yn(θ(s)))ds

−
T∫

0

e−λ(T−s+t0)

1− e−λT
f(s, yn(s), yn(θ(s)))ds

−
t0∫
0

e−λ(t0−s)f(s, yn(s), yn(θ(s)))ds|

= |
T∫

0

[
e−λ(T−s+t)

1− e−λT
− e−λ(T−s+t0)

1− e−λT
]f(s, yn(s), yn(θ(s)))ds

+

t∫
0

e−λ(t−s)f(s, yn(s), yn(θ(s)))ds

−
t∫

0

e−λ(t0−s)f(s, yn(s), yn(θ(s)))

−
t0∫
t

e−λ(t0−s)f(s, yn(s), yn(θ(s)))ds|

≤
T∫

0

e−λ(T−s)

1− e−λT
|e−λt − e−λt0||f(s, yn(s), yn(θ(s)))|ds

+

t∫
0

eλs|e−λt − e−λt0 ||f(s, yn(s), yn(θ(s)))|ds

+

t0∫
t

e−λ(t0−s)|f(s, yn(s), yn(θ(s)))|ds

≤M
e−λT

1− e−λT
|e−λt − e−λt0|

T∫
0

eλsds

+ M |e−λt − e−λt0|
t∫

0

eλsds + Me−λt0

t0∫
t

eλsds.
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So we have

|vn(t)− vn(t0)| ≤
M

λ

e−λT

1− e−λT
|e−λt − e−λt0|(eλT − 1)

+
M

λ
|e−λt − e−λt0 |(eλt − 1) +

M

λ
e−λt0(eλt0 − eλt)

=
M

λ
|e−λt − e−λt0| +

M

λ
(1− e−λ(t0−t)) − M

λ
|e−λt − e−λt0|

+
M

λ
(1− e−λ(t0−t))

=
2M

λ
(1− e−λ(t0−t)) =

2M

λ
(1− e−λ|t−t0|).

CASE-3.1: Let 0 < λϵ
2M

< 1.

Choose δ = min{T
2
,− 1

λ
log[1− λϵ

2M
]}.

Let |t− t0| < δ.

Then |t− t0| < − 1
λ
log[1− λϵ

2M
]. This implies log[1− λϵ

2M
] < −λ|t− t0|.

So we have 1− λϵ
2M

< e−λ|t−t0|. Therefore 1− e−λ|t−t0| < λϵ
2M

.

Thus 2M
λ
(1− e−λ|t−t0|) < ϵ.

Hence |vn(t)− vn(t0)| < ϵ, ∀ t such that |t− t0| < δ.

CASE-3.2: Let λϵ
2M

≥ 1.

Choose δ = min{T
2
,− 1

λ
log(1

2
)}.

Let |t− t0| < δ.

Then |t− t0| < − 1
λ
log(1

2
). This implies log(1

2
) < −λ|t− t0|.

So we have 1
2
< e−λ|t−t0|. This gives −e−λ|t−t0| < −1

2
.

Therefore 1− e−λ|t−t0| < 1
2
< λϵ

2M
. Thus 2M

λ
(1− e−λ|t−t0|) < ϵ.

Hence |vn(t)− vn(t0)| < ϵ, ∀ t such that |t− t0| < δ.

From CASE 3.1 and CASE 3.2 we may conclude that {vn} is equicontinuous

at t0, where 0 < t0 < T .

Hence from CASE-1 to CASE-3 we conclude that {vn} is equicontinuous on I

uniformly.

Now using Arzela-Ascoli lemma, {vn} has a subsequence {vnk
} converging

uniformly to v on I. Therefore vnk
→ v on (Z, ||.||). Thus {Jyn} has a
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subsequence {Jynk
} converging in (Z, ||.||).

Hence J : Z → Z is a compact operator.

Theorem 4.3.4. Let λ > 0 and f : I × R2 → R be continuous and bounded.

Then PBVP (4.6) has atleast one solution in (Z, ||.||).

Proof. Let J : Z → Z be defined by

J [y(t)] =
T∫
0

e−λ(T−s+t)

1−e−λT f(s, y(s), y(θ(s)))ds +
t∫
0

e−λ(t−s)f(s, y(s), y(θ(s)))ds.

A fixed point of J is a solution of (4.6). Since f : I × R2 → R is continuous,

J : Z → Z is continuous by Lemma 4.3.2.

Also J(Z) is bounded and J : Z → Z is compact operator as f : I × R2 → R

is continuous and bounded (Using Lemma 4.3.3).

Therefore by Schauder’s fixed point theorem J : Z → Z has a fixed point

y ∈ Z. Thus y is a solution of (4.6).

4.4 Method of Lower and Upper Solutions

In this section, we establish results showing existence of solution lying between

lower solution and upper solution. We start with definitions of lower solution,

upper solution, strict lower solution, strict upper solution and solution for

general first order DECD

y′(t) + λy(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

 (4.16)

and

y′(t) + λy(t) = f(t, y(t), y(θ(t))). t ∈ I,

}
(4.17)

We also prove that upper solution exceeds lower solution under certain condi-

tions on a function f : I × R2 → R, lower and upper solution.
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Definition 4.4.1. A function u ∈ B is called a solution of general first order

DECD (4.16) if

1. u′(t) + λu(t) = f(t, u(t), u(t− r)), t ∈ I.

2. u(t) = u(0), t ∈ [−r, 0].

Definition 4.4.2. A function u ∈W is called a solution of general first order

DECD (4.16) if u′(t) + λu(t) = f(t, u(t), u(θ(t))), t ∈ I.

Definition 4.4.3. A function α ∈ B is called a lower solution of general first

order DECD (4.16) if

1. α′(t) + λα(t) ≤ f(t, α(t), α(t− r)), t ∈ I.

2. α(t) ≤ α(0), t ∈ [−r, 0].

A function β ∈ B is called an upper solution of general first order DECD

(4.16) if the above inequalities are reversed.

Definition 4.4.4. A function α ∈ W is called a lower solution of first order

DEVDA (4.17) if α′(t) + λα(t) ≤ f(t, α(t), α(θ(t))), t ∈ I.

A function β ∈ W is called an upper solution of first order DEVDA (4.17) if

the above inequalities are reversed.

Definition 4.4.5. A function α ∈ B is called a strict lower solution of general

first order DECD (4.16) if

1. α′(t) + λα(t) < f(t, α(t), α(t− r)), t ∈ I.

2. α(t) ≤ α(0), t ∈ [−r, 0].

Definition 4.4.6. A function α ∈ W is called a strict lower solution of first

order DEVDA (4.17) if α′(t) + λα(t) < f(t, α(t), α(θ(t))), t ∈ I.

Definition 4.4.7. A function β ∈ B is called a strict upper solution of general

first order DECD (4.16) if

1. β′(t) + λβ(t) > f(t, β(t), β(t− r)), t ∈ I.

2. β(t) ≥ β(0), t ∈ [−r, 0].
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Definition 4.4.8. A function β ∈ B is called a strict upper solution of first

order DEVDA (4.17) if β′(t) + λβ(t) > f(t, β(t), β(θ(t))), t ∈ I.

Theorem 4.4.1. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α ∈ X be a strict lower solution of general first

order DECD (4.16). Let β ∈ X be an upper solution of general first order

DECD (4.16). Then α(0) ≤ β(0) implies α(t) ≤ β(t), ∀ t ∈ [−r, 0] and

α(t) < β(t), ∀ t ∈ (0, T ].

Proof. Similar to the proof of the Theorem 3.4.1.

Theorem 4.4.2. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α ∈ X be a lower solution of general first order

DECD (4.16). Let β ∈ X be a strict upper solution of general first order

DECD (4.16). Then α(0) ≤ β(0) implies α(t) ≤ β(t), ∀ t ∈ [−r, 0] and

α(t) < β(t), ∀ t ∈ (0, T ].

Proof. Similar to the proof of the Theorem 3.4.1.

Theorem 4.4.3. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α ∈ W be a strict lower solution of first order

DEVDA (4.17). Let β ∈ W be an upper solution of first order DEVDA (4.17).

Then α(0) ≤ β(0) implies α(t) < β(t), ∀ t ∈ (0, T ].

Proof. Similar to the proof of the Theorem 3.4.1.

Theorem 4.4.4. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α ∈ W be a lower solution of first order DEVDA

(4.17). Let β ∈ W be a strict upper solution of first order DEVDA (4.17).

Then α(0) ≤ β(0) implies α(t) < β(t), ∀ t ∈ (0, T ].
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Proof. Similar to the proof of the Theorem 3.4.1.

We now define lower and upper solution for PBVPs of general first order

DECD (4.1) and first order DEVDA (4.6). We use Schauder’s fixed point

theorem to establish results on existence of solution between lower and upper

solutions for PBVP by assuming f to be non-decreasing in second and third

argument. Also we define strict lower and upper solutions for the PBVPs to

establish results on existence of solution between the two.

Definition 4.4.9. A function α ∈ B is called a lower solution of PBVP (4.1)

if 1. α′(t) + λα(t) ≤ f(t, α(t), α(t− r)), t ∈ I.

2. α(t) ≤ α(0), t ∈ [−r, 0].

3. α(0) ≤ α(T ).

Similarly, a function β ∈ B is called an upper solution of PBVP (4.1) if the

above inequalities are reversed by replacing α with β.

Definition 4.4.10. A function α ∈ W is called a lower solution of PBVP

(4.6) if 1. α′(t) + λα(t) ≤ f(t, α(t), α(θ(t))), t ∈ I.

2. α(0) ≤ α(T ).

Similarly, a function β ∈ W is called an upper solution of PBVP (4.6) if the

above inequalities are reversed by replacing α with β.

Definition 4.4.11. A function α ∈ B is called a strict lower solution of PBVP

(4.1) if 1. α′(t) + λα(t) < f(t, α(t), α(t− r)), t ∈ I.

2. α(t) ≤ α(0), t ∈ [−r, 0].

3. α(0) ≤ α(T ).

Definition 4.4.12. A function β ∈ B is called a strict upper solution of PBVP

(4.1) if 1. β′(t) + λβ(t) > f(t, β(t), β(t− r)), t ∈ I.

2. β(t) ≥ β(0), t ∈ [−r, 0].

3. β(0) ≥ β(T ).
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Definition 4.4.13. A function α ∈ W is called a strict lower solution of

PBVP (4.6) if 1. α′(t) + λα(t) < f(t, α(t), α(θ(t))), t ∈ I.

2. α(0) ≤ α(T ).

Definition 4.4.14. A function β ∈ W is called a strict upper solution of

PBVP (4.6) if 1. β′(t) + λβ(t) > f(t, β(t), β(θ(t))), t ∈ I.

2. β(0) ≥ β(T ).

We now have results on existence of solution between lower and upper

solution and between strict lower and strict upper solution for PBVPs (4.1)

and (4.6).

Theorem 4.4.5. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ X be lower and upper solutions of PBVP

(4.1) such that α(t) ≤ β(t), ∀ t ∈ [−r, T ]. Then the PBVP (4.1) has atleast

one solution y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Proof. Since α, β ∈ X are lower and upper solutions of PBVP (4.1), we have

1. α′(t) + λα(t) ≤ f(t, α(t), α(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, β(t), β(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(0) ≤ α(T ).

6. β(0) ≥ β(T ).

As α, β ∈ X, we have α(t) = α(0), ∀ t ∈ [−r, 0] and

β(t) = β(0), ∀ t ∈ [−r, 0].

Let p : I × R → R be defined by p(t, x) = max {α(t), min {x, β(t)}} ,

∀ (t, x) ∈ I × R. Therefore α(t) ≤ p(t, x) ≤ β(t), ∀ (t, x) ∈ I × R.

Also p : I × R → R is continuous and bounded.
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Let L : X → Y × R be defined by L[y(t)] = (u(t), y(0)), where

u(t) =


0, −r ≤ t ≤ 0,

y(t)− y(0) + λ
t∫
0

y(s)ds, 0 ≤ t ≤ T.

By Lemma 3.1.1, L : X → Y × R is linear, bijective and continuous.

Also L−1 : Y × R → X exists and is given by

L−1(u(t), γ) =


γ, −r ≤ t ≤ 0,

γe−λt +
t∫
0

e−λ(t−s)u′(s)ds, 0 ≤ t ≤ T.

Further L−1 : Y × R → X is bounded and hence continuous.

Let N : X → Y × R be defined as N [y(t)] = (v(t), p(T, y(T ))),

where v(t) =


0, −r ≤ t ≤ 0,

t∫
0

F ⋆(s, y(s), y(s− r))ds, 0 ≤ t ≤ T.

By Lemma 4.1.4, N : X → Y × R is compact and continuous.

Let F ⋆ : I × R2 → R be defined by

F ⋆(t, x, y) =



f(t, α(t), α(t− r)), x ≤ α(t), y ≤ α(t− r),

f(t, x, α(t− r)), α(t) ≤ x ≤ β(t), y ≤ α(t− r),

f(t, β(t), α(t− r)), β(t) ≤ x, y ≤ α(t− r),

f(t, α(t), y), x ≤ α(t), α(t− r) ≤ y ≤ β(t− r),

f(t, x, y), α(t) ≤ x ≤ β(t), α(t− r) ≤ y ≤ β(t− r),

f(t, β(t), y), β(t) ≤ x, α(t− r) ≤ y ≤ β(t− r),

f(t, α(t), β(t− r)), x ≤ α(t), β(t− r) ≤ y,

f(t, x, β(t− r)), α(t) ≤ x ≤ β(t), β(t− r) ≤ y,

f(t, β(t), β(t− r)), β(t) ≤ x, β(t− r) ≤ y.
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Then, F ⋆ : I × R2 → R is continuous and bounded.

Let S = L−1N : X → X. Then

S[y(t)] =


p(T, y(T )), −r ≤ t ≤ 0,

p(T, y(T ))e−λt +
t∫
0

e−λ(t−s)F ⋆(s, y(s), y(s− r))ds, 0 ≤ t ≤ T.

A fixed point of S : X → X is a solution of

y′(t) + λy(t) = F ∗(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = p(T, y(T )).


(4.18)

As L−1 : Y × R → X is continuous linear operator and N : X → Y × R

is compact, we have S : X → X is a compact operator. As composition

of continuous operators is continuous, therefore S : X → X is continuous.

Further p and F ⋆ are bounded implies that S(X) is a bounded subset of

(X, ||.||∞). Therefore by Schauder’s fixed point theorem, S : X → X has

a fixed point y ∈ X. Thus y is a solution of the BVP (4.18).

We show that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Since α(0) ≤ α(T ) ≤ p(T, y(T )) ≤ β(T ) ≤ β(0), we have

α(0) ≤ p(T, y(T )) ≤ β(0). This implies α(0) ≤ y(0) ≤ β(0).

Therefore α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

So it is enough to show that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ (0, T ].

Let ϵ > 0 be arbitrary.

Let αϵ and βϵ be as defined in the proof of theorem 3.4.3.

Since α(0) ≤ y(0) ≤ β(0), we have αϵ(0) < α(0) ≤ y(0) ≤ β(0) < βϵ(0).

So we get αϵ(0) < y(0) < βϵ(0).

Therefore we prove that αϵ(t) < y(t) < βϵ(t), ∀ t ∈ (0, T ].

Let if possible ∃ t1 ∈ (0, T ] such that αϵ(t) < y(t) < βϵ(t), ∀ t ∈ (0, t1) and

y(t1) = βϵ(t1). Therefore y(t1) > β(t1) and β
′
ϵ(t1) ≤ y′(t1).
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CASE-1: Let 0 < t1 ≤ r.

So we have −r < t1 − r ≤ 0.

This implies α(t1 − r) ≤ y(t1 − r) ≤ β(t1 − r). Therefore

y′(t1) = F ⋆(t1, y(t1), y(t1 − r))− λy(t1)

= f(t1, β(t1), y(t1 − r))− λy(t1)

≤ f(t1, β(t1), β(t1 − r))− λβ(t1)

≤ β′(t1) < β′
ϵ(t1), which is a contradiction.

CASE-2: Let r < t1 ≤ T .

So we have 0 < t1 − r ≤ t1.

This implies αϵ(t1 − r) < y(t1 − r) < βϵ(t1 − r).

CASE-2.1: Let y(t1 − r) < α(t1 − r). Then

y′(t1) = F ⋆(t1, y(t1), y(t1 − r))− λy(t1)

= f(t1, β(t1), α(t1 − r))− λy(t1)

≤ f(t1, β(t1), β(t1 − r))− λβ(t1)

≤ β′(t1) < β′
ϵ(t1), which is a contradiction.

CASE-2.2: Let α(t1 − r) ≤ y(t1 − r) ≤ β(t1 − r). Then

y′(t1) = F ⋆(t1, y(t1), y(t1 − r))− λy(t1)

= f(t1, β(t1), y(t1 − r))− λy(t1)

≤ f(t1, β(t1), β(t1 − r))− λβ(t1)

≤ β′(t1) < β′
ϵ(t1), which is a contradiction.
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CASE-2.3: Let y(t1 − r) > β(t1 − r). Then

y′(t1) = F ⋆(t1, y(t1), y(t1 − r))− λy(t1)

= f(t1, β(t1), β(t1 − r))− λy(t1)

≤ f(t1, β(t1), β(t1 − r))− λβ(t1)

≤ β′(t1) < β′
ϵ(t1), which is a contradiction.

Hence from the above discussed cases, we conclude that

αϵ(t) < y(t) < βϵ(t), ∀ t ∈ I and ∀ ϵ > 0. Therefore by taking ϵ → 0, we get

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ I. This gives α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Thus F ⋆(t, y(t), y(t− r)) = f(t, y(t), y(t− r)), ∀ t ∈ I and

p(T, y(T )) = y(T ).

Hence y is a solution of the PBVP (4.1) such that α(t) ≤ y(t) ≤ β(t),

∀ t ∈ [−r, T ].

Theorem 4.4.6. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ W be lower and upper solutions of PBVP

(4.6) such that α(t) ≤ β(t), ∀ t ∈ I. Then the PBVP (4.6) has atleast one

solution y ∈W such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ I.

Proof. Similar to the proof of the Theorem 4.4.5.

Theorem 4.4.7. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ X be strict lower and upper solutions of

PBVP (4.1) such that α(t) ≤ β(t), ∀ t ∈ [−r, T ]. Then the PBVP (4.1) has

atleast one solution y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0] and

α(t) < y(t) < β(t), ∀ t ∈ (0, T ].
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Proof. Since α, β ∈ X are strict lower and upper solutions of PBVP (4.1),

we have 1. α′(t) + λα(t) < f(t, α(t), α(t− r)), t ∈ I.

2. β′(t) + λβ(t) > f(t, β(t), β(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. α(0) ≤ α(T ).

7. β(0) ≥ β(T ).

As α, β ∈ X, we have α(t) = α(0), ∀ t ∈ [−r, 0] and

β(t) = β(0), ∀ t ∈ [−r, 0].

Let p, F ⋆, L, N and S be defined as in the proof of the Theorem 4.4.5.

Therefore by Schauder’s fixed point theorem, S : X → X has a fixed point

y ∈ X. This will imply that y is a solution of the BVP (4.18).

Arguing in the similar manner as in the proof of the Theorem 4.4.5, we get

α(0) ≤ y(0) ≤ β(0). Therefore α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

Next we show that α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Let if possible ∃ t1 ∈ (0, T ] such that α(t) < y(t) < β(t), ∀ t ∈ (0, t1) and

y(t1) = β(t1). This implies that y(t1 − h) < β(t1 − h) for sufficiently small

h > 0. So we have β(t1)−β(t1−h)
h

< y(t1)−y(t1−h)
h

. Therefore β′(t1) ≤ y′(t1).

CASE-1: Let 0 < t1 ≤ r. So we have −r < t1 − r ≤ 0.

This implies α(t1 − r) ≤ y(t1 − r) ≤ β(t1 − r). Therefore

y′(t1) = F ⋆(t1, y(t1), y(t1 − r))− λy(t1)

= f(t1, β(t1), y(t1 − r))− λy(t1)

≤ f(t1, β(t1), β(t1 − r))− λβ(t1)

< β′(t1) which is a contradiction.
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CASE-2: Let r < t1 ≤ T . So we have 0 < t1 − r ≤ t1.

This implies α(t1 − r) < y(t1 − r) < β(t1 − r). Therefore

y′(t1) = F ⋆(t1, y(t1), y(t1 − r))− λy(t1)

= f(t1, β(t1), y(t1 − r))− λy(t1)

≤ f(t1, β(t1), β(t1 − r))− λβ(t1)

< β′(t1), which is a contradiction.

Thus from CASE-1 & CASE-2, we have α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Therefore F ⋆(t, y(t), y(t− r)) = f(t, y(t), y(t− r)), ∀ t ∈ I and

p(T, y(T )) = y(T ).

Hence y is a solution of the PBVP (4.1) such that α(t) ≤ y(t) ≤ β(t),

∀ t ∈ [−r, 0] and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Theorem 4.4.8. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ W be strict lower and upper solutions of

PBVP (4.6) such that α(t) ≤ β(t), ∀ t ∈ I. Then the PBVP (4.1) has a

solution y ∈W such that α(0) ≤ y(0) ≤ β(0) and α(t) < y(t) < β(t),

∀ t ∈ (0, T ].

Proof. Similar to the proof of the Theorem 4.4.7.
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4.5 Method of Weakly Coupled Lower and

Upper Solutions

In this section, we define weakly coupled lower and upper solutions for APB-

VPs, LBVPs and NLBVPs of general first order DECD and first order DE-

VDA. Again we use Schauder’s fixed point theorem to establish few results

on existence of solution between weakly coupled lower and upper solutions by

assuming f to be non-decreasing in second and third argument. We further

define strict weakly coupled lower and upper solutions for APBVPs, LBVPs

and NLBVPs to obtain results on existence of solution between the two.

Definition 4.5.1. A pair of functions α, β ∈ B is called weakly coupled lower

and upper solutions of APBVP (4.2) if

1. α′(t) + λα(t) ≤ f(t, α(t), α(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, β(t), β(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. α(0) ≤ −β(T ).

7. β(0) ≥ −α(T ).

Definition 4.5.2. A pair of functions α, β ∈ W is called weakly coupled lower

and upper solutions of APBVP (4.7) if

1. α′(t) + λα(t) ≤ f(t, α(t), α(θ(t))), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, β(t), β(θ(t))), t ∈ I.

3. α(t) ≤ β(t), t ∈ I.

4. α(0) ≤ −β(T ).

5. β(0) ≥ −α(T ).
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Definition 4.5.3. A pair of functions α, β ∈ B is called weakly coupled lower

and upper solutions of LBVP (4.3) if

1. α′(t) + λα(t) ≤ f(t, α(t), α(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, β(t), β(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. max{aα(0) + bα(T ), aα(0) + bβ(T )} ≤ 0

≤ min{aβ(0) + bα(T ), aβ(0) + bβ(T )}.

Definition 4.5.4. A pair of functions α, β ∈ W is called weakly coupled lower

and upper solutions of LBVP (4.8) if

1. α′(t) + λα(t) ≤ f(t, α(t), α(θ(t))), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, β(t), β(θ(t))), t ∈ I.

3. α(t) ≤ β(t), t ∈ I.

4. max{aα(0) + bα(T ), aα(0) + bβ(T )} ≤ 0

≤ min{aβ(0) + bα(T ), aβ(0) + bβ(T )}.

Definition 4.5.5. A pair of functions α, β ∈ B is called weakly coupled lower

and upper solutions of NLBVP (4.4) if

1. α′(t) + λα(t) ≤ f(t, α(t), α(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, β(t), β(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. max{g(α(0), α(T )), g(α(0), β(T ))} ≤ 0 ≤ min{g(β(0), α(T )), g(β(0), β(T ))}.
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Definition 4.5.6. A pair of functions α, β ∈ W is called weakly coupled lower

and upper solutions of NLBVP (4.4) if

1. α′(t) + λα(t) ≤ f(t, α(t), α(θ(t))), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, β(t), β(θ(t))), t ∈ I.

3. α(t) ≤ β(t), t ∈ I.

4. max{g(α(0), α(T )), g(α(0), β(T ))} ≤ 0 ≤ min{g(β(0), α(T )), g(β(0), β(T ))}.

Definition 4.5.7. A pair of weakly coupled lower and upper solutions α, β ∈ B

of APBVP (4.2), is called strict weakly coupled lower and upper solutions of

APBVP (4.2) if 1. α′(t) + λα(t) < f(t, α(t), α(t− r)), t ∈ I.

2. β′(t) + λβ(t) > f(t, β(t), β(t− r)), t ∈ I.

Similarly, we may define strict weakly coupled lower and upper solutions for

LBVP (4.3) and NLBVP (4.4).

Definition 4.5.8. A pair of weakly coupled lower and upper solutions

α, β ∈ W of APBVP (4.7), is called strict weakly coupled lower and upper

solutions of APBVP (4.7) if 1. α′(t) + λα(t) < f(t, α(t), α(θ(t))), t ∈ I.

2. β′(t) + λβ(t) > f(t, β(t), β(θ(t))), t ∈ I.

Similarly, we may define strict weakly coupled lower and upper solutions for

LBVP (4.8) and NLBVP (4.9).

Theorem 4.5.1. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ X be weakly coupled lower and upper

solutions of APBVP (4.2). Then the APBVP (4.2) has a solution y ∈ X such

that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].
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Proof. Since α, β ∈ X are weakly coupled lower and upper solutions of APBVP

(4.2), we have 1. α′(t) + λα(t) ≤ f(t, α(t), α(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, β(t), β(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. α(0) ≤ −β(T ).

7. β(0) ≥ −α(T ).

As α, β ∈ X, we have α(t) = α(0), ∀ t ∈ [−r, 0] and

β(t) = β(0), ∀ t ∈ [−r, 0].

Let p, F ⋆ and L be defined as in the proof of the Theorem 4.4.5.

Let N : X → Y × R be defined as N [y(t)] = (v(t), −p(T, y(T ))),

where v(t) =


0, −r ≤ t ≤ 0,

t∫
0

F ⋆(s, y(s), y(s− r))ds, 0 ≤ t ≤ T.

Then N : X → Y ×R is compact and continuous by Lemma 4.1.2 and Lemma

4.1.4.

Let S = L−1N : X → X. Then

S[y(t)] =


−p(T, y(T )), −r ≤ t ≤ 0,

−p(T, y(T ))e−λt +
t∫
0

e−λ(t−s)F ⋆(s, y(s), y(s− r))ds, 0 ≤ t ≤ T.

A fixed point of S : X → X is a solution of

y′(t) + λy(t) = F ∗(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = −p(T, y(T )).


(4.19)

By Schauder’s fixed point theorem, S : X → X has a fixed point y ∈ X.

Therefore y is a solution of (4.19).
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Since −β(0) ≤ α(T ) ≤ p(T, y(T )) ≤ β(T ) ≤ −α(0), we have

−β(0) ≤ p(T, y(T )) ≤ −α(0). This implies α(0) ≤ −p(T, y(T )) ≤ β(0).

Therefore α(0) ≤ y(0) ≤ β(0). Thus α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining proof is similar to the proof of the Theorem 4.4.5.

Theorem 4.5.2. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ W be weakly coupled lower and upper

solutions of APBVP (4.7). Then the APBVP (4.7) has atleast one solution

y ∈W such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ I.

Proof. Similar to the proof of theorem 4.5.1.

Theorem 4.5.3. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ X be weakly coupled lower and upper

solutions of LBVP (4.3). Then the LBVP (4.3) has atleast one solution y ∈ X

such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Proof. Since α, β ∈ X are weakly coupled lower and upper solutions of LBVP

(4.3), we have 1. α′(t) + λα(t) ≤ f(t, α(t), α(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, β(t), β(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. max{aα(0) + bα(T ), aα(0) + bβ(T )}

≤ 0 ≤ min{aβ(0) + bα(T ), aβ(0) + bβ(T )}.

As α, β ∈ X, we get α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0), ∀ t ∈ [−r, 0].

Let p, F ⋆ and L be defined as in the proof of the Theorem 4.4.5.

Let g : R2 → R be defined as, g(x, y) = ax+ by, ∀ (x, y) ∈ R2.

Therefore g : R2 → R is continuous and g(y(0), y(T )) = ay(0) + by(T ).
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Let g⋆ : R2 → R be defined as

g⋆(x, y) = p(0, x)− g[p(0, x), p(T, y)], ∀ (x, y) ∈ R2.

= p(0, x)− ap(0, x)− bp(T, y), ∀ (x, y) ∈ R2.

= (1− a)p(0, x)− bp(T, y), ∀ (x, y) ∈ R2.

Since α(0) ≤ p(0, x) ≤ β(0), ∀ x ∈ R, we have

|p(0, x)| ≤ K1 = max{|α(0)|+ 1, |β(0)|}, ∀ x ∈ R.

Also α(T ) ≤ p(T, y) ≤ β(T ), ∀ y ∈ R implies that

|p(T, y)| ≤ K2 = max{|α(T )|+ 1, |β(T )|}, ∀ y ∈ R.

Therefore |g⋆(x, y)| ≤ |1− a||p(0, x)|+ |b||p(T, y)|, ∀ (x, y) ∈ R2.

≤ |1− a|K1 + |b|K2, ∀ (x, y) ∈ R2.

Thus g⋆ : R2 → R is bounded. Also g⋆ : R2 → R is continuous, as p and g are

continuous.

Let N : X → Y × R be defined as N [y(t)] = [v(t), g⋆(y(0), y(T ))],

where v(t) =


0, −r ≤ t ≤ 0,

t∫
0

F ⋆(s, y(s), y(s− r))ds, 0 ≤ t ≤ T.

By Lemma 4.1.5, N is compact and continuous.

Let S = L−1N : X → X. Then

S[y(t)] =


g⋆(y(0), y(T )), −r ≤ t ≤ 0,

g⋆(y(0), y(T ))e−λt +
t∫
0

e−λ(t−s)F ⋆(s, y(s), y(s− r))ds, 0 ≤ t ≤ T.

A fixed point of S : X → X is a solution of

y′(t) + λy(t) = F ∗(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = g⋆(y(0), y(T )).


(4.20)
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Further S : X → X is compact and continuous. Therefore by Schauder’s fixed

point theorem, S : X → X has a fixed point y ∈ X. Thus y is a solution of

the BVP (4.20). Arguing in the similar manner as in the proof of the Theorem

3.5.2, we get α(0) ≤ y(0) ≤ β(0).

The remaining part of the proof is similar to the proof of the Theorem 4.4.5.

Theorem 4.5.4. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ W be weakly coupled lower and upper

solutions of LBVP (4.8). Then the LBVP (4.8) has a solution y ∈ W such

that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ I.

Proof. Similar to the proof of the Theorem 4.5.3.

Theorem 4.5.5. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let g : R2 → R be continuous function which satisfies,

(1) g(t, x) ≤ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y or

(2) g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Let α, β ∈ X be weakly coupled lower and upper solutions of NLBVP (4.4).

Then the NLBVP (4.4) has a solution y ∈ X such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Proof. Without the loss of generality, let g(t, x) ≤ g(t, y),

∀ (t, x), (t, y) ∈ R2 such that x ≤ y.
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Since α, β ∈ X are weakly coupled lower and upper solutions of NLBVP (4.4),

we have 1. α′(t) + λα(t) ≤ f(t, α(t), α(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, β(t), β(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. max{g(α(0), α(T )), g(α(0), β(T ))}

≤ 0 ≤ min{g(β(0), α(T )), g(β(0), β(T ))}.

As α, β ∈ X, we get α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0), ∀ t ∈ [−r, 0].

As g(t, x) ≤ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y, we have

max{g(α(0), α(T )), g(α(0), β(T ))} = g(α(0), β(T )) and

min{g(β(0), α(T )), g(β(0), β(T ))} = g(β(0), α(T )).

This implies g(α(0), β(T )) ≤ 0 ≤ g(β(0), α(T )).

Let p, F ⋆ and L be defined as in theorem 4.4.5.

Let g⋆ : R2 → R be defined as

g⋆(x, y) = p(0, x)− g[p(0, x), p(T, y)], ∀ (x, y) ∈ R2.

Then g⋆ : R2 → R is continuous and bounded.

Let N : X → Y × R be defined as N [y(t)] = [v(t), g⋆(y(0), y(T ))],

where v(t) =


0, −r ≤ t ≤ 0,

t∫
0

F ⋆(s, y(s), y(s− r))ds, 0 ≤ t ≤ T.

By Lemma 4.1.5, N is compact and continuous.

Let S = L−1N : X → X. Then

S[y(t)] =


g⋆(y(0), y(T )), −r ≤ t ≤ 0,

g⋆(y(0), y(T ))e−λt +
t∫
0

e−λ(t−s)F ⋆(s, y(s), y(s− r))ds, 0 ≤ t ≤ T.
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A fixed point of S : X → X is a solution of

y′(t) + λy(t) = F ∗(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = g⋆(y(0), y(T )).


(4.21)

By Schauder’s fixed point theorem, S : X → X has a fixed point y ∈ X.

Therefore y is a solution of the BVP (4.21). Arguing in the similar manner as

in the proof of the Theorem 3.5.3, we get α(0) ≤ y(0) ≤ β(0).

The remaining part of the proof is similar to the proof of the Theorem 4.4.5.

Theorem 4.5.6. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let g : R2 → R be continuous function which satisfies,

(1) g(t, x) ≤ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y or

(2) g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Let α, β ∈ W be weakly coupled lower and upper solutions of NLBVP (4.9).

Then the NLBVP (4.9) has a solution y ∈W such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ I.

Proof. Similar to the proof of the Theorem 4.5.5.

We now prove results on existence of solution between strict lower and

strict upper solution for APBVP, LBVP and NLBVP of general first order

DECD and first order DEVDA.

Theorem 4.5.7. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ X be strict weakly coupled lower and upper

solutions of APBVP (4.2). Then the APBVP (4.2) has atleast one solution

y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0] and

α(t) < y(t) < β(t), ∀ t ∈ (0, T ].
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Proof. Since α, β ∈ X are strict weakly coupled lower and upper

solutions of APBVP (4.2), we have

1. α′(t) + λα(t) < f(t, α(t), α(t− r)), t ∈ I.

2. β′(t) + λβ(t) > f(t, β(t), β(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. α(0) ≤ −β(T ).

7. β(0) ≥ −α(T ).

As α, β ∈ X, we have α(t) = α(0), ∀ t ∈ [−r, 0] and

β(t) = β(0), ∀ t ∈ [−r, 0].

Let p, F ⋆, L, N and S be defined as in the proof of the Theorem 4.5.1.

Therefore by Schauder’s fixed point theorem, S : X → X has a fixed point

y ∈ X. This will imply that y is a solution of the BVP (4.19).

Proceding as in the proof of the Theorem 4.5.1, we obtain

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining part of the proof is similar to the proof of the Theorem 4.4.7.

Theorem 4.5.8. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ W be strict weakly coupled lower and upper

solutions of APBVP (4.7). Then the APBVP (4.7) has a solution y ∈W such

that α(0) ≤ y(0) ≤ β(0) and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Similar to the proof of the Theorem 4.5.7.

Theorem 4.5.9. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ X be strict weakly coupled lower and upper

solutions of LBVP (4.3). Then the LBVP (4.3) has a solution y ∈ X such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0] and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].
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Proof. Since α, β ∈ X are strict weakly coupled lower and upper solutions of

LBVP (4.3), we have 1. α′(t) + λα(t) < f(t, α(t), α(t− r)), t ∈ I.

2. β′(t) + λβ(t) > f(t, β(t), β(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. max{aα(0) + bα(T ), aα(0) + bβ(T )}

≤ 0 ≤ min{aβ(0) + bα(T ), aβ(0) + bβ(T )}.

As α, β ∈ X, we get α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0), ∀ t ∈ [−r, 0].

Let p, F ⋆, L, N and S be defined as in the proof of the Theorem 4.5.3.

Therefore by Schauder’s fixed point theorem, S : X → X has a fixed point

y ∈ X. This will imply that y is a solution of the BVP (4.20). Proceding as in

the proof of the Theorem 4.5.3, we obtain α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining part of the proof is similar to the proof of the Theorem 4.4.7.

Theorem 4.5.10. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ W be strict weakly coupled lower and upper

solutions of LBVP (4.8). Then the LBVP (4.8) has a solution y ∈ X such that

α(0) ≤ y(0) ≤ β(0) and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Similar to the proof of the Theorem 4.5.9.

Theorem 4.5.11. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let g : R2 → R be continuous function which satisfies

(1) g(t, x) ≤ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y or

(2) g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Let α, β ∈ X be strict weakly coupled lower and upper solutions of NLBVP

(4.4). Then the NLBVP (4.4) has a solution y ∈ X such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0] and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].
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Proof. Without the loss of generality, let g(t, x) ≤ g(t, y),

∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Since α, β ∈ X are strict weakly coupled lower and upper solutions of

NLBVP (4.4), we have

1. α′(t) + λα(t) < f(t, α(t), α(t− r)), t ∈ I.

2. β′(t) + λβ(t) > f(t, β(t), β(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. max{g(α(0), α(T )), g(α(0), β(T ))} ≤ 0 ≤ min{g(β(0), α(T )), g(β(0), β(T ))}.

As α, β ∈ X, we have α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0),

∀ t ∈ [−r, 0].

Let p, F ⋆, L, N and S be defined as in the proof of the Theorem 4.5.5.

Therefore by Schauder’s fixed point theorem, S : X → X has a fixed point

y ∈ X. This will imply that y is a solution of the BVP (4.21).

Proceding as in the proof of the Theorem 4.5.5, we obtain

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining proof is similar to the proof of theorem 4.4.7.

Theorem 4.5.12. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let g : R2 → R be continuous function which satisfies

(1) g(t, x) ≤ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y or

(2) g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Let α, β ∈ W be strict weakly coupled lower and upper solutions of NLBVP

(4.9). Then the NLBVP (4.9) has a solution y ∈W such that

α(0) ≤ y(0) ≤ β(0) and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Similar to the proof of the Theorem 4.5.11.
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4.6 Method of Coupled Lower and Upper

Solutions

In this section, we define coupled lower and upper solutions for PBVPs, AP-

BVPs, LBVPs and NLBVPs to establish some results on existence of solution

between the two. Further definitions of strict coupled lower and upper solu-

tions for PBVPs, APBVPs, LBVPs and NLBVPs are given to results establish

existence of solution between them. Again we make use of Schauder’s fixed

point theorem to establish our results by assuming f to be non-increasing in

second and third arguments.

Definition 4.6.1. A pair of functions α, β ∈ B is called coupled lower and

upper solutions of PBVP (4.1) if

1. α′(t) + λα(t) ≤ f(t, β(t), β(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, α(t), α(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. α(0) ≤ α(T ).

7. β(0) ≥ β(T ).

Definition 4.6.2. A pair of functions α, β ∈ W is called coupled lower and

upper solutions of PBVP (4.6) if

1. α′(t) + λα(t) ≤ f(t, β(t), β(θ(t))), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, α(t), α(θ(t))), t ∈ I.

3. α(t) ≤ β(t), t ∈ I.

4. α(0) ≤ α(T ).

5. β(0) ≥ β(T ).
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Definition 4.6.3. A pair of functions α, β ∈ B is called coupled lower and

upper solutions of APBVP (4.2) if

1. α′(t) + λα(t) ≤ f(t, β(t), β(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, α(t), α(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. α(0) ≤ −β(T ).

7. β(0) ≥ −α(T ).

Definition 4.6.4. A pair of functions α, β ∈ W is called coupled lower and

upper solutions of APBVP (4.7) if

1. α′(t) + λα(t) ≤ f(t, β(t), β(θ(t))), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, α(t), α(θ(t))), t ∈ I.

3. α(t) ≤ β(t), t ∈ I.

4. α(0) ≤ −β(T ).

5. β(0) ≥ −α(T ).

Definition 4.6.5. A pair of functions α, β ∈ B is called coupled lower and

upper solutions of LBVP (4.3) if

1. α′(t) + λα(t) ≤ f(t, β(t), β(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, α(t), α(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. max{aα(0) + bα(T ), aα(0) + bβ(T )} ≤ 0

≤ min{aβ(0) + bα(T ), aβ(0) + bβ(T )}.
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Definition 4.6.6. A pair of functions α, β ∈ W is called coupled lower and

upper solutions of LBVP (4.8) if

1. α′(t) + λα(t) ≤ f(t, β(t), β(θ(t))), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, α(t), α(θ(t))), t ∈ I.

3. α(t) ≤ β(t), t ∈ I.

4. max{aα(0) + bα(T ), aα(0) + bβ(T )} ≤ 0

≤ min{aβ(0) + bα(T ), aβ(0) + bβ(T )}.

Definition 4.6.7. A pair of functions α, β ∈ B is called coupled lower and

upper solutions of NLBVP (4.4) if

1. α′(t) + λα(t) ≤ f(t, β(t), β(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, α(t), α(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. max{g(α(0), α(T )), g(α(0), β(T ))} ≤ 0 ≤ min{g(β(0), α(T )), g(β(0), β(T ))}.

Definition 4.6.8. A pair of functions α, β ∈ W is called coupled lower and

upper solutions of NLBVP (4.9) if

1. α′(t) + λα(t) ≤ f(t, β(t), β(θ(t))), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, α(t), α(θ(t))), t ∈ I.

3. α(t) ≤ β(t), t ∈ I.

4. max{g(α(0), α(T )), g(α(0), β(T ))} ≤ 0 ≤ min{g(β(0), α(T )), g(β(0), β(T ))}.

Definition 4.6.9. A pair of coupled lower and upper solutions α, β ∈ B of

the PBVP (4.1), is called strict coupled lower and upper solutions of PBVP

(4.1) if 1. α′(t) + λα(t) < f(t, β(t), β(t− r)), t ∈ I.

2. β′(t) + λβ(t) > f(t, α(t), α(t− r)), t ∈ I.

Similarly, we may define strict coupled lower and upper solutions for

APBVP (4.2), LBVP (4.3) and NLBVP (4.4).
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Definition 4.6.10. A pair of coupled lower and upper solutions α, β ∈ W of

the PBVP (4.6), is called strict coupled lower and upper solutions of PBVP

(4.6) if 1. α′(t) + λα(t) < f(t, β(t), β(θ(t))), t ∈ I.

2. β′(t) + λβ(t) > f(t, α(t), α(θ(t))), t ∈ I.

Similarly, we may define strict coupled lower and upper solutions for

APBVP (4.7), LBVP (4.8) and NLBVP (4.9).

We now prove theorems on existence of solution between coupled lower and

upper solutions for PBVP, APBVP, LBVP and NLBVP of general first order

DECD and first order DEVDA.

Theorem 4.6.1. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≥ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ X be coupled lower and upper solutions of

PBVP (4.1). Then the PBVP (4.1) has a solution y ∈ X such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Proof. Since α, β ∈ X are coupled lower and upper solutions of PBVP (4.1),

we have 1. α′(t) + λα(t) ≤ f(t, β(t), β(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, α(t), α(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(0) ≤ α(T ).

6. β(0) ≥ β(T ).

As α, β ∈ X, we have α(t) = α(0), ∀ t ∈ [−r, 0] and β(t) = β(0),

∀ t ∈ [−r, 0].

Let p, F ⋆, L, N and S be defined as in the proof of the Theorem 4.4.5.

Therefore by Schauder’s fixed point theorem, S : X → X has a fixed point

y ∈ X.

This will imply that y is a solution of the BVP (4.18).

Proceding as in the proof of theorem 4.4.5, we get α(0) ≤ y(0) ≤ β(0).
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This implies α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

We prove that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ (0, T ].

Let ϵ > 0 be arbitrary.

Define αϵ and βϵ as in the proof of theorem 3.4.3.

Since α(0) ≤ y(0) ≤ β(0), we have αϵ(0) < α(0) ≤ y(0) ≤ β(0) < βϵ(0).

Therefore αϵ(0) < y(0) < βϵ(0).

So we prove that αϵ(t) < y(t) < βϵ(t), ∀ t ∈ (0, T ].

Let if possible ∃ t1 ∈ (0, T ] such that αϵ(t) < y(t) < βϵ(t), ∀ t ∈ (0, t1) and

y(t1) = βϵ(t1). Therefore y(t1) > β(t1) and β
′
ϵ(t1) ≤ y′(t1).

CASE-1: Let 0 < t1 ≤ r.

So we have −r < t1 − r ≤ 0.

This implies α(t1 − r) ≤ y(t1 − r) ≤ β(t1 − r). Therefore

y′(t1) = F ⋆(t1, y(t1), y(t1 − r))− λy(t1)

= f(t1, β(t1), y(t1 − r))− λy(t1)

≤ f(t1, α(t1), α(t1 − r))− λβ(t1)

≤ β′(t1) < β′
ϵ(t1), which is a contradiction.

CASE-2: Let r < t1 ≤ T .

So we have 0 < t1 − r ≤ t1.

This implies αϵ(t1 − r) < y(t1 − r) < βϵ(t1 − r).

CASE-2.1: Let y(t1 − r) < α(t1 − r). Then

y′(t1) = F ⋆(t1, β(t1), y(t1 − r))− λy(t1)

= f(t1, β(t1), α(t1 − r))− λy(t1)

≤ f(t1, β(t1), α(t1 − r))− λβ(t1)

≤ β′(t1) < β′
ϵ(t1), which is a contradiction.
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CASE-2.2: Let α(t1 − r) ≤ y(t1 − r) ≤ β(t1 − r). Then

y′(t1) = F ⋆(t1, y(t1), y(t1 − r))− λy(t1)

= f(t1, β(t1), y(t1 − r))− λy(t1)

≤ f(t1, β(t1), α(t1 − r))− λβ(t1)

≤ β′(t1) < β′
ϵ(t1), which is a contradiction.

CASE-2.3: Let y(t1 − r) > β(t1 − r). Then

y′(t1) = F ⋆(t1, y(t1), y(t1 − r))− λy(t1)

= f(t1, β(t1), β(t1 − r))− λy(t1)

≤ f(t1, α(t1), α(t1 − r))− λβ(t1)

≤ β′(t1) < β′
ϵ(t1), which is a contradiction.

From the above discussed cases we conclude that αϵ(t) < y(t) < βϵ(t), ∀ t ∈ I

and ∀ ϵ > 0. Thus by taking ϵ→ 0, we get α(t) ≤ y(t) ≤ β(t), ∀ t ∈ I.

This implies α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ]. So we have

F ⋆(t, y(t), y(t− r)) = f(t, y(t), y(t− r)), ∀ t ∈ I and p(T, y(T )) = y(T ).

Hence y is a solution of the PBVP (4.1) such that α(t) ≤ y(t) ≤ β(t),

∀ t ∈ [−r, T ].

Theorem 4.6.2. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≥ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ W be coupled lower and upper solutions of

PBVP (4.6). Then the PBVP (4.6) has a solution y ∈W such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ I.

Proof. Similar to the proof of the Theorem 4.6.1.
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Theorem 4.6.3. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≥ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ X be coupled lower and upper solutions

of APBVP (4.2). Then the APBVP (4.2) has a solution y ∈ X such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Proof. Since α, β ∈ X are coupled lower and upper solutions of APBVP (4.2),

we have 1. α′(t) + λα(t) ≤ f(t, β(t), β(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, α(t), α(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. α(0) ≤ −β(T ).

7. β(0) ≥ −α(T ).

As α, β ∈ X, we have α(t) = α(0), ∀ t ∈ [−r, 0] and

β(t) = β(0), ∀ t ∈ [−r, 0].

Let p, F ⋆, L, N and S be defined as in the proof of the Theorem 4.5.1.

By Schauder’s fixed point theorem, S : X → X has a fixed point y ∈ X.

Therefore y is a solution of the BVP (4.19). Proceding as in the proof of

theorem 4.5.1, we obtain α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining proof is similar to the proof of the Theorem 4.6.1.

Theorem 4.6.4. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≥ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ W be coupled lower and upper solutions

of APBVP (4.7). Then the APBVP (4.7) has a solution y ∈ W such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ I.

Proof. Similar to the proof of the Theorem 4.6.3.
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Theorem 4.6.5. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≥ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ X be coupled lower and upper solutions of

LBVP (4.3). Then the LBVP (4.3) has a solution y ∈ X such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Proof. Since α, β ∈ X are coupled lower and upper solutions of LBVP (4.3),

we have 1. α′(t) + λα(t) ≤ f(t, β(t), β(t− r)), t ∈ I.

2. β′(t) + λβ(t) ≥ f(t, α(t), α(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. max{aα(0) + bα(T ), aα(0) + bβ(T )}

≤ 0 ≤ min{aβ(0) + bα(T ), aβ(0) + bβ(T )}.

As α, β ∈ X, we have α(t) = α(0), ∀ t ∈ [−r, 0] and

β(t) = β(0), ∀ t ∈ [−r, 0].

Let p, F ⋆, L, N and S be defined as in theorem 4.5.3.

Therefore by Schauder’s fixed point theorem, S : X → X has a fixed point

y ∈ X. This will imply that y is a solution of the BVP (4.20). Proceding as

in proof of theorem 3.5.2, we obtain α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining proof is similar to the proof of the Theorem 4.6.1.

Theorem 4.6.6. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≥ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ W be coupled lower and upper solutions of

LBVP (4.8). Then the LBVP (4.8) has a solution y ∈W such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Proof. Similar to the proof of the Theorem 4.6.5.
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Theorem 4.6.7. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≥ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let g : R2 → R be continuous function which satisfies

(1) g(t, x) ≤ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y or

(2) g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Let α, β ∈ X be coupled lower and upper solutions of NLBVP (4.4). Then the

NLBVP (4.4) has a solution y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Proof. Without the loss of generality, let g(t, x) ≤ g(t, y),

∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Since α, β ∈ X are coupled lower and upper solutions of NLBVP (4.4),

we have 1. α′(t) + λα(t) ≤ f(t, β(t), β(t− r)), t ∈ I,

2. β′(t) + λβ(t) ≥ f(t, α(t), α(t− r)), t ∈ I,

3. α(t) ≤ α(0), t ∈ [−r, 0],

4. β(t) ≥ β(0), t ∈ [−r, 0],

5. α(t) ≤ β(t), t ∈ [−r, T ],

6. max{g(α(0), α(T )), g(α(0), β(T ))}

≤ 0 ≤ min{g(β(0), α(T )), g(β(0), β(T ))}.

As α, β ∈ X, we have α(t) = α(0), ∀ t ∈ [−r, 0] and

β(t) = β(0), ∀ t ∈ [−r, 0].

Let p, F ⋆, L, N and S be defined as in theorem 4.5.5.

Then by Schauder’s fixed point theorem, S : X → X has a fixed point y ∈ X.

This will imply that y is a solution of the BVP (4.21). Proceding as in proof

of the Theorem 3.5.3, we obtain α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining proof is similar to the proof of the Theorem 4.6.1.
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Theorem 4.6.8. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≥ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let g : R2 → R be continuous function which satisfies

(1) g(t, x) ≤ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y or

(2) g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Let α, β ∈ W be coupled lower and upper solutions of NLBVP (4.9). Then the

NLBVP (4.9) has a solution y ∈W such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ I.

Proof. Similar to the proof of the Theorem 4.6.7.

Next, we establish results on existence of solution between strict coupled

lower and upper solution for PBVP, APBVP, LBVP and NLBVP of general

first order DECD and first order DEVDA.

Theorem 4.6.9. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≥ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ X be strict coupled lower and upper solutions

of PBVP (4.1). Then the PBVP (4.1) has a solution y ∈ X such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0] and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Since α, β ∈ X are strict coupled lower and upper solutions of PBVP

(4.1), we have 1. α′(t) + λα(t) < f(t, β(t), β(t− r)), t ∈ I.

2. β′(t) + λβ(t) > f(t, α(t), α(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. α(0) ≤ α(T ).

7. β(0) ≥ β(T ).

As α, β ∈ X, we have α(t) = α(0), ∀ t ∈ [−r, 0] and

β(t) = β(0), ∀ t ∈ [−r, 0].

Let p, F ⋆, L, N and S be defined as in the proof of the Theorem 4.4.5.
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Therefore by Schauder’s fixed point theorem, S : X → X has a fixed point

y ∈ X.

This will imply that y is a solution of the BVP (4.18). Proceding as in the

proof of theorem 4.6.1, we get α(0) ≤ y(0) ≤ β(0).

Therefore α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

Next we show that α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Let if possible ∃ t1 ∈ (0, T ] such that α(t) < y(t) < β(t), ∀ t ∈ (0, t1) and

y(t1) = β(t1). This implies that β′(t1) ≤ y′(t1).

CASE-1: Let 0 < t1 ≤ r.

So we get −r < t1 − r ≤ 0.

This implies α(t1 − r) ≤ y(t1 − r) ≤ β(t1 − r). Therefore

y′(t1) = F ⋆(t1, y(t1), y(t1 − r))− λy(t1)

= f(t1, β(t1), y(t1 − r))− λy(t1)

≤ f(t1, α(t1), α(t1 − r))− λβ(t1)

< β′(t1) which is a contradiction.

CASE-2: Let r < t1 ≤ T .

So we get 0 < t1 − r ≤ t1.

This implies α(t1 − r) < y(t1 − r) < β(t1 − r). Therefore

y′(t1) = F ⋆(t1, y(t1), y(t1 − r))− λy(t1)

= f(t1, β(t1), y(t1 − r))− λy(t1)

≤ f(t1, α(t1), α(t1 − r))− λβ(t1)

< β′(t1), which is a contradiction.

From CASE-1 & CASE-2, we have α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Thus F ⋆(t, y(t), y(t− r)) = f(t, y(t), y(t− r)), ∀ t ∈ I and

p(T, y(T )) = y(T ).
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Hence y is a solution of the PBVP (4.1) such that α(t) ≤ y(t) ≤ β(t),

∀ t ∈ [−r, 0] and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Theorem 4.6.10. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≥ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ W be strict coupled lower and upper

solutions of PBVP (4.6). Then the PBVP (4.6) has a solution y ∈ W such

that α(0) ≤ y(0) ≤ β(0) and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Similar to the proof of the Theorem 4.6.9.

Theorem 4.6.11. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≥ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ X be strict coupled lower and upper solutions

of APBVP (4.2). Then the APBVP (4.2) has a solution y ∈ X such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0] and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Since α, β ∈ X are strict coupled lower and upper solutions of APBVP

(4.2), we have 1. α′(t) + λα(t) < f(t, β(t), β(t− r)), t ∈ I.

2. β′(t) + λβ(t) > f(t, α(t), α(t− r)), t ∈ I,

3. α(t) ≤ α(0), t ∈ [−r, 0],

4. β(t) ≥ β(0), t ∈ [−r, 0],

5. α(t) ≤ β(t), t ∈ [−r, T ],

6. α(0) ≤ −β(T ),

7. β(0) ≥ −α(T ).

As α, β ∈ X, we have α(t) = α(0), ∀ t ∈ [−r, 0] and

β(t) = β(0), ∀ t ∈ [−r, 0].

Let p, F ⋆, L, N and S be defined as in theorem 4.5.1.

Therefore by Schauder’s fixed point theorem, S : X → X has a fixed point

y ∈ X. This will imply that y is a solution of the BVP (4.19). Proceding as

in proof of the Theorem 3.5.1, we obtain α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining proof is similar to the proof of the Theorem 4.6.9.
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Theorem 4.6.12. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≥ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ W be strict coupled lower and upper solutions

of APBVP (4.7). Then the APBVP (4.7) has a solution y ∈ W such that

α(0) ≤ y(0) ≤ β(0) and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Similar to the proof of the Theorem 4.6.11.

Theorem 4.6.13. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≥ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ X be strict coupled lower and upper solutions

of LBVP (4.8). Then the LBVP (4.8) has a solution y ∈ X such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0] and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Since α, β ∈ X are strict coupled lower and upper solutions of

LBVP (4.8), we have 1. α′(t) + λα(t) < f(t, β(t), β(t− r)), t ∈ I.

2. β′(t) + λβ(t) > f(t, α(t), α(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. max{aα(0) + bα(T ), aα(0) + bβ(T )}

≤ 0 ≤ min{aβ(0) + bα(T ), aβ(0) + bβ(T )}.

As α, β ∈ X, we have α(t) = α(0), ∀ t ∈ [−r, 0] and

β(t) = β(0), ∀ t ∈ [−r, 0].

Let p, F ⋆, L, N and S be defined as in theorem 4.5.3. Then by Schauder’s

fixed point theorem, S : X → X has a fixed point y ∈ X. This implies that

y is a solution of the BVP (4.20). Proceding as in proof of theorem 3.5.2, we

obtain α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining proof is similar to the proof of the Theorem 4.6.9.
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Theorem 4.6.14. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≥ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β ∈ W be strict coupled lower and upper

solutions of LBVP (4.8). Then the LBVP (4.8) has a solution y ∈ W such

that α(0) ≤ y(0) ≤ β(0) and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Similar to the proof of the Theorem 4.6.13.

Theorem 4.6.15. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≥ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let g : R2 → R be continuous function which satisfies

(1) g(t, x) ≤ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y or

(2) g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Let α, β ∈ X be strict coupled lower and upper solutions of NLBVP (4.4).

Then the NLBVP (4.4) has a solution y ∈ X such that

α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0] and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Without the loss of generality, let g(t, x) ≤ g(t, y),

∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Since α, β ∈ X are strict coupled lower and upper solutions of NLBVP (4.4),

we have 1. α′(t) + λα(t) < f(t, β(t), β(t− r)), t ∈ I.

2. β′(t) + λβ(t) > f(t, α(t), α(t− r)), t ∈ I.

3. α(t) ≤ α(0), t ∈ [−r, 0].

4. β(t) ≥ β(0), t ∈ [−r, 0].

5. α(t) ≤ β(t), t ∈ [−r, T ].

6. max{g(α(0), α(T )), g(α(0), β(T ))}

≤ 0 ≤ min{g(β(0), α(T )), g(β(0), β(T ))}.

As α, β ∈ X, we have α(t) = α(0), ∀ t ∈ [−r, 0] and

β(t) = β(0), ∀ t ∈ [−r, 0].

Let p, F ⋆, L, N and S be defined as in theorem 4.5.5. Then by Schauder’s

fixed point theorem, S : X → X has a fixed point y ∈ X. This will imply that
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y is a solution of the BVP (4.21). Proceding as in proof of theorem 3.5.3, we

obtain α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

The remaining proof is similar to the proof of theorem 4.6.9.

Theorem 4.6.16. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≥ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let g : R2 → R be continuous function which satisfies

(1) g(t, x) ≤ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y or

(2) g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y.

Let α, β ∈ W be strict coupled lower and upper solutions of NLBVP (4.9).

Then the NLBVP (4.9) has a solution y ∈ W such that α(0) ≤ y(0) ≤ β(0)

and α(t) < y(t) < β(t), ∀ t ∈ (0, T ].

Proof. Similar to the proof of the Theorem 4.6.15.

4.7 Existence Theorem using Fixed Point

Theorem in Partially Ordered Metric

Space

In this section, we obtain a result on existence of solution for PBVP of first

order DEVDA (4.6) using fixed point theorem on partially ordered metric

space.

Theorem 4.7.1. Let λ > 0, µ1 > 0, µ2 > 0 and µ = max{µ1, µ2} be such

that 2µ
λ
< 1. Let f : I × R2 → R be continuous and satisfy

0 ≤ f(t, x1, y1)− f(t, x2, y2) ≤ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2. If PBVP

(4.6) has lower solution or an upper solution then the PBVP (4.6) has unique

solution in (Z, ||.||).
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Proof. Let J : Z → Z be defined by

J [y(t)] =
T∫
0

e−λ(T−s+t)

1−e−λT f(s, y(s), y(θ(s)))ds +
t∫
0

e−λ(t−s)f(s, y(s), y(θ(s)))ds.

A fixed point of J is a solution of the PBVP (4.6).

Let x, y ∈ Z be such that x ≥ y. Then

0 ≤ J [x(t)]− J [y(t)]

=

T∫
0

e−λ(T−s+t)

1− e−λT
f(s, x(s), x(θ(s)))ds +

t∫
0

e−λ(t−s)f(s, x(s), x(θ(s)))ds

−
T∫

0

e−λ(T−s+t)

1− e−λT
f(s, y(s), y(θ(s)))ds −

t∫
0

e−λ(t−s)f(s, y(s), y(θ(s)))ds

=

T∫
0

e−λ(T−s+t)

1− e−λT
[f(s, x(s), x(θ(s)))− f(s, y(s), y(θ(s)))]ds

+

t∫
0

e−λ(t−s)[f(s, x(s), x(θ(s)))− f(s, y(s), y(θ(s)))]ds

=

T∫
0

e−λ(T−s+t)

1− e−λT
[f(s, x(s), x(θ(s)))− f(s, y(s), y(θ(s)))]ds

+

t∫
0

e−λ(t−s)[f(s, x(s), x(θ(s)))− f(s, y(s), y(θ(s)))]ds

≤
T∫

0

e−λ(T−s+t)

1− e−λT
{µ1[x(s)− y(s)] + µ2[x(θ(s))− y(θ(s))]}ds

+

t∫
0

e−λ(t−s){µ1[x(s)− y(s)] + µ2[x(θ(s))− y(θ(s))]}ds

≤ 2µ||x− y||{
T∫

0

e−λ(T−s+t)

1− e−λT
ds +

t∫
0

e−λ(t−s)ds} ≤ 2µ

λ
||x− y||.

So we have 0 ≤ J [x(t)]− J [y(t)] ≤ 2µ
λ
||x− y||, ∀ t ∈ I.

Thus ||Jx− Jy|| ≤ 2µ
λ
||x− y||, ∀ x, y ∈ Z such that x ≥ y and 2µ

λ
< 1.

Also J : Z → Z is an order preserving operator.

Let u ∈ Z be a lower solution of the PBVP (4.6).
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Then u′(t) + λu(t) ≤ f(t, u(t), u(θ(t))), t ∈ I and u(0) ≤ u(T ).

This implies
d

dt
[eλtu(t)] ≤ eλtf(t, u(t), u(θ(t))). (4.22)

Integrating the inequality (4.22) from 0 to t, we get

eλtu(t)− u(0) ≤
t∫
0

eλsf(t, u(s), u(θ(s)))ds.

So we have u(t) ≤ u(0)e−λt +

t∫
0

e−λ(t−s)f(t, u(s), u(θ(s)))ds. (4.23)

Putting t = T in (4.23) we get

u(T ) ≤ u(0)e−λT +
T∫
0

e−λ(T−s)f(t, u(s), u(θ(s)))ds.

Therefore u(0) ≤ u(T ) ≤ u(0)e−λT +

T∫
0

e−λ(T−s)f(t, u(s), u(θ(s)))ds.

Thus u(0) ≤ 1

1− e−λT

T∫
0

e−λ(T−s)f(s, u(s), u(θ(s)))ds. (4.24)

Substituting (4.24) in (4.23) we get

u(t) ≤
T∫

0

e−λ(T−s+t)

1− e−λT
f(s, u(s), u(θ(s)))ds

+

t∫
0

e−λ(t−s)f(s, u(s), u(θ(s)))ds

= J [u(t)].

So we have u ≤ Ju.
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Therefore by using fixed point theorem in partially ordered metric space,

J : Z → Z has a unique fixed point y ∈ Z.

Thus y is a unique solution of the PBVP (4.6).

4.8 Existence Theorem using Banach Fixed

Point Theorem

In this section, we obtain establish a result on existence of solution for PBVP

of first order DEVDA (4.6) using Banach fixed point theorem.

Theorem 4.8.1. Let λ > 0, µ1 > 0, µ2 > 0 and µ = max{µ1, µ2} be such

that 2µ
λ
< 1. Let f : I × R2 → R be continuous and satisfy

|f(t, x1, y1)− f(t, x2, y2)| ≤ µ1|x1 − x2|+ µ2|y1 − y2|,

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2. Then the PBVP (4.6) has unique solution

in (Z, ||.||).

Proof. Let J : Z → Z be defined by

J [y(t)] =
T∫
0

e−λ(T−s+t)

1−e−λT f(s, y(s), y(θ(s)))ds +
t∫
0

e−λ(t−s)f(s, y(s), y(θ(s)))ds.

A fixed point of J is a solution of the PBVP (4.6).

Let x, y ∈ Z. Then

|J [x(t)]− J [y(t)]| = |
T∫

0

e−λ(T−s+t)

1− e−λT
f(s, x(s), x(θ(s)))ds

+

t∫
0

e−λ(t−s)f(s, x(s), x(θ(s)))ds

−
T∫

0

e−λ(T−s+t)

1− e−λT
f(s, y(s), y(θ(s)))ds

−
t∫

0

e−λ(t−s)f(s, y(s), y(θ(s)))ds|.
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So we have

|J [x(t)]− J [y(t)]| ≤
T∫

0

e−λ(T−s+t)

1− e−λT
|f(s, x(s), x(θ(s)))− f(s, y(s), y(θ(s)))|ds

+

t∫
0

e−λ(t−s)|f(s, x(s), x(θ(s)))− f(s, y(s), y(θ(s)))|ds

≤
T∫

0

e−λ(T−s+t)

1− e−λT
{µ1|x(s)− y(s)|+ µ2|x(θ(s))− y(θ(s))|}ds

+

t∫
0

e−λ(t−s){µ1|x(s)− y(s)|+ µ2|x(θ(s))− y(θ(s))|}ds

≤ 2µ||x− y||{
T∫

0

e−λ(T−s+t)

1− e−λT
ds +

t∫
0

e−λ(t−s)ds}

≤ 2µ

λ
||x− y||.

Therefore |J [x(t)]− J [y(t)| ≤ 2µ
λ
||x− y||, ∀ t ∈ I.

Thus ||Jx− Jy|| ≤ 2µ
λ
||x− y||, ∀ x, y ∈ Z and 2µ

λ
< 1.

So J : Z → Z is a contraction mapping.

Therefore by Banach fixed point theorem J : Z → Z has a unique fixed point

y ∈ Z.

Thus y is a unique solution of the PBVP (4.6).
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5.1 Introduction

This chapter deals with developing the Monotone Iterative Method and Quasi-

linearization method to establish the existence of solutions for BVPs discussed

in Chapter 3. We make use of results on existence of solution between lower

and upper solution for PBVP of first order DECD for our purpose. For LBVP

and NLBVP of first order DECD we use theorems on existence of solution

between weakly coupled lower and upper solution for establishing existence

of solution using monotone iterative method and quasilinearization method.

We assume b < 0 for LBVP and g to be a non-increasing function in second

argument in the case of NLBVP.

5.2 Monotone Iterative Method

We now establish the existence of solution between lower and upper solutions

using monotone iterative method for PBVP of first order DECD (3.1).

Theorem 5.2.1. Let f : I × R → R be continuous and satisfy

f(t, x1) − f(t, x2) ≥ µ(x1 − x2), ∀ (t, x1), (t, x2) ∈ I × R2 such that

x2 ≤ x1 and for some constant µ > 0. Let α0, β0 ∈ X be lower and upper

solutions of the PBVP (3.1) such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ]. Then there

are sequences of monotonic functions {αn} and {βn} converging in (X, ||.||∞)

such that lim
n→∞

αn and lim
n→∞

βn are solutions of the PBVP (3.1).
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Proof. Since, α0, β0 ∈ X are lower and upper solutions of PBVP (3.1), we

have 1. α′
0(t) + λα0(t) ≤ f(t, α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(0) ≤ α0(T ).

6. β0(0) ≥ β0(T ).

As α0, β0 ∈ X, we get α0(t) = α0(0), ∀ t ∈ [−r, 0] and β0(t) = β0(0),

∀ t ∈ [−r, 0].

Consider

y′(t) + λy(t) = f(t, α0(t− r)) + µ[y(t− r)− α0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).


(5.1)

Let gα0(t, u) = f(t, α0(t− r)) + µ[u− α0(t− r)], ∀ (t, u) ∈ I × R.

Therefore gα0(t, y(t− r)) = f(t, α0(t− r)) + µ[y(t− r)− α0(t− r)], ∀ t ∈ I.

Let (t, x1), (t, x2) ∈ I × R such that x1 ≤ x2.

This implies x1 − α0(t− r) ≤ x2 − α0(t− r).

This gives µ[x1 − α0(t− r)] ≤ µ[x2 − α0(t− r)].

Therefore f(t, α0(t), α0(t− r)) + µ[x1 − α0(t− r)]

≤ f(t, α0(t), α0(t− r)) + µ[x2 − α0(t− r)].

Thus gα0(t, x1) ≤ gα0(t, x2), ∀ (t, x1), (t, x2) ∈ I × R such that x1 ≤ x2.

Also α′
0(t) + λα0(t) ≤ f(t, α0(t− r))

= f(t, α0(t− r)) + µ[α0(t− r)− α0(t− r)]

= gα0(t, α0(t− r)).

Further β′
0(t) + λβ0(t) ≥ f(t, β0(t− r))

≥ f(t, α0(t− r)) + µ[β0(t− r)− α0(t− r)].
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Therefore β′
0(t) + λβ0(t) ≥ gα0(t, β0(t− r)).

We already know that

1. α0(t) = α0(0), t ∈ [−r, 0].

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α0(t) ≤ β0(t), t ∈ [−r, T ].

4. α0(0) ≤ α0(T ).

5. β0(0) ≥ β0(T ).

This implies α0 and β0 are lower and upper solutions of the PBVP (5.1) such

that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Therefore the PBVP (5.1) has a solution α1 ∈ X such that α0 ≤ α1 ≤ β0 on

[−r, T ]. (Using Theorem 3.4.3)

So we have

α′
1(t) + λα1(t) = f(t, α0(t− r)) + µ[α1(t− r)− α0(t− r)], t ∈ I,

α1(t) = α1(0), t ∈ [−r, 0],

α1(0) = α1(T ).


This gives α′

1(t) + λα1(t) ≤ f(t, α1(t− r)), t ∈ I.

Also 1. β′
0(t) + λβ0(t) ≥ f(t, β0(t− r)), t ∈ I.

2. α1(t) = α1(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α1(t) ≤ β0(t), t ∈ [−r, T ].

5. α1(0) ≤ α1(T ).

6. β0(0) ≥ β0(T ).

Therefore α1 and β0 ∈ X are lower and upper solutions of the PBVP (3.1)

such that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].
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Now Consider

y′(t) + λy(t) = f(t, α1(t− r)) + µ[y(t− r)− α1(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).


(5.2)

Let gα1(t, u) = f(t, α1(t− r)) + µ[u− α1(t− r)], ∀ (t, u) ∈ I × R.

Therefore gα1(t, y(t− r)) = f(t, α1(t− r)) + µ[y(t− r)− α1(t− r)], ∀ t ∈ I.

So we have gα1(t, x1) ≤ gα1(t, x2), ∀ (t, x1), (t, x2) ∈ I × R such that

x1 ≤ x2.

Also α′
1(t) + λα1(t) ≤ f(t, α1(t− r))

= f(t, α1(t− r)) + µ[α1(t− r)− α1(t− r)]

= gα1(t, α1(t− r)).

Further β′
0(t) + λβ0(t) ≥ f(t, β0(t− r))

≥ f(t, α1(t− r)) + µ[β0(t− r)− α1(t− r)]

= gα1(t, β0(t− r)).

We already know that

1. α1(t) = α1(0), t ∈ [−r, 0].

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α1(t) ≤ β0(t), t ∈ [−r, T ].

4. α1(0) = α1(T ).

5. β0(0) ≥ β0(T ).

This implies α1 and β0 are lower and upper solutions of the PBVP (5.2) such

that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Therefore the PBVP (5.2) has a solution α2 ∈ X such that α1 ≤ α2 ≤ β0 on

[−r, T ]. (Using Theorem 3.4.3)
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This gives

α′
2(t) + λα2(t) = f(t, α1(t− r)) + µ[α2(t− r)− α1(t− r)], t ∈ I,

α2(t) = α2(0), t ∈ [−r, 0],

α2(0) = α2(T ).


So we have α′

2(t) + λα2(t) ≤ f(t, α2(t− r)), t ∈ I.

Also 1. β′
0(t) + λβ0(t) ≥ f(t, β0(t− r)), t ∈ I.

2. α2(t) = α2(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α2(t) ≤ β0(t), t ∈ [−r, T ].

5. α2(0) = α2(T ).

6. β0(0) ≥ β0(T ).

Therefore α2 and β0 ∈ X are lower and upper solutions of the PBVP (3.1)

such that α2(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Continuing in this manner, let αn ∈ X be a solution of

y′(t) + λy(t) = f(t, αn−1(t− r))

+ µ[y(t− r)− αn−1(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ), such that αn−1 ≤ αn ≤ β0 on [−r, T ].


(5.3)

Next consider

y′(t) + λy(t) = f(t, αn(t− r)) + µ[y(t− r)− αn(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).


(5.4)

Let gαn(t, u) = f(t, αn(t− r)) + µ[u− αn(t− r)], ∀ (t, u) ∈ I × R.

Therefore gαn(t, y(t− r)) = f(t, αn(t− r)) + µ[y(t− r)− αn(t− r)], ∀ t ∈ I.

Also gαn(t, x1) ≤ gαn(t, x2), ∀ (t, x1), (t, x2) ∈ I × R2 such that x1 ≤ x2.
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Further αn and β0 are lower and upper solutions of the PBVP (5.4) such that

αn(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Therefore the PBVP (5.4) has a solution αn+1 ∈ X such that αn ≤ αn+1 ≤ β0

on [−r, T ]. (Using Theorem 3.4.3)

This gives

α′
n+1(t) + λαn+1(t) = f(t, αn(t− r)) + µ[αn+1(t− r)− αn(t− r)], t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

αn+1(0) = αn+1(T ).


Thus we get a monotonic increasing sequence of functions {αn} ⊆ X such that

αn ≤ β0, ∀ n ∈ N on [−r, T ] and

α′
n+1(t) + λαn+1(t) = f(t, αn(t− r))

+ µ[αn+1(t− r)− αn(t− r)], t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

αn+1(0) = αn+1(T ).


(5.5)

Now for each fixed t ∈ [−r, T ], {αn(t)} is a monotonic increasing

sequence in R which is bounded above by β0(t). Therefore by Monotone Con-

vergence Theorem for sequences in R, {αn(t)} is convergent in R, for each

t ∈ [−r, T ]. This implies {αn} is pointwise convergent on [−r, T ].

Let lim
n→∞

αn(t) = α(t), ∀ t ∈ [−r, T ].

Since α′
n+1(t) + λαn+1(t) = f(t, αn(t− r)) + µ2[αn+1(t− r)− αn(t− r)],

we have αn+1(t)e
λt − αn+1(0) =

t∫
0

eλsf(s, αn(s− r))ds

+

t∫
0

eλsµ[αn+1(s− r)− αn(s− r)]ds.
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This implies αn+1(t) = αn+1(0)e
−λt (5.6)

+

t∫
0

e−λ(t−s)f(s, αn(s− r))ds

+

t∫
0

e−λ(t−s)µ[αn+1(s− r)− αn(s− r)]ds.

Taking limit as n→ ∞ on both sides of equation (5.6) we get

lim
n→∞

αn+1(t) = lim
n→∞

αn+1(0)e
−λt (5.7)

+ lim
n→∞

t∫
0

e−λ(t−s)f(s, αn(s− r))ds

+ lim
n→∞

t∫
0

e−λ(t−s)µ[αn+1(s− r)− αn(s− r)]ds.

Now {αn} is uniformly bounded on [−r, T ], as α0(t) ≤ αn(t) ≤ β0(t),

∀ t ∈ [−r, T ]. Therefore ∃ M > 0 such that |αn(t)| ≤ M, ∀ t ∈ [−r, T ]

and ∀ n ∈ N. Since f : I × R → R is continuous, f : I × [−M, M ] → R is

continuous. Therefore f : I × [−M, M ] → R is bounded, as I × [−M, M ]

is compact. So there is K > 0 such that |f(t, αn(t − r))| ≤ K, ∀ t ∈ I and

∀ n ∈ N.

From equation (5.5), we have

|α′
n+1(t)| ≤ |f(t, αn(t− r))|+ |λ||αn+1(t)|+ µ[|αn+1(t− r)|+ |αn(t− r)|]

≤ K + 2µM + |λ|M = C(say).

This implies |α′
n(t)| ≤ C, ∀ n ∈ N and ∀ t ∈ I.

Thus {α′
n} is uniformly bounded on I.

We now show that {αn} is equicontinuous on I.

Let ϵ > 0 be arbitrary. Choose δ = min{ ϵ
C
, T
2
}.

Let t1, t2 ∈ I be such that |t1 − t2| < δ.
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By Lagrange’s Mean Value Theorem, ∃ ξ between t1 and t2 such that

|αn(t1)− αn(t2)| = |α′
n(ξ)||t1 − t2|.

This implies |αn(t1) − αn(t2)| ≤ C|t1 − t2| < Cδ ≤ ϵ, ∀ t1, t2 ∈ I such that

|t1 − t2| < δ. Therefore {αn} is equicontinuous on I.

Using Arzela-Ascoli’s lemma we may conclude that {αn} has a subsequence

{αnk
} converging uniformly on I. So αnk

→ α uniformly on I. Since each αnk

is continuous on I, α is continuous on I. Also α(t) = α(0), ∀ t ∈ [−r, 0] and

α(0) = α(T ). So we conclude that α is continuous on [−r, T ]. Since {αn}

is increasing and lim
n→∞

αn(t) = α(t), ∀ t ∈ I, by Dini’s theorem for uniform

convergence of sequence of functions, αn → α uniformly on I.

From equation (5.7), we get

lim
n→∞

αn+1(t) = lim
n→∞

αn+1(0)e
−λt +

t∫
0

lim
n→∞

e−λ(t−s)f(s, αn(s− r))ds

+

t∫
0

lim
n→∞

e−λ(t−s)µ[αn+1(s− r)− αn(s− r)]ds.

So we have α(t) = α(0)e−λt +
t∫
0

e−λ(t−s)f(s, α(s− r))ds, t ∈ I.

Also α(t) = α(0), ∀ t ∈ [−r, 0] and α(0) = α(T ).

Taking limit as n→ ∞ on both sides of equation (5.5), we get

lim
n→∞

α′
n+1(t) = −λ lim

n→∞
αn+1(t) + lim

n→∞
f(t, αn(t− r))

+ lim
n→∞

µ2[αn+1(t− r)− αn(t− r)].

Therefore lim
n→∞

α′
n+1(t) = −λα(t) + f(t, α(t− r)) = α′(t), ∀ t ∈ I.

Since the left hand side of the above limit is the uniform limit of sequence of

functions, we have {α′
n} converging uniformly to α′ on I.

As αn → α pointwise on [−r, T ], αn → α uniformly on I,

αn(t) = αn(0), ∀ t ∈ [−r, 0] and ∀ n ∈ N and α(t) = α(0), ∀ t ∈ [−r, 0],

we have αn → α uniformly on [−r, T ]. This implies α is continuous on [−r, T ].
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Also α is differentiable on I and α′ is continuous on I. Thus α ∈ X.

As αn → α uniformly on [−r, T ] and α′
n → α′ uniformly on I, we have αn → α

on (X, ||.||∞) and α is a solution of the PBVP (3.1).

Next consider

y′(t) + λy(t) = f(t, β0(t− r)) + µ[y(t− r)− β0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).


(5.8)

Let hβ0(t, u) = f(t, β0(t− r)) + µ[u− β0(t− r)], ∀ (t, u) ∈ I × R.

Therefore hβ0(t, y(t− r)) = f(t, β0(t− r)) + µ[y(t− r)− β0(t− r)], ∀ t ∈ I.

So we have hβ0(t, x1) ≤ hβ0(t, x2), ∀ (t, x1), (t, x2) ∈ I × R2 such that

x1 ≤ x2.

Also α′
0(t) + λα0(t) ≤ f(t, α0(t− r))

≤ f(t, β0(t− r)) + µ[α0(t− r)− β0(t− r)]

= hβ0(t, α0(t− r)).

Further β′
0(t) + λβ0(t) ≥ f(t, β0(t− r))

= f(t, β0(t− r)) + µ[β0(t− r)− β0(t− r)]

= hβ0(t, β0(t− r)).

We already know that

1. α0(t) = α0(0), t ∈ [−r, 0].

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α0(t) ≤ β0(t), t ∈ [−r, T ].

4. α0(0) ≤ α0(T ).

5. β0(0) ≥ β0(T ).

This implies α0 and β0 are lower and upper solutions of the PBVP (5.8) such

that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].
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Therefore the PBVP (5.8) has a solution β1 ∈ X such that α0 ≤ β1 ≤ β0 on

[−r, T ]. (Using Theorem 3.4.3)

So we have

β′
1(t) + λβ1(t) = f(t, , β0(t− r)) + µ[β1(t− r)− β0(t− r)], t ∈ I,

β1(t) = β1(0), t ∈ [−r, 0],

β1(0) = β1(T ).


This gives β′

1(t) + λβ1(t) ≥ f(t, β1(t− r)), t ∈ I.

Also 1. α′
0(t) + λα0(t) ≤ f(t, α0(t− r)), t ∈ I.

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β1(t) = β1(0), t ∈ [−r, 0].

4. α0(t) ≤ β1(t), t ∈ [−r, T ].

5. α0(0) ≤ α0(T ).

6. β1(0) ≥ β1(T ).

Therefore α0 and β1 ∈ X are lower and upper solutions of the PBVP (3.1)

such that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N on [−r, T ] and

β′
n+1(t) + λβn+1(t) = f(t, βn(t− r)) + µ[βn+1(t− r)− βn(t− r)], t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

βn+1(0) = βn+1(T ).


Further {βn} converges in (X, ||.||∞) and lim

n→∞
βn is a solution of the PBVP

(3.1).

Next, we have established result on existence of solution using monotone

iterative method for the LBVP (3.3) of first order DECD.
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Theorem 5.2.2. Let f : I × R → R be continuous and satisfy

f(t, x1)− f(t, x2) ≥ µ(x1 − x2), ∀ (t, x1), (t, x2) ∈ I × R such that x2 ≤ x1

and for some constants µ > 0. Let α0, β0 ∈ X be weakly coupled lower and

upper solutions of LBVP given by (3.3). If b < 0, then there are sequences of

monotonic functions {αn} and {βn} converging in (X, ||.||∞) such that lim
n→∞

αn

and lim
n→∞

βn are solutions of the LBVP (3.3).

Proof. Since, α0, β0 ∈ X are weakly coupled lower and upper solutions of

LBVP (3.3), we have 1. α′
0(t) + λα0(t) ≤ f(t, α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )}

≤ 0 ≤ min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )}.

As b < 0, we have

max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )} = aα0(0) + bα0(T ) and

min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )} = aβ0(0) + bβ0(T ).

This implies aα0(0) + bα0(T ) ≤ 0 ≤ aβ0(0) + bβ0(T ).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and β0(t) = β0(0),

∀ t ∈ [−r, 0].

Now, by starting with the LBVP

y′(t) + λy(t) = f(t, α0(t− r)) + µ[y(t− r)− α0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0,


(5.9)

and proceeding similarly along the proof of the Theorem 5.2.1, we obtain

monotonic increasing sequence of functions {αn} ⊆ X such that αn ≤ β0,

∀ n ∈ N on [−r, T ] and
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α′
n+1(t) + λαn+1(t) = f(t, αn(t− r)) + µ[αn+1(t− r)− αn(t− r)], t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

aαn+1(0) + bαn+1(T ) = 0.


Further {αn} converges in (X, ||.||∞) and lim

n→∞
αn is a solution of LBVP (3.3).

Next, by considering the LBVP

y′(t) + λy(t) = f(t, β0(t− r)) + µ[y(t− r)− β0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0,


(5.10)

and by proceeding similarly along the proof of the Theorem 5.2.1, we obtain

monotonic decreasing sequence of functions {βn} ⊆ X such that

α0 ≤ βn, ∀ n ∈ N on [−r, T ] and

β′
n+1(t) + λβn+1(t) = f(t, βn(t− r)) + µ[βn+1(t− r)− βn(t− r)], t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

aβn+1(0) + bβn+1(T ) = 0.


Further {βn} converges in (X, ||.||∞) and lim

n→∞
βn is a solution of the LBVP

(3.3).

Now we prove a result on existence of solution for the NLBVP (3.4) of first

order DECD by using monotone iterative method.
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Theorem 5.2.3. Let f : I × R → R be continuous and satisfy

f(t, x1)− f(t, x2) ≥ µ(x1 − x2), ∀ (t, x1), (t, x2) ∈ I × R such that x2 ≤ x1

and for some constant µ > 0. Let g : R2 → R be continuous function such

that g(x, u) ≥ g(x, v), ∀ (x, u), (x, v) ∈ R2 such that u ≤ v. Assume

that α0, β0 ∈ X be weakly coupled lower and upper solutions of NLBVP (3.4).

Then there are sequences of monotonic functions {αn} and {βn} converging in

(X, ||.||∞) such that lim
n→∞

αn and lim
n→∞

βn are solutions to the NLBVP (3.4).

Proof. Since, α0, β0 ∈ X are weakly coupled lower and upper solutions of

NLBVP (3.4), we have

1. α′
0(t) + λα0(t) ≤ f(t, α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{g(α0(0), α0(T )), g(α0(0), β0(T ))}

≤ 0 ≤ min{g(β0(0), α0(T )), g(β0(0), β0(T ))}.

As g(x, u) ≥ g(x, v), ∀ (x, u), (x, v) ∈ R2 such that u ≤ v, we have

max{g(α0(0), α0(T )), g(α0(0), β0(T ))} = g(α0(0), α0(T )) and

min{g(β0(0), α0(T )), g(β0(0), β0(T ))} = g(β0(0), β0(T )).

This implies g(α0(0), α0(T )) ≤ 0 ≤ g(β0(0), β0(T )).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and β0(t) = β0(0),

∀ t ∈ [−r, 0].

Now, by starting with the NLBVP

y′(t) + λy(t) = f(t, α0(t− r)) + µ[y(t− r)− α0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0,


(5.11)

and proceeding similarly along the proof of the Theorem 5.2.1, we obtain
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monotonic increasing sequence of functions {αn} ⊆ X such that

αn ≤ β0, ∀ n ∈ N on [−r, T ] and

α′
n+1(t) + λαn+1(t) = f(t, αn(t− r)) + µ[αn+1(t− r)− αn(t− r)], t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

g(αn+1(0), αn+1(T )) = 0.


Further {αn} converges in (X, ||.||∞) and lim

n→∞
αn is a solution of NLBVP (3.4).

Next, by considering the NLBVP

y′(t) + λy(t) = f(t, β0(t− r)) + µ[y(t− r)− β0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0,


(5.12)

and by proceeding similarly along the proof of the Theorem 5.2.1, we obtain

monotonic decreasing sequence of functions {βn} ⊆ X such that

α0 ≤ βn, ∀ n ∈ N on [−r, T ] and

β′
n+1(t) + λβn+1(t) = f(t, βn(t− r)) + µ[βn+1(t− r)− βn(t− r)], t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

g(βn+1(0), βn+1(T )) = 0.


Further {βn} converges in (X, ||.||∞) and lim

n→∞
βn is a solution of the NLBVP

(3.4).

5.3 Quasilinearization Method

In this section, we develope quasilinearization method to prove existence of

solution for PBVP, LBVP and NLBVP of first order DECD. We start with

PBVP(3.1).
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Theorem 5.3.1. Let f ∈ C2[I × R, R] and α0, β0 ∈ X be lower and upper

solutions of PBVP (3.1) such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ]. Assume

that D2f(t, x) > 0 and D2, 2f(t, x) ≥ 0, ∀ (t, x) ∈ I × R. Then there is

a monotonic increasing sequence of functions {αn} converging in (X, ||.||∞)

such that lim
n→∞

αn is a solution of the PBVP (3.1).

Proof. It is given that D2, 2f(t, x) ≥ 0, ∀ (t, x) ∈ I × R.

Therefore f(t, x1)−f(t, x2) ≥ D2f(t, x2)(x1−x2), ∀ (t, x1), (t, x2) ∈ I×R

such that x1 ≥ x2.

Since α0, β0 ∈ X are lower and upper solutions of PBVP (3.1), we have

1. α′
0(t) + λα0(t) ≤ f(t, α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(0) ≤ α0(T ).

6. β0(0) ≥ β0(T ).

Now, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and β0(t) = β0(0),

∀ t ∈ [−r, 0].

By starting with the PBVP

y′(t) + λy(t) = f(t, α0(t− r))

+D2f(t, α0(t− r))[y(t− r)− α0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),


(5.13)

and proceeding similarly along the proof of the Theorem 5.2.1, we obtain mono-

tonic increasing sequence of functions {αn} ⊆ X such that αn ≤ β0,

∀ n ∈ N on [−r, T ] and
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α′
n+1(t) + λαn+1(t) = f(t, αn(t− r))

+D2f(t, αn(t− r))[αn+1(t− r)− αn(t− r)], t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

αn+1(0) = αn+1(T ).


Further {αn} converges in (X, ||.||∞) and lim

n→∞
αn is a solution of the PBVP

(3.1).

Next we discuss the PBVP(3.1) with different conditions than above, lead-

ing to existence of a monotonic decreasing sequence of upper solutions con-

verging to a solution of the problem.

Theorem 5.3.2. Let f ∈ C2[I × R, R] and α0, β0 ∈ X be lower and upper

solutions of PBVP (3.1) such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ]. Assume

that D2f(t, x) > 0 and D2, 2f(t, x) ≤ 0, ∀ (t, x) ∈ I × R. Then there is

a monotonic decreasing sequence of functions {βn} converging in (X, ||.||∞)

such that lim
n→∞

βn is a solution of the PBVP (3.1).

Proof. It is given that D2, 2f(t, x) ≤ 0, ∀ (t, x) ∈ I × R.

Therefore f(t, x1)−f(t, x2) ≥ D2f(t, x1)(x1−x2), ∀ (t, x1), (t, x2) ∈ I×R

such that x1 ≥ x2.

Since α0, β0 ∈ X are lower and upper solutions of the PBVP (3.1), we have

1. α′
0(t) + λα0(t) ≤ f(t, α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(0) ≤ α0(T ).

6. β0(0) ≥ β0(T ).

As α0, β0 ∈ X, we have α0(t) = α0(0) ∀ t ∈ [−r, 0] and β0(t) = β0(0),

∀ t ∈ [−r, 0].
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By starting with the PBVP

y′(t) + λy(t) = f(t β0(t− r))

+D2f(t, β0(t− r))[y(t− r)− β0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),


(5.14)

and proceeding similarly along the proof of the Theorem 5.2.1, we obtain mono-

tonic decreasing sequence of functions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N

on [−r, T ] and

β′
n+1(t) + λβn+1(t) = f(t, βn(t− r))

+D2f(t, βn(t− r))[βn+1(t− r)− βn(t− r)], t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

βn+1(0) = βn+1(T ),


Further {βn} converges in (X, ||.||∞) and lim

n→∞
βn is a solution of the PBVP

(3.1).

We now prove results on quasilinearization method for LBVP of first order

DECD (3.3).

Theorem 5.3.3. Let f ∈ C2[I × R, R] and α0, β0 ∈ X be weakly coupled

lower and upper solutions of LBVP (3.3). Assume that D2f(t, x) > 0 and

D2, 2f(t, x) ≥ 0, ∀ (t, x) ∈ I×R. If b < 0, then there is a monotonic increas-

ing sequence of functions {αn} converging in (X, ||.||∞) such that lim
n→∞

αn is a

solution of the LBVP (3.3).

Proof. It is given that D2, 2f(t, x) ≥ 0, ∀ (t, x) ∈ I × R.

Therefore f(t, x1)−f(t, x2) ≥ D2f(t, x2)(x1−x2), ∀ (t, x1), (t, x2) ∈ I×R

such that x1 ≥ x2.
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Since α0, β0 ∈ X are weakly coupled lower and upper solutions of LBVP (3.3),

we have 1. α′
0(t) + λα0(t) ≤ f(t, α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )}

≤ 0 ≤ min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )}.

As b < 0, we have

max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )} = aα0(0) + bα0(T ) and

min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )} = aβ0(0) + bβ0(T ).

This implies aα0(0) + bα0(T ) ≤ 0 ≤ aβ0(0) + bβ0(T ).

Since α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and β0(t) = β0(0),

∀ t ∈ [−r, 0].

Now, starting with the LBVP

y′(t) + λy(t) = f(t, α0(t− r))

+D2f(t, α0(t− r))[y(t− r)− α0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0,


(5.15)

and proceeding similarly along the proof of the Theorem 5.2.1, we obtain mono-

tonic increasing sequence of functions {αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N

on [−r, T ] and

α′
n+1(t) + λαn+1(t) = f(t, αn(t− r))

+D2f(t, αn(t− r))[αn+1(t− r)− αn(t− r)], t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

aαn+1(0) + bαn+1(T ) = 0.


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Further {αn} converges in (X, ||.||∞) and lim
n→∞

αn is a solution of the LBVP

(3.3).

Theorem 5.3.4. Let f ∈ C2[I × R, R] and α0, β0 ∈ X be weakly coupled

lower and upper solutions of LBVP (3.3). Assume that D2f(t, x) > 0 and

D2, 2f(t, x) ≤ 0, ∀ (t, x) ∈ I ×R and. If b < 0, then there is a monotonic in-

creasing sequence of functions {βn} converging in (X, ||.||∞) such that lim
n→∞

βn

is a solution of the LBVP (3.3).

Proof. It is given that D2, 2f(t, x) ≤ 0, ∀ (t, x) ∈ I × R.

Therefore f(t, x1)−f(t, x2) ≥ D2f(t, x1)(x1−x2), ∀ (t, x1), (t, x2) ∈ I×R

such that x1 ≥ x2.

Since α0, β0 ∈ X are weakly coupled lower and upper solutions of LBVP (3.3),

we have 1. α′
0(t) + λα0(t) ≤ f(t, α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )}

≤ 0 ≤ min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )}.

As b < 0, we have

max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )} = aα0(0) + bα0(T ) and

min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )} = aβ0(0) + bβ0(T ).

This implies aα0(0) + bα0(T ) ≤ 0 ≤ aβ0(0) + bβ0(T ).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and

β0(t) = β0(0), ∀ t ∈ [−r, 0].



161

By starting with the LBVP

y′(t) + λy(t) = f(t, β0(t− r))

+D2f(t, β0(t− r))[y(t− r)− β0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0,


(5.16)

and proceeding similarly along the proof of the Theorem 5.2.1, we obtain mono-

tonic decreasing sequence of functions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N

on [−r, T ] and

β′
n+1(t) + λβn+1(t) = f(t, βn(t− r))

+D2f(t, βn(t− r))[βn+1(t− r)− βn(t− r)], t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

aβn+1(0) + bβn+1(T ) = 0.


Further {βn} converges in (X, ||.||∞) and lim

n→∞
βn is a solution of the LBVP

(3.3).

Further, we prove similar results on quasilinearization method for NLBVP

of first order DECD (3.4).

Theorem 5.3.5. Let g : R2 → R be continuous function satisfying

g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y. Let f ∈ C2[I ×R, R]

and α0, β0 ∈ X be weakly coupled lower and upper solutions of NLBVP (3.4).

Assume that D2f(t, x) > 0 and D2, 2f(t, x) ≥ 0, ∀ (t, x) ∈ I×R. Then there

is a monotonic increasing sequence of functions (αn) converging in (X, ||.||∞)

such that lim
n→∞

αn is a solution of the NLBVP (3.4).

Proof. It is given that D2, 2f(t, x) ≥ 0, ∀ (t, x) ∈ I × R.

Therefore f(t, x1)−f(t, x2) ≥ D2f(t, x2)(x1−x2), ∀ (t, x1), (t, x2) ∈ I×R

such that x1 ≥ x2.
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Since α0, β0 ∈ X are weakly coupled lower and upper solutions of NLBVP

(3.4), we have 1. α′
0(t) + λα0(t) ≤ f(t, α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{g(α0(0), α0(T )), g(α0(0), β0(T ))}

≤ 0 ≤ min{g(β0(0), α0(T )), g(β0(0), β0(T ))}.

As g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y, we have

max{g(α0(0), α0(T )), g(α0(0), β0(T ))} = g(α0(0), α0(T )) and

min{g(β0(0), α0(T )), g(β0(0), β0(T ))} = g(β0(0), β0(T )).

This implies g(α0(0), α0(T )) ≤ 0 ≤ g(β0(0), β0(T )).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and β0(t) = β0(0),

∀ t ∈ [−r, 0].

Now, starting with the NLBVP

y′(t) + λy(t) = f(t, α0(t− r))

+D2f(t, α0(t− r))[y(t− r)− α0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0,


(5.17)

and proceeding similarly along the proof of the Theorem 5.2.1, we obtain mono-

tonic increasing sequence of functions {αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N

on [−r, T ] and

α′
n+1(t) + λαn+1(t) = f(t, αn(t− r))

+D2f(t, αn(t− r))[αn+1(t− r)− αn(t− r)], t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

g(αn+1(0), αn+1(T )) = 0.


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Further {αn} converges in (X, ||.||∞) and lim
n→∞

αn is a solution of the NLBVP

(3.4).

Theorem 5.3.6. Let g : R2 → R be continuous function satisfying

g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ I × R such that x ≥ y. Let

f ∈ C2[I ×R, R] and α0, β0 ∈ X be weakly coupled lower and upper solutions

of NLBVP (3.4). Assume that D2f(t, x) > 0 and D2, 2f(t, x) ≤ 0,

∀ (t, x) ∈ I × R. Then there is a monotonic decreasing sequence of functions

{βn} converging in (X, ||.||∞) such that lim
n→∞

βn is a solution of the NLBVP

(3.4).

Proof. It is given that D2, 2f(t, x) ≤ 0, ∀ (t, x) ∈ I × R2.

Therefore f(t, x1)− f(t, x2) ≥ D2f(t, x1)(x1−x2) ∀ (t, x1), (t, x2) ∈ I×R2

such that x1 ≥ x2.

Since α0, β0 ∈ X are weakly coupled lower and upper solutions of NLBVP

(3.4), we have 1. α′
0(t) + λα0(t) ≤ f(t, α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{g(α0(0), α0(T )), g(α0(0), β0(T ))}

≤ 0 ≤ min{g(β0(0), α0(T )), g(β0(0), β0(T ))}.

As g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y, we have

max{g(α0(0), α0(T )), g(α0(0), β0(T ))} = g(α0(0), α0(T )) and

min{g(β0(0), α0(T )), g(β0(0), β0(T ))} = g(β0(0), β0(T )).

This implies g(α0(0), α0(T )) ≤ 0 ≤ g(β0(0), β0(T )).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and β0(t) = β0(0),

∀ t ∈ [−r, 0].
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By starting with the NLBVP

y′(t) + λy(t) = f(t, β0(t− r))

+D2f(t, β0(t− r))[y(t− r)− β0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0.


(5.18)

and proceeding similarly along the proof of the Theorem 5.2.1, we obtain mono-

tonic decreasing sequence of functions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N

on [−r, T ] and

β′
n+1(t) + λβn+1(t) = f(t, βn(t− r))

+D2f(t, βn(t− r))[βn+1(t− r)− βn(t− r)], t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

g(βn+1(0), βn+1(T )) = 0.


Further {βn} converges in (X, ||.||∞) and lim

n→∞
βn is a solution of the NLBVP

(3.4).



Chapter 6

MONOTONE ITERATIVE

METHOD AND

QUASILINEARIZATION

METHOD FOR FIRST

ORDER DIFFERENTIAL

EQUATIONS WITH

DEVIATING ARGUMENTS

165



166

6.1 Introduction

This chapter deals with establishing results using Monotone Iterative Method

and Quasilinearization Method for BVPs discussed in Chapter 4. We make

use of existence of solution between lower and upper solutions for PBVPs of

general first order DECD and first order DEVDA to prove our results. Fur-

ther, we prove results on existence of solution for LBVP and NLBVP of gen-

eral first order DECD and first order DEVDA by Monotone Iterative Method

and Quasilinearization Method, using results on existence of solution between

weakly coupled lower and upper solutions, which we proved in Chapter 4. We

assume b < 0 for LBVP and in the case of NLBVP, we assume g to be a

non-increasing function in second argument.

6.2 Monotone Iterative Method

We now establish results on existence of solution, by using monotone iterative

method, for PBVP of general first order DECD (4.1) and for PBVP of first

order DEVDA (4.6).

Theorem 6.2.1. Let f : I × R2 → R be continuous and satisfy

f(t, x1, y1)− f(t, x2, y2) ≥ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x2 ≤ x1, y2 ≤ y1 and for some

constants µ1 > 0, µ2 > 0. Let α0, β0 ∈ X be lower and upper solutions of

PBVP (4.1) such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ]. Then there are sequences

of monotonic functions {αn} and {βn} converging in (X, ||.||∞) such that

lim
n→∞

αn and lim
n→∞

βn are solutions of the PBVP (4.1).
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Proof. Since, α0, β0 ∈ X are lower and upper solutions of PBVP (4.1), we

have 1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(0) ≤ α0(T ).

6. β0(0) ≥ β0(T ).

As α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and β0(t) = β0(0),

∀ t ∈ [−r, 0].

Consider

y′(t) + λy(t) = f(t, α0(t), α0(t− r)) + µ1[y(t)− α0(t)]

+ µ2[y(t− r)− α0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).


(6.1)

Let gα0(t, u, v) = f(t, α0(t), α0(t− r)) + µ1[u− α0(t)]

+ µ2[v − α0(t− r)], ∀ (t, u, v) ∈ I × R2.

Therefore gα0(t, y(t), y(t− r)) = f(t, α0(t), α0(t− r)) + µ1[y(t)− α0(t)]

+ µ2[y(t− r)− α0(t− r)], ∀ t ∈ I.

Let (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≤ x2 and y1 ≤ y2.

This implies x1 − α0(t) ≤ x2 − α0(t) and y1 − α0(t− r) ≤ y2 − α0(t− r).

This gives µ1[x1 − α0(t)] ≤ µ1[x2 − α0(t)] and

µ2[y1 − α0(t− r)] ≤ µ2[y2 − α0(t− r)].

So we get µ1[x1 − α0(t)] + µ2[y1 − α0(t− r)]

≤ µ1[x2 − α0(t)] + µ2[y2 − α0(t− r)].

Therefore f(t, α0(t), α0(t− r)) + µ1[x1 − α0(t)] + µ2[y1 − α0(t− r)]

≤ f(t, α0(t), α0(t− r)) + µ1[x2 − α0(t)] + µ2[y2 − α0(t− r)].
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Thus gα0(t, x1, y1) ≤ gα0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such

that x1 ≤ x2 and y1 ≤ y2.

Also α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r))

= f(t, α0(t), α0(t− r)) + µ1[α0(t)− α0(t)]

+ µ2[α0(t− r)− α0(t− r)]

= gα0(t, α0(t), α0(t− r)).

Further β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r))

≥ f(t, α0(t), α0(t− r)) + µ1[β0(t)− α0(t)]

+ µ2[β0(t− r)− α0(t− r)]

= gα0(t, β0(t), β0(t− r)).

We already know that

1. α0(t) = α0(0), t ∈ [−r, 0].

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α0(t) ≤ β0(t), t ∈ [−r, T ].

4. α0(0) ≤ α0(T ).

5. β0(0) ≥ β0(T ).

This implies, α0 and β0 are lower and upper solutions of the PBVP (6.1) such

that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Therefore the PBVP (6.1) has a solution α1 ∈ X such that α0 ≤ α1 ≤ β0 on

[−r, T ]. (Using Theorem 4.4.5)

So we have

α′
1(t) + λα1(t) = f(t, α0(t), α0(t− r)) + µ1[α1(t)− α0(t)]

+ µ2[α1(t− r)− α0(t− r)], t ∈ I,

α1(t) = α1(0), t ∈ [−r, 0],

α1(0) = α1(T ).


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This gives α′
1(t) + λα1(t) ≤ f(t, α1(t), α1(t− r)), t ∈ I.

Also 1. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

2. α1(t) = α1(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α1(t) ≤ β0(t), t ∈ [−r, T ].

5. α1(0) ≤ α1(T ).

6. β0(0) ≥ β0(T ).

Therefore α1 and β0 ∈ X are lower and upper solutions of the PBVP (4.1)

such that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Now Consider

y′(t) + λy(t) = f(t, α1(t), α1(t− r)) + µ1[y(t)− α1(t)]

+ µ2[y(t− r)− α1(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).


(6.2)

Let gα1(t, u, v) = f(t, α1(t), α1(t− r)) + µ1[u− α1(t)]

+ µ2[v − α1(t− r)], ∀ (t, u, v) ∈ I × R2.

Therefore gα1(t, y(t), y(t− r)) = f(t, α1(t), α1(t− r)) + µ1[y(t)− α1(t)]

+ µ2[y(t− r)− α1(t− r)], ∀ t ∈ I.

So we have gα1(t, x1, y1) ≤ gα1(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I × R2

such that x1 ≤ x2 and y1 ≤ y2.

Also α′
1(t) + λα1(t) ≤ f(t, α1(t), α1(t− r))

= f(t, α1(t), α1(t− r)) + µ1[α1(t)− α1(t)]

+ µ2[α1(t− r)− α1(t− r)]

= gα1(t, α1(t), α1(t− r)).
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Further β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r))

≥ f(t, α1(t), α1(t− r)) + µ1[β0(t)− α1(t)]

+ µ2[β0(t− r)− α1(t− r)]

= gα1(t, β0(t), β0(t− r)).

We already know that

1. α1(t) = α1(0), t ∈ [−r, 0].

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α1(t) ≤ β0(t), t ∈ [−r, T ].

4. α1(0) = α1(T ).

5. β0(0) ≥ β0(T ).

This implies α1 and β0 are lower and upper solutions of the PBVP (6.2) such

that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Therefore the PBVP (6.2) has a solution α2 ∈ X such that α1 ≤ α2 ≤ β0 on

[−r, T ]. (Using Theorem 4.4.5)

This gives

α′
2(t) + λα2(t) = f(t, α1(t), α1(t− r)) + µ1[α2(t)− α1(t)]

+ µ2[α2(t− r)− α1(t− r)], t ∈ I,

α2(t) = α2(0), t ∈ [−r, 0],

α2(0) = α2(T ).


So we have α′

2(t) + λα2(t) ≤ f(t, α2(t), α2(t− r)), t ∈ I.

Also 1. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

2. α2(t) = α2(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α2(t) ≤ β0(t), t ∈ [−r, T ].

5. α2(0) = α2(T ).

6. β0(0) ≥ β0(T ).
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Therefore α2 and β0 ∈ X are lower and upper solutions of the PBVP (4.1)

such that α2(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Continuing in this manner, let αn ∈ X be a solution of

y′(t) + λy(t) = f(t, αn−1(t), αn−1(t− r)) + µ1[y(t)− αn−1(t)]

+ µ2[y(t− r)− αn−1(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).


(6.3)

Next consider

y′(t) + λy(t) = f(t, αn(t), αn(t− r)) + µ1[y(t)− αn(t)]

+ µ2[y(t− r)− αn(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).


(6.4)

Let gαn(t, u, v) = f(t, αn(t), αn(t− r)) + µ1[u− αn(t)]

+ µ2[v − αn(t− r)], ∀ (t, u, v) ∈ I × R2.

Therefore gαn(t, y(t), y(t− r)) = f(t, αn(t), αn(t− r)) + µ1[y(t)− αn(t)]

+ µ2[y(t− r)− αn(t− r)], ∀ t ∈ I.

Also gαn(t, x1, y1) ≤ gαn(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such

that x1 ≤ x2 and y1 ≤ y2. Further αn and β0 are lower and upper solutions of

(6.4) such that αn(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Therefore the PBVP (6.4) has a solution αn+1 ∈ X such that αn ≤ αn+1 ≤ β0

on [−r, T ]. (Using Theorem 4.4.5)
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This gives

α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r)) + µ1[αn+1(t)− αn(t)]

+ µ2[αn+1(t− r)− αn(t− r)], t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

αn+1(0) = αn+1(T ).


Thus we get a monotonic increasing sequence of functions {αn} ⊆ X such that

αn ≤ β0, ∀ n ∈ N on [−r, T ] and

α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r)) + µ1[αn+1(t)− αn(t)]

+ µ2[αn+1(t− r)− αn(t− r)], t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

αn+1(0) = αn+1(T ).


(6.5)

Now for each fixed t ∈ [−r, T ], {αn(t)} is a monotonic increasing

sequence in R which is bounded above by β0(t). Therefore by Monotone Con-

vergence Theorem for sequences in R, {αn(t)} is convergent in R, for each

t ∈ [−r, T ]. This implies {αn} is pointwise convergent on [−r, T ].

Let lim
n→∞

αn(t) = α(t), ∀ t ∈ [−r, T ].

Since α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r)) + µ1[αn+1(t)− αn(t)]

+ µ2[αn+1(t− r)− αn(t− r)],

we have αn+1(t)e
λt − αn+1(0) =

t∫
0

eλsf(s, αn(s), αn(s− r))ds

+

t∫
0

eλsµ1[αn+1(s)− αn(s)]ds

+

t∫
0

eλsµ2[αn+1(s− r)− αn(s− r)]ds.



173

This implies

αn+1(t) = αn+1(0)e
−λt +

t∫
0

e−λ(t−s)f(s, αn(s), αn(s− r))ds (6.6)

+

t∫
0

e−λ(t−s)µ1[αn+1(s)− αn(s)]ds

+

t∫
0

e−λ(t−s)µ2[αn+1(s− r)− αn(s− r)]ds.

Taking limit as n→ ∞ on both sides of equation (6.6) we get

lim
n→∞

αn+1(t) = lim
n→∞

αn+1(0)e
−λt (6.7)

+ lim
n→∞

t∫
0

e−λ(t−s)f(s, αn(s), αn(s− r))ds

+ lim
n→∞

t∫
0

e−λ(t−s)µ1[αn+1(s)− αn(s)]ds

+ lim
n→∞

t∫
0

e−λ(t−s)µ2[αn+1(s− r)− αn(s− r)]ds.

Now {αn} is uniformly bounded on [−r, T ], as α0(t) ≤ αn(t) ≤ β0(t),

∀ t ∈ [−r, T ]. Therefore ∃ M > 0 such that |αn(t)| ≤ M, ∀ t ∈ [−r, T ] and

∀ n ∈ N. Since f : I × R2 → R is continuous,

f : I × [−M, M ]× [−M, M ] → R is continuous.

Therefore f : I × [−M, M ]× [−M, M ] → R is bounded, as

I × [−M, M ]× [−M, M ] is compact. So there is K > 0 such that

|f(t, αn(t), αn(t− r))| ≤ K, ∀ t ∈ I and ∀ n ∈ N.

From equation (6.5), we have

|α′
n+1(t)| ≤ |f(t, αn(t), αn(t− r))|+ µ1[|αn+1(t)|+ |αn(t)|]

+ µ2[|αn+1(t− r)|+ |αn(t− r)|] + |λ||αn+1(t)|

≤ K + 2µ1M + 2µ2M + |λ|M = C(say).
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This implies |α′
n(t)| ≤ C, ∀ n ∈ N and ∀ t ∈ I.

Thus {α′
n} is uniformly bounded on I.

We now show that {αn} is equicontinuous on I.

Let ϵ > 0 be arbitrary. Choose δ = min{ ϵ
C
, T
2
}.

Let t1, t2 ∈ I be such that |t1 − t2| < δ.

By Lagrange’s mean value theorem, ∃ ξ between t1 and t2 such that

|αn(t1)− αn(t2)| = |α′
n(ξ)||t1 − t2|.

This implies |αn(t1) − αn(t2)| ≤ C|t1 − t2| < Cδ ≤ ϵ, ∀ t1, t2 ∈ I such that

|t1 − t2| < δ. Therefore {αn} is equicontinuous on I.

Using Arzela-Ascoli’s lemma we may conclude that {αn} has a subsequence

{αnk
} converging uniformly on I. So αnk

→ α uniformly on I. Since each αnk

is continuous on I, α is continuous on I. Also α(t) = α(0), ∀ t ∈ [−r, 0] and

α(0) = α(T ). So we conclude that α is continuous on [−r, T ]. Since {αn}

is increasing and lim
n→∞

αn(t) = α(t), ∀ t ∈ I, by Dini’s theorem for uniform

convergence of sequence of functions, αn → α uniformly on I.

From equation (6.7), we get

lim
n→∞

αn+1(t) = lim
n→∞

αn+1(0)e
−λt +

t∫
0

lim
n→∞

e−λ(t−s)f(s, αn(s), αn(s− r))ds

+

t∫
0

lim
n→∞

e−λ(t−s)µ1[αn+1(s)− αn(s)]ds

+

t∫
0

lim
n→∞

e−λ(t−s)µ2[αn+1(s− r)− αn(s− r)]ds.

So we have α(t) = α(0)e−λt +
t∫
0

e−λ(t−s)f(s, α(s), α(s− r))ds, t ∈ I.

Also α(t) = α(0), ∀ t ∈ [−r, 0] and α(0) = α(T ).

Taking limit as n→ ∞ on both sides of equation (6.5), we get

lim
n→∞

α′
n+1(t) = −λ lim

n→∞
αn+1(t) + lim

n→∞
f(t, αn(t), αn(t− r))

+ lim
n→∞

µ1[αn+1(t)− αn(t)] + lim
n→∞

µ2[αn+1(t− r)− αn(t− r)].
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Therefore lim
n→∞

α′
n+1(t) = −λα(t) + f(t, α(t), α(t− r)) = α′(t), ∀ t ∈ I.

Since the left hand side of the above limit is the uniform limit of sequence of

functions, we have {α′
n} converging uniformly to α′ on I.

As αn → α pointwise on [−r, T ], αn → α uniformly on I,

αn(t) = αn(0), ∀ t ∈ [−r, 0] and ∀ n ∈ N and α(t) = α(0), ∀ t ∈ [−r, 0],

we have αn → α uniformly on [−r, T ]. This implies α is continuous on [−r, T ].

Also α is differentiable on I and α′ is continuous on I. Thus α ∈ X.

As αn → α uniformly on [−r, T ] and α′
n → α′ uniformly on I, we have αn → α

on (X, ||.||∞) and α is a solution of the PBVP (4.1).

Next consider

y′(t) + λy(t) = f(t, β0(t), β0(t− r)) + µ1[y(t)− β0(t)]

+ µ2[y(t− r)− β0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).


(6.8)

Let hβ0(t, u, v) = f(t, β0(t), β0(t− r)) + µ1[u− β0(t)]

+ µ2[v − β0(t− r)], ∀ (t, u, v) ∈ I × R2.

Therefore hβ0(t, y(t), y(t− r)) = f(t, β0(t), β0(t− r)) + µ1[y(t)− β0(t)]

+ µ2[y(t− r)− β0(t− r)], ∀ t ∈ I.

So we have hβ0(t, x1, y1) ≤ hβ0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I × R2

such that x1 ≤ x2 and y1 ≤ y2.

Also α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r))

≤ f(t, β0(t), β0(t− r)) + µ1[α0(t)− β0(t)]

+ µ2[α0(t− r)− β0(t− r)]

= hβ0(t, α0(t), α0(t− r)).



176

Further β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r))

= f(t, β0(t), β0(t− r)) + µ1[β0(t)− β0(t)]

+ µ2[β0(t− r)− β0(t− r)]

= hβ0(t, β0(t), β0(t− r)).

We already know that

1. α0(t) = α0(0), t ∈ [−r, 0].

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α0(t) ≤ β0(t), t ∈ [−r, T ].

4. α0(0) ≤ α0(T ).

5. β0(0) ≥ β0(T ).

This implies α0 and β0 are lower and upper solutions of the PBVP (6.8) such

that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Therefore the PBVP (6.8) has a solution β1 ∈ X such that α0 ≤ β1 ≤ β0 on

[−r, T ]. (Using Theorem 4.4.5)

So we have

β′
1(t) + λβ1(t) = f(t, β0(t), β0(t− r)) + µ1[β1(t)− β0(t)]

+ µ2[β1(t− r)− β0(t− r)], t ∈ I,

β1(t) = β1(0), t ∈ [−r, 0],

β1(0) = β1(T ).


This gives β′

1(t) + λβ1(t) ≥ f(t, β1(t), β1(t− r)), t ∈ I.

Also 1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β1(t) = β1(0), t ∈ [−r, 0].

4. α0(t) ≤ β1(t), t ∈ [−r, T ].

5. α0(0) ≤ α0(T ).

6. β1(0) ≥ β1(T ).
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Therefore α0 and β1 ∈ X are lower and upper solutions of the PBVP (4.1)

such that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N on [−r, T ] and

β′
n+1(t) + λβn+1(t) = f(t, βn(t), βn(t− r)) + µ1[βn+1(t)− βn(t)]

+ µ2[βn+1(t− r)− βn(t− r)], t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

βn+1(0) = βn+1(T ).


Further {βn} converges in (X, ||.||∞) and lim

n→∞
βn is a solution of the PBVP

(4.1).

Next we have the following result for PBVP (4.6).

Theorem 6.2.2. Let f : I × R2 → R be continuous and satisfy

f(t, x1, y1)− f(t, x2, y2) ≥ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x2 ≤ x1, y2 ≤ y1 and for some

constants µ1 > 0, µ2 > 0. Let α0, β0 ∈ W be lower and upper solutions of

PBVP (4.6) such that α0(t) ≤ β0(t), ∀ t ∈ I. Then there are sequences of

monotonic functions {αn} and {βn} converging in (W, ||.||0) such that lim
n→∞

αn

and lim
n→∞

βn are solutions of the PBVP (4.6).

Proof. Similar to the proof of the Theorem 6.2.1.

Next, we establish results on existence of solution, using monotone iterative

method, for LBVP of general first order DECD (4.3) and for LBVP of first

order DEVDA (4.8).
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Theorem 6.2.3. Let f : I × R2 → R be continuous and satisfy

f(t, x1, y1)− f(t, x2, y2) ≥ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x2 ≤ x1, y2 ≤ y1 and for

some constants µ1 > 0, µ2 > 0. Let α0, β0 ∈ X be weakly coupled lower and

upper solutions of LBVP (4.3). If b < 0, then there are sequences of monotonic

functions {αn} and {βn} converging in (X, ||.||∞) such that lim
n→∞

αn and lim
n→∞

βn

are solutions of the LBVP (4.3).

Proof. Since, α0, β0 ∈ X are weakly coupled lower and upper solutions of

LBVP (4.3), we have 1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )}

≤ 0 ≤ min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )}.

As b < 0, we have

max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )} = aα0(0) + bα0(T ) and

min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )} = aβ0(0) + bβ0(T ).

This implies aα0(0) + bα0(T ) ≤ 0 ≤ aβ0(0) + bβ0(T ).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and β0(t) = β0(0),

∀ t ∈ [−r, 0].

Now, by starting with the LBVP

y′(t) + λy(t) = f(t, α0(t), α0(t− r)) + µ1[y(t)− α0(t)]

+ µ2[y(t− r)− α0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0,


(6.9)

and proceeding similarly along the proof of the Theorem 6.2.1, we obtain mono-
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tonic increasing sequence of functions {αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N

on [−r, T ] and

α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r)) + µ1[αn+1(t)− αn(t)]

+ µ2[αn+1(t− r)− αn(t− r)], t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

aαn+1(0) + bαn+1(T ) = 0.


Further {αn} converges in (X, ||.||∞) and lim

n→∞
αn is a solution of the LBVP

(4.3).

Next, by considering the LBVP

y′(t) + λy(t) = f(t, β0(t), β0(t− r)) + µ1[y(t)− β0(t)]

+ µ2[y(t− r)− β0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0,


(6.10)

and proceeding similarly along the proof of the Theorem 6.2.1, we obtain a

monotonic decreasing sequence of functions {βn} ⊆ X such that α0 ≤ βn,

∀ n ∈ N on [−r, T ] and

β′
n+1(t) + λβn+1(t) = f(t, βn(t), βn(t− r)) + µ1[βn+1(t)− βn(t)]

+ µ2[βn+1(t− r)− βn(t− r)], t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

aβn+1(0) + bβn+1(T ) = 0.


Further {βn} converges in (X, ||.||∞) and lim

n→∞
βn is a solution of the LBVP

(4.3).

Following is the corresponding result for LBVP (4.8).
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Theorem 6.2.4. Let f : I × R2 → R be continuous and satisfy

f(t, x1, y1)− f(t, x2, y2) ≥ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x2 ≤ x1, y2 ≤ y1 and for

some constants µ1 > 0, µ2 > 0. Let α0, β0 ∈ W be weakly coupled lower and

upper solutions of LBVP (4.8). If b < 0, then there are sequences of monotonic

functions {αn} and {βn} converging in (W, ||.||0) such that lim
n→∞

αn and lim
n→∞

βn

are solutions of the LBVP (4.8).

Proof. Similar to the proof of the Theorem 6.2.3.

We now establish results on existence of solution for NLBVP of general

first order DECD and for NLBVP of first order DEVDA by making use of

monotone iterative method.

Theorem 6.2.5. Let f : I × R2 → R be continuous and satisfy

f(t, x1, y1)− f(t, x2, y2) ≥ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x2 ≤ x1, y2 ≤ y1 and for some

constants µ1 > 0, µ2 > 0. Let g : R2 → R be continuous function such that

g(x, u) ≥ g(x, v), ∀ (x, u), (x, v) ∈ R2 such that u ≤ v. Assume that

α0, β0 ∈ X be weakly coupled lower and upper solutions of NLBVP (4.4).

Then there are sequences of monotonic functions {αn} and {βn} converging in

(X, ||.||∞) such that lim
n→∞

αn and lim
n→∞

βn are solutions of the NLBVP (4.4).

Proof. Since, α0, β0 ∈ X are weakly coupled lower and upper solutions of

NLBVP (4.4), we have 1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{g(α0(0), α0(T )), g(α0(0), β0(T ))}

≤ 0 ≤ min{g(β0(0), α0(T )), g(β0(0), β0(T ))}.
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As g(x, u) ≥ g(x, v), ∀ (x, u), (x, v) ∈ R2 such that u ≤ v, we have

max{g(α0(0), α0(T )), g(α0(0), β0(T ))} = g(α0(0), α0(T )) and

min{g(β0(0), α0(T )), g(β0(0), β0(T ))} = g(β0(0), β0(T )).

This implies g(α0(0), α0(T )) ≤ 0 ≤ g(β0(0), β0(T )).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and β0(t) = β0(0),

∀ t ∈ [−r, 0].

Now, by starting with the NLBVP

y′(t) + λy(t) = f(t, α0(t), α0(t− r)) + µ1[y(t)− α0(t)]

+ µ2[y(t− r)− α0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0,


(6.11)

and proceeding similarly along the proof of the Theorem 6.2.1, we obtain mono-

tonic increasing sequence of functions {αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N

on [−r, T ] and

α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r)) + µ1[αn+1(t)− αn(t)]

+ µ2[αn+1(t− r)− αn(t− r)], t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

g(αn+1(0), αn+1(T )) = 0.


Further {αn} converges in (X, ||.||∞) and lim

n→∞
αn is a solution of the NLBVP

(4.4).

Next, by considering the NLBVP

y′(t) + λy(t) = f(t, β0(t), β0(t− r)) + µ1[y(t)− β0(t)]

+ µ2[y(t− r)− β0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0,


(6.12)
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and proceeding similarly along the proof of the Theorem 6.2.1, we obtain a

monotonic decreasing sequence of functions {βn} ⊆ X such that α0 ≤ βn,

∀ n ∈ N on [−r, T ] and

β′
n+1(t) + λβn+1(t) = f(t, βn(t), βn(t− r)) + µ1[βn+1(t)− βn(t)]

+ µ2[βn+1(t− r)− βn(t− r)], t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

g(βn+1(0), βn+1(T )) = 0.


Further {βn} converges in (X, ||.||∞) and lim

n→∞
βn is a solution of the NLBVP

(4.4).

Next we have a similar result for NLBVP (4.9).

Theorem 6.2.6. Let f : I × R2 → R be continuous and satisfy

f(t, x1, y1)− f(t, x2, y2) ≥ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x2 ≤ x1, y2 ≤ y1 and for some

constants µ1 > 0, µ2 > 0. Let g : R2 → R be continuous function such that

g(x, u) ≥ g(x, v), ∀ (x, u), (x, v) ∈ R2 such that u ≤ v. Assume that

α0, β0 ∈ W be weakly coupled lower and upper solutions of NLBVP (4.9).

Then there are sequences of monotonic functions {αn} and {βn} converging in

(W, ||.||0) such that lim
n→∞

αn and lim
n→∞

βn are solutions of the NLBVP (4.9).

Proof. Similar to the proof of the Theorem 6.2.5.

6.3 Quasilinearization Method

In this section, we establish results on existence of solution using quasilin-

earization method for PBVP, LBVP and NLBVP of general first order DECD

and first order DEVDA. Here we assume certain conditions on first and second

order derivatives of f to obtain our results.
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Theorem 6.3.1. Let f ∈ C2[I × R2,R] and α0, β0 ∈ X be lower and upper

solutions of PBVP (4.1) such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ]. Assume

that Dif(t, x, y) > 0 and Di, jf(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3. Then there is a monotonic increasing sequence of functions

{αn} converging in (X, ||.||∞) such that lim
n→∞

αn is a solution of the PBVP

(4.1).

Proof. It is given that Di, jf(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3. Therefore

f(t, x1, y1)−f(t, x2, y2) ≥ D2f(t, x2, y2)(x1−x2)+D3f(t, x2, y2)(y1−y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

Since α0, β0 ∈ X are lower and upper solutions of PBVP (4.1), we have

1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(0) ≤ α0(T ).

6. β0(0) ≥ β0(T ).

Now, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and β0(t) = β0(0),

∀ t ∈ [−r, 0].

Consider

y′(t) + λy(t) = f(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).



(6.13)
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Let gα0(t, u, v) = f(t, α0(t), α0(t− r)) +D2f(t, α0(t), α0(t− r))[u− α0(t)]

+D3f(t, α0(t), α0(t− r))[v − α0(t− r)],

∀ (t, u, v) ∈ I × R2.

This implies

gα0(t, y(t), y(t− r)) = f(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)−α0(t− r)], ∀ t ∈ I.

So we have gα0(t, x1, y1) ≤ gα0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I × R2

such that x1 ≤ x2 and y1 ≤ y2.

Also α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r))

= f(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[α0(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[α0(t− r)− α0(t− r)]

= gα0(t, α0(t), α0(t− r)).

Further β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r))

≥ f(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[β0(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[β0(t− r)− α0(t− r)]

= gα0(t, β0(t), β0(t− r)).

We already know that

1. α0(t) ≤ β0(t), t ∈ [−r, T ].

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α0(0) ≤ α0(T ).

5. β0(0) ≥ β0(T ).



185

Therefore α0 and β0 are lower and upper solutions of the PBVP (6.13) such

that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Thus the PBVP (6.13) has a solution α1 ∈ X such that α0 ≤ α1 ≤ β0 on

[−r, T ]. (Using Theorem 4.4.5)

So we have

α′
1(t) + λα1(t) = f(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[α1(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[α1(t− r)− α0(t− r)], t ∈ I,

α1(t) = α1(0), t ∈ [−r, 0],

α1(0) = α1(T ).


This gives α′

1(t) + λα1(t) ≤ f(t, α1(t), α1(t− r)), t ∈ I.

Also 1. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α1(t) = α1(0), t ∈ [−r, 0].

4. α1(t) ≤ β0(t), t ∈ [−r, T ].

5. α1(0) ≤ α1(T ).

6. β0(0) ≥ β0(T ).

Therefore α1 and β0 ∈ X are lower and upper solutions of the PBVP (4.1)

such that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic increasing sequence of func-

tions {αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N on [−r, T ] and
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α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r))

+D2f(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D3f(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)],

t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

αn+1(0) = αn+1(T ).


Further {αn} converges in (X, ||.||∞) and lim

n→∞
αn is a solution of the PBVP

(4.1).

Next we reverse the condition on second order derivatives of f to get

monotonic decreasing sequence of upper solutions converging to solution of

the PBVP (4.1).

Theorem 6.3.2. Let f ∈ C2[I × R2, R] and α0, β0 ∈ X be lower and upper

solutions of PBVP (4.1) such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ]. Assume

that Dif(t, x, y) > 0 and Di, jf(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3. Then there is a monotonic decreasing sequence of functions

{βn} converging in (X, ||.||∞) such that lim
n→∞

βn is a solution of the PBVP

(4.1).

Proof. Since α0, β0 ∈ X are lower and upper solutions PBVP (4.1), we have

1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(0) ≤ α0(T ).

6. β0(0) ≥ β0(T ).

Now, as α0, β0 ∈ X, we have α0(t) = α0(0) ∀ t ∈ [−r, 0] and

β0(t) = β0(0), ∀ t ∈ [−r, 0].
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Also, it is given that Di, jf(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3. Therefore

f(t, x1, y1)−f(t, x2, y2) ≥ D2f(t, x1, y1)(x1−x2)+D3f(t, x1, y1)(y1−y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

Consider

y′(t) + λy(t) = f(t, β0(t), β0(t− r))

+D2f(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).



(6.14)

Let

hβ0(t, u, v) = f(t, β0(t), β0(t− r)) +D2f(t, β0(t), β0(t− r))[u− β0(t)]

+D3f(t, β0(t), β0(t− r))[v − β0(t− r)], ∀ (t, u, v) ∈ I × R2.

Then

hβ0(t, y(t), y(t− r)) = f(t, β0(t), β0(t− r))

+D2f(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)],

∀ t ∈ I.

So we have hβ0(t, x1, y1) ≤ hβ0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I × R2

such that x1 ≤ x2 and y1 ≤ y2.
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Also α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r))

≤ f(t, β0(t), β0(t− r))

+D2f(t, β0(t), β0(t− r))[α0(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[α0(t− r)− β0(t− r)]

= hβ0(t, α0(t), α0(t− r)).

Further β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r))

= f(t, β0(t), β0(t− r))

+D2f(t, β0(t), β0(t− r))[β0(t)− β0(t)]

+D2f(t, β0(t), β0(t− r))[β0(t− r)− β0(t− r)]

= hβ0(t, β0(t), β0(t− r)).

We already know that

1. α0(t) ≤ β0(t), t ∈ [−r, T ].

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α0(0) ≤ α0(T ).

5. β0(0) ≥ β0(T ).

Therefore α0 and β0 are lower and upper solutions of the PBVP (6.14) such

that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Thus the PBVP (6.14) has a solution β1 ∈ X such that α0 ≤ β1 ≤ β0 on

[−r, T ]. (Using Theorem 4.4.5)
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So we have

β′
1(t) + λβ1(t) = f(t, β0(t), β0(t− r))

+D2f(t, β0(t), β0(t− r))[β1(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[β1(t− r)− β0(t− r)], t ∈ I,

β1(t) = β1(0), t ∈ [−r, 0],

β1(0) = β1(T ).


This implies β′

1(t) + λβ1(t) ≥ f(t, β1(t), β1(t− r)), t ∈ I.

Also 1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β1(t) = β1(0), t ∈ [−r, 0].

4. α0(t) ≤ β1(t), t ∈ [−r, T ].

5. α0(0) ≤ α0(T ).

6. β1(0) ≥ β1(T ).

Therefore α0 and β1 ∈ X are lower and upper solutions of the PBVP (4.1)

such that α0(t) ≤ β1(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N on [−r, T ] and

β′
n+1(t) + λβn+1(t) = f(t, βn(t), βn(t− r))

+D2f(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D3f(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)],

t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

βn+1(0) = βn+1(T ).


Further {βn} converges in (X, ||.||∞) and lim

n→∞
βn is a solution of the PBVP

(4.1).
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Following result establishes the existence of solution of the PBVP(4.6).

Theorem 6.3.3. Let f ∈ C2[I × R2,R] and α0, β0 ∈ W be lower and up-

per solutions of PBVP (4.6) such that α0(t) ≤ β0(t), ∀ t ∈ I. Assume

that Dif(t, x, y) > 0 and Di, jf(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3. Then there is a monotonic increasing sequence of functions

{αn} converging in (W, ||.||0) such that lim
n→∞

αn is a solution of the PBVP

(4.6).

Proof. Similar to the proof of the Theorem 6.3.1.

Again as in case of PBVP (4.1), the change of inequality in the condition

on second order derivatives of f results in monotonic decreasing sequence of

upper solutions converging to a solution of the PBVP (4.6).

Theorem 6.3.4. Let f ∈ C2[I × R2, R] and α0, β0 ∈ W be lower and upper

solutions of PBVP (4.6) such that α0(t) ≤ β0(t), ∀ t ∈ I. Assume that

Dif(t, x, y) > 0 and Di, jf(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3. Then there is a monotonic decreasing sequence of functions

{βn} converging in (W, ||.||0) such that lim
n→∞

βn is a solution of the PBVP

(4.6).

Proof. Similar to the proof of the Theorem 6.3.2

Next, we prove existence results for LBVP of general first order DECD

(4.3) and for LBVP of first order DEVDA (4.8) by using quasilinearization

method.

Theorem 6.3.5. Let f ∈ C2[I × R2, R] and α0, β0 ∈ X be weakly coupled

lower and upper solutions of LBVP (4.3). Assume that Dif(t, x, y) > 0 and

Di, jf(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3. If b < 0, then there

is a monotonic increasing sequence of functions {αn} converging in (X, ||.||∞)

such that lim
n→∞

αn is a solution of the LBVP (4.3).
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Proof. It is given that Di, jf(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3. Therefore

f(t, x1, y1)−f(t, x2, y2) ≥ D2f(t, x2, y2)(x1−x2)+D3f(t, x2, y2)(y1−y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

Since α0, β0 ∈ X are weakly coupled lower and upper solutions of LBVP (4.3),

we have 1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )}

≤ 0 ≤ min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )}.

As b < 0, we have

max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )} = aα0(0) + bα0(T ) and

min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )} = aβ0(0) + bβ0(T ).

This implies aα0(0) + bα0(T ) ≤ 0 ≤ aβ0(0) + bβ0(T ).

Since α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and

β0(t) = β0(0), ∀ t ∈ [−r, 0].

Now, starting with the LBVP

y′(t) + λy(t) = f(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0,



(6.15)

and proceeding similarly along the proof of the Theorem 6.3.1, we get a mono-

tonic increasing sequence of functions {αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N
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on [−r, T ] and

α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r))

+D2f(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D3f(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)],

t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

aαn+1(0) + bαn+1(T ) = 0.


Further {αn} converges in (X, ||.||∞) and lim

n→∞
αn is a solution of the LBVP

(4.3).

Theorem 6.3.6. Let f ∈ C2[I × R2, R] and α0, β0 ∈ X be weakly coupled

lower and upper solutions of LBVP (4.3). Assume that Dif(t, x, y) > 0 and

Di, jf(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3. If b < 0, then there

is a monotonic increasing sequence of functions {βn} converging in (X, ||.||∞)

such that lim
n→∞

βn is a solution of the LBVP (4.3).

Proof. It is given that Di, jf(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3. Therefore

f(t, x1, y1)− f(t, x2, y2) ≥ D2f(t, x1, y1)(x1 − x2) +D3f(t, x1, y1)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

Since α0, β0 ∈ X are weakly coupled lower and upper solutions of LBVP (4.3),

we have 1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )}

≤ 0 ≤ min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )}.
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As b < 0, we have

max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )} = aα0(0) + bα0(T ) and

min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )} = aβ0(0) + bβ0(T ).

This implies aα0(0) + bα0(T ) ≤ 0 ≤ aβ0(0) + bβ0(T ).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and

β0(t) = β0(0), ∀ t ∈ [−r, 0].

Now, starting with the LBVP

y′(t) + λy(t) = f(t, β0(t), β0(t− r))

+D2f(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0,



(6.16)

and proceeding similarly along the proof of the Theorem 6.3.2, we get a mono-

tonic decreasing sequence of functions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N

on [−r, T ] and

β′
n+1(t) + λβn+1(t) = f(t, βn(t), βn(t− r))

+D2f(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D3f(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)],

t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

aβn+1(0) + bβn+1(T ) = 0.


Further {βn} converges in (X, ||.||∞) and lim

n→∞
βn is a solution of the LBVP

(4.3).
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Theorem 6.3.7. Let f ∈ C2[I × R2, R] and α0, β0 ∈ W be weakly coupled

lower and upper solutions of LBVP (4.8). Assume that Dif(t, x, y) > 0 and

Di, jf(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3. If b < 0, then there

is a monotonic increasing sequence of functions {αn} converging in (W, ||.||0)

such that lim
n→∞

αn is a solution of the LBVP (4.8).

Proof. Similar to the proof of the Theorem 6.3.5.

Theorem 6.3.8. Let f ∈ C2[I × R2, R] and α0, β0 ∈ W be weakly coupled

lower and upper solutions of LBVP (4.8). Assume that Dif(t, x, y) > 0 and

Di, jf(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3. If b < 0, then there

is a monotonic increasing sequence of functions {βn} converging in (W, ||.||0)

such that lim
n→∞

βn is a solution of the LBVP (4.8).

Proof. Similar to the proof of the Theorem 6.3.6.

Next we use quasilinearization method to obtain the existence results for

the NLBVP (4.4) for general first order DECD.

Theorem 6.3.9. Let g : R2 → R be continuous functions satisfying

g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y. Let f ∈ C2[I×R2, R]

and α0, β0 ∈ X be weakly coupled lower and upper solutions of NLBVP (4.4).

Assume that Dif(t, x, y) > 0 and Di, jf(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I × R2

and ∀ i, j = 2, 3. Then there is a monotonic increasing sequence of functions

{αn} converging in (X, ||.||∞) such that lim
n→∞

αn is a solution of the NLBVP

(4.4).

Proof. It is given that Di, jf(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3. Therefore

f(t, x1, y1)−f(t, x2, y2) ≥ D2f(t, x2, y2)(x1−x2)+D3f(t, x2, y2)(y1−y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.



195

Since α0, β0 ∈ X are weakly coupled lower and upper solutions of NLBVP

(4.4), we have 1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{g(α0(0), α0(T )), g(α0(0), β0(T ))}

≤ 0 ≤ min{g(β0(0), α0(T )), g(β0(0), β0(T ))}.

As g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y, we have

max{g(α0(0), α0(T )), g(α0(0), β0(T ))} = g(α0(0), α0(T )) and

min{g(β0(0), α0(T )), g(β0(0), β0(T ))} = g(β0(0), β0(T )).

This implies g(α0(0), α0(T )) ≤ 0 ≤ g(β0(0), β0(T )).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and

β0(t) = β0(0), ∀ t ∈ [−r, 0].

Now, starting with the NLBVP

y′(t) + λy(t) = f(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0,



(6.17)

and proceeding similarly along the proof of the Theorem 6.3.1, we get a mono-

tonic increasing sequence of functions {αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N

on [−r, T ] and
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α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r))

+D2f(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D3f(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)],

t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

g(αn+1(0), αn+1(T )) = 0.


Further {αn} converges in (X, ||.||∞) and lim

n→∞
αn is a solution of the NLBVP

(4.4).

Theorem 6.3.10. Let g : R2 → R be continuous functions such that

g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ I × R such that x ≥ y. Let

f ∈ C2[I×R2, R] and α0, β0 ∈ X be weakly coupled lower and upper solutions

of NLBVP (4.4). Assume that Dif(t, x, y) > 0 and Di, jf(t, x, y) ≤ 0,

∀ (t, x, y) ∈ I × R2 and ∀ i, j = 2, 3. Then there is a monotonic increasing

sequence of functions {βn} converging in (X, ||.||∞) such that lim
n→∞

βn is a

solution of the NLBVP (4.4).

Proof. Since α0, β0 ∈ X are weakly coupled lower and upper solutions of

NLBVP (4.4), we have 1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{g(α0(0), α0(T )), g(α0(0), β0(T ))}

≤ 0 ≤ min{g(β0(0), α0(T )), g(β0(0), β0(T ))}.

As g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y, we have

max{g(α0(0), α0(T )), g(α0(0), β0(T ))} = g(α0(0), α0(T )) and

min{g(β0(0), α0(T )), g(β0(0), β0(T ))} = g(β0(0), β0(T )).
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This implies g(α0(0), α0(T )) ≤ 0 ≤ g(β0(0), β0(T )).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and

β0(t) = β0(0), ∀ t ∈ [−r, 0].

It is given that Di, jf(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3. Therefore

f(t, x1, y1)−f(t, x2, y2) ≥ D2f(t, x1, y1)(x1−x2)+D3f(t, x1, y1)(y1−y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

Now, starting with the NLBVP

y′(t) + λy(t) = f(t, β0(t), β0(t− r))

+D2f(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0,



(6.18)

and proceeding similarly along the proof of the Theorem 6.3.2, we get a mono-

tonic decreasing sequence of functions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N

on [−r, T ] and

β′
n+1(t) + λβn+1(t) = f(t, βn(t), βn(t− r))

+D2f(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D3f(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)],

t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

g(βn+1(0), βn+1(T )) = 0.


Further {βn} converges in (X, ||.||∞) and lim

n→∞
βn is a solution of the NLBVP

(4.3).



198

Following are the existence results for the NLBVP (4.9) for first order

DEVDA obtained by using quasilinearisation method.

Theorem 6.3.11. Let g : R2 → R be continuous functions satisfying

g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y. Let f ∈ C2[I×R2, R]

and α0, β0 ∈ W be weakly coupled lower and upper solutions of NLBVP (4.9).

Assume that Dif(t, x, y) > 0 and Di, jf(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I × R2

and ∀ i, j = 2, 3. Then there is a monotonic increasing sequence of functions

{αn} converging in (W, ||.||0) such that lim
n→∞

αn is a solution of the NLBVP

(4.9).

Proof. Similar to the proof of the Theorem 6.3.9.

Theorem 6.3.12. Let g : R2 → R be continuous functions satisfying

g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ I × R such that x ≥ y. Let

f ∈ C2[I×R2, R] and α0, β0 ∈ W be weakly coupled lower and upper solutions

of NLBVP (4.9). Assume that Dif(t, x, y) > 0 and Di, jf(t, x, y) ≤ 0,

∀ (t, x, y) ∈ I × R2 and ∀ i, j = 2, 3. Then there is a monotonic increasing

sequence of functions {βn} converging in (W, ||.||0) such that lim
n→∞

βn is a

solution of the NLBVP (4.9).

Proof. Similar to the proof of the Theorem 6.3.10.
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7.1 Introduction

In this chapter, we discuss the extended quasilinearization method for bound-

ary value problems of general first order ordinary differential equation with

constant delay of the type

y′(t) + λy(t) = f(t, y(t), y(t − r)) + h(t, y(t), y(t − r)) and first order

ordinary differential equation with variable deviating argument of the type

y′(t)+λy(t) = f(t, y(t), y(θ(t)))+h(t, y(t), y(θ(t))), where there are certain

conditions on first and second order partial derivatives with respect to the

second and third arguments of f and h.

We also discuss the generalized quasilinearization method for boundary

value problems of general first order ordinary differential equation with con-

stant delay of the type y′(t) + λy(t) = f(t, y(t), y(t − r)) and first order

ordinary differential equation with variable deviating argument of the type

y′(t) + λy(t) = f(t, y(t), y(θ(t))), by forcing certain conditions on first and

second order partial derivatives with respect to the second and third argument

of f and f + ϕ, for some function ϕ.

Further we introduce extended-generalized quaslinearization method for

boundary value problems of general first order ordinary differential equation

with constant delay of the type

y′(t) + λy(t) = f(t, y(t), y(t − r)) + h(t, y(t), y(t − r)) and first order

ordinary differential equation with variable deviating argument of the type

y′(t)+λy(t) = f(t, y(t), y(θ(t)))+h(t, y(t), y(θ(t))), where there are certain

conditions on first and second order partial derivatives with respect to the

second and third arguments of f, h, f +ϕ and h+ψ for some functions ϕ and

ψ.
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7.2 Extended Quasilinearization Method

Let T > 0, λ ≥ 0, I = [0, T ], 0 < r ≤ T , θ : I → I be continuous function and

f, h : I ×R2 → R be continuous functions. Then we investigate the following

BVPs for general first order DECD and first order DEVDA for existence of

solution by using extended quasilinearization method. The PBVP of general

first order DECD is given by

y′(t) + λy(t) = f(t, y(t), y(t− r)) + h(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).


(7.1)

The LBVP of general first order DECD is given by

y′(t) + λy(t) = f(t, y(t), y(t− r)) + h(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0.


(7.2)

In (7.2), we assume that b < 0.

The NLBVP of general first order DECD is given by

y′(t) + λy(t) = f(t, y(t), y(t− r)) + h(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0.


(7.3)

In (7.3), we assume that g : R2 → R is continuous and non-increasing in the

second argument.

The PBVP of first order DEVDA is given by

y′(t) + λy(t) = f(t, y(t), y(θ(t))) + h(t, y(t), y(θ(t))), t ∈ I,

y(0) = y(T ).

 (7.4)
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The LBVP of first order DEVDA is given by

y′(t) + λy(t) = f(t, y(t), y(θ(t))) + h(t, y(t), y(θ(t))), t ∈ I,

ay(0) + by(T ) = 0.

 (7.5)

In (7.5), we assume that b < 0.

The NLBVP of first order DEVDA is given by

y′(t) + λy(t) = f(t, y(t), y(θ(t))) + h(t, y(t), y(θ(t))), t ∈ I,

g(y(0), y(T )) = 0.

 (7.6)

In (7.6), we assume that g : R2 → R is continuous and non-increasing in the

second argument.

We have the following result for PBVP(7.1).

Theorem 7.2.1. Let α0, β0 ∈ X such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ] and

Ω = {(t, u, v) : α0(t) ≤ u ≤ β0(t) and α0(t− r) ≤ v ≤ β0(t− r), t ∈ I}. Let

f, h ∈ C2[Ω, R] be such that Dif > 0, Dih > 0, Di, jf ≥ 0 and Di, jh ≤ 0 on

Ω and ∀ i, j = 2, 3. Assume that α0 and β0 are lower and upper solutions

of PBVP (7.1). Then there are monotonic sequence of functions {αn} and

{βn} converging in (X, ||.||∞) such that lim
n→∞

αn and lim
n→∞

βn are solutions of

the PBVP (7.1).

Proof. It is given that Di, jf ≥ 0 and Di, jh ≤ 0 on Ω and ∀ i, j = 2, 3.

Therefore f(t, x1, y1)− f(t, x2, y2) ≥ D2f(t, x2, y2)(x1 − x2)

+D3f(t, x2, y2)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2, y1 ≥ y2 and

h(t, x1, y1)− h(t, x2, y2) ≥ D2h(t, x1, y1)(x1 − x2)

+D3h(t, x1, y1)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2, y1 ≥ y2.

Let µ1 = min
(t, u, v)∈Ω

D2h(t, u, v) and µ2 = min
(t, u, v)∈Ω

D3h(t, u, v). Then µ1 > 0

and µ2 > 0.
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Thus we have, h(t, x1, y1)− h(t, x2, y2) ≥ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2, y1 ≥ y2.

Since α0, β0 ∈ X are lower and upper solutions of PBVP (7.1), we have

1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) = α0(0), t ∈ [−r, 0].

4. β0(t) = β0(0), t ∈ [−r, 0].

5. α0(0) ≤ α0(T ).

6. β0(0) ≥ β0(T ).

Consider

y′(t) + λy(t) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)]

+ µ1[y(t)− α0(t)] + µ2[y(t− r)− α0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).



(7.7)

Let Fα0(t, u, v) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ [D2f(t, α0(t), α0(t− r)) + µ1][u− α0(t)]

+ [D3f(t, α0(t), α0(t− r)) + µ2][v − α0(t− r)],

∀ (t, u, v) ∈ Ω.

This implies

Fα0(t, y(t), y(t− r)) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ [D2f(t, α0(t), α0(t− r)) + µ1][y(t)− α0(t)]

+ [D3f(t, α0(t), α0(t− r)) + µ2][y(t− r)−α0(t− r)],

∀ t ∈ I.
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Let (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≤ x2 and y1 ≤ y2.

Then x1 − α0(t) ≤ x2 − α0(t) and y1 − α0(t− r) ≤ y2 − α0(t− r).

This implies [D2f(t, α0(t), α0(t− r)) + µ1][x1 − α0(t)]

≤ [D2f(t, α0(t), α0(t− r)) + µ1][x2 − α0(t)]

and [D3f(t, α0(t), α0(t− r)) + µ2][y1 − α0(t− r)]

≤ [D3f(t, α0(t), α0(t− r)) + µ2][y2 − α0(t− r)].

So we have

[D2f(t, α0(t), α0(t− r)) + µ1][x1 − α0(t)]

+ [D3f(t, α0(t), α0(t− r)) + µ2][y1 − α0(t− r)]

≤ [D2f(t, α0(t), α0(t− r)) + µ1][x2 − α0(t)]

+ [D3f(t, α0(t), α0(t− r)) + µ2][y2 − α0(t− r)].

Thus Fα0(t, x1, y1) ≤ Fα0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that

x1 ≤ x2 and y1 ≤ y2.

Also

α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

= f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ [D2f(t, α0(t), α0(t− r)) + µ1][α0(t)− α0(t)]

+ [D3f(t, α0(t), α0(t− r)) + µ2][α0(t− r)− α0(t− r)]

= Fα0(t, α0(t), α0(t− r)).

Further

β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

≥ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ [D2f(t, α0(t), α0(t− r)) + µ1][β0(t)− α0(t)]

+ [D3f(t, α0(t), α0(t− r)) + µ2][β0(t− r)− α0(t− r)]

= Fα0(t, β0(t), β0(t− r)).
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We already know that

1. α0(t) ≤ β0(t), t ∈ [−r, T ].

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α0(0) ≤ α0(T ).

5. β0(0) ≥ β0(T ).

Therefore α0 and β0 are lower and upper solutions of the PBVP (7.7) such

that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Thus the PBVP (7.7) has a solution α1 ∈ X such that α0 ≤ α1 ≤ β0 on

[−r, T ]. (Using Theorem 4.4.5)

Therefore

α′
1(t) + λα1(t) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[α1(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[α1(t− r)− α0(t− r)]

+ µ1[α1(t)− α0(t)] + µ2[α1(t− r)− α0(t− r)], t ∈ I,

α1(t) = α1(0), t ∈ [−r, 0],

α1(0) = α1(T ).


This implies

α′
1(t) + λα1(t) ≤ f(t, α1(t), α1(t− r)) + h(t, α1(t), α1(t− r)), t ∈ I.

Also

1. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r)), t ∈ I.

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α1(t) = α1(0), t ∈ [−r, 0].

4. α1(t) ≤ β0(t), t ∈ [−r, T ].

5. α1(0) ≤ α1(T ).

6. β0(0) ≥ β0(T ).



206

Therefore α1 and β0 ∈ X are lower and upper solutions of the PBVP (7.1)

such that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic increasing sequence of functions

{αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N on [−r, T ] and

α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r)) + h(t, αn(t), αn(t− r))

+D2f(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D3f(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)]

+ µ1[αn+1(t)− αn(t)] + µ2[αn+1(t− r)− αn(t− r)],

t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

αn+1(0) = αn+1(T ).


Further lim

n→∞
αn exists in (X, ||.||∞) and lim

n→∞
αn is a solution of the PBVP

(7.1).

Let θ1 = min
(t, u, v)∈Ω

D2f(t, u, v) and θ2 = min
(t, u, v)∈Ω

D3f(t, u, v). Then θ1 > 0

and θ2 > 0.

Thus we have f(t, x1, y1)− f(t, x2, y2) ≥ θ1(x1 − x2) + θ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

Now consider

y′(t) + λy(t) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+D2h(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3h(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)]

+ θ1[y(t)− β0(t)] + θ2[y(t− r)− β0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).



(7.8)
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Let Gβ0(t, u, v) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ [θ1 +D2h(t, β0(t), β0(t− r))][u− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][v − β0(t− r)],

∀ (t, u, v) ∈ Ω.

This implies

Gβ0(t, y(t), y(t− r)) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ [θ1 +D2h(t, β0(t), β0(t− r))][y(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][y(t− r)− β0(t− r)],

∀ t ∈ I.

So we have Gβ0(t, x1, y1) ≤ Gβ0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ Ω

such that x1 ≤ x2 and y1 ≤ y2.

Also

α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

≤ f(t, β0(t), β0(t− r)) + h(t, β0(t− r), β0(t))

+ [θ1 +D2h(t, β0(t), β0(t− r))][α0(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][α0(t− r)− β0(t− r)]

= Gβ0(t, α0(t), α0(t− r)).

Further

β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

= f(t, β0(t), β0(t− r)) + h(t, β0(t− r), β0(t))

+ [θ1 +D2h(t, β0(t), β0(t− r))][β0(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][β0(t− r)− β0(t− r)]

= Gβ0(t, β0(t), β0(t− r)).
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We already know that

1. α0(t) ≤ β0(t), t ∈ [−r, T ].

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α0(0) ≤ α0(T ).

5. β0(0) ≥ β0(T ).

Therefore α0 and β0 are lower and upper solutions of the PBVP (7.8) such

that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Thus the PBVP (7.8) has a solution β1 ∈ X such that α0 ≤ β1 ≤ β0 on

[−r, T ]. (Using Theorem 4.4.5)

Therefore

β′
1(t) + λβ1(t) = f(t, β0(t), β0(t− r)) + h(t, β0(t− r), β0(t))

+D2h(t, β0(t), β0(t− r))[β1(t)− β0(t)]

+D3h(t, β0(t), β0(t− r))[β1(t− r)− β0(t− r)]

+ θ1[β1(t)− β0(t)] + θ2[β1(t− r)− β0(t− r)],

t ∈ I,

β1(t) = β1(0), t ∈ [−r, 0],

β1(0) = β1(T ).


This implies

β′
1(t) + λβ1(t) ≥ f(t, β1(t), β1(t− r)) + h(t, β1(t), β1(t− r)), t ∈ I.

Also

1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r)), t ∈ I.

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β1(t) = β1(0), t ∈ [−r, 0].

4. α0(t) ≤ β1(t), t ∈ [−r, T ].

5. α0(0) ≤ α0(T ).

6. β1(0) ≥ β1(T ).
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Therefore α0 and β1 ∈ X are lower and upper solutions of the PBVP (7.1)

such that α0(t) ≤ β1(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N on [−r, T ] and

β′
n+1(t) + λβn+1(t) = f(t, βn(t), βn(t− r)) + h(t, βn(t− r), βn(t))

+D2h(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D3h(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)]

+ θ1[βn+1(t)− βn(t)] + θ2[βn+1(t− r)− βn(t− r)],

t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

βn+1(0) = βn+1(T ).


Further lim

n→∞
βn exists in (X, ||.||∞) and lim

n→∞
βn is a solution of the PBVP

(7.1).

Next we obtain similar result for PBVP(7.4).

Theorem 7.2.2. Let α0, β0 ∈ W such that α0(t) ≤ β0(t), ∀ t ∈ I and

Ω = {(t, u, v) : α0(t) ≤ u ≤ β0(t) and α0(θ(t)) ≤ v ≤ β0(θ(t)), t ∈ I}. Let

f, h ∈ C2[Ω, R] be such that Dif > 0, Dih > 0, Di, jf ≥ 0 and Di, jh ≤ 0 on

Ω and ∀ i, j = 2, 3. Assume that α0 and β0 are lower and upper solutions

of PBVP (7.4). Then there are monotonic sequence of functions {αn} and

{βn} converging in (W, ||.||0) such that lim
n→∞

αn and lim
n→∞

βn are solutions of the

PBVP (7.4).

Proof. Similar to the proof of of Theorem 7.2.1.

We now prove results on existence of solution for LBVP of general first

order DECD(7.2) and for LBVP of first order DEVDA(7.5) by using extended

quasilinearization method.
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Theorem 7.2.3. Let α0, β0 ∈ X such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ] and

Ω = {(t, u, v) : α0(t) ≤ u ≤ β0(t) and α0(t− r) ≤ v ≤ β0(t− r), t ∈ I}. Let

f, h ∈ C2[Ω, R] be such that Dif > 0, Dih > 0, Di, jf ≥ 0 and Di, jh ≤ 0

on Ω, ∀ i, j = 2, 3. Assume that α0 and β0 are weakly coupled lower and

upper solutions of LBVP (7.2). If b < 0, then there are monotonic sequence

of functions {αn} and {βn} converging in (X, ||.||∞) such that lim
n→∞

αn and

lim
n→∞

βn are solutions of the LBVP (7.2).

Proof. Since, α0, β0 ∈ X are weakly coupled lower and upper solutions of

LBVP (7.2), we have

1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )}

≤ 0 ≤ min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )}.

As b < 0, we have

max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )} = aα0(0) + bα0(T ) and

min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )} = aβ0(0) + bβ0(T ).

This implies aα0(0) + bα0(T ) ≤ 0 ≤ aβ0(0) + bβ0(T ).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and

β0(t) = β0(0), ∀ t ∈ [−r, 0].

It is given that Di, jf ≥ 0 and Di, jh ≤ 0 on Ω, ∀ i, j = 2, 3. Therefore

f(t, x1, y1)− f(t, x2, y2) ≥ D2f(t, x2, y2)(x1 − x2)

+D3f(t, x2, y2)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2, y1 ≥ y2 and
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h(t, x1, y1)− h(t, x2, y2) ≥ D2h(t, x1, y1)(x1 − x2)

+D3h(t, x1, y1)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2, y1 ≥ y2.

Let µ1 = min
(t, u, v)∈Ω

D2h(t, u, v) and µ2 = min
(t, u, v)∈Ω

D3h(t, u, v). Then µ1 > 0

and µ2 > 0.

Thus, we have h(t, x1, y1)− h(t, x2, y2) ≥ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2, y1 ≥ y2.

Now, starting with the LBVP

y′(t) + λy(t) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)]

+ µ1[y(t)− α0(t)] + µ2[y(t− r)− α0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0,



(7.9)

and proceeding similarly along the proof of the Theorem 7.2.1, we get a mono-

tonic increasing sequence of functions {αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N

on [−r, T ] and

α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r)) + h(t, αn(t), αn(t− r))

+D2f(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D3f(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)]

+ µ1[αn+1(t)− αn(t)] + µ2[αn+1(t− r)− αn(t− r)],

t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

aαn+1(0) + bαn+1(T ) = 0.


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Further lim
n→∞

αn exists in (X, ||.||∞) and lim
n→∞

αn is a solution of the LBVP

(7.2).

Let θ1 = min
(t, u, v)∈Ω

D2f(t, u, v) and θ2 = min
(t, u, v)∈Ω

D3f(t, u, v). Then θ1 > 0

and θ2 > 0.

Thus we have f(t, x1, y1)− f(t, x2, y2) ≥ θ1(x1 − x2) + θ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

Next, begining with the LBVP

y′(t) + λy(t) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+D2h(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3h(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)],

+ θ1[y(t)− β0(t)] + θ2[y(t− r)− β0(t− r)]

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0,



(7.10)

and proceeding similarly along the proof of the Theorem 7.2.1, we get a mono-

tonic decreasing sequence of functions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N

on [−r, T ] and

β′
n+1(t) + λβn+1(t) = f(t, βn(t), βn(t− r)) + h(t, βn(t− r), βn(t))

+D2h(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D3h(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)],

+ θ1[βn+1(t)− βn(t)] + θ2[βn+1(t− r)− βn(t− r)]

t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

aβn+1(0) + bβn+1(T ) = 0.


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Further lim
n→∞

βn exists in (X, ||.||∞) and lim
n→∞

βn is a solution of the LBVP

(7.2).

Theorem 7.2.4. Let α0, β0 ∈ W such that α0(t) ≤ β0(t), ∀ t ∈ I and

Ω = {(t, u, v) : α0(t) ≤ u ≤ β0(t) and α0(θ(t)) ≤ v ≤ β0(θ(t)), t ∈ I}. Let

f, h ∈ C2[Ω, R] be such that Dif > 0, Dih > 0, Di, jf ≥ 0 and Di, jh ≤ 0

on Ω, ∀ i, j = 2, 3. Assume that α0 and β0 are weakly coupled lower and

upper solutions of LBVP (7.5). If b < 0, then there are monotonic sequence of

functions {αn} and {βn} converging in (W, ||.||0) such that lim
n→∞

αn and lim
n→∞

βn

are solutions of the LBVP (7.5).

Proof. Similar to the proof of the Theorem 7.2.3

Next, we prove results on existence of solutions for NLBVP of first order

DECD (7.3) and NLBVP of first order DEVDA (7.6). We make use of extended

quasilinearization method to obtain our results.

Theorem 7.2.5. Let g : R2 → R be continuous and satisfy g(t, x) ≥ g(t, y),

∀ (t, x), (t, y) ∈ R2 such that x ≤ y. Let α0, β0 ∈ X such that α0(t) ≤

β0(t), ∀ t ∈ [−r, T ] and Ω = {(t, u, v) : α0(t) ≤ u ≤ β0(t) and α0(t − r) ≤

v ≤ β0(t − r), t ∈ I}. Assume that f, h ∈ C2[Ω, R] be such that Dif > 0,

Dih > 0, Di, jf ≥ 0 and Di, jh ≤ 0 on Ω and ∀ i, j = 2, 3. Further, assume

that α0 and β0 are weakly coupled lower and upper solutions of NLBVP (7.3).

Then there are monotonic sequence of functions {αn} and {βn} converging in

(X, ||.||∞) such that lim
n→∞

αn and lim
n→∞

βn are solutions of the NLBVP (7.3).
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Proof. Since, α0, β0 ∈ X are weakly coupled lower and upper solutions of

NLBVP (7.3), we have

1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{g(α0(0), α0(T )), g(α0(0), β0(T ))}

≤ 0 ≤ min{g(β0(0), α0(T )), g(β0(0), β0(T ))}.

As g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y, we have

max{g(α0(0), α0(T )), g(α0(0), β0(T ))} = g(α0(0), α0(T )) and

min{g(β0(0), α0(T )), g(β0(0), β0(T ))} = g(β0(0), β0(T )).

This implies g(α0(0), α0(T )) ≤ 0 ≤ g(β0(0), β0(T )).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and

β0(t) = β0(0), ∀ t ∈ [−r, 0].

It is given that Di, jf ≥ 0 and Di, jh ≤ 0 on Ω, ∀ i, j = 2, 3. Therefore

f(t, x1, y1)− f(t, x2, y2) ≥ D2f(t, x2, y2)(x1 − x2)

+D3f(t, x2, y2)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2, y1 ≥ y2 and

h(t, x1, y1)− h(t, x2, y2) ≥ D2h(t, x1, y1)(x1 − x2)

+D3h(t, x1, y1)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2, y1 ≥ y2.

Let µ1 = min
(t, u, v)∈Ω

D2h(t, u, v) and µ2 = min
(t, u, v)∈Ω

D3h(t, u, v). Then µ1 > 0

and µ2 > 0.

Thus, we have h(t, x1, y1)− h(t, x2, y2) ≥ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2, y1 ≥ y2.
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Now, starting with the NLBVP

y′(t) + λy(t) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)]

+ µ1[y(t)− α0(t)] + µ2[y(t− r)− α0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0,



(7.11)

and proceeding similarly along the proof of the Theorem 7.2.1, we get a mono-

tonic increasing sequence of functions {αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N

on [−r, T ] and

α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r)) + h(t, αn(t), αn(t− r))

+D2f(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D3f(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)]

+ µ1[αn+1(t)− αn(t)] + µ2[αn+1(t− r)− αn(t− r)],

t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

g(αn+1(0), αn+1(T )) = 0.


Further lim

n→∞
αn exists in (X, ||.||∞) and lim

n→∞
αn is a solution of the NLBVP

(7.3).

Let θ1 = min
(t, u, v)∈Ω

D2f(t, u, v) and θ2 = min
(t, u, v)∈Ω

D3f(t, u, v). Then θ1 > 0

and θ2 > 0.

Thus we have f(t, x1, y1)− f(t, x2, y2) ≥ θ1(x1 − x2) + θ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.
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Next, begining with the NLBVP

y′(t) + λy(t) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+D2h(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3h(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)]

+ θ1[y(t)− β0(t)] + θ2[y(t− r)− β0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0,



(7.12)

and proceeding similarly along the proof of the Theorem 7.2.1, we get a mono-

tonic decreasing sequence of functions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N

on [−r, T ] and

β′
n+1(t) + λβn+1(t) = f(t, βn(t), βn(t− r)) + h(t, βn(t− r), βn(t))

+D2h(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D3h(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)],

+ θ1[βn+1(t)− βn(t)] + θ2[βn+1(t− r)− βn(t− r)]

t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

g(βn+1(0), βn+1(T )) = 0.


Further lim

n→∞
βn exists in (X, ||.||∞) and lim

n→∞
βn is a solution of the NLBVP

(7.3).
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Theorem 7.2.6. Let g : R2 → R be continuous and satisfy g(t, x) ≥ g(t, y),

∀ (t, x), (t, y) ∈ R2 such that x ≤ y. Let α0, β0 ∈ W such that α0(t) ≤

β0(t), ∀ t ∈ I and Ω = {(t, u, v) : α0(t) ≤ u ≤ β0(t) and α0(θ(t)) ≤ v ≤

β0(θ(t)), t ∈ I}. Assume that f, h ∈ C2[Ω, R] be such that Dif > 0, Dih > 0,

Di, jf ≥ 0 and Di, jh ≤ 0 on Ω and ∀ i, j = 2, 3. Further, assume that α0 and

β0 are weakly coupled lower and upper solutions of NLBVP (7.6). Then there

are monotonic sequence of functions {αn} and {βn} converging in (W, ||.||0)

such that lim
n→∞

αn and lim
n→∞

βn are solutions of the NLBVP (7.6).

Proof. Similar to the proof of the Theorem 7.2.5.

7.3 Generalized Quasilinearization Method

In this section, we establish results on existence of solution for boundary value

problems of general first order DECD of the type y′(t)+λy(t) = f(t, y(t), y(t−

r)) and first order DEVDA of the type y′(t) + λy(t) = f(t, y(t), y(θ(t))), by

forcing certain conditions on first and second order partial derivatives with

respect to the second and third argument of f and f + ϕ, for some function

ϕ. We shall be using the generalized quasilinearization method to obtain our

results.

Theorem 7.3.1. Let α0, β0 ∈ X be lower and upper solutions of PBVP (4.1)

such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ]. Let f, ϕ ∈ C2[I × R2, R] such that

(1) Di, jf(t, x, y)+Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3.

(2) Dif(t, x, y) +Diϕ(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and ∀ i = 2, 3.

(3) ϕ(t, u1, v1) ≥ ϕ(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such

that u1 ≤ u2 and v1 ≤ v2. Then there is monotonic increasing sequence of

functions {αn}converging in (X, ||.||∞) such that lim
n→∞

αn is a solution of the

PBVP (4.1).
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Proof. Let F (t, x, y) = f(t, x, y) + ϕ(t, x, y), ∀ (t, x, y) ∈ I × R2.

Therefore Di, jF (t, x, y) ≥ 0 and DiF (t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3.

This implies F (t, x1, y1)− F (t, x2, y2) ≥ D2F (t, x2, y2)(x1 − x2)

+D3F (t, x2, y2)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

So we have f(t, x1, y1) + ϕ(t, x1, y1)− f(t, x2, y2)− ϕ(t, x2, y2)

≥ D2f(t, x2, y2)(x1 − x2) +D2ϕ(t, x2, y2)(x1 − x2)

+D3f(t, x2, y2)(y1 − y2) +D3ϕ(t, x2, y2)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

This gives

f(t, x1, y1) ≥ f(t, x2, y2)− ϕ(t, x1, y1) + ϕ(t, x2, y2)

+D2f(t, x2, y2)(x1 − x2) +D2α(t, x2, y2)(x1 − x2)

+D3f(t, x2, y2)(y1 − y2) +D3α(t, x2, y2)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

Since α0, β0 ∈ X are lower and upper solutions of PBVP (4.1), we have

1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I,

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I,

3. α0(t) = α0(0), t ∈ [−r, 0],

4. β0(t) = β0(0), t ∈ [−r, 0],

5. α0(0) ≤ α0(T ),

6. β0(0) ≥ β0(T ).
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Consider

y′(t) + λy(t) = f(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))

− ϕ(t, y(t), y(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).



(7.13)

Let Fα0(t, u, v) = f(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))

− ϕ(t, u, v) +D2f(t, α0(t), α0(t− r))[u− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[u− α0(t)]

+D3f(t, α0(t), α0(t− r))[v − α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))[v − α0(t− r)],

∀ (t, u, v) ∈ I × R2.

This implies

Fα0(t, y(t), y(t− r)) = f(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))

− ϕ(t, y(t), y(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)],

∀ t ∈ I.

Let (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≤ x2 and y1 ≤ y2.

Then x1 − α0(t) ≤ x2 − α0(t) and y1 − α0(t− r) ≤ y2 − α0(t− r).
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This gives [D2f(t, α0(t), α0(t− r)) +D2ϕ(t, α0(t), α0(t− r))][x1 − α0(t)]

≤ [D2f(t, α0(t), α0(t− r)) +D2ϕ(t, α0(t), α0(t− r))][x2 − α0(t)]

and [D3f(t, α0(t), α0(t− r)) +D3ϕ(t, α0(t), α0(t− r))][y1 − α0(t− r)]

≤ [D3f(t, α0(t), α0(t− r)) +D3ϕ(t, α0(t), α0(t− r))][y2 − α0(t− r)].

So we have

[D2f(t, α0(t), α0(t− r)) +D2ϕ(t, α0(t), α0(t− r))][x1 − α0(t)]

+D3f(t, α0(t), α0(t− r)) +D3ϕ(t, α0(t), α0(t− r))][y1 − α0(t− r)]

≤ [D2f(t, α0(t), α0(t− r)) +D2ϕ(t, α0(t), α0(t− r))][x2 − α0(t)]

+ [D3f(t, α0(t), α0(t− r)) +D3ϕ(t, α0(t), α0(t− r))][y2 − α0(t− r)].

Therefore

f(t, α0(t), α0(t− r))

+ [D2f(t, α0(t), α0(t− r)) +D2ϕ(t, α0(t), α0(t− r))][x1 − α0(t)]

+D3f(t, α0(t), α0(t− r)) +D3ϕ(t, α0(t), α0(t− r))][y1 − α0(t− r)]

≤ f(t, α0(t), α0(t− r))

+ [D2f(t, α0(t), α0(t− r)) +D2ϕ(t, α0(t), α0(t− r))][x2 − α0(t)]

+ [D3f(t, α0(t), α0(t− r)) +D3ϕ(t, α0(t), α0(t− r))][y2 − α0(t− r)].

It is given that ϕ(t, x1, y1) ≥ ϕ(t, x2, y2).

This implies ϕ(t, α0(t), α0(t− r))− ϕ(t, x1, y1)

≤ ϕ(t, α0(t), α0(t− r))− ϕ(t, x2, y2).

Thus we have

f(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))− ϕ(t, x1, y1)

+ [D2f(t, α0(t), α0(t− r)) +D2ϕ(t, α0(t), α0(t− r))][x1 − α0(t)]

+D3f(t, α0(t), α0(t− r)) +D3ϕ(t, α0(t), α0(t− r))][y1 − α0(t− r)]

≤ f(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))− ϕ(t, x2, y2)

+ [D2f(t, α0(t), α0(t− r)) +D2ϕ(t, α0(t), α0(t− r))][x2 − α0(t)]

+ [D3f(t, α0(t), α0(t− r)) +D3ϕ(t, α0(t), α0(t− r))][y2 − α0(t− r)].

Therefore Fα0(t, x1, y1) ≤ Fα0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I × R2

such that x1 ≤ x2 and y1 ≤ y2.
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Also

α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r))

= f(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))

− ϕ(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[α0(t)− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[α0(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[α0(t− r)− α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))[α0(t− r)− α0(t− r)]

= Fα0(t, α0(t), α0(t− r)).

Further

β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r))

≥ f(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))

− ϕ(t, β0(t), β0(t− r))

+D2f(t, α0(t), α0(t− r))[β0(t)− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[β0(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[β0(t− r)− α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))][β0(t− r)− α0(t− r)]

= Fα0(t, β0(t), β0(t− r)).

We already know that

1. α0(t) ≤ β0(t), t ∈ [−r, T ].

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α0(0) ≤ α0(T ).

5. β0(0) ≥ β0(T ).
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Therefore α0 and β0 are lower and upper solutions of the PBVP (7.13) such

that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Thus the PBVP (7.13) has a solution α1 ∈ X such that α0 ≤ α1 ≤ β0 on

[−r, T ]. (Using Theorem 4.4.5)

Therefore

α′
1(t) + λα1(t) = f(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))

− ϕ(t, α1(t), α1(t− r))

+D2f(t, α0(t), α0(t− r))[α1(t)− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[α1(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[α1(t− r)− α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))[α1(t− r)− α0(t− r)], t ∈ I,

α1(t) = α1(0), t ∈ [−r, 0],

α1(0) = α1(T ).


This implies α′

1(t) + λα1(t) ≤ f(t, α1(t), α1(t− r)), t ∈ I.

Also 1. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α1(t) = α1(0), t ∈ [−r, 0].

4. α1(t) ≤ β0(t), t ∈ [−r, T ].

5. α1(0) ≤ α1(T ).

6. β0(0) ≥ β0(T ).

Therefore α1 and β0 ∈ X are lower and upper solutions of the PBVP (4.1)

such that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic increasing sequence of func-

tions {αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N on [−r, T ] and
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α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r)) + ϕ(t, αn(t), αn(t− r))

− ϕ(t, αn+1(t), αn+1(t− r))

+D2f(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D2ϕ(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D3f(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)]

+D3ϕ(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)],

t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

αn+1(0) = αn+1(T ).


Further, lim

n→∞
αn exists in (X, ||.||∞) and lim

n→∞
αn is a solution of the PBVP

(4.1).

Theorem 7.3.2. Let α0, β0 ∈ X be lower and upper solutions of PBVP (4.1)

such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ]. Assume that f, ψ ∈ C2[I × R2, R]

such that

(1) Di, jf(t, x, y)+Di,jψ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3.

(2) Dif(t, x, y) +Diψ(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and ∀ i = 2, 3.

(3) ψ(t, u1, v1) ≥ ψ(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2

such that u1 ≤ u2 and v1 ≤ v2.

Then there is monotonic decreasing sequence of functions {βn} converging in

(X, ||.||∞) such that lim
n→∞

βn is a solution of the PBVP (4.1).

Proof. Let G(t, x, y) = f(t, x, y) + ψ(t, x, y), ∀ (t, x, y) ∈ I × R2.

Therefore Di, jG(t, x, y) ≤ 0 and DiG(t, x, y) > 0,

∀ (t, x, y) ∈ I × R2 and ∀ i, j = 2, 3.

This implies G(t, x1, y1)−G(t, x2, y2) ≥ D2G(t, x1, y1)(x1 − x2)

+D3G(t, x1, y1)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.
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So we have

f(t, x1, y1) ≥ f(t, x2, y2)− ψ(t, x1, y1) + ψ(t, x2, y2)

+D2f(t, x1, y1)(x1 − x2) +D2ψ(t, x1, y1)(x1 − x2)

+D3f(t, x1, y1)(y1 − y2) +D3ψ(t, x1, y1)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

Since α0, β0 ∈ X are lower and upper solutions of PBVP (4.1), we have

1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I,

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I,

3. α0(t) = α0(0), t ∈ [−r, 0],

4. β0(t) = β0(0), t ∈ [−r, 0],

5. α0(0) ≤ α0(T ),

6. β0(0) ≥ β0(T ).

Consider

y′(t) + λy(t) = f(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ψ(t, y(t), y(t− r))

+D2f(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).



(7.14)



225

Let Gβ0(t, u, v) = f(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ψ(t, u, v) +D2f(t, β0(t), β0(t− r))[u− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[u− β0(t)]

+D3f(t, β0(t), β0(t− r))[v − β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[v − β0(t− r)],

∀ (t, u, v) ∈ I × R2.

This implies

Gβ0(t, y(t), y(t− r)) = f(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ψ(t, y(t), y(t− r))

+D2f(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)],

∀ t ∈ I.

So we have Gβ0(t, x1, y1) ≤ Gβ0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I ×R2

such that x1 ≤ x2 and y1 ≤ y2.

Also α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r))

≤ f(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ψ(t, α0(t), α0(t− r))

+D2f(t, β0(t), β0(t− r))[α0(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[α0(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[α0(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[α0(t− r)− β0(t− r)]

≤ Gβ0(t, α0(t), α0(t− r)).
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Further β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r))

= f(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ψ(t, β0(t), β0(t− r))

+D2f(t, β0(t), β0(t− r))[β0(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[β0(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[β0(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))][β0(t− r)− β0(t− r)]

= Gβ0(t, β0(t), β0(t− r)).

We already know that

1. α0(t) ≤ β0(t), t ∈ [−r, T ].

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α0(0) ≤ α0(T ).

5. β0(0) ≥ β0(T ).

Therefore α0 and β0 are lower and upper solutions of the PBVP (7.14) such

that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Thus the PBVP (7.14) has a solution β1 ∈ X such that α0 ≤ β1 ≤ β0 on

[−r, T ]. (Using Theorem 4.4.5)
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Therefore

β′
1(t) + λβ1(t) = f(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ψ(t, β1(t), β1(t− r))

+D2f(t, β0(t), β0(t− r))[β1(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[β1(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[β1(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[β1(t− r)− β0(t− r)], t ∈ I,

β1(t) = β1(0), t ∈ [−r, 0],

β1(0) = β1(T ).


This implies β′

1(t) + λβ1(t) ≥ f(t, β1(t), β1(t− r)), t ∈ I.

Also 1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β1(t) = β1(0), t ∈ [−r, 0].

4. α0(t) ≤ β1(t), t ∈ [−r, T ].

5. α0(0) ≤ α0(T ).

6. β1(0) ≥ β1(T ).

Therefore α0 and β1 ∈ X are lower and upper solutions of the PBVP (4.1)

such that α0(t) ≤ β1(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N on [−r, T ] and
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β′
n+1(t) + λβn+1(t) = f(t, βn(t), βn(t− r)) + β(t, βn(t), βn(t− r))

− β(t, βn+1(t), βn+1(t− r))

+D2f(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D2β(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D3f(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)]

+D3β(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)],

t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

βn+1(0) = βn+1(T ).


Further lim

n→∞
βn exists in (X, ||.||∞) and lim

n→∞
βn is a solution of the PBVP

(4.1).

Theorem 7.3.3. Let α0, β0 ∈ W be lower and upper solutions of PBVP (4.6)

such that α0(t) ≤ β0(t), ∀ t ∈ I. Let f, ϕ ∈ C2[I × R2, R] such that

(1) Di, jf(t, x, y)+Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3.

(2) Dif(t, x, y) +Diϕ(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and ∀ i = 2, 3.

(3) ϕ(t, u1, v1) ≥ ϕ(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such

that u1 ≤ u2 and v1 ≤ v2.

Then there is monotonic increasing sequence of functions {αn}converging in

(W, ||.||0) such that lim
n→∞

αn is a solution of the PBVP (4.6).

Proof. Similar to the proof of the Theorem 7.3.1.
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Theorem 7.3.4. Let α0, β0 ∈ W be lower and upper solutions of PBVP (4.6)

such that α0(t) ≤ β0(t), ∀ t ∈ I. Assume that f, ψ ∈ C2[I × R2, R] such that

(1) Di, jf(t, x, y)+Di,jψ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3.

(2) Dif(t, x, y) +Diψ(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and ∀ i = 2, 3.

(3) ψ(t, u1, v1) ≥ ψ(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2

such that u1 ≤ u2 and v1 ≤ v2.

Then there is monotonic decreasing sequence of functions {βn} converging in

(W, ||.||0) such that lim
n→∞

βn is a solution of the PBVP (4.6).

Proof. Similar to the proof of the Theorem 7.3.2.

We now prove results on generalized quasilinearization method for the

LBVP of general first DECD (4.3) and for the LBVP of first order DEVDA

(4.8).

Theorem 7.3.5. Let α0, β0 ∈ X be weakly coupled lower and upper

solutions of LBVP (4.3). Let f, ϕ ∈ C2[I × R2, R] satisfy

(1) Di, jf(t, x, y)+Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3.

(2) Dif(t, x, y) +Diϕ(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and ∀ i = 2, 3.

(3) ϕ(t, u1, v1) ≥ ϕ(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2.

If b < 0, then there is monotonic increasing sequence of functions {αn} con-

verging in (X, ||.||∞) such that lim
n→∞

αn is a solution of the LBVP (4.3).

Proof. Let F (t, x, y) = f(t, x, y) + ϕ(t, x, y), ∀ (t, x, y) ∈ I × R2.

Therefore Di, jF (t, x, y) ≥ 0 and DiF (t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3.

This implies F (t, x1, y1)− F (t, x2, y2) ≥ D2F (t, x2, y2)(x1 − x2)

+D3F (t, x2, y2)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

So we have



230

f(t, x1, y1) ≥ f(t, x2, y2)− ϕ(t, x1, y1) + ϕ(t, x2, y2)

+D2f(t, x2, y2)(x1 − x2) +D2ϕ(t, x2, y2)(x1 − x2)

+D3f(t, x2, y2)(y1 − y2) +D3ϕ(t, x2, y2)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

Since, α0, β0 ∈ X are weakly coupled lower and upper solutions of LBVP (4.3),

we have 1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )}

≤ 0 ≤ min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )}.

As b < 0, we have

max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )} = aα0(0) + bα0(T ) and

min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )} = aβ0(0) + bβ0(T ).

This implies aα0(0) + bα0(T ) ≤ 0 ≤ aβ0(0) + bβ0(T ).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and

β0(t) = β0(0), ∀ t ∈ [−r, 0].
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Now starting with the PBVP

y′(t) + λy(t) = f(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))

− ϕ(t, y(t), y(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0,



(7.15)

and proceeding similarly along the proof of the Theorem 7.3.1, we get a mono-

tonic increasing sequence of functions {αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N

on [−r, T ] and

α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r)) + ϕ(t, αn(t), αn(t− r))

− ϕ(t, αn+1(t), αn+1(t− r))

+D2f(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D2ϕ(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D3f(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)]

+D3ϕ(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)],

t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

aαn+1(0) + bαn+1(T ) = 0.


Further lim

n→∞
αn exists in (X, ||.||∞) and lim

n→∞
αn is a solution of the LBVP

(4.3).
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Theorem 7.3.4. Let α0, β0 ∈ X be weakly coupled lower and upper

solutions of LBVP (4.3). Let f, ψ ∈ C2[I × R2, R] satisfy

(1) Di, jf(t, x, y)+Di, jψ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3.

(2) Dif(t, x, y) +Diψ(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and ∀ i = 2, 3.

(3) ψ(t, u1, v1) ≥ ψ(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2.

If b < 0, then there is monotonic decreasing sequence of functions {βn} con-

verging in (X, ||.||∞) such that lim
n→∞

βn is a solution of the LBVP (4.3).

Proof. Since, α0, β0 ∈ X are weakly coupled lower and upper solutions of

LBVP (4.3), we have

1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )}

≤ 0 ≤ min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )}.

As b < 0, we have

max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )} = aα0(0) + bα0(T ) and

min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )} = aβ0(0) + bβ0(T ).

This implies aα0(0) + bα0(T ) ≤ 0 ≤ aβ0(0) + bβ0(T ).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and

β0(t) = β0(0), ∀ t ∈ [−r, 0].

Let, G(t, x, y) = f(t, x, y) + ψ(t, x, y), ∀ (t, x, y) ∈ I × R2.

Therefore Di, jG(t, x, y) ≤ 0 and DiG(t, x, y) > 0,

∀ (t, x, y) ∈ I × R2 and ∀ i, j = 2, 3.
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This implies G(t, x1, y1)−G(t, x2, y2) ≥ D2G(t, x1, y1)(x1 − x2)

+D3G(t, x1, y1)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

This gives f(t, x1, y1) ≥ f(t, x2, y2)− ψ(t, x1, y1) + ψ(t, x2, y2)

+D2f(t, x1, y1)(x1 − x2) +D2ψ(t, x1, y1)(x1 − x2)

+D3f(t, x1, y1)(y1 − y2) +D3ψ(t, x1, y1)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

Now starting with the LBVP

y′(t) + λy(t) = f(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ψ(t, y(t), y(t− r))

+D2f(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0,



(7.16)

and proceeding similarly along the proof of the Theorem 7.3.2, we get a mono-

tonic decreasing sequence of functions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N

on [−r, T ] and
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β′
n+1(t) + λβn+1(t) = f(t, βn(t), βn(t− r)) + ψ(t, βn(t), βn(t− r))

− ψ(t, βn+1(t), βn+1(t− r))

+D2f(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D2ψ(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D3f(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)]

+D3ψ(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)],

t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

aβn+1(0) + bβn+1(T ) = 0.


Further lim

n→∞
βn exists in (X, ||.||∞) and lim

n→∞
βn is a solution of the LBVP

(4.3).

Theorem 7.3.7. Let α0, β0 ∈ W be weakly coupled lower and upper solutions

of LBVP (4.8). Let f, ϕ ∈ C2[I × R2, R] satisfy

(1) Di, jf(t, x, y)+Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3.

(2) Dif(t, x, y) +Diϕ(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and ∀ i = 2, 3.

(3) ϕ(t, u1, v1) ≥ ϕ(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2.

If b < 0, then there is monotonic increasing sequence of functions {αn} con-

verging in (W, ||.||0) such that lim
n→∞

αn is a solution of the LBVP (4.8).

Proof. Similar to the proof of the Theorem 7.3.5.
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Theorem 7.3.8. Let α0, β0 ∈ W be weakly coupled lower and upper solutions

of LBVP (4.8). Let f, ψ ∈ C2[I × R2, R] satisfy

(1) Di, jf(t, x, y)+Di, jψ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3.

(2) Dif(t, x, y) +Diψ(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and ∀ i = 2, 3.

(3) ψ(t, u1, v1) ≥ ψ(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2

such that u1 ≤ u2 and v1 ≤ v2.

If b < 0, then there is monotonic decreasing sequence of functions {βn} con-

verging in (W, ||.||0) such that lim
n→∞

βn is a solution of the LBVP (4.8).

Proof. Similar to the proof of the Theorem 7.3.6.

Next, we prove results on generalized quasilinearization method for NLBVP

of general first order DECD (4.4) and for NLBVP of first order DEVDA (4.9).

Theorem 7.3.9. Let g ∈ C[R2, R] satisfies g(t, x) ≥ g(t, y),

∀ (t, x), (t, y) ∈ R2 such that x ≤ y. Let α0, β0 ∈ X be weakly coupled

lower and upper solutions of NLBVP (4.4). Assume that f, ϕ ∈ C2[I×R2, R]

satisfy

(1) Di, jf(t, x, y)+Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3.

(2) Dif(t, x, y) +Diϕ(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and ∀ i = 2, 3.

(3) ϕ(t, u1, v1) ≥ ϕ(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2.

Then there is monotonic increasing sequence of functions {αn} converging in

(X, ||.||∞) such that lim
n→∞

αn is a solution of the NLBVP (4.4).

Proof. Let F (t, x, y) = f(t, x, y) + ϕ(t, x, y), ∀ (t, x, y) ∈ I × R2.

Therefore Di, jF (t, x, y) ≥ 0 and DiF (t, x, y) > 0, ∀ (t , x, y) ∈ I × R2 and

∀ i, j = 2, 3.

This implies F (t, x1, y1)− F (t, x2, y2) ≥ D2F (t, x2, y2)(x1 − x2)

+D3F (t, x2, y2)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.
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So we have f(t, x1, y1) ≥ f(t, x2, y2)− ϕ(t, x1, y1) + ϕ(t, x2, y2)

+D2f(t, x2, y2)(x1 − x2) +D2ϕ(t, x2, y2)(x1 − x2)

+D3f(t, x2, y2)(y1 − y2) +D3ϕ(t, x2, y2)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

Since, α0, β0 ∈ X are weakly coupled lower and upper solutions of NLBVP

(4.4), we have 1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{g(α0(0), α0(T )), g(α0(0), β0(T ))}

≤ 0 ≤ min{g(β0(0), α0(T )), g(β0(0), β0(T ))}.

As g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y, we have

max{g(α0(0), α0(T )), g(α0(0), β0(T ))} = g(α0(0), α0(T )) and

min{g(β0(0), α0(T )), g(β0(0), β0(T ))} = g(β0(0), β0(T )).

This implies g(α0(0), α0(T )) ≤ 0 ≤ g(β0(0), β0(T )).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0]

and β0(t) = β0(0), ∀ t ∈ [−r, 0].
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Now starting with the NLBVP

y′(t) + λy(t) = f(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))

− ϕ(t, y(t), y(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0,



(7.17)

and proceeding similarly along the proof of the Theorem 7.3.1, we get a mono-

tonic increasing sequence of functions {αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N

on [−r, T ] and

α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r)) + ϕ(t, αn(t), αn(t− r))

− ϕ(t, αn+1(t), αn+1(t− r))

+D2f(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D2ϕ(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D3f(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)]

+D3ϕ(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)],

t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

g(αn+1(0), αn+1(T )) = 0.


Further lim

n→∞
αn exists in (X, ||.||∞) and lim

n→∞
αn is a solution of the NLBVP

(4.4).
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Theorem 7.3.10. Let g ∈ C[R2, R] satisfies g(t, x) ≥ g(t, y),

∀ (t, x), (t, y) ∈ R2 such that x ≤ y. Let α0, β0 ∈ X be weakly coupled

lower and upper solutions of NLBVP (4.4). Assume that f, ψ ∈ C2[I×R2, R]

satisfy

(1) Di, jf(t, x, y)+Di, jψ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3.

(2) Dif(t, x, y) +Diψ(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and ∀ i = 2, 3.

(3) ψ(t, u1, v1) ≥ ψ(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2.

Then there is monotonic decreasing sequence of functions {βn} converging in

(X, ||.||∞) such that lim
n→∞

βn is a solution of the NLBVP (4.4).

Proof. Since, α0, β0 ∈ X are weakly coupled lower and upper solutions of

NLBVP (4.4), we have 1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{g(α0(0), α0(T )), g(α0(0), β0(T ))}

≤ 0 ≤ min{g(β0(0), α0(T )), g(β0(0), β0(T ))}.

As g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y, we have

max{g(α0(0), α0(T )), g(α0(0), β0(T ))} = g(α0(0), α0(T )) and

min{g(β0(0), α0(T )), g(β0(0), β0(T ))} = g(β0(0), β0(T )).

This implies g(α0(0), α0(T )) ≤ 0 ≤ g(β0(0), β0(T )).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and

β0(t) = β0(0), ∀ t ∈ [−r, 0].

Let G(t, x, y) = f(t, x, y) + ψ(t, x, y), ∀ (t, x, y) ∈ I × R2.

Therefore Di, jG(t, x, y) ≤ 0 and DiG(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3.
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This implies G(t, x1, y1)−G(t, x2, y2) ≥ D2G(t, x1, y1)(x1 − x2)

+D3G(t, x1, y1)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

So we have

f(t, x1, y1) ≥ f(t, x2, y2)− ψ(t, x1, y1) + ψ(t, x2, y2)

+D2f(t, x1, y1)(x1 − x2) +D2ψ(t, x1, y1)(x1 − x2)

+D3f(t, x1, y1)(y1 − y2) +D3ψ(t, x1, y1)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

Now, starting with the NLBVP

y′(t) + λy(t) = f(t, β0(t), β0(t− r)) + β(t, β0(t), β0(t− r))

− β(t, y(t), y(t− r))

+D2f(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D2β(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)]

+D3β(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0,



(7.18)

and proceeding similarly along the proof of theorem 7.3.2, we get a monotonic

decreasing sequence of functions {βn} ⊆ X such that β0 ≤ βn, ∀ n ∈ N on

[−r, T ] and
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β′
n+1(t) + λβn+1(t) = f(t, βn(t), βn(t− r)) + ψ(t, βn(t), βn(t− r))

− ψ(t, βn+1(t), βn+1(t− r))

+D2f(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D2ψ(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D3f(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)]

+D3ψ(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)],

t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

g(βn+1(0), βn+1(T )) = 0.


Further lim

n→∞
βn exists in (X, ||.||∞) and lim

n→∞
βn is a solution of the the NLBVP

(4.4).

Theorem 7.3.11. Let g ∈ C[R2, R] satisfies g(t, x) ≥ g(t, y),

∀ (t, x), (t, y) ∈ R2 such that x ≤ y. Let α0, β0 ∈ W be weakly coupled

lower and upper solutions of NLBVP (4.9). Assume that f, ϕ ∈ C2[I×R2, R]

satisfy

(1) Di, jf(t, x, y)+Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3.

(2) Dif(t, x, y) +Diϕ(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and ∀ i = 2, 3.

(3) ϕ(t, u1, v1) ≥ ϕ(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2.

Then there is monotonic increasing sequence of functions {αn} converging in

(W, ||.||0) such that lim
n→∞

αn is a solution of the NLBVP (4.9).

Proof. Similar to the proof of the Theorem 7.3.9.
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Theorem 7.3.12. Let g ∈ C[R2, R] satisfies g(t, x) ≥ g(t, y),

∀ (t, x), (t, y) ∈ R2 such that x ≤ y. Let α0, β0 ∈ W be weakly coupled

lower and upper solutions of NLBVP (4.9). Assume that f, ψ ∈ C2[I×R2, R]

satisfy

(1) Di, jf(t, x, y)+Di, jψ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3.

(2) Dif(t, x, y) +Diψ(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and ∀ i = 2, 3.

(3) ψ(t, u1, v1) ≥ ψ(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2.

Then there is monotonic decreasing sequence of functions {βn} converging in

(W, ||.||0) such that lim
n→∞

βn is a solution of the NLBVP (4.9).

Proof. Similar to the proof of the Theorem 7.3.10.

7.4 Extended-Generalized Quasilinearization

Method

We now introduce extended-generalized quaslinearization method for bound-

ary value problems of general first order ordinary differential equation with

constant delay of the type

y′(t) + λy(t) = f(t, y(t), y(t − r)) + h(t, y(t), y(t − r)) and first order

ordinary differential equation with variable deviating argument of the type

y′(t)+λy(t) = f(t, y(t), y(θ(t)))+h(t, y(t), y(θ(t))), where there are certain

conditions on first and second order partial derivatives with respect to the

second and third arguments of f, h, f +ϕ and h+ψ for some functions ϕ and

ψ.
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Theorem 7.4.1. Let α0, β0 ∈ X such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ] and

Ω = {(t, u, v) : α0(t) ≤ u ≤ β0(t) and α0(t− r) ≤ v ≤ β0(t− r),

t ∈ I}. Assume that f, h, ϕ, ψ ∈ C2[Ω, R] satisfying

(1) Dif(t, x, y) +Diϕ(t, x, y) > 0, ∀ (t, x, y) ∈ Ω and ∀ i = 2, 3.

(2) Dih(t, x, y) +Diψ(t, x, y) > 0, ∀ (t, x, y) ∈ Ω and ∀ i = 2, 3.

(3) Di, jf(t, x, y) +Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

(4) Di, jh(t, x, y) +Di, jβ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

(5) ϕ(t, x1, y1) + ψ(t, x1, y1) ≥ ϕ(t, x2, y2) + ψ(t, x2, y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≤ x2 and y1 ≤ y2.

Further, assume that α0 and β0 are lower and upper solutions of PBVP (7.1).

Then there are monotonic sequence of functions {αn} and {βn} converging in

(X, ||.||∞) such that lim
n→∞

αn and lim
n→∞

βn are solutions of the PBVP (7.1).

Proof. Let F (t, x, y) = f(t, x, y) + ϕ(t, x, y), ∀ (t, x, y) ∈ Ω and

H(t, x, y) = h(t, x, y) + ψ(t, x, y), ∀ (t, x, y) ∈ Ω.

It is assumed that Di, jf(t, x, y) + Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ Ω and

∀ i, j = 2, 3. Therefore

f(t, x1, y1) ≥ f(t, x2, y2)− ϕ(t, x1, y1) + ϕ(t, x2, y2)

+ [D2f(t, x2, y2) +D2ϕ(t, x2, y2)](x1 − x2)

+ [D3f(t, x2, y2) +D3ϕ(t, x2, y2)](y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

It is also assumed that Di, jh(t, x, y) +Di, jψ(t, x, y) ≤ 0,

∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

Therefore

h(t, x1, y1) ≥ h(t, x2, y2)− ψ(t, x1, y1) + ψ(t, x2, y2)

+ [D2h(t, x1, y1) +D2ψ(t, x1, y1)](x1 − x2)

+ [D3h(t, x1, y1) +D3ψ(t, x1, y1)](y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.



243

Let µ1 = min
(t, u, v)∈Ω

[D2h(t, u, v) +D2ψ(t, u, v)] and

µ2 = min
(t, u, v)∈Ω

[D3h(t, u, v) +D3ψ(t, u, v)]. Then, µ1 > 0 and µ2 > 0.

So we have

h(t, x1, y1) ≥ h(t, x2, y2)− ψ(t, x1, y1) + ψ(t, x2, y2)

+ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

Thus

f(t, x1, y1) + h(t, x1, y1) ≥ f(t, x2, y2) + h(t, x2, y2) + ϕ(t, x2, y2)

+ ψ(t, x2, y2)− ϕ(t, x1, y1)− ψ(t, x1, y1)

+ [D2f(t, x1, y1) +D2ϕ(t, x1, y1)](x1 − x2)

+ [D3f(t, x1, y1) +D3ϕ(t, x1, y1)](y1 − y2),

+ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

Since α0, β0 ∈ X are lower and upper solutions of PBVP (7.1), we have

1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) = α0(0), t ∈ [−r, 0].

4. β0(t) = β0(0), t ∈ [−r, 0].

5. α0(0) ≤ α0(T ).

6. β0(0) ≥ β0(T ).
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Consider

y′(t) + λy(t) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ ϕ(t, α0(t), α0(t− r)) + ψ(t, α0(t), α0(t− r))

− ϕ(t, y(t), y(t− r))− ψ(t, y(t), y(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)]

+ µ1[y(t)− α0(t)] + µ2[y(t− r)− α0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).



(7.19)

Let Fα0(t, u, v) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ ϕ(t, α0(t), α0(t− r)) + ψ(t, α0(t), α0(t− r))

− ϕ(t, u, v)− ψ(t, u, v)

+D2f(t, α0(t), α0(t− r))[u− α0(t)]

+ [D2ϕ(t, α0(t), α0(t− r)) + µ1][u− α0(t)]

+D3f(t, α0(t), α0(t− r))[v − α0(t− r)]

+ [D3ϕ(t, α0(t), α0(t− r)) + µ2][v − α0(t− r)],

∀ (t, u, v) ∈ Ω.
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This implies

Fα0(t, y(t), y(t− r)) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ ϕ(t, α0(t), α0(t− r)) + ψ(t, α0(t), α0(t− r))

− ϕ(t, y(t), x(t− r))− ψ(t, y(t), y(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+ [D2ϕ(t, α0(t), α0(t− r)) + µ1][y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)]

+ [D3ϕ(t, α0(t), α0(t− r)) + µ2][y(t− r)− α0(t− r)],

∀ t ∈ I.

Let (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≤ x2 and y1 ≤ y2.

Then x1 − α0(t) ≤ x2 − α0(t) and y1 − α0(t− r) ≤ y2 − α0(t− r).

This implies

[D2f(t, α0(t), α0(t− r)) +D2ϕ(t, α0(t), α0(t− r)) + µ1][x1 − α0(t)]

≤ [D2f(t, α0(t), α0(t− r)) +D2ϕ(t, α0(t), α0(t− r)) + µ1][x2 − α0(t)] and

[D3f(t, α0(t), α0(t− r)) +D3ϕ(t, α0(t), α0(t− r)) + µ2][y1 − α0(t− r)]

≤ [D3f(t, α0(t), α0(t− r)) +D3ϕ(t, α0(t), α0(t− r)) + µ2][y2 − α0(t− r)].

So we have

[D2f(t, α0(t), α0(t− r)) +D2ϕ(t, α0(t), α0(t− r)) + µ1][x1 − α0(t)]

+ [D3f(t, α0(t), α0(t− r)) +D3ϕ(t, α0(t), α0(t− r)) + µ2][y1 − α0(t− r)]

≤ [D2f(t, α0(t), α0(t− r)) +D2ϕ(t, α0(t), α0(t− r)) + µ1][x2 − α0(t)]

+ [D3f(t, α0(t), α0(t− r)) +D3ϕ(t, α0(t), α0(t− r)) + µ2][y2 − α0(t− r)].
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This gives

f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ ϕ(t, α0(t), α0(t− r)) + ψ(t, α0(t), α0(t− r))

+ [D2f(t, α0(t), α0(t− r)) +D2ϕ(t, α0(t), α0(t− r)) + µ1][x1 − α0(t)]

+ [D3f(t, α0(t), α0(t− r)) +D3ϕ(t, α0(t), α0(t− r)) + µ2][y1 − α0(t− r)]

≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ ϕ(t, α0(t), α0(t− r)) + ψ(t, α0(t), α0(t− r))

+ [D2f(t, α0(t), α0(t− r)) +D2ϕ(t, α0(t), α0(t− r)) + µ1][x2 − α0(t)]

+ [D3f(t, α0(t), α0(t− r)) +D3ϕ(t, α0(t), α0(t− r)) + µ2][y2 − α0(t− r)].

It is given that ϕ(t, x1, y1) + ψ(t, x1, y1) ≥ ϕ(t, x2, y2) + ψ(t, x2, y2).

This implies

−ϕ(t, x1, y1)− ψ(t, x1, y1) ≤ −ϕ(t, x2, y2)− ψ(t, x2, y2).

Therefore

f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))

+ ψ(t, α0(t), α0(t− r))− ϕ(t, x1, y1)− ψ(t, x1, y1)

+ [D2f(t, α0(t), α0(t− r)) +D2ϕ(t, α0(t), α0(t− r)) + µ1][x1 − α0(t)]

+ [D3f(t, α0(t), α0(t− r)) +D3ϕ(t, α0(t), α0(t− r)) + µ2][y1 − α0(t− r)]

≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))

+ ψ(t, α0(t), α0(t− r))− ϕ(t, x2, y2)− ψ(t, x2, y2)

+ [D2f(t, α0(t), α0(t− r)) +D2ϕ(t, α0(t), α0(t− r)) + µ1][x2 − α0(t)]

+ [D3f(t, α0(t), α0(t− r)) +D3ϕ(t, α0(t), α0(t− r)) + µ2][y2 − α0(t− r)].

Thus Fα0(t, x1, y1) ≤ Fα0(t, x2, y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≤ x2 and y1 ≤ y2.
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Also

α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

= f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ ϕ(t, α0(t), α0(t− r)) + ψ(t, α0(t), α0(t− r))

− ϕ(t, α0(t), α0(t− r))− ψ(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[α0(t)− α0(t)]

+ [D2ϕ(t, α0(t), α0(t− r)) + µ1][α0(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[α0(t− r)− α0(t− r)]

+ [D3ϕ(t, α0(t), α0(t− r)) + µ2][α0(t− r)− α0(t− r)]

= Fα0(t, α0(t), α0(t− r)).

Further

β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

≥ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ ϕ(t, α0(t), α0(t− r)) + ψ(t, α0(t), α0(t− r))

− ϕ(t, β0(t), β0(t− r))− ψ(t, β0(t), β0(t− r))

+D2f(t, α0(t), α0(t− r))[β0(t)− α0(t)]

+ [D2ϕ(t, α0(t), α0(t− r)) + µ1][β0(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[β0(t− r)− α0(t− r)]

+ [D3ϕ(t, α0(t), α0(t− r)) + µ2][β0(t− r)− α0(t− r)]

= Fα0(t, β0(t), β0(t− r)).



248

We already know that

1. α0(t) ≤ β0(t), t ∈ [−r, T ].

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α0(0) ≤ α0(T ).

5. β0(0) ≥ β0(T ).

Therefore α0 and β0 are lower and upper solutions of the PBVP (7.19) such

that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Thus the PBVP (7.19) has a solution α1 ∈ X such that α0 ≤ α1 ≤ β0 on

[−r, T ]. (Using Theorem 4.4.5)

Therefore

α′
1(t) + λα1(t) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ ϕ(t, α0(t), α0(t− r)) + ψ(t, α0(t), α0(t− r))

− ϕ(t, α1(t), α1(t− r))− ψ(t, α1(t), α1(t− r))

+D2f(t, α0(t), α0(t− r))[α1(t)− α0(t)]

+ [D2ϕ(t, α0(t), α0(t− r)) + µ1][α1(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[α1(t− r)− α0(t− r)]

+ [D3ϕ(t, α0(t), α0(t− r)) + µ2][α1(t− r)− α0(t− r)],

t ∈ I,

α1(t) = α1(0), t ∈ [−r, 0],

α1(0) = α1(T ).


This implies

α′
1(t) + λα1(t) ≤ f(t, α1(t), α1(t− r)) + h(t, α1(t), α1(t− r)), t ∈ I.
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Also

1. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r)), t ∈ I.

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α1(t) = α1(0), t ∈ [−r, 0].

4. α1(t) ≤ β0(t), t ∈ [−r, T ].

5. α1(0) ≤ α1(T ).

6. β0(0) ≥ β0(T ).

Therefore α1 and β0 ∈ X are lower and upper solutions of PBVP (7.1) such

that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic increasing sequence of

functions {αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N on [−r, T ] and

α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r)) + h(t, αn(t), αn(t− r))

+ α(t, αn(t), αn(t− r)) + β(t, αn(t), αn(t− r))

− α(t, αn+1(t), αn+1(t− r))− β(t, αn+1(t), αn+1(t− r))

+D2f(t, αn(t− r), αn(t− r))[αn+1(t)− αn(t)]

+D2α(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D3f(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)]

+D3α(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)],

+ µ1[αn+1(t)− αn(t)] + µ2[αn+1(t− r)− αn(t− r)],

t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

αn+1(0) = αn+1(T ).


Further lim

n→∞
αn exists in (X, ||.||∞) and lim

n→∞
αn is a solution of the PBVP

(7.1).
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Let θ1 = min
(t, u, v)∈Ω

[D2f(t, u, v) +D2ϕ(t, u, v)] and

θ2 = min
(t, u, v)∈Ω

[D3f(t, u, v) +D3ϕ(t, u, v)]. Then θ1 > 0 and θ2 > 0.

This implies f(t, x1, y1) ≥ f(t, x2, y2)− ϕ(t, x1, y1)− ϕ(t, x2, y2)

+ θ1(x1 − x2) + θ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

So we have

f(t, x1, y1) + h(t, x1, y1) ≥ f(t, x2, y2) + h(t, x2, y2) + ϕ(t, x2, y2)

+ ψ(t, x2, y2)− ϕ(t, x1, y1)− ψ(t, x1, y1)

+ [θ1 +D2h(t, x1, y1) +D2ψ(t, x1, y1)](x1 − x2)

+ [θ2+D3h(t, x1, y1)+D3ψ(t, x1, y1)](y1− y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

Now consider

y′(t) + λy(t) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ ϕ(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ϕ(t, y(t), y(t− r))− ψ(t, y(t), y(t− r))

+D2h(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3h(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)]

+ θ1[y(t)− β0(t)] + θ2[y(t− r)− β0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ).



(7.20)



251

Let Gβ0(t, u, v) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ ϕ(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ϕ(t, u, v)− ψ(t, u, v)

+ [θ1 +D2h(t, β0(t), β0(t− r))][u− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[u− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][v − β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[v − β0(t− r)], ∀ (t, u, v) ∈ Ω.

This implies

Gβ0(t, y(t), y(t− r)) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ ϕ(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ϕ(t, y(t), y(t− r))− ψ(t, y(t), y(t− r))

+ [θ1 +D2h(t, β0(t), β0(t− r))][y(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[y(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][y(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)],

∀ t ∈ I.

So we have Gβ0(t, x1, y1) ≤ Gβ0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ Ω

such that x1 ≤ x2 and y1 ≤ y2.
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Also

α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

≤ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ ϕ(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ϕ(t, α0(t), α0(t− r))− ψ(t, α0(t), α0(t− r))

+ [θ1 +D2h(t, β0(t), β0(t− r))][α0(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[α0(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][α0(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[α0(t− r)− β0(t− r)]

= Gβ0(t, α0(t), α0(t− r)).

Further

β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

= f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ ϕ(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ϕ(t, β0(t), β0(t− r))− ψ(t, β0(t), β0(t− r))

+ [θ1 +D2h(t, β0(t), β0(t− r))][β0(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[β0(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][β0(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[β0(t− r)− β0(t− r)]

= Gβ0(t, β0(t), β0(t− r)).
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We already know that

1. α0(t) ≤ β0(t), t ∈ [−r, T ].

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α0(0) ≤ α0(T ).

5. β0(0) ≥ β0(T ).

Therefore, α0 and β0 are lower and upper solutions of the PBVP (7.20) such

that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Thus the PBVP (7.20) has a solution β1 ∈ X such that α0 ≤ β1 ≤ β0 on

[−r, T ]. (Using Theorem 4.4.5)

This implies

β′
1(t) + λβ1(t) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ ϕ(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ϕ(t, β1(t), β1(t− r))− ψ(t, β1(t), β1(t− r))

+ [θ1 +D2h(t, β0(t), β0(t− r))][β1(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[β1(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][β1(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[β1(t− r)− β0(t− r)],

t ∈ I,

β1(t) = β1(0), t ∈ [−r, 0],

β1(0) = β1(T ).


So we have

β′
1(t) + λβ1(t) ≥ f(t, β1(t), β1(t− r)) + h(t, β1(t), β1(t− r)), t ∈ I.
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Also

1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r)), t ∈ I.

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β1(t) = β1(0), t ∈ [−r, 0].

4. α0(t) ≤ β1(t), t ∈ [−r, T ].

5. α0(0) ≤ α0(T ).

6. β1(0) ≥ β1(T ).

Therefore α0 and β1 ∈ X are lower and upper solutions of the PBVP (7.1)

such that α0(t) ≤ β1(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N on [−r, T ] and

β′
n+1(t) + λβn+1(t) = f(t, βn(t), βn(t− r)) + h(t, βn(t), βn(t− r))

+ ϕ(t, βn(t), βn(t− r)) + ψ(t, βn(t), βn(t− r))

− ϕ(t, βn+1(t), βn+1(t− r))− ψ(t, βn+1(t), βn+1(t− r))

+ [θ1 +D2h(t, βn(t), βn(t− r))][βn+1(t)− βn(t)]

+D2ψ(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+ [θ2 +D3h(t, βn(t), βn(t− r))][βn+1(t− r)− βn(t− r)]

+D3ψ(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)],

t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

βn+1(0) = βn+1(T ).


Further lim

n→∞
βn exists in (X, ||.||∞) and lim

n→∞
βn is a solution of the PBVP

(7.1).

Theorem 7.4.2. Let α0, β0 ∈ W such that α0(t) ≤ β0(t), ∀ t ∈ I and

Ω = {(t, u, v) : α0(t) ≤ u ≤ β0(t) and α0(θ(t)) ≤ v ≤ β0(θ(t)), t ∈ I}. Assume

that f, h, ϕ, ψ ∈ C2[Ω, R] satisfying
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(1) Dif(t, x, y) +Diϕ(t, x, y) > 0, ∀ (t, x, y) ∈ Ω and ∀ i = 2, 3.

(2) Dih(t, x, y) +Diψ(t, x, y) > 0, ∀ (t, x, y) ∈ Ω and ∀ i = 2, 3.

(3) Di, jf(t, x, y) +Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

(4) Di, jh(t, x, y) +Di, jβ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

(5) ϕ(t, x1, y1) + ψ(t, x1, y1) ≥ ϕ(t, x2, y2) + ψ(t, x2, y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≤ x2 and y1 ≤ y2.

Further, assume that α0 and β0 are lower and upper solutions of PBVP (7.4).

Then there are monotonic sequence of functions {αn} and {βn} converging in

(W, ||.||0) such that lim
n→∞

αn and lim
n→∞

βn are solutions of the PBVP (7.4).

Proof. Similar to the proof of the Theorem 7.4.1.

We now introduce extended-generalized quasilinearization method to es-

tablish exitence theorems for LBVP of general first order DECD (7.2) and for

LBVP of first order DEVDA (7.5).

Theorem 7.4.3. Let α0, β0 ∈ X such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ] and

Ω = {(t, u, v) : α0(t) ≤ u ≤ β0(t) and α0(t − r) ≤ v ≤ β0(t − r), t ∈ I}.

Assume that f, h, ϕ, ψ ∈ C2[Ω, R] satisfying

(1) Dif(t, x, y) +Diϕ(t, x, y) > 0, ∀ (t, x, y) ∈ Ω and ∀ i = 2, 3.

(2) Dih(t, x, y) +Diψ(t, x, y) > 0, ∀ (t, x, y) ∈ Ω and ∀ i = 2, 3.

(3) Di, jf(t, x, y) +Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

(4) Di, jh(t, x, y) +Di, jβ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

(5) ϕ(t, x1, y1) + ψ(t, x1, y1) ≥ ϕ(t, x2, y2) + ψ(t, x2, y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≤ x2 and y1 ≤ y2.

Further, assume that α0 and β0 are weakly coupled lower and upper solutions

of LBVP (7.2). If b < 0, then there are monotonic sequence of functions {αn}

and {βn} converging in (X, ||.||∞) such that lim
n→∞

αn and lim
n→∞

βn are solutions

of the LBVP (7.2).
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Proof. Let F (t, x, y) = f(t, x, y) + ϕ(t, x, y), ∀ (t, x, y) ∈ Ω and

H(t, x, y) = h(t, x, y) + ψ(t, x, y), ∀ (t, x, y) ∈ Ω.

It is assumed that Di, jf(t, x, y) + Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ Ω and

∀ i, j = 2, 3. Therefore

f(t, x1, y1) ≥ f(t, x2, y2)− ϕ(t, x1, y1) + ϕ(t, x2, y2)

+ [D2f(t, x2, y2) +D2ϕ(t, x2, y2)](x1 − x2)

+ [D3f(t, x2, y2) +D3ϕ(t, x2, y2)](y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

It is also assumed that Di, jh(t, x, y) +Di, jψ(t, x, y) ≤ 0,

∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

Therefore

h(t, x1, y1) ≥ h(t, x2, y2)− ψ(t, x1, y1) + ψ(t, x2, y2)

+ [D2h(t, x1, y1) +D2ψ(t, x1, y1)](x1 − x2)

+ [D3h(t, x1, y1) +D3ψ(t, x1, y1)](y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

Let µ1 = min
(t, u, v)∈Ω

[D2h(t, u, v) +D2ψ(t, u, v)] and

µ2 = min
(t, u, v)∈Ω

[D3h(t, u, v) +D3ψ(t, u, v)]. Then, µ1 > 0 and µ2 > 0.

So we have

h(t, x1, y1) ≥ h(t, x2, y2)− ψ(t, x1, y1) + ψ(t, x2, y2)

+ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.
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Thus

f(t, x1, y1) + h(t, x1, y1) ≥ f(t, x2, y2) + h(t, x2, y2) + ϕ(t, x2, y2)

+ ψ(t, x2, y2)− ϕ(t, x1, y1)− ψ(t, x1, y1)

+ [D2f(t, x1, y1) +D2ϕ(t, x1, y1)](x1 − x2)

+ [D3f(t, x1, y1) +D3ϕ(t, x1, y1)](y1 − y2),

+ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

Since α0, β0 ∈ X are weakly coupled lower and upper solutions of LBVP (7.2),

we have

1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r)), t ∈ I.

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) ≤ α0(0), t ∈ [−r, 0].

4. β0(t) ≥ β0(0), t ∈ [−r, 0].

5. α0(t) ≤ β0(t), t ∈ [−r, T ].

6. max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )}

≤ 0 ≤ min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )}.

As b < 0, we have

max{aα0(0) + bα0(T ), aα0(0) + bβ0(T )} = aα0(0) + bα0(T ) and

min{aβ0(0) + bα0(T ), aβ0(0) + bβ0(T )} = aβ0(0) + bβ0(T ).

This implies aα0(0) + bα0(T ) ≤ 0 ≤ aβ0(0) + bβ0(T ).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and

β0(t) = β0(0), ∀ t ∈ [−r, 0].
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Now, starting with the LBVP

y′(t) + λy(t) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ ϕ(t, α0(t), α0(t− r)) + ψ(t, α0(t), α0(t− r))

− ϕ(t, y(t), y(t− r))− ψ(t, y(t), y(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)],

+ µ1[y(t)− α0(t)] + µ2[y(t− r)− α0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0,



(7.21)

and proceeding similarly along the proof of the Theorem 7.4.1, we get a mono-

tonic increasing sequence of functions {αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N

on [−r, T ] and
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α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r)) + h(t, αn(t), αn(t− r))

+ α(t, αn(t), αn(t− r)) + β(t, αn(t), αn(t− r))

− α(t, αn+1(t), αn+1(t− r))− β(t, αn+1(t), αn+1(t− r))

+D2f(t, αn(t− r), αn(t− r))[αn+1(t)− αn(t)]

+D2α(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D3f(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)]

+D3α(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)]

+ µ1[αn+1(t)− αn(t)] + µ2[αn+1(t− r)− αn(t− r)],

t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

aαn+1(0) + bαn+1(T ) = 0.


Further lim

n→∞
αn exists in (X, ||.||∞) and lim

n→∞
αn is a solution of the LBVP

(7.2).

Let θ1 = min
(t, u, v)∈Ω

[D2f(t, u, v) +D2ϕ(t, u, v)] and

θ2 = min
(t, u, v)∈Ω

[D3f(t, u, v) +D3ϕ(t, u, v)]. Then θ1 > 0 and θ2 > 0.

This implies f(t, x1, y1) ≥ f(t, x2, y2)− ϕ(t, x1, y1)− ϕ(t, x2, y2)

+ θ1(x1 − x2) + θ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

So we have

f(t, x1, y1) + h(t, x1, y1) ≥ f(t, x2, y2) + h(t, x2, y2) + ϕ(t, x2, y2)

+ ψ(t, x2, y2)− ϕ(t, x1, y1)− ψ(t, x1, y1)

+ [θ1 +D2h(t, x1, y1) +D2ψ(t, x1, y1)](x1 − x2)

+ [θ2 +D3h(t, x1, y1)+D3ψ(t, x1, y1)](y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.
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Next, begining with the LBVP

y′(t) + λy(t) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ ϕ(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ϕ(t, y(t), y(t− r))− ψ(t, y(t), y(t− r))

+D2h(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3h(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)]

+ θ1[y(t)− β0(t)] + θ2[y(t− r)− β0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

ay(0) + by(T ) = 0,



(7.22)

and proceeding similarly along the proof of the Theorem 7.4.1, we get a mono-

tonic decreasing sequence of functions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N

on [−r, T ] and
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β′
n+1(t) + λβn+1(t) = f(t, βn(t), βn(t− r)) + h(t, βn(t), βn(t− r))

+ ϕ(t, βn(t), βn(t− r)) + ψ(t, βn(t), βn(t− r))

− ϕ(t, βn+1(t), βn+1(t− r))− ψ(t, βn+1(t), βn+1(t− r))

+D2h(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D2ψ(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D3h(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)]

+D3ψ(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)]

+ θ1[βn+1(t)− βn(t)] + θ2[βn+1(t− r)− βn(t− r)],

t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

aβn+1(0) + bβn+1(T ) = 0.


Further lim

n→∞
βn exists in (X, ||.||∞) and lim

n→∞
βn is a solution of the LBVP

(7.2).

Theorem 7.4.4. Let α0, β0 ∈ W such that α0(t) ≤ β0(t), ∀ t ∈ I and

Ω = {(t, u, v) : α0(t) ≤ u ≤ β0(t) and α0(θ(t)) ≤ v ≤ β0(θ(t)), t ∈ I}. Assume

that f, h, ϕ, ψ ∈ C2[Ω, R] satisfying

(1) Dif(t, x, y) +Diϕ(t, x, y) > 0, ∀ (t, x, y) ∈ Ω and ∀ i = 2, 3.

(2) Dih(t, x, y) +Diψ(t, x, y) > 0, ∀ (t, x, y) ∈ Ω and ∀ i = 2, 3.

(3) Di, jf(t, x, y) +Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

(4) Di, jh(t, x, y) +Di, jβ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

(5) ϕ(t, x1, y1) + ψ(t, x1, y1) ≥ ϕ(t, x2, y2) + ψ(t, x2, y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≤ x2 and y1 ≤ y2.

Further, assume that α0 and β0 are weakly coupled lower and upper solutions

of LBVP (7.5). If b < 0, then there are monotonic sequence of functions {αn}

and {βn} converging in (W, ||.||0) such that lim
n→∞

αn and lim
n→∞

βn are solutions

of the LBVP (7.5).
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Proof. Similar to the proof of the Theorem 7.4.3.

Next, we use extended-generalized quasilinearization method for obtaining

results on existence of solution for NLBVP of general first order DECD (7.3)

and for NLBVP of first order DEVDA (7.6).

Theorem 7.4.5. Let g : R2 → R be a continuous function satisfying

g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y. Let α0, β0 ∈ X

such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ] and

Ω = {(t, u, v) : α0(t) ≤ u ≤ β0(t) and α0(t − r) ≤ v ≤ β0(t − r), t ∈ I}.

Assume that f, h, ϕ, ψ ∈ C2[Ω, R] satisfying

(1) Dif(t, x, y) +Diϕ(t, x, y) > 0, ∀ (t, x, y) ∈ Ω and ∀ i = 2, 3.

(2) Dih(t, x, y) +Diψ(t, x, y) > 0, ∀ (t, x, y) ∈ Ω and ∀ i = 2, 3.

(3) Di, jf(t, x, y) +Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

(4) Di, jh(t, x, y) +Di, jβ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

(5) ϕ(t, x1, y1) + ψ(t, x1, y1) ≥ ϕ(t, x2, y2) + ψ(t, x2, y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≤ x2 and y1 ≤ y2.

Further, assume that α0 and β0 are weakly coupled lower and upper solutions

of NLBVP (7.3). Then there are monotonic sequence of functions {αn} and

{βn} converging in (X, ||.||∞) such that lim
n→∞

αn and lim
n→∞

βn are solutions of

the NLBVP (7.3).

Proof. Let F (t, x, y) = f(t, x, y) + ϕ(t, x, y), ∀ (t, x, y) ∈ Ω and

H(t, x, y) = h(t, x, y) + ψ(t, x, y), ∀ (t, x, y) ∈ Ω.

It is assumed that Di, jf(t, x, y) + Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ Ω and

∀ i, j = 2, 3.

Therefore f(t, x1, y1) ≥ f(t, x2, y2)− ϕ(t, x1, y1) + ϕ(t, x2, y2)

+ [D2f(t, x2, y2) +D2ϕ(t, x2, y2)](x1 − x2)

+ [D3f(t, x2, y2) +D3ϕ(t, x2, y2)](y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.
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It is also assumed that Di, jh(t, x, y) + Di, jψ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ Ω

and ∀ i, j = 2, 3. Therefore

h(t, x1, y1) ≥ h(t, x2, y2)− ψ(t, x1, y1) + ψ(t, x2, y2)

+ [D2h(t, x1, y1) +D2ψ(t, x1, y1)](x1 − x2)

+ [D3h(t, x1, y1) +D3ψ(t, x1, y1)](y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

Let µ1 = min
(t, u, v)∈Ω

[D2h(t, u, v) +D2ψ(t, u, v)] and

µ2 = min
(t, u, v)∈Ω

[D3h(t, u, v) +D3ψ(t, u, v)]. Then, µ1 > 0 and µ2 > 0.

So we have

h(t, x1, y1) ≥ h(t, x2, y2)− ψ(t, x1, y1) + ψ(t, x2, y2)

+ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

Thus

f(t, x1, y1) + h(t, x1, y1) ≥ f(t, x2, y2) + h(t, x2, y2) + ϕ(t, x2, y2)

+ ψ(t, x2, y2)− ϕ(t, x1, y1)− ψ(t, x1, y1)

+ [D2f(t, x1, y1) +D2ϕ(t, x1, y1)](x1 − x2)

+ [D3f(t, x1, y1) +D3ϕ(t, x1, y1)](y1 − y2),

+ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.
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Since α0, β0 ∈ X are weakly coupled lower and upper solutions of NLBVP

(7.3), we have

1. α′
0(t) + λα0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r)), t ∈ I,

2. β′
0(t) + λβ0(t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r)), t ∈ I,

3. α0(t) ≤ α0(0), t ∈ [−r, 0],

4. β0(t) ≥ β0(0), t ∈ [−r, 0],

5. α0(t) ≤ β0(t), t ∈ [−r, T ],

6. max{g(α0(0), α0(T )), g(α0(0), β0(T ))}

≤ 0 ≤ min{g(β0(0), α0(T )), g(β0(0), β0(T ))}.

As g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y, we have

max{g(α0(0), α0(T )), g(α0(0), β0(T ))} = g(α0(0), α0(T )) and

min{g(β0(0), α0(T )), g(β0(0), β0(T ))} = g(β0(0), β0(T )).

This implies g(α0(0), α0(T )) ≤ 0 ≤ g(β0(0), β0(T )).

Also, as α0, β0 ∈ X, we have α0(t) = α0(0), ∀ t ∈ [−r, 0] and

β0(t) = β0(0), ∀ t ∈ [−r, 0].

Now, starting with the NLBVP

y′(t) + λy(t) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ ϕ(t, α0(t), α0(t− r)) + ψ(t, α0(t), α0(t− r))

− ϕ(t, y(t), y(t− r))− ψ(t, y(t), y(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)],

+ µ1[y(t)− α0(t)] + µ2[y(t− r)− α0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0,



(7.23)
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and proceeding similarly along the proof of the Theorem 7.4.1, we get a mono-

tonic increasing sequence of functions {αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N

on [−r, T ] and

α′
n+1(t) + λαn+1(t) = f(t, αn(t), αn(t− r)) + h(t, αn(t), αn(t− r))

+ α(t, αn(t), αn(t− r)) + β(t, αn(t), αn(t− r))

− α(t, αn+1(t), αn+1(t− r))− β(t, αn+1(t), αn+1(t− r))

+D2f(t, αn(t− r), αn(t− r))[αn+1(t)− αn(t)]

+D2α(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D3f(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)]

+D3α(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)]

+ µ1[αn+1(t)− αn(t)] + µ2[αn+1(t− r)− αn(t− r)],

t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

aαn+1(0) + bαn+1(T ) = 0.


Further lim

n→∞
αn exists in (X, ||.||∞) and lim

n→∞
αn is a solution of the NLBVP

(7.3).

Let θ1 = min
(t, u, v)∈Ω

[D2f(t, u, v) +D2ϕ(t, u, v)] and

θ2 = min
(t, u, v)∈Ω

[D3f(t, u, v) +D3ϕ(t, u, v)]. Then θ1 > 0 and θ2 > 0.

This implies f(t, x1, y1) ≥ f(t, x2, y2)− ϕ(t, x1, y1)− ϕ(t, x2, y2)

+ θ1(x1 − x2) + θ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.
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So we have

f(t, x1, y1) + h(t, x1, y1) ≥ f(t, x2, y2) + h(t, x2, y2) + ϕ(t, x2, y2)

+ ψ(t, x2, y2)− ϕ(t, x1, y1)− ψ(t, x1, y1)

+ [θ1 +D2h(t, x1, y1) +D2ψ(t, x1, y1)](x1 − x2)

+ [θ2 +D3h(t, x1, y1)+D3ψ(t, x1, y1)](y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

Next, begining with the NLBVP

y′(t) + λy(t) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ ϕ(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ϕ(t, y(t), y(t− r))− ψ(t, y(t), y(t− r))

+D2h(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3h(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)]

+ θ1[y(t)− β0(t)] + θ2[y(t− r)− β0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

g(y(0), y(T )) = 0,



(7.24)

and proceeding similarly along the proof of the Theorem 7.4.1, we get a mono-

tonic decreasing sequence of functions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N

on [−r, T ] and
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β′
n+1(t) + λβn+1(t) = f(t, βn(t), βn(t− r)) + h(t, βn(t), βn(t− r))

+ ϕ(t, βn(t), βn(t− r)) + ψ(t, βn(t), βn(t− r))

− ϕ(t, βn+1(t), βn+1(t− r))− ψ(t, βn+1(t), βn+1(t− r))

+D2h(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D2ψ(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D3h(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)]

+D3ψ(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)]

+ θ1[βn+1(t)− βn(t)] + θ2[βn+1(t− r)− βn(t− r)],

t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

g(βn+1(0), βn+1(T )) = 0.


Further lim

n→∞
βn exists in (X, ||.||∞) and lim

n→∞
βn is a solution of the LBVP

(7.2).

Theorem 7.4.6. Let g : R2 → R be a continuous function satisfying

g(t, x) ≥ g(t, y), ∀ (t, x), (t, y) ∈ R2 such that x ≤ y. Let α0, β0 ∈ W

such that α0(t) ≤ β0(t), ∀ t ∈ I and

Ω = {(t, u, v) : α0(t) ≤ u ≤ β0(t) and α0(θ(t)) ≤ v ≤ β0(θ(t)), t ∈ I}. Assume

that f, h, ϕ, ψ ∈ C2[Ω, R] satisfying

(1) Dif(t, x, y) +Diϕ(t, x, y) > 0, ∀ (t, x, y) ∈ Ω and ∀ i = 2, 3.

(2) Dih(t, x, y) +Diψ(t, x, y) > 0, ∀ (t, x, y) ∈ Ω and ∀ i = 2, 3.

(3) Di, jf(t, x, y) +Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

(4) Di, jh(t, x, y) +Di, jβ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

(5) ϕ(t, x1, y1) + ψ(t, x1, y1) ≥ ϕ(t, x2, y2) + ψ(t, x2, y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≤ x2 and y1 ≤ y2.

Further, assume that α0 and β0 are lower and upper solutions of NLBVP (7.6).
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Then there are monotonic sequence of functions {αn} and {βn} converging in

(W, ||.||0) such that lim
n→∞

αn and lim
n→∞

βn are solutions of the NLBVP (7.6)

Proof. Similar to the proof of the Theorem 7.4.5.
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8.1 Introduction

In previous chapters we studied BVPs for first order DECD and first order DE-

VDA. In this chapter, we investigate BVPs of second order DECD and second

order DEVDA for existence of solution using Schauder’s Fixed Point Theorem

and Banach Fixed Point Theorem. We also employ method of lower and upper

solutions to prove our results on existence of solution between lower and upper

solutions for BVPs of second order DECD and second order DEVDA.

Let a, b, γ1, γ2 ∈ R, T > 0, λ ≥ 0, I = [0, T ], 0 < r ≤ T and θ : I → I be

continuous. Then the BVPs for second order DECD under investigation are

y′′(t) = f(t, y(t), y(t− r), y′(t)), t ∈ I,

y(t) = a, t ∈ [−r, 0],

y(T ) + y′(T ) = b.


(8.1)

y′′(t) + γ1y
′(t) + γ2y(t) = f(t, y(t), y(t− r), y′(t)), t ∈ I,

y(t) = a, t ∈ [−r, 0],

y(T ) + y′(T ) = b.


(8.2)

y′′(t) = f(t, y(t), y(t− r), y′(t)), t ∈ I,

y(t) = 0, t ∈ [−r, 0],

y(T ) + y′(T ) = b.


(8.3)
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−y′′(t) + λy(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = y′(T ).


(8.4)

−y′′(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = y′(T ).


(8.5)

−y′′(t) + λy(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.


(8.6)

−y′′(t) = f(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.


(8.7)

The BVPs for second order DEVDA under investigation are

y′′(t) = f(t, y(t), y(θ(t)), y′(t)), t ∈ I,

y(0) = a,

y(T ) + y′(T ) = b.


(8.8)
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y′′(t) + γ1y
′(t) + γ2y(t) = f(t, y(t), y(θ(t)), y′(t)), t ∈ I,

y(0) = a,

y(T ) + y′(T ) = b.


(8.9)

y′′(t) = f(t, y(t), y(θ(t)), y′(t)), t ∈ I,

y(0) = 0,

y(T ) + y′(T ) = b.


(8.10)

−y′′(t) + λy(t) = f(t, y(t), y(θ(t))), t ∈ I,

y(0) = y(T ),

y′(0) = y′(T ).


(8.11)

−y′′(t) = f(t, y(t), y(θ(t))), t ∈ I,

y(0) = y(T ),

y′(0) = y′(T ).


(8.12)

−y′′(t) + λy(t) = f(t, y(t), y(θ(t))), t ∈ I,

y(0) = y(T ),

y′(0) = 0.


(8.13)

−y′′(t) = f(t, y(t), y(θ(t))), t ∈ I,

y(0) = y(T ),

y′(0) = 0.


(8.14)
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We shall need the following lemmas to prove our results on existence of

solution for the above BVPs. We state them without proofs.

Lemma 8.1.1. Let L : X → Y × R2 be an operator defined by

L[y(t)] = (u(t), y(0), y(T )), where

u(t) =


0; −r ≤ t ≤ 0,

−y′(t) + y′(0) + λ
t∫
0

y(s)ds; 0 ≤ t ≤ T.

Then

1. L : X → Y × R2 is a continuous linear operator.

2. L−1 : Y × R2 → X exists and is a continuous linear operator.

Lemma 8.1.2. Let f : I × R2 → R be continuous, g∗ : R3 → R be

continuous and h∗ : R → R be continuous. Let Q : X → Y × R2 be defined by

Q[y(t)] = (v(t), g∗(y(0), y′(0), y′(T )), h∗(y(0))), where

v(t) =


0; −r ≤ t ≤ 0

t∫
0

f(s, y(s), y(s− r))ds; 0 ≤ t ≤ T.

Then Q : X → Y × R2 is continuous and compact.

Lemma 8.1.3. Let f : I × R2 → R be continuous, g∗ : R2 → R be

continuous and h∗ : R → R be continuous. Let Q : X → Y × R2 be defined by

Q[y(t)] = (v(t), g∗(y(0), y′(0)), h∗(y(0))), where

v(t) =


0; −r ≤ t ≤ 0

t∫
0

f(s, y(s), y(s− r))ds; 0 ≤ t ≤ T.

Then Q : X → Y × R2 is continuous and compact.
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Lemma 8.1.4. Let f : I × R2 → R be continuous, g∗ : R3 → R be

continuous and h∗ : R → R be continuous. Let Q : W → V ×R2 be defined by

Q[y(t)] = (v(t), g∗(y(0), y′(0), y′(T )), h∗(y(0))), where

v(t) =
t∫
0

f(s, y(s), y(θ(s)))ds, t ∈ I. Then Q : W → V × R2 is continuous

and compact.

Lemma 8.1.5. Let f : I × R2 → R be continuous, g∗ : R2 → R be

continuous and h∗ : R → R be continuous. Let Q : W → V ×R2 be defined by

Q[y(t)] = (v(t), g∗(y(0), y′(0)), h∗(y(0))), where

v(t) =
t∫
0

f(s, y(s), y(θ(s)))ds, t ∈ I. Then Q : W → V × R2 is continuous

and compact.

8.2 Existence Theorems using Banach Fixed

Point Theorem

In this section, we estabish results on existence of solution to some of the above

BVPs using Banach fixed point theorem. We first define the solution of the

BVP (8.1).

Definition 8.2.1. A function y : [−r, T ] → R is said to be a solution for

BVP of second order DECD (8.1) if

1. y ∈ C[[−r, T ], R] and y ∈ C2[I, R].

2. y′′(t) = f(t, y(t), y(t− r), y′(t)), t ∈ I.

3. y(t) = a, t ∈ [−r, 0].

4. y(T ) + y′(T ) = b.

Similarly, we can give definitions of solution for other BVPs of second order

DECD.
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Definition 8.2.2. A function y : I → R is said to be a solution for BVP of

second order DEVDA (8.8) if

1. y ∈ C2[I, R].

2. y′′(t) = f(t, y(t), y(θ(t)), y′(t)), t ∈ I.

3. y(0) = a.

4. y(T ) + y′(T ) = b.

Similarly, we can give definitions of solution for other BVPs of second order

DEVDA.

We need following lemmas and we state them without proofs.

Lemma 8.2.1. A function y : [−r, T ] → R is a solution of the BVP (8.1) iff

y satisfies

y(t) =



a, −r ≤ t ≤ 0,

a+ (b−a)t
1+T

+
T∫
0

G(t, s)F (s, y)ds, 0 ≤ t ≤ T,

(8.15)

where G(t, s) =


st

1+T
− s, 0 ≤ s ≤ t ≤ T,

st
1+T

− t, 0 ≤ t ≤ s ≤ T,

(8.16)

and F (t; y) = f(t, y(t), y(t− r), y′(t)), ∀ t ∈ I.

Lemma 8.2.2. A function y : I → R is a solution of the BVP (8.8) iff y

satisfies y(t) = a+
(b− a)t

1 + T
+

T∫
0

G(t, s)F (s; y)ds, t ∈ I, (8.17)

where G(t, s) is given by (8.16) and F (t; y) = f(t, y(t), y(θ(t)), y′(t)),

∀ t ∈ I.

We have the following existence theorem for BVP(8.1).
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Theorem 8.2.3. Let µ1 > 0, µ2 > 0, µ3 > 0, µ = max{µ1, µ2, µ3} such that

6µT (2T + 1) + 9µT < 1. Let f : I × R3 → R be continuous and satisfy

|f(t, x1, y1, z1)− f(t, x2, y2, z2)| ≤ µ1|x1 − x2|+ µ2|y1 − y2|+ µ3|z1 − z2|,

∀ (t, x1, y1, z1), (t, x2, y2, z2) ∈ I × R3. Then the BVP (8.1) has a unique

solution y ∈ E.

Proof. Let L1 = 6µT (2T + 1) and L2 = 9µT . Then L = L1 + L2 < 1.

Let J : E → E be a mapping defined by

J [y(t)] =



a, −r ≤ t ≤ 0,

a+ (b−a)t
1+T

+
T∫
0

G(t, s)F (s; y)ds, 0 ≤ t ≤ T,

(8.18)

where G(t, s) is given by (8.16) and F (t; y) = f(t, y(t), y(t− r), y′(t)),

∀ t ∈ I.

For 0 ≤ t ≤ T , we may also express J [y(t)] as

J [y(t)] = a+
(b− a)t

1 + T
+

T∫
0

[
st

1 + T
− t]F (s; y)ds +

t∫
0

(t− s)F (s; y)ds.

Therefore J ′[y(t)] =
(b− a)

1 + T
+

T∫
0

[
s

1 + T
− 1]F (s; y)ds +

t∫
0

F (s; y)ds.

We show that J : E → E is a contraction.

Let w, z ∈ E be arbitrary.
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Let −r ≤ t ≤ 0. Then

|J [w(t)]− J [z(t)]| = |a− a| = 0 ≤ L1d∞(w, z).

Let 0 ≤ t ≤ T . Then

|J [w(t)]− J [z(t)]|

≤
T∫

0

|G(t, s)||f(s, w(s), w(s− r), w′(s))− f(s, z(s), z(s− r), z′(s))|ds

≤
T∫

0

|G(t, s)|{µ1|w(s)− z(s)|+ µ2|w(s− r)− z(s− r)|+ µ3|w′(s)− z′(s)|}ds

≤ 3µd∞(w, z)

T∫
0

|G(t, s)|ds

= 3µd∞(w, z){
t∫

0

|G(t, s)|ds+
T∫
t

|G(t, s)|ds}

=
3µd∞(w, z)

T + 1
{

t∫
0

(st+ sT + s)ds+

T∫
t

(st+ tT + t)ds}

≤ 3µd∞(w, z)

T
{

T∫
0

(2T 2 + T )ds+

T∫
0

(2T 2 + T )ds}

= 6µd∞(w, z)

T∫
0

(2T + 1)ds

= 6µT (2T + 1)d∞(w, z) = L1d∞(w, z).

Therefore sup
t∈[−r, T ]

|J [w(t)]− J [z(t)]| ≤ L1d∞(w, z). (8.19)
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For 0 ≤ t ≤ T , consider

|J ′[w(t)]− J ′[z(t)]|

≤
T∫

0

| s

1 + T
− 1||f(s, w(s), w(s− r), w′(s))− f(s, z(s), z(s− r), z′(s))|ds

+

t∫
0

|f(s, w(s), w(s− r), w′(s))− f(s, z(s), z(s− r), z′(s))|ds

≤
T∫

0

(
s

1 + T
+ 1){µ1|w(s)− z(s)|+ µ2|w(s− r)− z(s− r)|+ µ3|w′(s)− z′(s)|}ds

+

t∫
0

{µ1|w(s)− z(s)|+ µ2|w(s− r)− z(s− r)|+ µ3|w′(s)− z′(s)|}ds

≤ 3µd∞(w, z)

T∫
0

(
s

T
+ 1)ds + 3µd∞(w, z)

T∫
0

ds

≤ 6µd∞(w, z)

T∫
0

ds + 3µd∞(w, z)

T∫
0

ds

= 9µTd∞(w, z)

= L2d∞(w, z).

Therefore sup
t∈[−r, T ]

|J ′[w(t)]− J ′[z(t)]| ≤ L2d∞(w, z). (8.20)

Adding inequalities (8.19) and (8.20), we get d∞(Jw, Jz) ≤ Ld∞(w, z),

∀ w, z ∈ E and L < 1. Therefore J : E → E is a contraction mapping. Thus

J has a unique fixed point y ∈ E. Hence y is a unique solution of the BVP

(8.1).

Next we prove the result for BVP(8.8).
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Theorem 8.2.4. Let µ1 > 0, µ2 > 0, µ3 > 0, µ = max{µ1, µ2, µ3} such that

6µT (2T + 1) + 9µT < 1. Let f : I × R3 → R be continuous and satisfy

|f(t, x1, y1, z1)− f(t, x2, y2, z2)| ≤ µ1|x1 − x2|+ µ2|y1 − y2|+ µ3|z1 − z2|,

∀ (t, x1, y1, z1), (t, x2, y2, z2) ∈ I × R3. Then the BVP (8.8) has a unique

solution y ∈ U .

Proof. Similar to the proof of the Theorem 8.2.3.

Following corollary gives the existence result for BVP(8.2).

Corollary 8.2.5. Let µ1 > 0, µ2 > 0, µ3 > 0 and

µ = max{µ1 + |γ1|, µ2, µ3 + |γ2|} such that 6µT (2T + 1) + 9µT < 1.

Let f : I × R3 → R be continuous and satisfy

|f(t, x1, y1, z1)− f(t, x2, y2, z2)| ≤ µ1|x1 − x2|+ µ2|y1 − y2|+ µ3|z1 − z2|,

∀ (t, x1, y1, z1), (t, x2, y2, z2) ∈ I × R3. Then the BVP (8.2) has unique

solution y ∈ E.

Proof. Let F ∗(t, u, v, w) = f(t, u, v, w)− γ1u− γ2w,

∀ (t, u, v, w) ∈ I × R3.

Consider the BVP given by

y′′(t) = F ∗(t, y(t), y(t− r), y′(t)), t ∈ I,

y(t) = a, t ∈ [−r, 0],

y(T ) + y′(T ) = b.


(8.21)

Let (t, u1, v1, w1), (t, u2, v2, w2) ∈ I × R3 be arbitrary. Then

|F ∗(t, u1, v1, w1)− F ∗(t, u2, v2, w2)|

= |f(t, u1, v1, w1)− γ1u1 − γ2w1 − f(t, u2, v2, w2) + γ1u2 + γ2w2|

≤ |f(t, u1, v1, w1)− f(t, u2, v2, w2)|+ |γ1||u1 − u2|+ |γ2||w1 − w2|

≤ (µ1 + |γ1|)|u1 − u2|+ µ2|v1 − v2|+ (µ3 + |γ2|)|w1 − w2|.

Therefore by applying Theorem 8.2.2, we conclude that the BVP (8.21) has

unique solution y ∈ E.
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So we have

y′′(t) = f(t, y(t), y(t− r), y′(t))− γ1y(t)− γ2y
′(t), t ∈ I,

y(t) = a, t ∈ [−r, 0],

y(T ) + y′(T ) = b.


Hence y is unique solution of the BVP (8.2).

Next we obtain the result for BVP(8.9).

Corollary 8.2.6. Let µ1 > 0, µ2 > 0, µ3 > 0 and

µ = max{µ1 + |γ1|, µ2, µ3 + |γ2|} such that 6µT (2T + 1) + 9µT < 1. Let

f : I × R3 → R be continuous and satisfy

|f(t, x1, y1, z1)− f(t, x2, y2, z2)| ≤ µ1|x1 − x2|+ µ2|y1 − y2|+ µ3|z1 − z2|,

∀ (t, x1, y1, z1), (t, x2, y2, z2) ∈ I × R3. Then the BVP (8.9) has unique

solution y ∈ U .

Proof. Similar to the proof of the Corollary 8.2.5.

8.3 Existence Theorems using Schauder’s Fixed

Point Theorem

In this section, we estabish results on existence of solution to the BVP (8.3)

using Schauder’s fixed point theorem. We break down our main theorem into

two lemmas.
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Lemma 8.3.1. Let f : I × R3 → R be continuous. Then N : Y → Y

defined by N [y(t)] =



0, −r ≤ t ≤ 0,

bt
1+T

+
T∫
0

G(t, s)F (s; y)ds, 0 ≤ t ≤ T,

is continuous, where G(t, s) is given by (8.16) and

F (t; y) = f(t, y(t), y(t− r), y′(t)), ∀ t ∈ I.

Proof. For 0 ≤ t ≤ T , we may express N [y(t)] as

N [y(t)] =
bt

1 + T
+

T∫
0

[
st

1 + T
− t]F (s; y)ds +

t∫
0

(t− s)F (s; y)ds.

Therefore N ′[y(t)] =
b

1 + T
+

T∫
0

[
s

1 + T
− 1]F (s; y)ds +

t∫
0

F (s; y)ds.

Let {yn} be a sequence in (Y, ||.||∞) such that yn → y in (Y, ||.||∞).

Then ||yn − y||∞ → 0 as n→ ∞. Therefore yn → y uniformly on [−r, T ] and

y′n → y′ uniformly on I.

i.e sup
t∈[−r, T ]

|yn(t)− y(t)| → 0 as n→ ∞ and sup
t∈I

|y′n(t)− y′(t)| → 0 as n→ ∞.

Let vn = Nyn and v = Ny. We prove that vn → v in (Y, ||.||∞). We

first show that vn → v uniformly on [−r, T ].

Let ϵ > 0 be arbitrary. Since yn → y uniformly on [−r, T ], yn → y uniformly

on I. Therefore yn(t− r) → y(t− r) uniformly on I.

This implies f(t, yn(t), yn(t− r), y′n(t)) → f(t, y(t), y(t− r), y′(t))

uniformly on I as f : I × R3 → R is continuous.

Therefore ∃ n0 ∈ N such that

|f(t, yn(t), yn(t− r), y′n(t)) → f(t, y(t), y(t− r), y′(t))| < ϵ
8T 2 ,

∀ n ≥ n0 and ∀ t ∈ I.
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i.e |F (t; yn)− F (t; y)| < ϵ
8T 2 , ∀ n ≥ n0 and ∀ t ∈ I.

Let −r ≤ t ≤ 0. Then

|vn(t)− v(t)| = 0 < ϵ, ∀ n ≥ n0 and ∀ t ∈ [−r, 0]. (8.22)

Let 0 ≤ t ≤ T . Then

|vn(t)− v(t)| = |
T∫

0

G(t, s)F (s; yn)ds−
T∫

0

G(t, s)F (s; y)ds|.

So we have

|vn(t)− v(t)| ≤
T∫

0

|G(t, s)||F (s; yn)− F (s; y)|ds

<
ϵ

8T 2

T∫
0

|G(t, s)|ds

=
ϵ

8T 2
{

t∫
0

|G(t, s)|ds+
T∫
t

|G(t, s)|ds}

=
ϵ

8T 2
{

t∫
0

| st

1 + T
− s|ds+

T∫
t

| st

1 + T
− t|ds}

≤ ϵ

8T 2
{

T∫
0

(
st

T
+ s)ds+

T∫
0

(
st

T
+ t)ds}

≤ ϵ

8T 2
{

T∫
0

2Tds+

T∫
0

2Tds}

=
ϵ

2
< ϵ.

Therefore |vn(t)− v(t)| < ϵ, ∀ n ≥ n0 and ∀ t ∈ I. (8.23)

Thus from (8.22) and (8.23), we conclude that, |vn(t) − v(t)| < ϵ, ∀ n ≥ n0

and ∀ t ∈ [−r, T ]. This implies vn → v uniformly on [−r, T ].

We next show that v′n → v′ uniformly on I.
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Let ϵ > 0 be arbitrary.

Since F (t; yn) → F (t; y) uniformly on I, ∃ n0 ∈ N such that

|F (t; yn)− F (t; y)| < ϵ
8T
, ∀ n ≥ n0 and ∀ t ∈ I.

Let 0 ≤ t ≤ T . Then

|v′n(t)− v′(t)| ≤
T∫

0

| s

1 + T
− 1||F (s; yn)− F (s; y)|ds

+

t∫
0

|F (s; yn)− F (s; y)|ds.

So we have

|v′n(t)− v′(t)| ≤
T∫

0

| s

1 + T
− 1||F (s; yn)− F (s; y)|ds

+

t∫
0

|F (s; yn)− F (s; y)|ds

≤
T∫

0

(
s

T
+ 1)|F (s; yn)− F (s; y)|ds+

t∫
0

|F (s; yn)− F (s; y)|ds

≤ 2

T∫
0

|F (s; yn)− F (s; y)|ds+
T∫

0

|F (s; yn)− F (s; y)|ds

<
ϵ

4T

T∫
0

ds+
ϵ

8T

T∫
0

ds

=
3ϵ

8
< ϵ.

Therefore |v′n(t)− v′(t)| < ϵ, ∀ n ≥ n0 and ∀ t ∈ I.

This implies v′n → v′ uniformly on I.

So we have vn → v uniformly on [−r, T ] and v′n → v′ uniformly on I.

Therefore vn → v on (Y, ||.||∞). i.e Nyn → Ny on (Y, ||.||∞).

Hence N : Y → Y is continuous.



284

Lemma 8.3.2. Let f : I×R3 → R be continuous and bounded. Let N : Y → Y

be defined by

N [y(t)] =



0, −r ≤ t ≤ 0,

bt
1+T

+
T∫
0

G(t, s)F (s; y)ds, 0 ≤ t ≤ T,

where G(t, s) is given by (8.16) and F (t; y) = f(t, y(t), y(t− r), y′(t)),

∀ t ∈ I. Then N(Y ) is bounded subset of (Y, ||.||∞) and N : Y → Y is

compact.

Proof. Since f : I × R3 → R is bounded, ∃M > 0 such that

|f(t, u, v, w)| ≤M, ∀ (t, u, v, w) ∈ I × R3.

For 0 ≤ t ≤ T , we can express N [y(t)] as

N [y(t)] =
bt

1 + T
+

T∫
0

[
st

1 + T
− t]F (s; y)ds +

t∫
0

(t− s)F (s; y)ds.

Therefore N ′[y(t)] =
b

1 + T
+

T∫
0

[
s

1 + T
− 1]F (s; y)ds +

t∫
0

F (s; y)ds.

We first show that N(Y ) is a bounded subset of (Y, ||.||∞).

Let y ∈ Y be arbitrary.

If −r ≤ t ≤ 0, then |N [y(t)]| = 0 ≤ |b|+ 4MT 2.

Let 0 ≤ t ≤ T . Then

|N [y(t)]| ≤ |b||t|
1 + T

+

T∫
0

| st

1 + T
− t||F (s; y)|ds +

t∫
0

|t− s||F (s; y)|ds

≤ |b|+
T∫

0

(
st

T
+ t)|F (s; y)|ds +

T∫
0

(t+ s)|F (s; y)|ds

≤ |b|+ 2TM

T∫
0

ds + 2TM

T∫
0

ds = |b|+ 4MT 2.
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Therefore |N [y(t)]| ≤ |b|+ 4MT 2, ∀ t ∈ [−r, T ] and

sup
t∈[−r, T ]

|N [y(t)]| ≤ |b|+ 4MT 2.

Now for 0 ≤ t ≤ T , we have

|N ′[y(t)]| ≤ |b|
1 + T

+

T∫
0

| s

1 + T
− 1||F (s; y)|ds +

t∫
0

|F (s; y)|ds

≤ |b|
T

+

T∫
0

(
s

T
+ 1)|F (s; y)|ds +

T∫
0

|F (s; y)|ds.

Therefore

|N ′[y(t)]| ≤ |b|
T

+ 2M

T∫
0

ds + M

T∫
0

ds

=
|b|
T

+ 3MT, ∀ t ∈ I.

So we have sup
t∈I

|N ′[y(t)]| ≤ |b|
T
+ 3MT . Thus

||Ny||∞ = sup
t∈[−r, T ]

|N [y(t)]|+ sup
t∈I

|N ′[y(t)]|

≤ |b|+ 4MT 2 +
|b|
T

+ 3MT.

Hence ||Ny||∞ ≤ |b|+ 4MT 2 + |b|
T
+ 3MT, ∀ y ∈ Y .

This shows that N(Y ) is bounded subset of (Y, ||.||∞).

Next we show that N : Y → Y is a compact operator.

Let {yn} be a bounded sequence in (Y, ||.||∞) and let vn = Nyn.

Since N(Y ) is a bounded subset of (Y, ||.||∞), {vn} is a bounded sequence

in (Y, ||.||∞). Therefore {vn} is uniformly bounded on [−r, T ] and {v′n} is

uniformly bounded on I.

Claim 1:- {vn} is equicontinuous on [−r, T ].

Let t0 ∈ [−r, T ] and ϵ > 0 be arbitrary.
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CASE 1.1:- Let t0 = −r. Choose δ = min{ r
2
, ϵ}.

Then, for −r ≤ t < −r + δ, |vn(t)− vn(t0)| = 0 < ϵ.

This implies {vn} is equicontinuous at t0 = −r.

CASE 1.2:- Let t0 = 0. Choose δ = min{ r
2
, T

|b| + 4MT 2 ϵ}.

Let t be such that |t| < δ. If t ≤ t0 then |vn(t)− vn(t0)| = 0 < ϵ.

Let t ≥ t0. Then

|vn(t)− vn(t0)|

≤ |b||t|
1 + T

+

T∫
0

| st

1 + T
− t||F (s; yn)|ds +

t∫
0

|t− s||F (s; yn)|ds.

Therefore

|vn(t)− vn(t0)|

≤ |b||t|
T

+ |t|
T∫

0

(
s

T
+ 1)|F (s; yn)|ds +

t∫
0

(t+ s)|F (s; yn)|ds

≤ |b||t|
T

+ 2M |t|
T∫

0

ds + 2TM

t∫
0

ds

=
|b||t|
T

+ 4MT |t|

< (
|b|+ 4MT 2

T
)δ

≤ (
|b|+ 4MT 2

T
)(

T

|b|+ 4MT 2
)ϵ = ϵ.

Therefore |vn(t)− vn(t0)| < ϵ, ∀ t such that |t| < δ.

This implies {vn} is equicontinuous at t0 = 0.

CASE 1.3:- Let t0 = T . Choose δ = min{T
2
, T

|b| + 5MT 2 ϵ}.

Let t be such that T − δ < t ≤ T .
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Then

|vn(t)− vn(t0)| = |vn(T )− vn(t)|

= |b(T − t)

1 + T
+

T∫
0

(T − t)[
s

1 + T
− 1]F (s; yn)ds

+

T∫
0

(T − s)F (s; yn)ds −
t∫

0

(t− s)F (s; yn)ds|

≤ |b|(T − t)

T
+ (T − t)

T∫
0

(
s

T
+ 1)|F (s; yn)|ds

+ |
T∫

0

(T − s)F (s; yn)ds +

0∫
t

(t− s)F (s; yn)ds|

≤ |b|(T − t)

T
+ 2MT (T − t)

+ |
T∫

0

TF (s; yn)ds +

0∫
t

tF (s; yn)ds −
T∫
t

sF (s; yn)ds|

≤ |b|(T − t)

T
+ 2MT (T − t)

+ |
T∫

0

TF (s; yn)ds +

0∫
t

tF (s; yn)ds| +

T∫
t

s|F (s; yn)|ds

≤ |b|(T − t)

T
+ 3MT (T − t) + |

T∫
0

TF (s; yn)ds

+

0∫
t

tF (s; yn)ds|

=
|b|(T − t)

T
+ 3MT (T − t)

+ |
T∫

0

TF (s; yn)ds −
T∫

0

tF (s; yn)ds

+

T∫
0

tF (s; yn)ds +

0∫
t

tF (s; yn)ds|.
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Therefore

|vn(t)− vn(t0)| =
|b|(T − t)

T
+ 3MT (T − t) + |

T∫
0

(T − t)F (s; yn)ds

+

T∫
t

tF (s; yn)ds|

≤ |b|(T − t)

T
+ 3MT (T − t) + M(T − t)

T∫
0

ds + MT

T∫
t

ds

≤ |b|(T − t)

T
+ 5MT (T − t)

< (
|b|+ 5MT 2

T
)δ

≤ (
|b|+ 5MT 2

T
)(

T

|b|+ 5MT 2
)ϵ = ϵ.

Thus |vn(t)− vn(t0)| < ϵ, ∀ t such that T − δ < t ≤ T .

This implies {vn} is equicontinuous at t0 = T .

CASE 1.4:- Let −r < t0 < 0. Choose δ = min{t0 + r
2
, − t0

2
}.

Then |vn(t) − vn(t0)| = 0 < ϵ, ∀ t such that |t − t0| < ϵ. This implies {vn} is

equicontinuous at t0, where −r < t0 < 0.

CASE 1.5:- Let 0 < t0 < T . Choose δ = min{ t0
2
, T−t0

2
, T

|b| + 5MT 2 ϵ}.

Let t be such that |t− t0| < δ. Then

|vn(t)− vn(t0)| = |b(t− t0)

1 + T
+

T∫
0

(t− t0)[
s

1 + T
− 1]F (s; yn)ds

+

t∫
0

(t− s)F (s; yn)ds −
t0∫
0

(t0 − s)F (s; yn)ds

≤ |b||t− t0|
T

+ |t− t0|
T∫

0

(
s

T
+ 1)|F (s; yn)|ds

+ |
t∫

0

(t− s)F (s; yn)ds +

0∫
t0

(t0 − s)F (s; yn)ds|.
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So we have

|vn(t)− vn(t0)| ≤
|b||t− t0|

T
+ 2MT |t− t0|

+ |
t∫

0

tF (s; yn)ds +

0∫
t0

t0F (s; yn)ds| + |
t∫

t0

s|F (s; yn)|ds|

≤ |b||t− t0|
T

+ 3MT |t− t0|

+ |
t∫

0

tF (s; yn)ds −
t∫

0

t0F (s; yn)ds

+

t∫
0

t0F (s; yn)ds +

0∫
t0

t0F (s; yn)ds|

=
|b||t− t0|

T
+ 3MT |t− t0| + |

t∫
0

(t− t0)F (s; yn)ds

+

t∫
t0

t0F (s; yn)ds|

≤ |b||t− t0|
T

+ 3MT |t− t0| + |t− t0|
T∫

0

|F (s; yn)|ds

+ |
t∫

t0

t0|F (s; yn)|ds|

≤ |b||t− t0|
T

+ 3MT |t− t0| + M |t− t0|
T∫

0

ds + MT |
t∫

t0

ds|

≤ |b||t− t0|
T

+ 5MT |t− t0|

< (
|b|+ 5MT 2

T
)δ

≤ (
|b|+ 5MT 2

T
)(

T

|b|+ 5MT 2
)ϵ = ϵ.

Therefore |vn(t)− vn(t0)| < ϵ, ∀ t such that |t− t0| < δ.

This implies {vn} is equicontinuous at t0, where 0 < t0 < T .

Hence, from CASE 1.1 - CASE 1.5, we may conclude that {vn} is

equicontinuous on [−r, T ] uniformly.
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Now using Arzela-Ascoli’s lemma, {vn} has a uniformly convergent

subsequence {v(n, m)} converging uniformly to v on [−r, T ].

i.e v(n, m) → v uniformly [−r, T ] as m→ ∞.

Since each v(n, m) is continuous on [−r, T ], v is continuous on [−r, T ].

As {vn} and {v′n} are uniformly bounded on [−r, T ] and I respectively,

{v(n, m)} and {v′(n, m)} are uniformly bounded on [−r, T ] and I respectively.

Let zm = v′(n, m).

Claim 2:- {zm} is equicontinuous on I uniformly.

Let t0 ∈ I be arbitrary and ϵ > 0 be arbitrary.

CASE 2.1:- Let t0 = 0. Choose δ = min{T
2
, ϵ

M
}.

Let t be such that 0 ≤ t < δ. Then

|zm(t)− zm(t0)| = |
t∫

0

F (s; y(n, m))ds|

≤
t∫

0

|F (s; y(n, m))|ds

≤M

t∫
0

ds = tM < Mδ ≤ ϵ.

Thus |zm(t) − zm(t0)| < ϵ, ∀ t such that 0 ≤ t < δ. Therefore {zm} is

equicontinuous at t0 = 0.

CASE 2.2:- Let t0 = T . Choose δ = min{T
2
, ϵ

M
}.

Let t be such that T − δ < t ≤ T . Then

|zm(t)− zm(t0)| = |zm(T )− zm(t)|

= |
T∫

0

F (s; y(n, m))ds −
t∫

0

F (s; y(n, m))ds|

≤
T∫
t

|F (s; y(n, m))|ds ≤M

T∫
t

ds = (T − t)M < Mδ ≤ ϵ.
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Thus |zm(t)− zm(t0)| < ϵ, ∀ t such that T − δ < t ≤ T .

Therefore {zm} is equicontinuous at t0 = T .

CASE 2.3:- Let 0 < t0 < T . Choose δ = min{ t0
2
, T−t0

2
, ϵ

M
}.

Let t be such that |t− t0| < δ. Then

|zm(t)− zm(t0)| = |
t∫

0

F (s; y(n, m))ds −
t0∫
0

F (s; y(n, m))ds|

≤
t∫

t0

|F (s; y(n, m))|ds

≤M

t∫
t0

ds =M |t− t0| < Mδ ≤ ϵ.

Thus |zm(t)− zm(t0)| < ϵ, ∀ t such that |t− t0| < δ.

This implies {zm} is equicontinuous at t0, where 0 < t0 < T .

Hence, from CASE 2.1 - CASE 2.3, we conclude that {zm} is equicontinuous

on I uniformly.

i.e {v′(n, m)} is equicontinuous on I uniformly.

Again making use of Arzela-Ascoli’s lemma, we may find a subsequence {v′(n, m, p)}

of {v′(n, m)} converging uniformly to u on I.

i.e v′(n, m, p) → u uniformly on I as p→ ∞.

Since v(n, m) → v uniformly on [−r, T ] as m→ ∞, v(n, m) → v uniformly on I

as m→ ∞. As {v′(n, m, p)} is a subsequence of {v(n, m)}, we may conclude that

v(n, m, p) → v uniformly on I as p → ∞. Therefore v(n, m, p) → v uniformly

on I as p → ∞ and v′(n,m,p) → u uniformly on I as p → ∞ implies that v is

differentiable on I and v′ = u on I. Thus v(n, m, p) → v uniformly on [−r, T ]

as p→ ∞ and v′(n, m, p) → v′ uniformly on I as p→ ∞.

i.e ||v(n, m, p) − v||∞ → 0 as p→ ∞.

Also {v(n, m, p)} ⊆ Y and (Y, ||.||∞) is a Banach space implies that v ∈ Y .

Therefore v(n, m, p) → v in (Y, ||.||∞). Thus {Nyn} has a subsequence {Ny(n, m, p)}
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converging in (Y, ||.||∞). Hence N : Y → Y is a compact operator.

We now combine Lemma 8.3.1 and Lemma 8.3.2 to get the following the-

orem on existence of solution.

Theorem 8.3.3. Let f : I × R3 → R be continuous and bounded. Then the

BVP (8.3) has atleast one solution.

Proof. Let N : Y → Y be defined by

N [y(t)] =



0, −r ≤ t ≤ 0,

bt
1+T

+
T∫
0

G(t, s)F (s; y)ds, 0 ≤ t ≤ T,

where G(t, s) is given by (8.16) and

F (t; y) = f(t, y(t), y(t − r), y′(t)), ∀ t ∈ I. Since f : I × R3 → R is

continuous, N : Y → Y is continuous. (By Lemma 8.3.1)

As f : I × R3 → R is continuous and bounded, N(Y ) is bounded subset of

(Y, ||.||∞) and N : Y → Y is compact. (By Lemma 8.3.2)

Therefore by applying Schauder’s fixed point theorem, N : Y → Y has a fixed

point y ∈ Y .

Thus y satisfies y(t) = 0, t ∈ [−r, 0], y(T ) + y′(T ) = b and

y(t) = bt
1+T

+
T∫
0

[ st
1+T

− t]F (s; y)ds +
t∫
0

(t− s)F (s; y)ds, t ∈ I.

Therefore y′(t) = b
1+T

+
T∫
0

[ s
1+T

− 1]F (s; y)ds +
t∫
0

F (s; y)ds, t ∈ I.

Since f : I × R3 → R is continuous, y′ is differentiable on I and

y′′(t) = f(t, y(t), y(t − r), x′(t)), t ∈ I. Thus y ∈ C[[−r, T ], R] and

y ∈ C2[I, R]. Hence y is a solution of the BVP (8.3).

Next, we estabish existence of solution to the BVP (8.10) using Schauder’s

fixed point theorem. Again we may break down our main theorem into two

lemmas.
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Lemma 8.3.4. Let f : I × R3 → R be continuous. Then N : V → V defined

by N [y(t)] = bt
1+T

+
T∫
0

G(t, s)F (s; y)ds, t ∈ I is continuous, where G(t, s) is

given by (8.16) and F (t; y) = f(t, y(t), y(θ(t)), y′(t)), ∀ t ∈ I.

Proof. Similar to the proof of the Lemma 8.3.1.

Lemma 8.3.5. Let f : I ×R3 → R be continuous. Let N : V → V defined by

N [y(t)] = bt
1+T

+
T∫
0

G(t, s)F (s; y)ds, t ∈ I, where G(t, s) is given by (8.16)

and F (t; y) = f(t, y(t), y(θ(t)), y′(t)), ∀ t ∈ I. Then N(V ) is a bounded

subset of (V, ||.||0) and N : V → V is compact.

Proof. Similar to the proof of the Lemma 8.3.2.

Theorem 8.3.6. Let f : I × R3 → R be continuous and bounded. Then the

BVP (8.10) has atleast one solution.

Proof. Similar to the proof of the Theorem 8.3.3.

We shall illustrate Theorem 8.3.3 with the following example.

Example 8.3.1. Consider the following BVP

y′′(t) = cos[y(t− π

2
)], t ∈ I,

y(t) = y(0), t ∈ [−π
2
, 0],

y(
π

2
) + y′(

π

2
) = 1.


Here r = T = π

2
, I = [0, π

2
], f(t, u, v, w) = cos v,

∀ (t, u, v, w) ∈ I × R3 and b = 1.

Clearly f : I × R3 → R is bounded and continuous.

Let 0 ≤ t ≤ π
2
. Then −π

2
≤ t− π

2
≤ 0.

Therefore y(t− π
2
) = 0, ∀ t ∈ [0, π

2
].

This implies cos[y(t− π
2
)] = 1, ∀ t ∈ [0, π

2
]. So y′′(t) = 1, ∀ t ∈ [0, π

2
].

Thus y(t) = y′(0)t+ t2

2
, t ∈ [0, π

2
] and y′(t) = y′(0) + t, t ∈ [0, π

2
].
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Substituting t = π
2
in above expressions of y(t) and y′(t) we get

y′(0) = 8−4π−π2

8+4π
.

Hence y(t) = (8−4π−π2

8+4π
)t+ t2

2
, t ∈ [0, π

2
] is a solution to the given BVP.

8.4 Method of Lower and Upper Solutions

In this section, we prove existence of solution between lower and upper solu-

tions to BVPs of second order DECD and second order DEVDA. We first give

definitions of lower and upper solutions to BVPs of second order DECD and

second order DEVDA.

Definition 8.4.1. A function α : [−r, T ] → R is said to be a lower solution

of BVP (8.4) if 1. α ∈ C[[−r, T ], R] and α ∈ C2[I, R].

2. −α′′(t) + λα(t) ≤ f(t, α(t), α(t− r)), t ∈ I.

3. α(t) = α(0), t ∈ [−r, 0].

4. α′(0) ≥ α′(T ).

5. α(0) = α(T ).

Similarly we may give definitions of a lower solution for BVPs of second order

DECD (8.5), (8.6) and (8.7).

Definition 8.4.2. A function β : [−r, T ] → R is said to be an upper solution

of BVP (8.4) if 1. β ∈ C[[−r, T ], R] and β ∈ C2[I, R].

2. −β′′(t) + λβ(t) ≥ f(t, β(t), β(t− r)), t ∈ I.

3. β(t) = β(0), t ∈ [−r, 0].

4. β′(0) ≤ β′(T )

5. β(0) = β(T ).

Similarly we may give definitions of an upper solution for BVPs of second

order DECD (8.5), (8.6) and (8.7).
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Definition 8.4.3. A function α : I → R is said to be a lower solution of BVP

(8.11) if 1. α ∈ C2[I, R].

2. −α′′(t) + λα(t) ≤ f(t, α(t), α(θ(t))), t ∈ I.

3. α′(0) ≥ α′(T ).

4. α(0) = α(T ).

Similarly we may give definitions of a lower solution for BVPs of second order

DEVDA (8.12), (8.13) and (8.14).

Definition 8.4.4. A function β : I → R is said to be an upper solution of

BVP (8.11) if 1. β ∈ C2[I, R].

2. −β′′(t) + λβ(t) ≥ f(t, β(t), β(θ(t))), t ∈ I.

3. β′(0) ≤ β′(T )

4. β(0) = β(T ).

Similarly we may give definitions of an upper solution for BVPs of second

order DEVDA (8.12), (8.13) and (8.14).

We now establish the results on existence of solution between lower and

upper solutions for BVP of second order DECD (8.4) and (8.5).

Theorem 8.4.1. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β be respectively lower and upper solutions of

BVP (8.4) such that α(t) ≤ β(t), ∀ t ∈ [−r, T ]. Then the BVP (8.4) has

atleast one solution y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].
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Proof. Since α, β are respectively lower and upper solutions of BVP (8.4), we

have 1. −α′′(t) + λα(t) ≤ f(t, α(t), α(t− r)), t ∈ I,

2. −β′′(t) + λβ(t) ≥ f(t, β(t), β(t− r)), t ∈ I,

3. α(t) = α(0), t ∈ [−r, 0],

4. β(t) = β(0), t ∈ [−r, 0],

5. α′(0) ≥ α′(T ),

6. β′(0) ≤ β′(T ),

7. α(0) = α(T ),

8. β(0) = β(T ).

Also α, β ∈ X.

Let p : I × R → R be defined by

p(t, x) = max {α(t), min {x, β(t)}} , ∀ (t, x) ∈ I × R.

Therefore α(t) ≤ p(t, x) ≤ β(t), ∀ (t, x) ∈ I × R.

Further p : I × R → R is continuous and bounded.

Let g∗ : R3 → R be defined by

g∗(x, y, z) = p(0, x + y − z), ∀ (x, y, z) ∈ R3. Then g∗ : R3 → R is

continuous and bounded.

Let h∗ : R → R be defined by

h∗(x) = p(0, x), ∀ x ∈ R. Then h∗ : R3 → R is continuous and bounded.

Let L : X → Y × R2 be an operator defined by

L[y(t)] = (u(t), y(0), y(T )), where

u(t) =



0; −r ≤ t ≤ 0,

−y′(t) + y′(0) + λ
t∫
0

y(s)ds; 0 ≤ t ≤ T.

Then, by Lemma 8.1.1, we have

1. L : X → Y × R2 is a continuous linear operator.

2. L−1 : Y × R2 → X exists and it is continuous linear operator.
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Let F ⋆ : I × R2 → R be defined by

F ⋆(t, x, y) =



f(t, α(t), α(t− r)), x ≤ α(t), y ≤ α(t− r),

f(t, x, α(t− r)), α(t) ≤ x ≤ β(t), y ≤ α(t− r),

f(t, β(t), α(t− r)), β(t) ≤ x, y ≤ α(t− r),

f(t, α(t), y), x ≤ α(t), α(t− r) ≤ y ≤ β(t− r),

f(t, x, y), α(t) ≤ x ≤ β(t), α(t− r) ≤ y ≤ β(t− r),

f(t, β(t), y), β(t) ≤ x, α(t− r) ≤ y ≤ β(t− r),

f(t, α(t), β(t− r)), x ≤ α(t), β(t− r) ≤ y,

f(t, x, β(t− r)), α(t) ≤ x ≤ β(t), β(t− r) ≤ y,

f(t, β(t), β(t− r)), β(t) ≤ x, β(t− r) ≤ y.

Then F ⋆ : I × R2 → R is continuous and bounded.

Let Q : X → Y × R2 be defined by

Q[y(t)] = (v(t), g∗(y(0), y′(0), y′(T )), h∗(y(0))), where

v(t) =



0; −r ≤ t ≤ 0

t∫
0

F ∗(s, y(s), y(s− r))ds; 0 ≤ t ≤ T.

By Lemma 8.1.2, Q : X → Y × R2 is continuous and compact.

Let S = L−1Q : X → X. Then S : X → X is continuous and compact.

Since F ∗, g∗ and h∗ are bounded, Z(X) is a bounded subset of (X, ||.||∞).

Therefore by Schauder’s fixed point theorem, S has a fixed point y ∈ X.

This implies y(t) = y(0), ∀ t ∈ [−r, 0].

Also, for 0 ≤ t ≤ T we have y(t) = S[y(t)].

This implies L[y(t)] = Q[y(t)].
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i.e [−y′(t) + y′(0) + λ
t∫
0

y(s)ds, y(0), y(T )]

= [
t∫
0

F ∗(s, y(s), y(s− r))ds, g∗(y(0), y′(0), y′(T )), h∗(y(0))].

Therefore

−y′(t) + y′(0) + λ

t∫
0

y(s)ds =

t∫
0

F ∗(s, y(s), y(s− r))ds, t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = g∗(y(0), y′(0), y′(T )),

y(T ) = h∗(y(0)).


Since F ∗ is continuous on I × R2,

t∫
0

F ∗(s, y(s), y(s− r))ds is

differentiable on I. Therefore y ∈ C2[I, R].

Thus

−y′′(t) + λy(t) = F ∗(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = g∗(y(0), y′(0), y′(T )),

y(T ) = h∗(y(0)).


(8.24)

Therefore y ∈ X is a fixed point of S iff y is a solution of the BVP (8.24).

We now show that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Since α(T ) = α(0) ≤ p(0, y(0)) ≤ β(0) = β(T ), we have

α(T ) ≤ h∗(y(0)) ≤ β(T ). This implies α(T ) ≤ y(T ) ≤ β(T ).

Also as α(0) ≤ p(0, y(0) + y′(0)− y′(T )) ≤ β(0), we have

α(0) ≤ g∗(y(0), y′(0), y′(T )) ≤ β(0). Therefore α(0) ≤ y(0) ≤ β(0).

Thus α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, 0].

Therefore it is enough to show that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ (0, T ).

Let if possible y − β has a positive maximum at t1 ∈ (0, T ).

Then y(t1) > β(t1), y
′(t1) = β′(t1) and y

′′(t1) < β′′(t1).



299

Therefore −y′′(t1) + λy(t1) > −β′′(t1) + λβ(t1).

So we have f(t1, β(t1), β(t1 − r)) < F ∗(t1, y(t1), y(t1 − r)). (8.25)

CASE-1: Let y(t1 − r) ≤ α(t1 − r). Then

f(t1, β(t1), β(t1 − r)) < F ∗(t1, y(t1), y(t1 − r))

= f(t1, β(t1), α(t1 − r))

≤ f(t1, β(t1), β(t1 − r)), which is a contradiction.

CASE-2: Let α(t1 − r) ≤ y(t1 − r) ≤ β(t1 − r). Then

f(t1, β(t1), β(t1 − r)) < F ∗(t1, y(t1), y(t1 − r))

= f(t1, β(t1), y(t1 − r))

≤ f(t1, β(t1), β(t1 − r)), which is a contradiction.

CASE-3: Let y(t1 − r) ≥ β(t1 − r). Then

f(t1, β(t1), β(t1 − r)) < F ∗(t1, y(t1), y(t1 − r))

= f(t1, β(t1), β(t1 − r)), which is a contradiction.

So we conclude that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

This implies α(t− r) ≤ y(t− r) ≤ β(t− r), ∀ t ∈ I.

Thus F ⋆(t, y(t), y(t− r)) = f(t, y(t), y(t− r)), ∀ t ∈ I.

Also y(T ) = h∗(y(0)) = p(0, y(0)) = y(0).

Next we show that p(0, y(0) + y′(0)− y′(T )) = y(0) + y′(0)− y′(T ).

It is enough to show that α(0) ≤ y(0) + y′(0)− y′(T ) ≤ β(0).

Let if possible α(0) > y(0) + y′(0)− y′(T ).
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Then

y(0) = p(0, y(0) + y′(0)− y′(T ))

= max{α(0), min{y(0) + y′(0)− y′(T ), β(0)}}

= max{α(0), y(0) + y′(0)− y′(T )}

= α(0).

Therefore y(T ) = y(0) = α(0) = α(T ).

Since α(t) ≤ y(t), ∀ t ∈ I, we have α′(0) ≤ y′(0) and y′(T ) ≤ α′(T ).

Therefore y(0) + y′(0)− y′(T ) = α(0) + y′(0)− y′(T )

≥ α(0) + α′(0)− α′(T )

≥ α(0), which is contradiction.

Thus α(0) ≤ y(0) + y′(0)− y′(T ).

Similarly it can be proved that y(0) + y′(0)− y′(T ) ≤ β(0).

This implies p(0, y(0) + y′(0) + y′(T )) = y(0) + y′(0)− y′(T ).

Hence y is a solution of (8.4) such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Corollary 8.4.2. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β be respectively lower and upper solutions of

BVP (8.5) such that α(t) ≤ β(t), ∀ t ∈ [−r, T ]. Then the BVP (8.5) has

atleast one solution y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].
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Proof. Since α, β ∈ X are respectively lower and upper solutions of BVP (8.5),

we have 1. −α′′(t) ≤ f(t, α(t), α(t− r)), t ∈ I,

2. −β′′(t) ≥ f(t, β(t), β(t− r)), t ∈ I.

3. α(t) = α(0), t ∈ [−r, 0].

4. β(t) = β(0), t ∈ [−r, 0].

5. α′(0) ≥ α′(T ).

6. β′(0) ≤ β′(T ).

7. α(0) = α(T ).

8. β(0) = β(T ).

For λ > 0, define F (t, u, v) = f(t, u, v) + λu, ∀ (t, u, v) ∈ I × R2.

Consider the BVP

−y′′(t) + λy(t) = F (t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = y′(T ).


(8.26)

Since −α′′(t) ≤ f(t, α(t), α(t− r)), t ∈ I, we have

−α′′(t) + λα(t) ≤ F (t, α(t), α(t− r)), t ∈ I.

Also −β′′(t) ≥ f(t, β(t), β(t− r)), t ∈ I implies

−β′′(t) + λβ(t) ≥ F (t, β(t), β(t− r)), t ∈ I.

Therefore α and β are respectively lower and upper solutions of the BVP (8.26)

such that α(t) ≤ β(t), ∀ t ∈ [−r, T ].

Let (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≤ x2 and y1 ≤ y2. Then

F (t, x1, y1) = f(t, x1, y1) + λx1

≤ f(t, x2, y2) + λx1

≤ f(t, x2, y2) + λx2

= F (t, x2, y2).
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So we have F (t, x1, y1) ≤ F (t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I × R2

such that x1 ≤ x2 and y1 ≤ y2.

Thus by using Theorem 8.4.1 we conclude that the BVP (8.26) has atleast one

solution y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ]. Hence y is a

solution of the BVP (8.5) such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Similarly, we can prove results on existence of solution between lower and

upper solutions for BVP of second order DEVDA (8.11) and (8.12).

Theorem 8.4.3. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β be respectively lower and upper solutions of

BVP (8.11) such that α(t) ≤ β(t), ∀ t ∈ I. Then the BVP (8.11) has atleast

one solution y ∈W such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ I.

Proof. Similar to the proof of the Theorem 8.4.1.

Corollary 8.4.4. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β be respectively lower and upper solutions of

BVP (8.12) such that α(t) ≤ β(t), ∀ t ∈ I. Then the BVP (8.12) has atleast

one solution y ∈W such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ I.

Proof. Similar to the proof of the Corollary 8.4.2.

Finally we prove results on existence of solution between lower and upper

solutions for BVP of second order DECD (8.6) and (8.7).

Theorem 8.4.5. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β respectively be lower and upper solutions of

BVP (8.6) such that α(t) ≤ β(t), ∀ t ∈ [−r, T ]. Then the BVP (8.6) has

atleast one solution y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].
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Proof. Since α, β ∈ X are respectively lower and upper solutions of BVP (8.6),

we have 1. −α′′(t) + λα(t) ≤ f(t, α(t), α(t− r)), t ∈ I,

2. −β′′(t) + λβ(t) ≥ f(t, β(t), β(t− r)), t ∈ I,

3. α(t) = α(0), t ∈ [−r, 0],

4. β(t) = β(0), t ∈ [−r, 0],

5. α′(0) ≥ 0,

6. β′(0) ≤ 0,

7. α(0) = α(T ),

8. β(0) = β(T ).

Also α, β ∈ X.

Let p : I × R → R, F ⋆ : I × R2 → R, h∗ : R → R and L : X → Y × R2 be

defined as in the proof of the Theorem 8.4.1.

Let g∗ : R2 → R be defined by g∗(x, y) = p(0, x+ y), ∀ (x, y) ∈ R2.

Then g∗ : R2 → R is continuous and bounded.

Let Q : X → Y ×R2 be defined by Q[y(t)] = (v(t), g∗(y(0), y′(0)), h∗(y(0))),

where

v(t) =



0; −r ≤ t ≤ 0

t∫
0

F ∗(s, y(s), y(s− r))ds; 0 ≤ t ≤ T.

By Lemma 8.1.3, Q : X → Y × R2 is continuous and compact.

Let S = L−1Q : X → X. Then S : X → X is continuous and compact.

Since F ∗, g∗ and h∗ are bounded, S(X) is a bounded subset of (X, ||.||∞).

Therefore by Schauder’s fixed point theorem, S has a fixed point y ∈ X.

This implies y(t) = y(0), ∀ t ∈ [−r, 0].

Also, for 0 ≤ t ≤ T we have y(t) = S[y(t)].

This implies L[y(t)] = Q[y(t)].
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i.e [−y′(t) + y′(0) + λ
t∫
0

y(s)ds, y(0), y(T )]

= [
t∫
0

F ∗(s, y(s), y(s− r))ds, g∗(y(0), y′(0)), h∗(y(0))].

Therefore

−y′(t) + y′(0) + λ

t∫
0

y(s)ds =

t∫
0

F ∗(s, y(s), y(s− r))ds, t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = g∗(y(0), y′(0)),

y(T ) = h∗(y(0)).


Since F ∗ is continuous on I ×R2,

t∫
0

F ∗(s, y(s), y(s− r))ds is differentiable on

I. Therefore y ∈ C2[I, R]. So we have

−y′′(t) + λy(t) = F ∗(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = g∗(y(0), y′(0)),

y(T ) = h∗(y(0)).


(8.27)

Therefore y ∈ X is a fixed point of S iff y is a solution of the BVP (8.27).

Proceding similarly as in the proof of the Theorem 8.4.1, it can be easily shown

that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ]. This implies

α(t− r) ≤ y(t− r) ≤ β(t− r), ∀ t ∈ I.

Thus F ⋆(t, y(t), y(t− r)) = f(t, y(t), y(t− r)), ∀ t ∈ I.

Also y(T ) = h∗(y(0)) = p(0, y(0)) = y(0).

Next we show that p(0, y(0) + y′(0)) = y(0) + y′(0).

It is enough to show that α(0) ≤ y(0) + y′(0) ≤ β(0).

Let if possible α(0) > y(0) + y′(0).
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Then

y(0) = p(0, y(0) + y′(0))

= max{α(0), min{y(0) + y′(0), β(0)}}

= max{α(0), y(0) + y′(0)}

= α(0).

Therefore y(T ) = y(0) = α(0) = α(T ).

Since α(t) ≤ y(t), ∀ t ∈ I, α′(0) ≤ y′(0) and y′(T ) ≤ α′(T ).

So we have y(0) + y′(0) = α(0) + y′(0)

≥ α(0) + α′(0)

≥ α(0), which is contradiction.

Thus α(0) ≤ y(0) + y′(0).

Similarly it can be proved that y(0) + y′(0) ≤ β(0).

This implies p(0, y(0) + y′(0)) = y(0) + y′(0). Hence y is a solution of the

BVP (8.6) such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Corollary 8.4.6. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β be respectively lower and upper solutions of

BVP (8.7) such that α(t) ≤ β(t), ∀ t ∈ [−r, T ]. Then the BVP (8.7) has

atleast one solution y ∈ X such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ [−r, T ].

Proof. Similar to the proof of the Corollary 8.4.2.

Similarly, we can prove results on existence of solution between lower and

upper solutions for BVP of second order DEVDA (8.13) and (8.14).
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Theorem 8.4.7. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β respectively be lower and upper solutions of

BVP (8.13) such that α(t) ≤ β(t), ∀ t ∈ I. Then the BVP (8.13) has atleast

one solution y ∈W such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ I.

Proof. Similar to the proof of the Theorem 8.4.5.

Corollary 8.4.8. Let f : I × R2 → R be continuous and satisfy

f(t, u1, v1) ≤ f(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such that

u1 ≤ u2 and v1 ≤ v2. Let α, β be respectively lower and upper solutions of

BVP (8.14) such that α(t) ≤ β(t), ∀ t ∈ I. Then the BVP (8.14) has atleast

one solution y ∈W such that α(t) ≤ y(t) ≤ β(t), ∀ t ∈ I.

Proof. Similar to the proof of the Corollary 8.4.2.
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9.1 Introduction

This chapter deals with developing monotone iterative method and quasilin-

earization method to obtain existence theorems for BVPs of second order

DECD (8.7) and second order DEVDA (8.14), discussed in Chapter 8. We

make use of Corollary 8.4.6 on existence of solution between lower and upper

solutions for BVP of second order DECD (8.7) and Corollary 8.4.8 on exis-

tence of solution between lower and upper solutions for BVP of second order

DEVDA (8.14), to prove our results.

9.2 Monotone Iterative Method

We first establish the existence result by using the monotone iterative method

for BVP of second order DECD (8.7).

Theorem 9.2.1. Let f : I × R2 → R be continuous and satisfy

f(t, x1, y1)− f(t, x2, y2) ≥ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x2 ≤ x1, y2 ≤ y1 and for some

constants µ1 > 0, µ2 > 0. Let α0, β0 ∈ X be lower and upper solutions of

BVP (8.7) such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ]. Then there are sequences of

monotonic functions {αn} and {βn} converging in (X, ||.||∞) such that lim
n→∞

αn

and lim
n→∞

βn are solutions of the BVP (8.7).
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Proof. Since, α0, β0 ∈ X are lower and upper solutions of BVP (8.7), we have

1. −α′′
0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. −β′
0(t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) = α0(0), t ∈ [−r, 0].

4. β0(t) = β0(0), t ∈ [−r, 0].

5. α0(0) = α0(T ).

6. β0(0) = β0(T ).

7. α′
0(0) ≥ 0.

8. β′
0(0) ≤ 0.

Consider

−y′′(t) = f(t, α0(t), α0(t− r)) + µ1[y(t)− α0(t)]

+ µ2[y(t− r)− α0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.


(9.1)

Let gα0(t, u, v) = f(t, α0(t), α0(t− r)) + µ1[u− α0(t)] + µ2[v − α0(t− r)],

∀ (t, u, v) ∈ I × R2.

Therefore gα0(t, y(t), y(t− r)) = f(t, α0(t), α0(t− r)) + µ1[y(t)− α0(t)]

+ µ2[y(t− r)− α0(t− r)], ∀ t ∈ I.

So we have gα0(t, x1, y1) ≤ gα0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I × R2

such that x1 ≤ x2 and y1 ≤ y2.

Also − α′′
0(t) ≤ f(t, α0(t), α0(t− r))

= f(t, α0(t), α0(t− r)) + µ1[α0(t)− α0(t)]

+ µ2[α0(t− r)− α0(t− r)]

= gα0(t, α0(t), α0(t− r)).
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Further − β′′
0 (t) ≥ f(t, β0(t), β0(t− r))

≥ f(t, α0(t), α0(t− r)) + µ1[β0(t)− α0(t)]

+ µ2[β0(t− r)− α0(t− r)]

= gα0(t, β0(t), β0(t− r)).

We already know that

1. α0(t) = α0(0), t ∈ [−r, 0].

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α0(t) ≤ β0(t), t ∈ [−r, T ].

4. α0(0) = α0(T ).

5. β0(0) = β0(T ).

6. α′
0(0) ≥ 0.

7. β′
0(0) ≤ 0.

This implies α0 and β0 are lower and upper solutions of the BVP (9.1) such

that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Therefore the BVP (9.1) has a solution α1 ∈ X such that α0 ≤ α1 ≤ β0 on

[−r, T ]. (Using Corollary 8.4.6)

So we have

−α′′
1(t) = f(t, α0(t), α0(t− r)) + µ1[α1(t)− α0(t)]

+ µ2[α1(t− r)− α0(t− r)], t ∈ I,

α1(t) = α1(0), t ∈ [−r, 0],

α1(0) = α1(T ),

α′
1(0) = 0.


This gives −α′′

1(t) ≤ f(t, α1(t), α1(t− r)), t ∈ I.
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Also 1. −β′′
0 (t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

2. α1(t) = α1(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α1(t) ≤ β0(t), t ∈ [−r, T ].

5. α1(0) = α1(T ).

6. β0(0) = β0(T ).

7. α′
1(0) = 0.

8. β′
0(0) ≤ 0.

Therefore α1 and β0 ∈ X are lower and upper solutions of the BVP (8.7) such

that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Next consider

−y′′(t) = f(t, α1(t), α1(t− r)) + µ1[y(t)− α1(t)]

+ µ2[y(t− r)− α1(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.


(9.2)

Let gα1(t, u, v) = f(t, α1(t), α1(t− r)) + µ1[u− α1(t)] + µ2[v − α1(t− r)],

∀ (t, u, v) ∈ I × R2.

Therefore gα1(t, y(t), y(t− r)) = f(t, α1(t), α1(t− r)) + µ1[y(t)− α1(t)]

+ µ2[y(t− r)− α1(t− r)], ∀ t ∈ I.

So we have gα1(t, x1, y1) ≤ gα1(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I × R2

such that x1 ≤ x2 and y1 ≤ y2.

Also − α′′
1(t) ≤ f(t, α1(t), α1(t− r))

= f(t, α1(t), α1(t− r)) + µ1[α1(t)− α1(t)]

+ µ2[α1(t− r)− α1(t− r)]

= gα1(t, α1(t), α1(t− r)).
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Further − β′′
0 (t) ≥ f(t, β0(t), β0(t− r))

≥ f(t, α1(t), α1(t− r)) + µ1[β0(t)− α1(t)]

+ µ2[β0(t− r)− α1(t− r)]

= gα1(t, β0(t), β0(t− r)).

We already know that

1. α1(t) = α1(0), t ∈ [−r, 0].

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α1(t) ≤ β0(t), t ∈ [−r, T ].

4. α1(0) = α1(T ).

5. β0(0) = β0(T ).

6. α′
1(0) = 0.

7. β′
0(0) ≤ 0.

This implies α1 and β0 are lower and upper solutions of the BVP (9.2) such

that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Therefore the BVP (9.2) has a solution α2 ∈ X such that α1 ≤ α2 ≤ β0 on

[−r, T ]. (Using Corollary 8.4.6)

This gives

−α′′
2(t) = f(t, α1(t), α1(t− r)) + µ1[α2(t)− α1(t)]

+ µ2[α2(t− r)− α1(t− r)], t ∈ I,

α2(t) = α2(0), t ∈ [−r, 0],

α2(0) = α2(T ),

α′
2(0) = 0.


So we have −α′′

2(t) ≤ f(t, α2(t), α2(t− r)), t ∈ I.
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Also 1. −β′′
0 (t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

2. α2(t) = α2(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α2(t) ≤ β0(t), t ∈ [−r, T ].

5. α2(0) = α2(T ).

6. β0(0) = β0(T ).

7. α′
2(0) = 0.

8. β′
0(0) ≤ 0.

Therefore α2 and β0 ∈ X are lower and upper solutions of the BVP (8.7) such

that α2(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Continuing in this manner, let αn ∈ X be a solution of

−y′′(t) = f(t, αn−1(t), αn−1(t− r)) + µ1[y(t)− αn−1(t)]

+ µ2[y(t− r)− αn−1(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0,


(9.3)

such that αn−1 ≤ αn ≤ β0 on [−r, T ].

Next consider

−y′′(t) = f(t, αn(t), αn(t− r)) + µ1[y(t)− αn(t)]

+ µ2[y(t− r)− αn(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.


(9.4)

Let gαn(t, u, v) = f(t, αn(t), αn(t− r)) + µ1[u− αn(t)]

+ µ2[v − αn(t− r)], ∀ (t, u, v) ∈ I × R2.
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Therefore gαn(t, y(t), y(t− r)) = f(t, αn(t), αn(t− r)) + µ1[y(t)− αn(t)]

+ µ2[y(t− r)− αn(t− r)], ∀ t ∈ I.

Also gαn(t, x1, y1) ≤ gαn(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such

that x1 ≤ x2 and y1 ≤ y2.

Further αn and β0 are lower and upper solutions of the BVP (9.4) such that

αn(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Therefore the BVP (9.4) has a solution αn+1 ∈ X such that αn ≤ αn+1 ≤ β0

on [−r, T ]. (Using Corollary 8.4.6)

This gives

−α′′
n+1(t) = f(t, αn(t), αn(t− r)) + µ1[αn+1(t)− αn(t)]

+ µ2[αn+1(t− r)− αn(t− r)], t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

αn+1(0) = αn+1(T ),

α′
n+1(0) = 0.


Thus we get a monotonic increasing sequence of functions {αn} ⊆ X such that

αn ≤ β0, ∀ n ∈ N on [−r, T ] and

−α′′
n+1(t) = f(t, αn(t), αn(t− r)) + µ1[αn+1(t)− αn(t)]

+ µ2[αn+1(t− r)− αn(t− r)], t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

αn+1(0) = αn+1(T ),

α′
n+1(0) = 0.


(9.5)

Now for each fixed t ∈ [−r, T ], {αn(t)} is a monotonic increasing sequence

in R which is bounded above by β0(t). Therefore by Monotone Convergence

Theorem for sequences in R, {αn(t)} is convergent in R, for each t ∈ [−r, T ].
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This implies {αn} is pointwise convergent on [−r, T ].

Let lim
n→∞

αn(t) = α(t), ∀ t ∈ [−r, T ].

From (9.5), we get

α′
n+1(t) = −

t∫
0

f(s, αn(s), αn(s− r))ds− µ1

t∫
0

[αn+1(s)− αn(s)]ds (9.6)

− µ2

t∫
0

[αn+1(s− r)− αn(s− r)]ds.

Integrating (9.6) from 0 to t, we get

αn+1(t) = αn+1(0)−
t∫

0

(t− s)f(s, αn(s), αn(s− r))ds (9.7)

− µ1

t∫
0

(t− s)[αn+1(s)− αn(s)]ds

− µ2

t∫
0

(t− s)[αn+1(s− r)− αn(s− r)]ds.

Now {αn} is uniformly bounded on [−r, T ] as α0(t) ≤ αn(t) ≤ β0(t),

∀ t ∈ [−r, T ]. Therefore ∃ M > 0 such that |αn(t)| ≤ M, ∀ t ∈ [−r, T ] and

∀ n ∈ N. Since f : I×R2 → R is continuous, f : I×[−M, M ]×[−M, M ] → R

is continuous. Therefore f : I × [−M, M ]× [−M, M ] → R is bounded, as

I × [−M, M ]× [−M, M ] is compact. So there is K > 0 such that

|f(t, αn(t), αn(t− r))| ≤ K, ∀ t ∈ I and ∀ n ∈ N.
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Now from equation (9.6), we get

|α′
n+1(t)| ≤ |

t∫
0

f(s, αn(s), αn(s− r))ds|

+ |µ1||
t∫

0

[αn+1(s)− αn(s)]ds|

+ |µ2||
t∫

0

[αn+1(s− r)− αn(s− r)]ds|

≤
t∫

0

|f(s, αn(s), αn(s− r))|ds + |µ1|
t∫

0

{|αn+1(s)|+ |αn(s)|}ds

+ |µ2|
t∫

0

{|αn+1(s− r)|+ |αn(s− r)|}ds

≤ K

T∫
0

ds + 2M |µ1|
T∫

0

ds + 2M |µ2|
T∫

0

ds

= TK + 2TM |µ1| + 2TM |µ2| = C (Say).

Thus {α′
n} is uniformly bounded on I.

We now show that {αn} is equicontinuous on I.

Let ϵ > 0 be arbitrary. Choose δ = min{ ϵ
C
, T

2
}.

Let t1, t2 ∈ I be such that |t1 − t2| < δ.

By Lagrange’s Mean Value Theorem, ∃ ξ between t1 and t2 such that

|αn(t1)− αn(t2)| = |α′
n(ξ)||t1 − t2|.

This implies |αn(t1) − αn(t2)| ≤ C|t1 − t2| < Cδ ≤ ϵ, ∀ t1, t2 ∈ I such that

|t1 − t2| < δ. Therefore {αn} is equicontinuous on I. Using Arzela-Ascoli’s

lemma we may conclude that {αn} has a subsequence {αnk
} converging uni-

formly on I. So αnk
→ α uniformly on I. Since each αnk

is continuous on I,

α is continuous on I. Also α(t) = α(0), ∀ t ∈ [−r, 0] and α(0) = α(T ). So we

conclude that α is continuous on [−r, T ]. Since {αn} is increasing and

lim
n→∞

αn(t) = α(t), ∀ t ∈ I, by Dini’s Theorem for uniform convergence of se-
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quence of functions, αn → α uniformly on I.

Taking limit as n→ ∞ on both sides of equation (9.7) we get

α(t) = α(0)−
t∫
0

(t− s)f(s, α(s), α(s− r))ds, ∀ t ∈ I.

This implies that α is differentiable on I and

α′(t) = −
t∫
0

f(s, α(s), α(s− r))ds, ∀ t ∈ I.

Since the right hand side of equation (9.6) forms a uniformly convergent se-

quence of functions, we conclude that {α′
n} is uniformly convergent on I.

Now taking limit as n→ ∞ on both sides of equation (9.6) we get

lim
n→∞

α′
n+1(t) = α′(t).

So we conclude that α′
n → α′ uniformly on I. Also αn → α pointwise on

[−r, T ] and αn → α uniformly on I. Further αn(t) = αn(0), ∀ t ∈ [−r, 0] and

∀ n ∈ N, α(t) = α(0), ∀ t ∈ [−r, 0].

Therefore αn → α uniformly on [−r, T ].

Thus {αn} converges to α in (X, ||.||∞) and lim
n→∞

αn = α(t) is a solution of the

BVP (8.7).

Next consider

−y′′(t) = f(t, β0(t), β0(t− r)) + µ1[y(t)− β0(t)]

+ µ2[y(t− r)− β0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.


(9.8)

Let hβ0(t, u, v) = f(t, β0(t), β0(t− r)) + µ1[u− β0(t)]

+ µ2[v − β0(t− r)], ∀ (t, u, v) ∈ I × R2.

Therefore hβ0(t, y(t), y(t− r)) = f(t, β0(t), β0(t− r)) + µ1[y(t)− β0(t)]

+ µ2[y(t− r)− β0(t− r)], ∀ t ∈ I.



318

So we have gβ0(t, x1, y1) ≤ gβ0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I × R2

such that x1 ≤ x2 and y1 ≤ y2.

Also − α′′
0(t) ≤ f(t, α0(t), α0(t− r))

≤ f(t, β0(t), β0(t− r)) + µ1[α0(t)− β0(t)]

+ µ2[α0(t− r)− β0(t− r)]

= hβ0(t, α0(t), α0(t− r)).

Further − β′′
0 (t) ≥ f(t, β0(t), β0(t− r))

= f(t, β0(t), β0(t− r)) + µ1[β0(t)− β0(t)]

+ µ2[β0(t− r)− β0(t− r)]

= hβ0(t, β0(t), β0(t− r)).

We already know that

1. α0(t) = α0(0), t ∈ [−r, 0].

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α0(t) ≤ β0(t), t ∈ [−r, T ].

4. α0(0) = α0(T ).

5. β0(0) = β0(T ).

6. α′
0(0) ≥ 0.

7. β′
0(0) ≤ 0.

This implies that α0 and β0 are lower and upper solutions of the BVP (9.8)

such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Therefore the BVP (9.8) has a solution β1 ∈ X such that α0 ≤ β1 ≤ β0 on

[−r, T ]. (Using Corollary 8.4.6)
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So we have

−β′′
1 (t) = f(t, β0(t), β0(t− r)) + µ1[β1(t)− β0(t)]

+ µ2[β1(t− r)− β0(t− r)], t ∈ I,

β1(t) = β1(0), t ∈ [−r, 0],

β1(0) = β1(T ),

β′
1(0) = 0.


This gives −β′′

1 (t) ≥ f(t, β1(t), β1(t− r)), t ∈ I.

Also 1. −α′′
0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β1(t) = β1(0), t ∈ [−r, 0].

4. α0(t) ≤ β1(t), t ∈ [−r, T ].

5. α0(0) = α0(T ).

6. β1(0) = β1(T ).

7. α′
0(0) ≥ 0.

8. β′
1(0) = 0.

Therefore α0 and β1 ∈ X are lower and upper solutions of the BVP (8.7) such

that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic decreasing sequence of

functions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N on [−r, T ] and

−β′′
n+1(t) = f(t, βn(t), βn(t− r)) + µ1[βn+1(t)− βn(t)]

+ µ2[βn+1(t− r)− βn(t− r)], t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

βn+1(0) = βn+1(T ),

β′
n+1(0) = 0.


Further, {βn} converges in (X, ||.||∞) and lim

n→∞
βn is a solution of the BVP

(8.7).
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Next, we establish the existence result for BVP of second order DEVDA

(8.14) by using the monotone iterative method.

Theorem 9.2.2. Let f : I × R2 → R be continuous and satisfy

f(t, x1, y1)− f(t, x2, y2) ≥ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x2 ≤ x1, y2 ≤ y1 and for some

constants µ1 > 0, µ2 > 0. Let α0, β0 ∈ W be lower and upper solutions of BVP

(8.4) such that α0(t) ≤ β0(t), ∀ t ∈ I. Then there are sequences of monotonic

functions {αn} and {βn} converging in (W, ||.||0) such that lim
n→∞

αn and lim
n→∞

βn

are solutions of the BVP (8.14).

Proof. Similar to the proof of the Theorem 9.2.1.

9.3 Quasilinearization Method

In this section, we obtain results on existence of solution for BVP of second

order DECD (8.7) and for BVP of second order DEVDA (8.14) by using quasi-

linearization method.

Theorem 9.3.1. Let f ∈ C2[I × R2,R] and α0, β0 ∈ X be lower and upper

solutions of the BVP (8.7) such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ]. Assume

that Dif(t, x, y) > 0 and Di, jf(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3. Then there is a monotonic increasing sequence of functions

{αn} converging in (X, ||.||∞) such that lim
n→∞

αn is a solution of the BVP

(8.7).

Proof. It is given that Di, jf(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3.
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Therefore f(t, x1, y1)− f(t, x2, y2) ≥ D2f(t, x2, y2)(x1 − x2)

+D3f(t, x2, y2)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

Since α0, β0 ∈ X are lower and upper solutions of BVP (8.7), we have

1. −α′′
0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. −β′′
0 (t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) = α0(0), t ∈ [−r, 0].

4. β0(t) = β0(0), t ∈ [−r, 0].

5. α0(0) = α0(T ).

6. β0(0) = β0(T ).

7. α′
0(0) ≥ 0.

8. β′
0(0) ≤ 0.

Consider

−y′′(t) = f(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.



(9.9)

Let

gα0(t, u, v) = f(t, α0(t), α0(t− r)) +D2f(t, α0(t), α0(t− r))[u− α0(t)]

+D3f(t, α0(t), α0(t− r))[v − α0(t− r)], ∀ (t, u, v) ∈ I × R2.



322

This implies

gα0(t, y(t), y(t− r)) = f(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)], ∀ t ∈ I.

So we have gα0(t, x1, y1) ≤ gα0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I × R2

such that x1 ≤ x2 and y1 ≤ y2. Also

−α′′
0(t) ≤ f(t, α0(t), α0(t− r))

= f(t, α0(t), α0(t− r)) +D2f(t, α0(t), α0(t− r))[α0(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[α0(t− r)− α0(t− r)]

= gα0(t, α0(t), α0(t− r)).

Further

−β′′
0 (t) ≥ f(t, β0(t), β0(t− r))

≥ f(t, α0(t), α0(t− r)) +D2f(t, α0(t), α0(t− r))[β0(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[β0(t− r)− α0(t− r)]

= gα0(t, β0(t), β0(t− r)).

We already know that

1. α0(t) ≤ β0(t), t ∈ [−r, T ].

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α0(0) = α0(T ).

5. β0(0) = β0(T ).

4. α′
0(0) ≥ 0.

5. β′
0(0) ≤ 0.



323

Therefore α0 and β0 are lower and upper solutions of the BVP (9.9) such that

α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Thus the BVP (9.9) has a solution α1 ∈ X such that

α0 ≤ α1 ≤ β0 on [−r, T ]. (Using Corollary 8.4.6)

So we have

−α′′
1(t) = f(t, α0(t), α0(t− r)) +D2f(t, α0(t), α0(t− r))[α1(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[α1(t− r)− α0(t− r)], t ∈ I,

α1(t) = α1(0), t ∈ [−r, 0],

α1(0) = α1(T ),

α′
1(0) = 0.


This gives −α′′

1(t) ≤ f(t, α1(t), α1(t− r)), t ∈ I.

Also 1. −β′′
0 (t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α1(t) = α1(0), t ∈ [−r, 0].

4. α1(t) ≤ β0(t), t ∈ [−r, T ].

5. α1(0) = α1(T ).

6. β0(0) = β0(T ).

7. α′
1(0) = 0.

8. β′
0(0) ≤ 0.

Therefore α1 and β0 ∈ X are lower and upper solutions of the BVP (8.7) such

that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic increasing sequence of functions

{αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N on [−r, T ] and
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−α′′
n+1(t) = f(t, αn(t), αn(t− r))

+D2f(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D3f(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)], t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

αn+1(0) = αn+1(T ),

α′
n+1(0) = 0.


Further {αn} converges in (X, ||.||∞) and lim

n→∞
αn is a solution of the BVP

(8.7).

Theorem 9.3.2. Let f ∈ C2[I × R2,R] and α0, β0 ∈ W be lower and upper

solutions of the BVP (8.14) such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ]. Assume

that Dif(t, x, y) > 0 and Di, jf(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3. Then there is a monotonic increasing sequence of functions

{αn} converging in (W, ||.||0) such that lim
n→∞

αn is a solution of the BVP (8.14).

Proof. Similar to the proof of the Theorem 9.3.1.

We now obtain similar results by changing the condition on decond order

partial deivatives of f .

Theorem 9.3.3. Let f ∈ C2[I × R2, R] and α0, β0 ∈ X be lower and upper

solutions of BVP (8.7) such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ]. Assume

that Dif(t, x, y) > 0 and Di, jf(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3. Then there is a monotonic decreasing sequence of functions

{βn} converging in (X, ||.||∞) such that lim
n→∞

βn is a solution of the BVP (8.7).

Proof. It is given that Di, jf(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3.
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Therefore f(t, x1, y1)− f(t, x2, y2) ≥ D2f(t, x1, y1)(x1 − x2)

+D3f(t, x1, y1)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

Since α0, β0 ∈ X are lower and upper solutions of BVP (8.7), we have

1. −α′′
0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. −β′′
0 (t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) = α0(0), t ∈ [−r, 0].

4. β0(t) = β0(0), t ∈ [−r, 0].

5. α0(0) = α0(T ).

6. β0(0) = β0(T ).

7. α0(0) ≥ 0.

8. β0(0) ≤ 0.

Consider

−y′′(t) = f(t, β0(t), β0(t− r))

+D2f(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.



(9.10)

Let

hβ0(t, u, v) = f(t, β0(t), β0(t− r))

+D2f(t, β0(t), β0(t− r))[u− β0(t)]

+D3f(t, β0(t), β0(t− r))[v − β0(t− r)], ∀ (t, u, v) ∈ I × R2.
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Then

hβ0(t, y(t), y(t− r)) = f(t, β0(t), β0(t− r))

+D2f(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)],

∀ t ∈ I.

So we have hβ0(t, x1, y1) ≤ hβ0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I × R2

such that x1 ≤ x2 and y1 ≤ y2. Also

−α′′
0(t) ≤ f(t, α0(t), α0(t− r))

≤ f(t, β0(t), β0(t− r)) +D2f(t, β0(t), β0(t− r))[α0(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[α0(t− r)− β0(t− r)]

= hβ0(t, α0(t), α0(t− r)).

Further

−β′′
0 (t) ≥ f(t, β0(t), β0(t− r))

= f(t, β0(t), β0(t− r)) +D2f(t, β0(t), β0(t− r))[β0(t)− β0(t)]

+D2f(t, β0(t), β0(t− r))[β0(t− r)− β0(t− r)]

= hβ0(t, β0(t), β0(t− r)).

We already know that

1. α0(t) ≤ β0(t), t ∈ [−r, T ].

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α0(0) = α0(T ).

5. β0(0) = β0(T ).

6. α′
0(0) ≥ 0.

7. β′
0(0) ≤ 0.
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Therefore α0 and β0 are lower and upper solutions of the BVP (9.10) such that

α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Thus the BVP (9.10) has a solution β1 ∈ X such that α0 ≤ β1 ≤ β0 on

[−r, T ]. (Using Corollary 8.4.6)

So we have

−β′′
1 (t) = f(t, β0(t), β0(t− r)) +D2f(t, β0(t), β0(t− r))[β1(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[β1(t− r)− β0(t− r)], t ∈ I,

β1(t) = β1(0), t ∈ [−r, 0],

β1(0) = β1(T ),

β′
1(0) = 0.


This implies −β′′

1 (t) ≥ f(t, β1(t), β1(t− r)), t ∈ I.

Also 1. −α′′
0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β1(t) = β1(0), t ∈ [−r, 0].

4. α0(t) ≤ β1(t), t ∈ [−r, T ].

5. α0(0) = α0(T ).

6. β1(0) = β1(T ).

7. α′
0(0) ≥ 0.

8. β′
1(0) = 0.

Therefore α0 and β1 ∈ X are lower and upper solutions of the BVP (8.7) such

that α0(t) ≤ β1(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N on [−r, T ] and
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−β′′
n+1(t) = f(t, βn(t), βn(t− r))

+D2f(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D3f(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)], t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

βn+1(0) = βn+1(T ),

β′
n+1(0) = 0.


Further {βn} converges in (X, ||.||∞) and lim

n→∞
βn is a solution of the BVP

(8.7).

Theorem 9.3.4. Let f ∈ C2[I × R2, R] and α0, β0 ∈ W be lower and upper

solutions of BVP (8.14) such that α0(t) ≤ β0(t), ∀ t ∈ I. Assume that

Dif(t, x, y) > 0 and Di, jf(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3. Then there is a monotonic decreasing sequence of functions

{βn} converging in (W, ||.||0) such that lim
n→∞

βn is a solution of the BVP (8.14).

Proof. Similar to the proof of the Theorem 9.3.3.
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10.1 Introduction

In this chapter, we shall discuss the BVPs of second order DECD of the type

−y′′(t) = f(t, y(t), y(t− r)) + h(t, y(t), y(t− r)) and BVPs of second order

DEVDA of the type −y′′(t) = f(t, y(t), y(θ(t))) + h(t, y(t), y(θ(t))), where

there are certain conditions on first and second order partial derivatives with

respect to the second and third arguments of f and h. We shall establish

the existence of solution results by employing the extended quasilinearisation

method. We shall also establish results on existence of solution, by using

generalized quasilinearization method, for BVPs of second order DECD (8.7)

and for BVPs of second order DEVDA (8.14), discussed in Chapter 8, by

forcing certain conditions on first and second order partial derivatives with

respect to the second and third argument of f and f +ϕ, for some function ϕ.

Further we introduce extended-generalized quaslinearization Method for

BVP of second order DECD of the type

−y′′(t) = f(t, y(t), y(t − r)) + h(t, y(t), y(t − r)) and for BVP of second

order DEVDA of the type −y′′(t) = f(t, y(t), y(θ(t)))+h(t, y(t), y(θ(t))), by

imposing certain conditions on first and second order partial derivatives with

respect to the second and third arguments of f, h, f + ϕ and h+ ψ for some

functions ϕ and ψ.

We make use of Corollary 8.4.6 and Corollary 8.4.8 to obtain all our results.

10.2 Extended Quasilinearization Method

Let T > 0, λ ≥ 0, I = [0, T ], 0 < r ≤ T , θ : I → I be continuous function

and f, h : I × R2 → R be continuous functions. Then we investigate the

following BVPs for extended quasilinearization method. The BVP of second

order DECD is given by
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−y′′(t) = f(t, y(t), y(t− r)) + h(t, y(t), y(t− r)), t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.


(10.1)

The BVP of second order DEVDA is given by

−y′′(t) = f(t, y(t), y(θ(t))) + h(t, y(t), y(θ(t))), t ∈ I,

y(0) = y(T ),

y′(0) = 0.


(10.2)

We prove the following result for the BVP(10.1).

Theorem 10.2.1. Let α0, β0 ∈ X such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ] and

Ω = {(t, u, v) : α0(t) ≤ u ≤ β0(t) and α0(t− r) ≤ v ≤ β0(t− r), t ∈ I}. Let

f, h ∈ C2[Ω, R] be such that Dif > 0, Dih > 0, Di, jf ≥ 0 and Di, jh ≤ 0 on

Ω and ∀ i, j = 2, 3. Assume that α0 and β0 are lower and upper solutions

of BVP (10.1). Then there are monotonic sequences of functions {αn} and

{βn} converging in (X, ||.||∞) such that lim
n→∞

αn and lim
n→∞

βn are solutions of

the BVP (10.1).

Proof. It is given that Di, jf ≥ 0 and Di, jh ≤ 0 on Ω and ∀ i, j = 2, 3.

Therefore f(t, x1, y1)− f(t, x2, y2) ≥ D2f(t, x2, y2)(x1 − x2)

+D3f(t, x2, y2)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2, y1 ≥ y2.

Also h(t, x1, y1)− h(t, x2, y2) ≥ D2h(t, x1, y1)(x1 − x2)

+D3h(t, x1, y1)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2, y1 ≥ y2.

Let µ1 = min
(t, u, v)∈Ω

D2h(t, u, v) and µ2 = min
(t, u, v)∈Ω

D3h(t, u, v). Then µ1 > 0

and µ2 > 0.
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Thus we have, h(t, x1, y1)− h(t, x2, y2) ≥ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2, y1 ≥ y2.

Since α0, β0 are lower and upper solutions of BVP (10.1), we have

1. −α′′
0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r)), t ∈ I.

2. −β′′
0 (t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) = α0(0), t ∈ [−r, 0].

4. β0(t) = β0(0), t ∈ [−r, 0].

5. α0(0) = α0(T ).

6. β0(0) = β0(T ).

7. α′
0(0) ≥ 0.

8. β′
0(0) ≤ 0.

Consider

−y′′(t) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ [D2f(t, α0(t), α0(t− r)) + µ1][y(t)− α0(t)]

+ [D3f(t, α0(t), α0(t− r)) + µ2][y(t− r)− α0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.



(10.3)

Let Fα0(t, u, v) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ [D2f(t, α0(t), α0(t− r)) + µ1][u− α0(t)]

+ [D3f(t, α0(t), α0(t− r)) + µ2][v − α0(t− r)],

∀ (t, u, v) ∈ Ω.
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This implies

Fα0(t, y(t), y(t− r)) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ [D2f(t, α0(t), α0(t− r)) + µ1][y(t)− α0(t)]

+ [D3f(t, α0(t), α0(t− r)) + µ2][y(t− r)− α0(t− r)],

∀ t ∈ I.

So we have Fα0(t, x1, y1) ≤ Fα0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ Ω such

that x1 ≤ x2 and y1 ≤ y2.

Also − α′′
0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

= f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ [D2f(t, α0(t), α0(t− r)) + µ1][α0(t)− α0(t)]

+ [D3f(t, α0(t), α0(t− r)) + µ2][α0(t− r)− α0(t− r)]

= Fα0(t, α0(t), α0(t− r)).

Further − β′′
0 (t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

≥ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ [D2f(t, α0(t), α0(t− r)) + µ1][β0(t)− α0(t)]

+ [D3f(t, α0(t), α0(t− r)) + µ2][β0(t− r)− α0(t− r)]

= Fα0(t, β0(t), β0(t− r)).

We already know that

1. α0(t) ≤ β0(t), t ∈ [−r, T ].

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α0(0) = α0(T ).

5. β0(0) = β0(T ).

6. α′
0(0) ≥ 0.
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7. β′
0(0) ≤ 0.

Therefore α0 and β0 are lower and upper solutions of the BVP (10.3) such that

α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Thus the BVP (10.3) has a solution α1 ∈ X such that α0 ≤ α1 ≤ β0 on

[−r, T ]. (Using Corollary 8.4.6)

Therefore

−α′′
1(t) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ [D2f(t, α0(t), α0(t− r)) + µ1][α1(t)− α0(t)]

+ [D3f(t, α0(t), α0(t− r)) + µ2][α1(t− r)− α0(t− r)], t ∈ I,

α1(t) = α1(0), t ∈ [−r, 0],

α1(0) = α1(T ),

α′
1(0) = 0.


This implies −α′′

1(t) ≤ f(t, α1(t), α1(t− r)) + h(t, α1(t), α1(t− r)), t ∈ I.

Also 1. −β′′
0 (t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r)), t ∈ I.

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α1(t) = α1(0), t ∈ [−r, 0].

4. α1(t) ≤ β0(t), t ∈ [−r, T ].

5. α1(0) = α1(T ).

6. β0(0) = β0(T ).

7. α′
1(0) = 0.

8. β′
0(0) ≤ 0.

Therefore α1 and β0 ∈ X are lower and upper solutions of the BVP (10.1) such

that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic increasing sequence of

functions {αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N on [−r, T ] and
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−α′′
n+1(t) = f(t, αn(t), αn(t− r)) + h(t, αn(t), αn(t− r))

+ [D2f(t, αn(t), αn(t− r)) + µ1][αn+1(t)− αn(t)]

+ [D3f(t, αn(t), αn(t− r)) + µ2][αn+1(t− r)− αn(t− r)], t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

αn+1(0) = αn+1(T ),

α′
n+1(0) = 0.


Further lim

n→∞
αn exists in (X, ||.||∞) and lim

n→∞
αn is a solution of the BVP (10.1).

Let θ1 = min
(t, u, v)∈Ω

D2f(t, u, v) and θ2 = min
(t, u, v)∈Ω

D3f(t, u, v). Then θ1 > 0

and θ2 > 0.

Thus we have f(t, x1, y1)− f(t, x2, y2) ≥ θ1(x1 − x2) + θ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

Now consider

−y′′(t) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ [θ1 +D2h(t, β0(t), β0(t− r))][y(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][y(t− r)− β0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.



(10.4)

Let Gβ0(t, u, v) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ [θ1 +D2h(t, β0(t), β0(t− r))][u− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][v − β0(t− r)],

∀ (t, u, v) ∈ Ω.
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This implies

Gβ0(t, y(t), y(t− r)) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ [θ1 +D2h(t, β0(t), β0(t− r))][y(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][y(t− r)− β0(t− r)],

∀ t ∈ I.

So we have Gβ0(t, x1, y1) ≤ Gβ0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ Ω

such that x1 ≤ x2 and y1 ≤ y2.

Also − α′′
0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

≤ f(t, β0(t), β0(t− r)) + h(t, β0(t− r), β0(t))

+ [θ1 +D2h(t, β0(t), β0(t− r))][α0(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][α0(t− r)− β0(t− r)]

= Gβ0(t, α0(t), α0(t− r)).

Further − β′′
0 (t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

= f(t, β0(t), β0(t− r)) + h(t, β0(t− r), β0(t))

+ [θ1 +D2h(t, β0(t), β0(t− r))][β0(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][β0(t− r)− β0(t− r)]

= Gβ0(t, β0(t), β0(t− r)).

We already know that

1. α0(t) ≤ β0(t), t ∈ [−r, T ].

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α0(0) = α0(T ).

5. β0(0) = β0(T ).
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6. α′
0(0) ≥ 0.

7. β′
0(0) ≤ 0.

Therefore α0 and β0 are lower and upper solutions of the BVP (10.413) such

that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Thus the BVP (10.4) has a solution β1 ∈ X such that α0 ≤ β1 ≤ β0 on

[−r, T ]. (Using Corollary 8.4.6)

Therefore

β′
1(t) = f(t, β0(t), β0(t− r)) + h(t, β0(t− r), β0(t))

+ [θ1 +D2h(t, β0(t), β0(t− r))][β1(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][β1(t− r)− β0(t− r)], t ∈ I,

β1(t) = β1(0), t ∈ [−r, 0],

β1(0) = β1(T ),

β′
1(0) = 0.


This implies −β′′

1 (t) ≥ f(t, β1(t), β1(t− r)) + h(t, β1(t), β1(t− r)), t ∈ I.

Also 1. −α′′
0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r)), t ∈ I.

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β1(t) = β1(0), t ∈ [−r, 0].

4. α0(t) ≤ β1(t), t ∈ [−r, T ].

5. α0(0) = α0(T ).

6. β1(0) = β1(T ).

7. α′
0(0) ≥ 0.

8. β′
1(0) = 0.

Therefore α0 and β1 ∈ X are lower and upper solutions of the BVP (10.1) such

that α0(t) ≤ β1(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N on [−r, T ] and
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−β′′
n+1(t) = f(t, βn(t), βn(t− r)) + h(t, βn(t− r), βn(t))

+ [θ1 +D2h(t, βn(t), βn(t− r))][βn+1(t)− βn(t)]

+ [θ2 +D3h(t, βn(t), βn(t− r))][βn+1(t− r)− βn(t− r)],

t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

βn+1(0) = βn+1(T ),

β′
n+1(0) = 0.


Further lim

n→∞
βn exists in (X, ||.||∞) and lim

n→∞
βn is a solution of the BVP

(10.1).

Next we have a similar result for the BVP (10.2).

Theorem 10.2.2. Let α0, β0 ∈ W such that α0(t) ≤ β0(t), ∀ t ∈ I and

Ω = {(t, u, v) : α0(t) ≤ u ≤ β0(t) and α0(θ(t)) ≤ v ≤ β0(θ(t)), t ∈ I}. Let

f, h ∈ C2[Ω, R] be such that Dif > 0, Dih > 0, Di, jf ≥ 0 and Di, jh ≤ 0 on

Ω and ∀ i, j = 2, 3. Assume that α0 and β0 are lower and upper solutions of

BVP (10.2). Then there are monotonic sequences of functions {αn} and {βn}

converging in (W, ||.||0) such that lim
n→∞

αn and lim
n→∞

βn are solutions of the BVP

(10.2).

Proof. Similar to the proof of the Theorem 10.2.1.

10.3 Generalized Quasilinearization Method

In this section, we undertake the study of existence of solution for the BVP of

second order DECD (8.7) and BVP of second order DEVDA (8.14), by forcing

certain conditions on first and second order partial derivatives with respect to

the second and third argument of f and f +ϕ, for some function ϕ. We obtain

our results by using generalised quasilinearization method.
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Theorem 10.3.1. Let α0, β0 ∈ X be lower and upper solutions of BVP (8.7)

such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ]. Let f, ϕ ∈ C2[I × R2, R] such that

(1) Di, jf(t, x, y)+Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3.

(2) Dif(t, x, y) +Diϕ(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and ∀ i = 2, 3.

(3) ϕ(t, u1, v1) ≥ ϕ(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such

that u1 ≤ u2 and v1 ≤ v2.

Then there is a monotonic increasing sequence of functions {αn}converging in

(X, ||.||∞) such that lim
n→∞

αn is a solution to the BVP (8.7).

Proof. Let F (t, x, y) = f(t, x, y) + ϕ(t, x, y), ∀ (t, x, y) ∈ I × R2.

Therefore Di, jF (t, x, y) ≥ 0 and DiF (t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and

∀ i, j = 2, 3. This implies

F (t, x1, y1)−F (t, x2, y2) ≥ D2F (t, x2, y2)(x1−x2)+D3F (t, x2, y2)(y1−y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

So we have

f(t, x1, y1) ≥ f(t, x2, y2)− ϕ(t, x1, y1) + ϕ(t, x2, y2)

+D2f(t, x2, y2)(x1 − x2) +D2α(t, x2, y2)(x1 − x2)

+D3f(t, x2, y2)(y1 − y2) +D3α(t, x2, y2)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

Since α0, β0 are lower and upper solutions of BVP (8.7), we have

1. −α′′
0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I,

2. −β′′
0 (t) ≥ f(t, β0(t), β0(t− r)), t ∈ I,

3. α0(t) = α0(0), t ∈ [−r, 0],

4. β0(t) = β0(0), t ∈ [−r, 0],

5. α0(0) = α0(T ),

6. β0(0) = β0(T ),

7. α′
0(0) ≥ 0,

8. β′
0(0) ≤ 0.



340

Consider

−y′′(t) = f(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))

− ϕ(t, y(t), y(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.



(10.5)

Let Fα0(t, u, v) = f(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))

− ϕ(t, u, v) +D2f(t, α0(t), α0(t− r))[u− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[u− α0(t)]

+D3f(t, α0(t), α0(t− r))[v − α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))[v − α0(t− r)],

∀ (t, u, v) ∈ I × R2.

This implies

Fα0(t, y(t), y(t− r)) = f(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))

− ϕ(t, y(t), y(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)], ∀ t ∈ I.
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So we have Fα0(t, x1, y1) ≤ Fα0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I × R2

such that x1 ≤ x2 and y1 ≤ y2.

Also − α′′
0(t) ≤ f(t, α0(t), α0(t− r))

= f(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))

− ϕ(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[α0(t)− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[α0(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[α0(t− r)− α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))[α0(t− r)− α0(t− r)]

= Fα0(t, α0(t), α0(t− r)).

Further − β′′
0 (t) ≥ f(t, β0(t), β0(t− r))

≥ f(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))

− ϕ(t, β0(t), β0(t− r))

+D2f(t, α0(t), α0(t− r))[β0(t)− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[β0(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[β0(t− r)− α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))][β0(t− r)− α0(t− r)]

= Fα0(t, β0(t), β0(t− r)).

We already know that

1. α0(t) ≤ β0(t), t ∈ [−r, T ].

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α0(0) = α0(T ).

5. β0(0) = β0(T ).
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6. α′
0(0) ≥ 0.

7. β′
0(0) ≤ 0.

Therefore α0 and β0 are lower and upper solutions of the BVP (10.5) such that

α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Thus the BVP (10.5) has a solution α1 ∈ X such that α0 ≤ α1 ≤ β0 on

[−r, T ]. (Using Corollary 8.4.6)

Therefore

−α′′
1(t) = f(t, α0(t), α0(t− r)) + ϕ(t, α0(t), α0(t− r))

− ϕ(t, α1(t), α1(t− r))

+D2f(t, α0(t), α0(t− r))[α1(t)− α0(t)]

+D2ϕ(t, α0(t), α0(t− r))[α1(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[α1(t− r)− α0(t− r)]

+D3ϕ(t, α0(t), α0(t− r))[α1(t− r)− α0(t− r)], t ∈ I,

α1(t) = α1(0), t ∈ [−r, 0],

α1(0) = α1(T ),

α′
1(0) = 0.


This implies −α′′

1(t) ≤ f(t, α1(t), α1(t− r)), t ∈ I.

Also 1. −β′′
0 (t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α1(t) = α1(0), t ∈ [−r, 0].

4. α1(t) ≤ β0(t), t ∈ [−r, T ].

5. α1(0) = α1(T ).

6. β0(0) = β0(T ).

7. α′
1(0) = 0.

8. β′
0(0) ≤ 0.
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Therefore α1 and β0 ∈ X are lower and upper solutions of the BVP (8.7) such

that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic increasing sequence of functions

{αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N on [−r, T ] and

−α′′
n+1(t) = f(t, αn(t), αn(t− r)) + ϕ(t, αn(t), αn(t− r))

− ϕ(t, αn+1(t), αn+1(t− r))

+D2f(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D2ϕ(t, αn(t), αn(t− r))[αn+1(t)− αn(t)]

+D3f(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)]

+D3ϕ(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)], t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

αn+1(0) = αn+1(T ),

α′
n+1(0) = 0.


Further lim

n→∞
αn exists in (X, ||.||∞) and lim

n→∞
αn is a solution of the BVP

(8.7).

Next we have a similar result for the BVP(8.14).

Theorem 10.3.2. Let α0, β0 ∈ W be lower and upper solutions of BVP (8.14)

such that α0(t) ≤ β0(t), ∀ t ∈ I. Let f, ϕ ∈ C2[I × R2, R] such that

(1) Di, jf(t, x, y)+Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3.

(2) Dif(t, x, y) +Diϕ(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and ∀ i = 2, 3.

(3) ϕ(t, u1, v1) ≥ ϕ(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2 such

that u1 ≤ u2 and v1 ≤ v2.

Then there is a monotonic increasing sequence of functions {αn}converging in

(W, ||.||0) such that lim
n→∞

αn is a solution to the BVP (8.14).

Proof. Similar to the proof of the Theorem 10.3.1.
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Next we prove results for the BVPs under consideration by reversing the

inequality in the first condition. We see that in case of BVP (8.7), we get a

monotonic decreasing sequence of functions {βn} converging to a

Theorem 10.3.3. Let α0, β0 ∈ X be lower and upper solutions of BVP (8.7)

such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ]. Assume that f, ψ ∈ C2[I × R2, R]

such that

(1) Di, jf(t, x, y)+Di,jψ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3.

(2) Dif(t, x, y) +Diψ(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and ∀ i = 2, 3.

(3) ψ(t, u1, v1) ≥ ψ(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2

such that u1 ≤ u2 and v1 ≤ v2.

Then there is a monotonic decreasing sequence of functions {βn}converging in

(X, ||.||∞) such that lim
n→∞

βn is a solution of the BVP (8.7).

Proof. Let G(t, x, y) = f(t, x, y) + ψ(t, x, y), ∀ (t, x, y) ∈ I × R2.

Therefore Di, jG(t, x, y) ≤ 0 and DiG(t, x, y) > 0,

∀ (t, x, y) ∈ I × R2 and ∀ i, j = 2, 3. This implies

G(t, x1, y1)−G(t, x2, y2) ≥ D2G(t, x1, y1)(x1 − x2)

+D3G(t, x1, y1)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

So we have f(t, x1, y1) ≥ f(t, x2, y2)− ψ(t, x1, y1) + ψ(t, x2, y2)

+D2f(t, x1, y1)(x1 − x2) +D2ψ(t, x1, y1)(x1 − x2)

+D3f(t, x1, y1)(y1 − y2) +D3ψ(t, x1, y1)(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ I × R2 such that x1 ≥ x2 and y1 ≥ y2.

Since α0, β0 ∈ X are lower and upper solutions of the BVP (8.7), we have

1. −α′′
0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. −β′′
0 (t) ≥ f(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) = α0(0), t ∈ [−r, 0].
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4. β0(t) = β0(0), t ∈ [−r, 0].

5. α0(0) = α0(T ).

6. β0(0) = β0(T ).

7. α′
0(0) ≥ 0.

8. β′
0(0) ≤ 0.

Consider

−y′′(t) = f(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ψ(t, y(t), y(t− r))

+D2f(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)], t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.



(10.6)

Let Gβ0(t, u, v) = f(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ψ(t, u, v) +D2f(t, β0(t), β0(t− r))[u− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[u− β0(t)]

+D3f(t, β0(t), β0(t− r))[v − β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[v − β0(t− r)],

∀ (t, u, v) ∈ I × R2.
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This implies

Gβ0(t, y(t), y(t− r)) = f(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ψ(t, y(t), y(t− r))

+D2f(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[y(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)], ∀ t ∈ I.

So we have Gβ0(t, x1, y1) ≤ Gβ0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ I ×R2

such that x1 ≤ x2 and y1 ≤ y2.

Also − α′′
0(t) ≤ f(t, α0(t), α0(t− r))

≤ f(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ψ(t, α0(t), α0(t− r))

+D2f(t, β0(t), β0(t− r))[α0(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[α0(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[α0(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[α0(t− r)− β0(t− r)]

= Gβ0(t, α0(t), α0(t− r)).
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Further − β′′
0 (t) ≥ f(t, β0(t), β0(t− r))

= f(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ψ(t, β0(t), β0(t− r))

+D2f(t, β0(t), β0(t− r))[β0(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[β0(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[β0(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))][β0(t− r)− β0(t− r)]

= Gβ0(t, β0(t), β0(t− r)).

We already know that

1. α0(t) ≤ β0(t), t ∈ [−r, T ].

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α0(0) = α0(T ).

5. β0(0) = β0(T ).

6. α′
0(0) ≥ 0.

7. β′
0(0) ≤ 0.

Therefore α0 and β0 are lower and upper solutions of the BVP (10.6) such that

α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Thus the BVP (10.6) has a solution β1 ∈ X such that α0 ≤ β1 ≤ β0 on

[−r, T ]. (Using Corollary 8.4.6)
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So we have

−β′′
1 (t) = f(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ψ(t, β1(t), β1(t− r))

+D2f(t, β0(t), β0(t− r))[β1(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[β1(t)− β0(t)]

+D3f(t, β0(t), β0(t− r))[β1(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[β1(t− r)− β0(t− r)], t ∈ I,

β1(t) = β1(0), t ∈ [−r, 0],

β1(0) = β1(T ),

β′
1(0) = 0.


This implies −β′′

1 (t) ≥ f(t, β1(t), β1(t− r)), t ∈ I.

Also 1. −α′′
0(t) ≤ f(t, α0(t), α0(t− r)), t ∈ I.

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β1(t) = β1(0), t ∈ [−r, 0].

4. α0(t) ≤ β1(t), t ∈ [−r, T ].

5. α0(0) = α0(T ).

6. β1(0) = β1(T ).

7. α′
0(0) ≥ 0.

8. β′
1(0) = 0.

Therefore α0 and β1 ∈ X are lower and upper solutions of the BVP (8.7) such

that α0(t) ≤ β1(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N on [−r, T ] and
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−β′′
n+1(t) = f(t, βn(t), βn(t− r)) + β(t, βn(t), βn(t− r))

− β(t, βn+1(t), βn+1(t− r))

+D2f(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D2β(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+D3f(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)]

+D3β(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)], t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

βn+1(0) = βn+1(T ),

β′
n+1(0) = 0.


Further lim

n→∞
βn exists in (X, ||.||∞) and lim

n→∞
βn is a solution of the BVP

(8.7).

Incase of the BVP(8.14), we see that as a result of reversing the inequality in

first condition, we get a monotonic decreasing sequence of functions converging

to a solution of the BVP.

Theorem 10.3.4. Let α0, β0 ∈ W be lower and upper solutions of BVP (8.14)

such that α0(t) ≤ β0(t), ∀ t ∈ I. Assume that f, ψ ∈ C2[I × R2, R] such that

(1) Di, jf(t, x, y)+Di,jψ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ I×R2 and ∀ i, j = 2, 3.

(2) Dif(t, x, y) +Diψ(t, x, y) > 0, ∀ (t, x, y) ∈ I × R2 and ∀ i = 2, 3.

(3) ψ(t, u1, v1) ≥ ψ(t, u2, v2), ∀ (t, u1, v1), (t, u2, v2) ∈ I × R2

such that u1 ≤ u2 and v1 ≤ v2.

Then there is monotonic decreasing sequence of functions {βn}converging in

(W, ||.||0) such that lim
n→∞

βn is a solution of the BVP (8.14).

Proof. Similar to the proof of the Theorem 10.3.3.
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10.4 Extended-Generalized Quasilinearization

Method

In this section , we make use of extended-generalized quaslinearization method

to prove the existence of solution for the BVP of second order DECD (10.1)

and BVP of second order DEVDA (8.14). The results are obtained under

certain conditions on first and second order partial derivatives with respect to

the second and third arguments of f, h, f + ϕ and h + ψ for some functions

ϕ and ψ.

Theorem 10.4.1. Let α0, β0 ∈ X such that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ] and

Ω = {(t, u, v) : α0(t) ≤ u ≤ β0(t) and α0(t − r) ≤ v ≤ β0(t − r), t ∈ I}.

Assume that f, h, ϕ, ψ ∈ C2[Ω, R] satisfying

(1) Dif(t, x, y) +Diϕ(t, x, y) > 0, ∀ (t, x, y) ∈ Ω and ∀ i = 2, 3.

(2) Dih(t, x, y) +Diψ(t, x, y) > 0, ∀ (t, x, y) ∈ Ω and ∀ i = 2, 3.

(3) Di, jf(t, x, y) +Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

(4) Di, jh(t, x, y) +Di, jβ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

(5) ϕ(t, x1, y1) + ψ(t, x1, y1) ≥ ϕ(t, x2, y2) + ψ(t, x2, y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≤ x2 and y1 ≤ y2. Further,

assume that α0 and β0 are lower and upper solutions of BVP (10.1). Then there

are monotonic sequences of functions {αn} and {βn} converging in (X, ||.||∞)

such that lim
n→∞

αn and lim
n→∞

βn are solutions to the BVP (10.1).

Proof. Let F (t, x, y) = f(t, x, y) + ϕ(t, x, y), ∀ (t, x, y) ∈ Ω and

H(t, x, y) = h(t, x, y) + ψ(t, x, y), ∀ (t, x, y) ∈ Ω.

It is assumed that Di, jf(t, x, y) + Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ Ω and

∀ i, j = 2, 3.
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Therefore f(t, x1, y1) ≥ f(t, x2, y2)− ϕ(t, x1, y1) + ϕ(t, x2, y2)

+ [D2f(t, x2, y2) +D2ϕ(t, x2, y2)](x1 − x2)

+ [D3f(t, x2, y2) +D3ϕ(t, x2, y2)](y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

It is also assumed that Di, jh(t, x, y) + Di, jψ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ Ω

and ∀ i, j = 2, 3.

So we have h(t, x1, y1) ≥ h(t, x2, y2)− ψ(t, x1, y1) + ψ(t, x2, y2)

+ [D2h(t, x1, y1) +D2ψ(t, x1, y1)](x1 − x2)

+ [D3h(t, x1, y1) +D3ψ(t, x1, y1)](y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

Let µ1 = min
(t, u, v)∈Ω

[D2h(t, u, v) +D2ψ(t, u, v)] and

µ2 = min
(t, u, v)∈Ω

[D3h(t, u, v) +D3ψ(t, u, v)]. Then µ1 > 0 and µ2 > 0.

So we have h(t, x1, y1) ≥ h(t, x2, y2)− ψ(t, x1, y1) + ψ(t, x2, y2)

+ µ1(x1 − x2) + µ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

Thus

f(t, x1, y1) + h(t, x1, y1) ≥ f(t, x2, y2) + h(t, x2, y2) + ϕ(t, x2, y2)

+ ψ(t, x2, y2)− ϕ(t, x1, y1)− ψ(t, x1, y1)

+ [D2f(t, x1, y1) +D2ϕ(t, x1, y1) + µ1](x1 − x2)

+ [D3f(t, x1, y1) +D3ϕ(t, x1, y1) + µ2](y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.
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Since α0, β0 ∈ X are lower and upper solutions of BVP (10.1), we have

1. −α′′
0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r)), t ∈ I.

2. −β′′
0 (t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r)), t ∈ I.

3. α0(t) = α0(0), t ∈ [−r, 0].

4. β0(t) = β0(0), t ∈ [−r, 0].

5. α0(0) = α0(T ).

6. β0(0) = β0(T ).

7. α′
0(0) ≥ 0.

8. β′
0(0) ≤ 0.

Consider

−y′′(t) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ ϕ(t, α0(t), α0(t− r)) + ψ(t, α0(t), α0(t− r))

− ϕ(t, y(t), y(t− r))− ψ(t, y(t), y(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+ [D2ϕ(t, α0(t), α0(t− r)) + µ1][y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)]

+ [D3ϕ(t, α0(t), α0(t− r)) + µ2][y(t− r)− α0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.



(10.7)
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Let Fα0(t, u, v) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ ϕ(t, α0(t), α0(t− r)) + ψ(t, α0(t), α0(t− r))

− ϕ(t, u, v)− ψ(t, u, v)

+D2f(t, α0(t), α0(t− r))[u− α0(t)]

+ [D2ϕ(t, α0(t), α0(t− r)) + µ1][u− α0(t)]

+D3f(t, α0(t), α0(t− r))[v − α0(t− r)]

+ [D3ϕ(t, α0(t), α0(t− r)) + µ2][v − α0(t− r)],

∀ (t, u, v) ∈ Ω.

This implies

Fα0(t, y(t), y(t− r)) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ ϕ(t, α0(t), α0(t− r)) + ψ(t, α0(t), α0(t− r))

− ϕ(t, y(t), y(t− r))− ψ(t, y(t), y(t− r))

+D2f(t, α0(t), α0(t− r))[y(t)− α0(t)]

+ [D2ϕ(t, α0(t), α0(t− r)) + µ1][y(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[y(t− r)− α0(t− r)]

+ [D3ϕ(t, α0(t), α0(t− r)) + µ2][y(t− r)− α0(t− r)],

∀ t ∈ I.

So we have Fα0(t, x1, y1) ≤ Fα0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ Ω such

that x1 ≤ x2 and y1 ≤ y2.
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Also − α′′
0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

= f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ ϕ(t, α0(t), α0(t− r)) + ψ(t, α0(t), α0(t− r))

− ϕ(t, α0(t), α0(t− r))− ψ(t, α0(t), α0(t− r))

+D2f(t, α0(t), α0(t− r))[α0(t)− α0(t)]

+ [D2ϕ(t, α0(t), α0(t− r)) + µ1][α0(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[α0(t− r)− α0(t− r)]

+ [D3ϕ(t, α0(t), α0(t− r)) + µ2][α0(t− r)− α0(t− r)]

= Fα0(t, α0(t), α0(t− r)).

Further − β′
0(t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

≥ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ ϕ(t, α0(t), α0(t− r)) + ψ(t, α0(t), α0(t− r))

− ϕ(t, β0(t), β0(t− r))− ψ(t, β0(t), β0(t− r))

+D2f(t, α0(t), α0(t− r))[β0(t)− α0(t)]

+ [D2ϕ(t, α0(t), α0(t− r)) + µ1][β0(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[β0(t− r)− α0(t− r)]

+ [D3ϕ(t, α0(t), α0(t− r)) + µ2][β0(t− r)− α0(t− r)]

= Fα0(t, β0(t), β0(t− r)).

We already know that

1. α0(t) ≤ β0(t), t ∈ [−r, T ].

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α0(0) = α0(T ).
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5. β0(0) = β0(T ).

6. α′
0(0) ≥ 0.

7. β′
0(0) ≤ 0.

Therefore α0 and β0 are lower and upper solutions of the BVP (10.7) such that

α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Thus the BVP (10.7) has a solution α1 ∈ X such that α0 ≤ α1 ≤ β0 on

[−r, T ]. (Using Corollary 8.4.6)

Therefore

−α′′
1(t) = f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

+ ϕ(t, α0(t), α0(t− r)) + ψ(t, α0(t), α0(t− r))

− ϕ(t, α1(t), α1(t− r))− ψ(t, α1(t), α1(t− r))

+D2f(t, α0(t), α0(t− r))[α1(t)− α0(t)]

+ [D2ϕ(t, α0(t), α0(t− r)) + µ1][α1(t)− α0(t)]

+D3f(t, α0(t), α0(t− r))[α1(t− r)− α0(t− r)]

+ [D3ϕ(t, α0(t), α0(t− r)) + µ2][α1(t− r)− α0(t− r)], t ∈ I,

α1(t) = α1(0), t ∈ [−r, 0],

α1(0) = α1(T ),

α′
1(0) = 0.


This implies −α′′

1(t) ≤ f(t, α1(t), α1(t− r)) + h(t, α1(t), α1(t− r)), t ∈ I.

Also

1. −β′′
0 (t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r)), t ∈ I.

2. β0(t) = β0(0), t ∈ [−r, 0].

3. α1(t) = α1(0), t ∈ [−r, 0].

4. α1(t) ≤ β0(t), t ∈ [−r, T ].

5. α1(0) = α1(T ).

6. β0(0) = β0(T ).
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7. α′
1(0) = 0.

8. β′
0(0) ≤ 0.

Therefore α1 and β0 ∈ X are lower and upper solutions of the BVP (10.1) such

that α1(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic increasing sequence of functions

{αn} ⊆ X such that αn ≤ β0, ∀ n ∈ N on [−r, T ] and

−α′′
n+1(t) = f(t, αn(t), αn(t− r)) + h(t, αn(t), αn(t− r))

+ α(t, αn(t), αn(t− r)) + β(t, αn(t), αn(t− r))

− α(t, αn+1(t), αn+1(t− r))− β(t, αn+1(t), αn+1(t− r))

+D2f(t, αn(t− r), αn(t− r))[αn+1(t)− αn(t)]

+ [D2α(t, αn(t), αn(t− r)) + µ1][αn+1(t)− αn(t)]

+D3f(t, αn(t), αn(t− r))[αn+1(t− r)− αn(t− r)]

+ [D3α(t, αn(t), αn(t− r)) + µ2][αn+1(t− r)− αn(t− r)],

t ∈ I,

αn+1(t) = αn+1(0), t ∈ [−r, 0],

αn+1(0) = αn+1(T ),

α′
n+1(0) = 0.


Further lim

n→∞
αn exists in (X, ||.||∞) and lim

n→∞
αn is a solution of the BVP (10.1).

Let θ1 = min
(t, u, v)∈Ω

[D2f(t, u, v) +D2ϕ(t, u, v)] and

θ2 = min
(t, u, v)∈Ω

[D3f(t, u, v) +D3ϕ(t, u, v)]. Then θ1 > 0 and θ2 > 0.
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This implies f(t, x1, y1) ≥ f(t, x2, y2)− ϕ(t, x1, y1)− ϕ(t, x2, y2)

+ θ1(x1 − x2) + θ2(y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

So we have

f(t, x1, y1) + h(t, x1, y1) ≥ f(t, x2, y2) + h(t, x2, y2) + ϕ(t, x2, y2)

+ ψ(t, x2, y2)− ϕ(t, x1, y1)− ψ(t, x1, y1)

+ [θ1 +D2h(t, x1, y1) +D2ψ(t, x1, y1)](x1 − x2)

+ [θ2 +D3h(t, x1, y1) +D3ψ(t, x1, y1)](y1 − y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≥ x2 and y1 ≥ y2.

Now consider

−y′′(t) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ ϕ(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ϕ(t, y(t), y(t− r))− ψ(t, y(t), y(t− r))

+ [θ1 +D2h(t, β0(t), β0(t− r))][y(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[y(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][y(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)],

t ∈ I,

y(t) = y(0), t ∈ [−r, 0],

y(0) = y(T ),

y′(0) = 0.



(10.8)
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Let Gβ0(t, u, v) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ ϕ(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ϕ(t, u, v)− ψ(t, u, v)

+ [θ1 +D2h(t, β0(t), β0(t− r))][u− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[u− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][v − β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[v − β0(t− r)],

∀ (t, u, v) ∈ Ω.

This implies

Gβ0(t, y(t), y(t− r)) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ ϕ(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ϕ(t, y(t), y(t− r))− ψ(t, y(t), y(t− r))

+ [θ1 +D2h(t, β0(t), β0(t− r))][y(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[y(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][y(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[y(t− r)− β0(t− r)],

∀ t ∈ I.

So we have Gβ0(t, x1, y1) ≤ Gβ0(t, x2, y2), ∀ (t, x1, y1), (t, x2, y2) ∈ Ω

such that x1 ≤ x2 and y1 ≤ y2.
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Also − α′′
0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r))

≤ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ ϕ(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ϕ(t, α0(t), α0(t− r))− ψ(t, α0(t), α0(t− r))

+ [θ1 +D2h(t, β0(t), β0(t− r))][α0(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[α0(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][α0(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[α0(t− r)− β0(t− r)]

= Gβ0(t, α0(t), α0(t− r)).

Further − β′′
0 (t) ≥ f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

= f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ ϕ(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ϕ(t, β0(t), β0(t− r))− ψ(t, β0(t), β0(t− r))

+ [θ1 +D2h(t, β0(t), β0(t− r))][β0(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[β0(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][β0(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[β0(t− r)− β0(t− r)]

= Gβ0(t, β0(t), β0(t− r)).

We already know that

1. α0(t) ≤ β0(t), t ∈ [−r, T ].

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β0(t) = β0(0), t ∈ [−r, 0].

4. α0(0) = α0(T ).

5. β0(0) = β0(T ).
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6. α′
0(0) ≥ 0.

7. β′
0(0) ≤ 0.

Therefore, α0 and β0 are lower and upper solutions of the BVP (10.8) such

that α0(t) ≤ β0(t), ∀ t ∈ [−r, T ].

Thus the BVP (10.8) has a solution β1 ∈ X such that α0 ≤ β1 ≤ β0 on

[−r, T ]. (Using Corollary 8.4.6)

This implies

−β′′
1 (t) = f(t, β0(t), β0(t− r)) + h(t, β0(t), β0(t− r))

+ ϕ(t, β0(t), β0(t− r)) + ψ(t, β0(t), β0(t− r))

− ϕ(t, β1(t), β1(t− r))− ψ(t, β1(t), β1(t− r))

+ [θ1 +D2h(t, β0(t), β0(t− r))][β1(t)− β0(t)]

+D2ψ(t, β0(t), β0(t− r))[β1(t)− β0(t)]

+ [θ2 +D3h(t, β0(t), β0(t− r))][β1(t− r)− β0(t− r)]

+D3ψ(t, β0(t), β0(t− r))[β1(t− r)− β0(t− r)], t ∈ I,

β1(t) = β1(0), t ∈ [−r, 0],

β1(0) = β1(T ),

β′
1(0) = 0.


This implies −β′′

1 (t) ≥ f(t, β1(t), β1(t− r)) + h(t, β1(t), β1(t− r)), t ∈ I.

Also

1. −α′′
0(t) ≤ f(t, α0(t), α0(t− r)) + h(t, α0(t), α0(t− r)), t ∈ I.

2. α0(t) = α0(0), t ∈ [−r, 0].

3. β1(t) = β1(0), t ∈ [−r, 0].

4. α0(t) ≤ β1(t), t ∈ [−r, T ].

5. α0(0) = α0(T ).

6. β1(0) = β1(T ).

7. α′
0(0) ≥ 0.



361

8. β′
1(0) = 0.

Therefore α0 and β1 ∈ X are lower and upper solutions of the BVP (10.1) such

that α0(t) ≤ β1(t), ∀ t ∈ [−r, T ].

Continuing in this manner, we get a monotonic decreasing sequence of func-

tions {βn} ⊆ X such that α0 ≤ βn, ∀ n ∈ N on [−r, T ] and

−β′′
n+1(t) = f(t, βn(t), βn(t− r)) + h(t, βn(t), βn(t− r))

+ ϕ(t, βn(t), βn(t− r)) + ψ(t, βn(t), βn(t− r))

− ϕ(t, βn+1(t), βn+1(t− r))− ψ(t, βn+1(t), βn+1(t− r))

+ [θ1 +D2h(t, βn(t), βn(t− r))][βn+1(t)− βn(t)]

+D2ψ(t, βn(t), βn(t− r))[βn+1(t)− βn(t)]

+ [θ2 +D3h(t, βn(t), βn(t− r))][βn+1(t− r)− βn(t− r)]

+D3ψ(t, βn(t), βn(t− r))[βn+1(t− r)− βn(t− r)], t ∈ I,

βn+1(t) = βn+1(0), t ∈ [−r, 0],

βn+1(0) = βn+1(T ),

β′
n+1(0) = 0.


Further, lim

n→∞
βn exists in (X, ||.||∞) and lim

n→∞
βn is a solution of the BVP

(10.1).
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Finally we state a similar result for the BVP (10.2).

Theorem 10.4.2. Let α0, β0 ∈ W such that α0(t) ≤ β0(t), ∀ t ∈ I and

Ω = {(t, u, v) : α0(t) ≤ u ≤ β0(t) and α0(θ(t)) ≤ v ≤ β0(θ(t)), t ∈ I}. Assume

that f, h, ϕ, ψ ∈ C2[Ω, R] satisfying

(1) Dif(t, x, y) +Diϕ(t, x, y) > 0, ∀ (t, x, y) ∈ Ω and ∀ i = 2, 3.

(2) Dih(t, x, y) +Diψ(t, x, y) > 0, ∀ (t, x, y) ∈ Ω and ∀ i = 2, 3.

(3) Di, jf(t, x, y) +Di, jϕ(t, x, y) ≥ 0, ∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

(4) Di, jh(t, x, y) +Di, jβ(t, x, y) ≤ 0, ∀ (t, x, y) ∈ Ω and ∀ i, j = 2, 3.

(5) ϕ(t, x1, y1) + ψ(t, x1, y1) ≥ ϕ(t, x2, y2) + ψ(t, x2, y2),

∀ (t, x1, y1), (t, x2, y2) ∈ Ω such that x1 ≤ x2 and y1 ≤ y2.

Further, assume that α0 and β0 are lower and upper solutions of BVP (10.2).

Then there are monotonic sequences of functions {αn} and {βn} converging in

(W, ||.||0) such that lim
n→∞

αn and lim
n→∞

βn are solutions to the BVP (10.2).

Proof. Similar to the proof of the Theorem 10.4.1.
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Summary

In this thesis, an effort is made to establish some existence of solutions re-

sults to BVPs of first and second order differential equations with deviating

arguments. The BVPs discussed in this work includes PBVP, APBVP, LBVP,

NLBVP of first order differential equations with deviating arguments and var-

ious BVPs of second order differential equations with deviating arguments.

Leray-Schauder Alternative, Schauder’s fixed point theorem, Fixed point the-

orem on partially ordered metric space and Banach fixed point theorem are

used to obtain the results.

In this work, we take f to be continuous and non-decreasing in the second

coordinate or second and third co-ordinate, as the case may be, to prove our

most of the results. However, while using method of coupled lower and upper

solutions, we assume f to be non increasing in second and third arguments.

It is to be noted that in existing literature the function f is taken to be

continuous and Lipchitz or continuous and decreasing in second coordinate

for establishing existence of a solution for initial value problems as well as

boundary value problems.

Some salient features of the thesis are as follows:

1. Some results on existence of solution for BVPs of first order DEDA are

obtained.

2. Results on existence of solution between lower and upper solutions for

BVPs of first order DEDA are proved.

3. Existence of solution results for BVPs of first order DEDA are proved

using MIM, QM, EQM, GQM and EGQM.

4. Existence of solution results for BVPs of second order DEDA are ob-

tained.
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5. Results on existence of solution between lower and upper solutions for

BVPs of second order DEDA are proved.

6. Existence of solution results for BVPs of second order DEDA are proved

by using techniques of MIM, QM, EQM, GQM and EGQM .

Problems for Further Study

We suggest the following topics for further study.

1. Study of Qualitative Properties for BVPs First and Second Order Dif-

ferential Equations with Deviating Arguments.

2. Study of Hyers - Ulam Stability for BVPs of First and Second Order

Differential Equations with Deviating Arguments.

3. To Study BVPs of nth Order Differential Equations with Deviating Ar-

guments.

4. To Study BVPs of Partial Differential Equations with Deviating Argu-

ments.
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